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Motivation: Welding

.
| multi-beam welding

additional beams

solldlflcatlon\ “i‘ ‘-
11 < Tliquidus

weld seam

hot crack

Semi-infinite optimization problem

for an elliptic PDE with state constraints compression
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Motivation: Hypersonic Flights

quasilineartheat equation
non-linearsboundary:conditions
coupled with ODE

Lehrstuhl
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Motivation: Fuel Cells

: 2D cross-flow design of a high temperature fuel cell
- . —
exhaust o
recirculation air inlet
cathode anode
exhaust exhaust
catalytic
burner

co,>

mixer

anode inlet

cathode inlet
28 quasi-linear partial integro-differential-algebraic equations
with non-standard non-linear boundary conditions

Lehrstuhl
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 Introduction
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Elliptic optimal control problem with state constraints

‘ Minimize
1
J(y,u) = Slly - deLQ(Q) T3 ||u||L2(Q)
subject to
—Ay+y=u a.e. in €
Jyy =0 a.e. onTl
G(y) =y —Ymax < O a.e. in Q2
with
2 : 1.1 /
2 C R“ bounded domain, e C-'~, 7
wE Usg:=L2(2), wyge€L?(), A>0, ymaxe H} Q)
N f
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Well-known first-order necessary conditions

Theorem (Casas 1986): Slater condition

= Jp"9 e WH¥(Q) and p = po +pur € C(Q)*

such that
—Ay+y=u a.e. in 2
oy =0 a.e. on [
—Aptrad—l-ptrad:y—yd—l—,ug 3. e in ©Q
Oyptrad = a.e. onTl
Au 4 ptrad = a.e. in Q

<y — Ymax, M>C(§_2) C(SD)* = 0, u >0

low regularity causes problems in numerical treatment

Lehrstuhl
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Goals and ideas

Goals
* new necessary conditions with higher regularity
of Lagrange multipliers

« formulate efficient numerical algorithms, which
don’ t require any regularization technique,
exploit the structure of the multiplier,
and are mesh-independent

Ideas
» geometric split ==) set optimal control problem
- BDD approach === higher regularity
» shape calculus == necessary conditions

» optimization
on vector bundles === design of algorithms

A Lehrstuhl :w ;
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Goals and ideas

Goals
* new necessary conditions with higher regularity
of Lagrange multipliers

« formulate efficient numerical algorithms, which
don’ t require any regularization technique,
exploit the structure of the multiplier,
and are mesh-independent

Ideas
» geometric split ==) set optimal control problem
« BDD approach ==) higher regularity
» shape calculus ===) pecessary conditions

» optimization
on vector bundles === design of algorithms
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- Split method
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Definition of active set and assumptions

' Bergounioux, Kunisch, 2003

Definition: active / inactive set / interface

A = {xze€Q: G(y) =0}

7 = Q\A

y
Assumption
on admissible No degeneracy.
active sets No active set

of zero measure.

Bag :={B C 2 No common points

B fulfills assumptions} -~ with boundary.

D

Lehrstuhl 4
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Reformulation of the model problem

.(Analog to the multipoint-boundary-value-problem formulation; Oberle)

Minimize .
J(Yz, ya,uz,ug) = 5 lyz — yd|I||L2(I) + 5 ”y.A yd|A||L2(A)
2 luzlBagy + 5 lealZagay
subjectto —Ay;r+ yr = ur, a.e. inZ
—Ays+yg=uy, a.e. in A
Ovyr = 0, a.e. onl
YT = YA, a.e. on vy How can we determine
the active set?
Ovryr + 0vya =0, a.e. on v
YA = Ymax, a.e. in A
y7 < ymax, a.e. inZ
YA = Ymax, a.e. on vy
P yeRsiT TN SADGO NGO 2014 el
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Reformulation as set optimal control problem

| . |
Minimize l
J(yja yB, U g, URB, B) = 3 Hyj yd'jHLQ(j) + = HyB yd'BHLQ(B)
HUJHLQ(J) + = ||uB||L2(B)
subjectto —-Ays+ys=u7s, a.e. inJg
—Ayg +yp = upg, a.e. in B
ohys =20, a.e. onl
Y7 = Y8, a.e. on gf
in 7 How to handle

Yg < Ymax;, a. €. n the strict inequality?

YB = Ymax , a.e. on g

Theorem: The original problem and the set optimal control problem
possess the same unique solution




Set optimal control problem as bilevel optimization problem

- —
Minimize
_ 1 2 1 2
J(yja Yyp,u7g,UuUp, B) — X ”yj — yd'jHLQ(j) + = ||yB — ydlBHLQ(B)

~~ e o
inner outer +

—||Uj||L2(j)‘|‘ ||“B||L2(B)

subjectto | —Ayst+ysr=u7s, a.e. inJg
—Ayg +yp = upg, a.e. in B
ohys =20, a.e. onl
Y7 = YB, a.e. on g
Ovsy7 + Ougyp = 0, a.e. on g
YR = Ymax a.e. inB
Y7 < Ymax, a.e. inJ gﬁ?::?;?itmc}iation
YB = Ymax, a.e. onp

Theorem: The inner optimization problem
possesses a unique solution for i3 € B4




Consequences: existence of a geometry to solution operator

Reduced functional: 4 (G: 5 — (ij yn, U7, ulg)
F(B) = J(G(B),B)

is well-defined on Bad :

Y7, Y, Us,Up

MiN J ({f3) = subjectto -

B

BEBad

y7 < ymax i J
(B,G(B))

M,_

Set optimal cont

shape-/topology-optimization)

BAYREUTH

w UNIVERSITAT ITN SADCO NetCO 2014 Ingenieur-
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Consequences: existence of a geometry to solution operator

Reduced functional: 4 (G: 5 — (yj, yn, U7, ulg)
F(B) = J(G(B),B)

is well-defined on B4 :

mBI N f(B) subject to

1

B 6 Bad
Y7 < Ymax IN J

Set optimal control problem (shape-/topology-optimization)

BAYREUTH

Lehrstuhl
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Geometry to solution operator

Lehrstuhl
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Analysis of the set optimal control problem

Theorem:

For any B € B,g4 there exist Lagrange multipliers associated
with the equality constraints of the inner optimization problem

Inner optimization problem
is strictly convex

Necessary conditions
are sufficient

ll

Replace inner optimization problem
by its necessary conditions

w UNIVERSITAT
BAYREUTH Conf. on New Trends in Optimal Control, Tours, June 23-27, 14 mathematic é‘&%”

Lehrs_tuhl f 57
ITN SADCO NetCO 2014 Ingenieur- s




Set optimal control problem

min ]:(B) subject to yry < Ymax N j

BEBad
and —ij-l-yj:—%pj, a.e. inJ
oys =0, a.e. onl
no measures
—Apj‘l‘pj:yj—yd, a.e. inJ involved
ovpgs =0, a.e. onl unusual
boundary
Y7 = Ymax, a.e. onp conditions
everything else can be computed a posteriori
YB = Ymax , a.e. inB uy=—3p7, a.e. inJg
ug = —AyYmax + Ymax, a.e. inB pg = Oy, pg + Ougpp, a.e. onfp
PB = —Aug, a.e. in B |ug=—App+pg—ys+ ymax, a.e. inB
w UNIVERSITAT aiour
ITN SADCO NetCO 2014 Ingenieur-  fHeg Al
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Shape calculus for the optimal active set

min min J w7, uRr, B
B YT YBUTUB (g, Y, ug, uB, )J

F(B)

subject to the optimality system of the inner optimization problem

Theorem:

For each admissible |3 the objective F([3)
is shape differentiable. The semi-derivative
in the direction

Ve{Wect(Q)|(W,v)=0o0nT}

2
p7 — A (Aymax —ymax)| (V,v7)

Pmax

dF(B; V) = /5_%

t determines the interface




Condition for the interface

Weomit Y7 < Ymax in the outer optimization
and determine the interface ﬁ by

dF(B;V)=0 V Vecti()
— pgy =pPmax ON f

— wugy=ug On pf

Needs an a posteriori-check on feasability: ¥ 7 << Ymax

A Lehrstuhl ’@‘,wﬂ"
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*

Introduction

Split method
Bryson-Denham-Dreyfus approach (BDD)
Shape calculus and optimization on vector bundles

Numerics

A.E. Bryson, Jr, W.F. Denham, S.E. Dreyfus: Optimal programming problems
with inequality constraints I, AIAA Journal 1(11):2544-2550, 1963.

Later extended by Maurer, 1979.

V4
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Reformulation of the state constraint

Transfering the Bryson-Denham-Dreyfus approach

G(g)=0a.e. in A

o

—AG(yyq) +G(yy) =0, a.e. in A
G(yyg) =0, a.e. on -~

Using the state equation

o

Aymax—ymax+ﬂA:O, a.e. in A

gA:ymax, da.e. on -y

o o

Optimal solution on A given by data, but .4 optimization variable

A Lehrstuhl n.; i?]
P UyeRsi o G
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First-order necessary condition of set-OCP (split method)

' (traditional adjoint state and multipliers)
* ==
a.e. inZT a.e. on v a.e. in A
a.e. onl
—Ayr +yr = ug YT = YA —Ayst+ys = uy
dvyr =0 Ovryz + Ovaya =0
— Y7z < Ymax YA = Ymax YA = Ymax
—Apr +pr = Y7 — Y4 Pz =PA —ApA+PA=YA—YdT A
8,,p;[ =0 &/Ipz + &/APA — M~
—n < .
)\UI—I—pI:O U_’[—UA—O )\’LL_A—|—pA—O
— Hy =2 0 — pa > 0
w ER‘\}XEE%”AT ITN SADCO NetCO 2014 'L,;'eg[:ef:i?tk
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First-order necessary condition of set-OCP (BDD method)

. (new adjoint state and multpliers with higher regularity)
-

a.e. inZT a.e. on v a.e. in A
a.e. onl

—Ayr +yr = ug YT = YA —Ayst+ys = uy

Ovyr = O Ovryz + Ovgya =0
yz < Ymax YA = Ymax —AyYmax + Ymax = uy
—~Ap7 4 p7 = Y7 — Y4 pr=pa —ApA+PA= YA~ Yd

&/p_f[ = O

aI/IpI + 3uApA =0

Aur +p7r =0

urz —uyg =0

Nug+pa+q=0

— o0 > 0

w g R‘YIXE E%HAT ITN SADCO NetCO 2014 Ingenieur- K
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First-order necessary condition of set-OCP (BDD method)

. (new adjoint state and multpliers with higher regularity)

o

—Aq+qg=puy, a.e. in A

Ov,q+ o= py, a.€. ON v

BDD approach reveals control law,
i.e. “hidden” condition (as for PDAE)

ups — —Aymax + Ymax
n Lehrstuhl /,"' \ ;,
P Rt N
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* Introduction

- Split method

- Bryson-Denham-Dreyfus approach (BDD)

- Shape calculus and optimization on vector bundles

- Numerics
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Basic considerations with respect to shape calculus

Gateaux directional derivative Hadamard directional derivative

W T Bag..,

x4+ tw

im = (G +tw) = @) lim T (J(a(®) - J()

a(0)=w
o Lehrstuhl * ‘,
w BN ERSIAT ITN SADCO NetCO 2014 ingenieur- S il
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Basic considerations with respect to shape calculus

- Delfour, Zolésio, 2011

set BEBadCM

(no linear structure,
infinite dimensional
manifold)

vector field V

image
A= {d+V)(B)
holdall €2

perturbation of identity
defines curves 34

B — Ty(B) := (Id + t V)(B) B — T(B
=) dJ(B;V):=lim (By) — J(B)
By = Ty(B) £—0 ¢
w UNIVERSITAT ITN SADCO NetCO 2014 ingoniour- ".},
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Results of basic considerations

« Hadamard directional derivative is suitable for nonlinear spaces
- Deformation of sets yields ,,perturbation of identity“
« Metric of function spaces induces metric in B¢
Baq has no linear structure
B,y is similar to an infinite dimensional manifold
- t — B; defines curves in B,
- suitable difference quotient

im 2 (Bt) = J(B)

t—0 t
A Lehrstuhl !w :
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Exemplary derivation of directional shape derivative

L

F(B) = /Bf(B, X) dX

\ implicit . dependence
explicit

1
m- (/Btf(l’p’t,X) dX—/Bf(B,X) dX)

dF(B,V) = lim

= t'l%% (/Bf(BtaTt(X)) det DTy(X) dX — f(B,X) dX)

5
— /an(B,X) (V(X)-I/(X))dS(X)+/Baf(5t7x)|t=0 dXx

explicit derivative implicit derivative

- Lehrstuhl * *:1
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Important results

» shape calculus is similar to calculus on manifolds

==) intrinsic nonlinear behaviour

» shape (directional) derivative
concentrated on boundary and

on the normal component of the vector field only

Lehrstuhl
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Vector bundles

1 Lang, 1995

Choice of B3 predefines the function space EB ,

(Y7, ur,ygug) € Eg = HY(T)xL*(JT)x HY(B)x L?(B)

What is the inherent structure of { E|B € Byq} 2
Sy Bag X B

diffeomorphism

metric of function spaces
induces metric in B,q

Sl

A Lehrstuhl '“: x a’?)
B TN SADCO NetcO 2014 e &
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Optimization on vector bundles: shape optimization

Typical shape optimization problem

Minimize J(y,B)
s.t.aBVPfor yon B

Unique solvability implies y = G(B)
Minimize F(B) = J(G(B), B)

st. BeByg C M

P Rt TN $ADCO NetC 2014
Conf. on New Trends in Optimal Control, Tours, June 23-27, 14
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Optimization on vector bundles: set optimal control problem

- —
Set optimal control problem
Minimize J(B,y,u)

s.t. aBVP for (y,u)on B
with Y7 < Ymax

BeM, (y,u) € Ep

BAYREUTH

|) U N IVE RS ITAT ITN SADCO NetCO 2014 Ingenieur-
Conf. on New Trends in Optimal Control, Tours, June 23-27, 14

|
|
'
'
'
'
|
)
'
|
|
|
'
!
|
|
)
'
|
|
'
-
|
)
'
)
|
|
)
E
}
'
'
'

Lehrstuhl

mathematik ABF )




Optimization on vector bundles: set optimal control problem

Set optimal control problem

Minimize J(B,y,u) G(M) N {y < ymax}
kg

s.t. aBVP for (y,u)on B

with  y7 < Ymax N

BeM, (y,u) € Ep

Unique solvability implies (y,u) = G(B) | ;
Ty
Minimize F(B) = J(B, G(B))

Y7 < Ymax
A Lehrstuhl ;{ ‘w "
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* Introduction

- Split method

- Bryson-Denham-Dreyfus approach (BDD)

- Shape calculus and optimization on vector bundles

« Numerics
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Analysis of necessary conditions

Linear PDAE Aposterior check  of by & norliaons cond.
a.e. inZ a.e. on ~ a.e. in A
a.e. onl

Ovyr = 0 Ovryz + Oyaya =0
Y7z < Ymax Y4 — Ymax —Aymax + Ymax =
—Apr +Pp7r = Y7 — Y4 PT —PA

—ApA+PA=YA— Yd

8,/p;[= 0 aVIpI"_aI/Ap,A — 0
Auz +p7 = Uz —ug = Aug+pa+qg=0
_________ o > 0

q > O

U A




Basic considerations w.r.t. the algorithm

« A € M is no (local) minimum of the (unconstrained) .F

second semi-derivative is not definite at critical points.
Hence, steepest decent algorithms not applicable,

higher order methods are required.

analysis of reduced functional of an analytical example

0.5¢
0.4
oA \dF(B)[V]
o2 optimal  2nd critical
01} \ radius point
~ . :
O = =ttt s T  — . e
| |
N d2F(B)[V,V
» (B)[V, V]
03 active set : active set
too small too big
04 A i " " " N N )
0.1 0.2 0.3 0.4 0.5 06 0.7 0.8 0.9

radius of initial guess

UNIVERSITAT
BAYREUTH

ITN SADCO NetCO 2014
Conf. on New Trends in Optimal Control, Tours, June 23-27, 14
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Towards Newton ‘s method on manifolds

1. Initial guess k=1, x1

2. loop on k
stoping criterion Hessian and gradient require Hilbert spaces
Newton equation Hess J(x)[d] = —grad J(x)
update T41 = Tk + Ok

3. end of loop

UNIVERSITAT
w BAYREUTH ITN SADCO NetCO 2014

Conf. on New Trends in Optimal Control, Tours, June 23-27, 14
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Towards Newton ‘s method on manifolds

1. Initial guess k=1, =
2. loop on k
stoping criterion directional derivatives suitable for linear structure

Newton equation D2.J(z)[01,v] = —DJ(z)[v] Yo € V

update T41 = Tk + Ok

3. end of loop

w BN ERSIAT ITN SADCO NetCO 2014
Conf. on New Trends in Optimal Control, Tours, June 23-27, 14
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Second directional derivative / second covariant derivative

Why are second derivatives more complicated?

successive differentiation:

D?J[8,v] = D (DJ[v]) [8] l
)

apply chain rule:

oy N {
l/\' @vanﬁes

— in linear spaces;
D ( DJ [’U] ) [5k] (v5k (DJ) [U] does not contain
2nd order information
+ (DJ) [v5kv] on functional
_ 2
- y J[5k7 Ul + ( k'U]
second covar‘ignt derivative 7&0
' UNIVERSITAT o
ITN SADCO NetCO 2014 Ingenieur-  EC Tl
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Towards Newton ‘s method on manifolds

1. Initial guess k=1, =
2. loop on k

stoping criterion

Newton equation V2.J(z)[0,,v] = —DJ(z)[v] Yv € V

update Tp41 = Tk + 5k
3. end of loop sum requires linear structure
w gR]YIKEE?'”-AT ITN SADCO NetCO 2014

Conf. on New Trends in Optimal Control, Tours, June 23-27, 14
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Newton update by retraction

Retraction:
R.:TM — M
rr+1 = R(0g)

R: T M — M is aretraction
=
with O is zero in 7 M and

o Lehrstuhl ,F ““ il;‘
UNIVERSITAT ITN SADCO NetCO 2014 Ingenieur-  Hag Faly
BAYRE UTH . . mathematik A% s
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Newton ‘s method on manifolds

1. Initial guess k=1, =
2. loop on k

stoping criterion

Newton equation V2.J(z)[0,,v] = —DJ(z)[v] Yv € V

update Tp+1 = R(dg)

3. end of loop

V4

UNIVERSITAT
BAYREUTH ITN SADCO NetCO 2014

Conf. on New Trends in Optimal Control, Tours, June 23-27, 14
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Newton ‘s method on manifolds

1. Initial guess

2. loop on
stoping criterion
Newton equation V2.J(z)[0,,v] = —DJ(z)[v] Yv € V
update Tp+1 = R(dg)

3. end of loop

A Lehrstuhl ~" n.; %?1
w SN Y ERSHTAT ITN SADCO NetCO 2014 Ingenieur- a4l 4

BAYREUTH

mathematik A%
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Newton ‘s method on manifolds

1. Initial guess

2. loop on

_ L retraction
stoping criterion

Newton equation VQJ(xk)[csk,v] = —DJ(x)[v] Vv €V

update w41 = R0k g

3. endofloop . ..ond covariant derivative: directional derivative,

it does not contain full information  since Hessian and
of second directional derivative, gradient require
but full second order information Hilbert spaces

on functional :

x Lehrstuhl ;’f. ‘x‘
UNIVERSITAT ITN SADCO NetCO 2014 Ingenieur-  fHeg Al
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Newton ‘s method for set optimal control problems

- =
1. provide initial guess Bl (by formula on data:
candidate active set)

—Ays+ysa = ug Aug+pg=0 YA = Ymax
—Apag+ps= yA—yd+@
p(x) := =X A%ymax(2)+2 X Aymax(2) —(14+X) ymax(z)+ya(z) > 0
due to strict complementarity:
AC{z € Q2 u(x) > 0}
UNIVERSITAT SADCO NetCO hqegh‘::it::rl_- F‘,
w BAYREUTH  cont. on New Trenc:-g:n (‘)AthimaINgLntr:I?!I'?)urs, June 23-27, 14 mathematik (&5




Newton ‘s method for set optimal control problems

-
1. provide initial guess Bl (by formula on data:
candidate active set)
2. loop on k
stoping criterion
i i 2 i
identify V<F(B)I[, -] (complicated formula)
Newton equation: Find W, cV
V2F(BL)[Wi, V] = —dF(B,; V) YV € V
provide retraction: deform Bk — Bk +1 (see next transparency)
3. end of loop

4. check a posteriori criteria and eventually restart with other initial guess

A Lehrstuhl ;»';’ ,w o~
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Newton method on manifold and topology changes

‘ Newton update by second covariant derivative and retraction

L

Michael Frey ‘s dissertation, University of Bayreuth, 2012:
Shape calculus applied to state-constrained elliptic optimal control problems

http://opus.ub.uni-bayreuth.de/opus4-ubbayreuth/frontdoor/index/index/docld/996

Lehrstuhl
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Basic properties of Newton method

pro
« formulation in infinite dimen. setting == mesh independency

* no regularization loops == better performance than PDAS

- feasible approximations of solutions

contra » changes of topology heuristically

* no convergence analysis
 only local convergence (with adaptive smooting for stability)

« assumptions on active set

: Lehrstuhl ’zw :
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The Smiley: construction

algorithm can cope with topology changes

P N Construction:
{\ | \" Prescribe Y/,
I P choose )\ small,
| |,
| press down Ymax.
: A Initial guess:
St f automatically from
~— unconstrained problem
. Imadeit! |
s Iter No. B <=
w UNIVERSITAT ingeniour ,
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The Smiley example: rational initial guess

UNIVERSITAT
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The Smiley example: bad initial guess

|
= e
|

BAYREUTH

w UNIVERSITAT ITN SADCO NetCO 2014
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Algorithm can cope with topology changes to some extent
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The Smiley example: bad initial guess

. Adjoint multiplier: continuous on interface,
~- but normal derivatives jump

o Lehrstuhl  / .:;,;i; ;
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Split method

* new problem type: set optimal control problem
* bilevel formulation ==) geometry-to-solution operator

* split of constraint == exploitation of structure of multiplier

Extended BDD approach for PDEs

 differentiation of state constraint == control law
* higher regularity of multiplier

« connection with optimal control and PDAE: index reduction

A Lehrstuhl ;»';’ ,w o~
w gR‘YIKE E%HAT ITN SADCO NetCO 2014 Ingenieur- S
Conf. on New Trends in Optimal Control, Tours, June 23-27, 14 &




Shape calculus

» set of admissible active sets has manifold character
and thus is intrinsicly nonlinear

« deformation of sets: perturbation of identity
- calculation requires transformation formula
Optimization on vector bundles
» vector bundles: structure depends upon manifolds
 general basis for shape optimization / set optimal control problems

* new challenging class of optimization problems

o~ Lehrstuhl ‘w :
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Conclusion 3 and Outlook

Newton method

- several approaches towards solution
of new necessary conditions

» adaption of Newton method on manifolds

« algorithm in function space without regularization

- comparable performance to sophisticated PDAS

- pays off in case of nonlinear elliptic optimal control problems

Open questions

» active sets of measure zero

- generalization to parabolic problems (first results already obtained)

o Lehrstuhl “,,\i:., )
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Constantin Carathéodory on the Bicentennial of Harvard University (1937)

| will be glad if | have succeeded in impressing

the idea that it is not only pleasant and entertaining
to read at times the works of the old mathematicial
authors, but that this may occasionally be of use
for the actual advancement of science.

Besides this there is a great lesson we can derive
from the facts which | have just referred to. We have
seen that even under conditions which seem most
favorable very important results can be discarded

for a long time and whirled away from the main stream
which is carrying the vessel science. ...

If their ideas are too far in advance of their time, and
if the general public is not prepared to accept them,
these ideas may sleep for centuries on the shelves
of our libraries ... awaiting the arrival of the prince
charming who will take them home.

Constantin Carathéodory (KwvoTtavrivo¢ KapaBsodwpn)
* Sept. 13, 1873 in Berlin; T Feb. 2, 1950, Munich
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Thank you for your attention — There ‘s still much to do
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Simultaneously | want to say GOOD BYE, friends

Lehrstuhl
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