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The minimum time problem

T — min
E(1) = Ro(E(1) + D _ ufi(E(D),
i=1

£(0) € No, &(T) € Ny,
u=(uy,...,un) € Q:=1[-1,1]"
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The minimum time problem

T — min
E(1) =H(E(D) + ) ufi(E(1),
i=1

£(0) € No, &(T) € Ny,
u=(uy,...,un) € Q:=1[-1,1]"

Assume (7’, z, u) is an admissible triplet satisfying PMP with an adjoint
covector

o~

Ntel0, Tl A(t) € T*M

The state space M is a finite dimensional manifold
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Problem

Give sufficient second order conditions for £ to be a strong local optimal
trajectory
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Problem

Give sufficient second order conditions for £ to be a strong local optimal
trajectory

Definition ((time,state)-local optimality)

The trajectory fisa (time,state)-local minimiser if there is a neighborhood

U of its graph such that & is a minimiser among the admissible trajectories
whose graph is in U.
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Problem

Give sufficient second order conditions for £ to be a strong local optimal
trajectory

Definition ((time,state)-local optimality)

The trajectory fisa (time,state)-local minimiser if there is a neighborhood
U of its graph such that & is a minimiser among the admissible trajectories
whose graph is in U.

A

Definition (state-local optimality)

The trajectory £ is a state-local minimiser if there are neighborhoods U of
its range E([O, ?]), Up of E(O) and Uy of 5(7’) such that £ is a minimiser
among the admissible trajectories whose range is in U, whose initial point
is in Np N Up and whose final point is in Ny N Uy.
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Example
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Hamiltonians associated to the vector fields

Fi:t=(p,q e T"M—{p, fi(q)), i=01,....m
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Hamiltonians associated to the vector fields
Fi:t=(p,q) € T"M~(p, fi(q)), i=0,1,....m

Reference Hamiltonian

Fi=Fo+ Zai(t)Fi
i—1
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Hamiltonians associated to the vector fields

Fil=(p.q) e T"M— (p, (@), i=01,....m

Reference Hamiltonian

m
Ft = Fo + Zai(t)Fi
i=1

Maximised Hamiltonian

B
| \

m
F™: € — sup,cq {Fo(li) + Z u,-F,-(!Z)}
i=1

Hamiltonian vector fields

=
Prax E, F

| A

A
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Pontryagin Maximum Principle (PMP)

there exist  A: [0, T] — T*M, po € {0, 1}
such that:  [[A(0)]| 4+ po # O

TA(t) = &(1)
d~ =
E?:(t) = Ft(A(t)A)
Fi(A(1)) = F™(A(1)) = po
A0 - AT
Tz 0)No T (7)Ne
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Pontryagin Maximum Principle (PMP)

there exist  A: [0, T] — T*M, po € {0, 1}
such that:  [[A(0)]| 4+ po # O

TA(t) = &(t)
d- -
E?:(t) = FtU\(t)A)
Fi(A(1)) = F™(A(1)) = po
A0 =0 AT)
T (o) Mo Tz 3 Ny

if po = 1, A is called normal extremal
if po = 0, A is called abnormal extremal
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Hamiltonian approach to (time, state)—local optimality 1/2

@ the flow of an over-maximised Hamiltonian

H:leT"M— H{) e R
H(O) = F™(0)  H(A(t) = F™*(A(1))

~

F: (t,0)el0, T x T"M— H;() € T*"M
A(H) = 36,(A(0)), i.e. A1) = H(A(1))
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Hamiltonian approach to (time, state)—local optimality 1/2

@ the flow of an over-maximised Hamiltonian

H:leT"M— H{) e R
H() > F™(0)  H(A(t)) = F™(A(1))
F: (t,0) € [0, T] x T*M— H;({) e T*"M
A(H) = 36,(A(0)), i.e. A1) = H(A(1))

@ a smooth function «: M — R such that doc(E( 0)) :X(O)

A= {(da(x), x)}
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Hamiltonian approach to (time, state)—local optimality 2/2

) ~ id xH ~
[0, T] x A 0, Tl x T*M
(id xnm [id X
0, T x M
Property

~

H*(p dg — H; dt) isexacton [0, T] x A
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Lifting trajectories
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Lifting trajectories
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Lifting trajectories
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H*(p dg — H; dt) is exact —

Ozi;wzj w +J w —J wAJrJ w
(id xeH) =1 (&) J(id x 73~ () J(id xwH) =1 (&) J(id x7wH)~" (To)
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H*(p dg — H; dt) is exact —

Ozi;wzj w +J w —J wAJrJ w
(id xeH) =1 (&) J(id x 73~ () J(id xwH) =1 (&) J(id x7wH)~" (To)

0<p(T—T) +o((r-?)2)

fpp=1—= E is a (time, state)-local optimal trajectory
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Hamiltonian approach to state—local optimality 1/2

@ the flow of an over-maximised Hamiltonian

H:leT"M— H{) eR
H(O) = F™(0)  H(A(L) = F™(A(t))
H:(t0) € (=8, T+8) x T*M > () € T*M

~

A1) = 3 (A(0))

@ a smooth function oc: M — R such that

> da(£(0)) =A(0) ~
» A ={(da(x), x)}is transverse to {H = py} in A(0)

@ Ng:=AN{H=py}isa(n—1)-dim manifold of T*M
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Hamiltonian approach to state—local optimality 2/2

I x Ag M
W{)\ ln Ji=(—5,T +8)
M
Property

H*(p dq) is exact on (—5, T+ d) x Ao
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Lifting trajectories
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Lifting trajectories
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Lifting trajectories

Ao
—
S /
A(0) — (T, A(0))
t
T ()~
§(T)
£(0) o
R E(T)
£(0) —
&
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H*(p dqg) is exact —

Oz%m:[ w +J w —J w +J w
(7)1 (&) (7eH) =" (v) (7)1 (E) (7eH) " (vo)
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FIRENZE | 7%

H*(p dqg) is exact —

Oz%m:[ w +J w —J w +J w
(7)1 (&) (7eH) =" (v) (7)1 (E) (7eH) " (vo)

R R 2

po(T =) = poltr — T) + alar) — &(E(0)) + 2 hr -y - (@)
N 2

= C(&(T)) ~ CET) + S v - (@)

C(x) == po(WE(x)) + ax(mp”o(x)) (VB 7o) = ()~
(tr, qr) == (W, mp7o) (£(T))
(to, qo) := (W&, mp) (£(0)) q = expshi(qo)
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Bang-bang controls

U(t) € Vertexes(Q)  Vte [0, T1\ {7jej=1,....r}

Tr Tr41 =

:[\'1 "['2
I —

— o

June 23-27, 2014
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Simple, double and multiple switches

@ simple switch T is a simple switching time if only one control
component switches at time T

@ double switch T is a double switching time if two control components
switch at time T

@ j-multiplicity switch T is a j multiplicity switching time if j control
components switch at time T
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Bang-bang with multiple switches

Simple and double switches

@ there exists only double switching time T;

@ a certain numberof simple switching times §oj occurs before T and a
certain number of simple switching times 04, occur after the double
switch;

| | |
[ [ [

| | |
1
T 10 Oy T

[ [

|
[
0a

01 Ooup

June 23-27, 2014 17/36

L. Poggiolini, M. Spadini, G. Stefani Optimality in the minimum time problem



Simplified case

T — min,
E(t) = H(E(1) + ui (DA (E(1) + w2 () B(E(1)),
£0)eNy,  E(T)EN,

lui() <1 i=1,2 ae. te[0 Tl

June 23-27, 2014
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Simplified case

T — min,

E(t) = R(E() + ui (DA (E() + ua(t)(E(1)),
&(0) € No, &(T) € Ny,
lui() <1 i=1,2 ae. te[0 Tl

(—1,—1) (1,1)

T
hy=fh—fH—F hoi=fg+FfH+10

)
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Simplified case

T — min,

E(t) = R(E() + ui (DA (E() + ua(t)(E(1)),
&(0) € No, &(T) € Ny,
lui() <1 i=1,2 ae. te[0 Tl

(—1,—1) (1,1)

T
hy=fh—fH—F hoi=fg+FfH+10

)

Hi(0) = (€, by ()  Ha(l) := (€, ho(m0))
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Regularity along the bang arcs

If t £ 7, then U is the only control that gives the maximised Hamiltonian:
Ui (OF (A1) = Ti (DA, A(E(1))>0
Ua(t)F2(A(1)) = (1) (A1), R(E(1)))>0
ie.  Fi(A(1)<0 F(A(t)<0 ifte[0,7)
FiAMD)>0 F(A(t)>0 ifte (7, T
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Regularity along the bang arcs

If t £ 7, then U is the only control that gives the maximised Hamiltonian:
Ui (OF (A1) = Ti (DA, A(E(1))>0
Ua(t)F2(A(1)) = (1) (A1), R(E(1)))>0
ie.  Fi(A(1)<0 F(A(t)<0 ifte[0,7)
FiAMD)>0 F(A(t)>0 ifte (7, T
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Assumptions: Regularity at the switching time 1/2

Regularity at the switching times

d_~ d_ ~
—Fi(A(t 0 —F;i(A j=1,2.
GFOW)| >0 JAGW) S0
(—1,—1) (1,1)
T T T t
0 T T
h12:fo—f1—f2 h212f0+f1+f2
ki =fo+f—fh=h+2f=h —26b
ko :=1fo—fi + o = hy +2f = ho — 2f;
Ki(€) = (€, ki(mt)) Ka(€) = (€, ko(ml))

June 23-27, 2014
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The maximised flow
e forv=1,2let 1y ({) be the unigue solution to
2F, o exp 1y (OH (€) = (Ky — Hy) o expy ()1 (£) = 0
in a neighborhood of (T, A(0));
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The maximised flow
e forv=1,2let 1y ({) be the unigue solution to
2F, o expty (O)H; (1) = (Ky — Hy) 0 exp o (O)H (£) = 0

in a neighborhood of (T, A(0));
@ choose
01(0) := min{t (), T2(0)};
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The maximised flow
e forv=1,2let 1y ({) be the unigue solution to
_>
2F, o expty (O)H; (1) = (Ky — Hy) 0 exp o (O)H (£) = 0

in a neighborhood of (T, A(0));
@ choose
01(0) := min{t (), T2(0)};

e forv = 1,2, let T2 (¢) be the unique solution to
2F3_y 0 exp (72 (0) — 1 (1)) Ky o expy (O (1)
= (Ho— Ky) o exp (23 (0) — 5 (1) Ky o exp ey (O)Hh (1) = 0
in a neighborhood of (T, A(0));
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The maximised flow
e forv=1,2let 1y ({) be the unigue solution to
_>
2F, o expty (O)H; (1) = (Ky — Hy) 0 exp o (O)H (£) = 0

in a neighborhood of (T, A(0));
@ choose
01(0) := min{t (), T2(0)};

e forv = 1,2, let T2 (¢) be the unique solution to
2F3_y 0 exp (72 (0) — 1 (1)) Ky o expy (O (1)
= (Ho— Ky) o exp (23 (0) — 5 (1) Ky o exp ey (O)Hh (1) = 0

in a neighborhood of (T, A(0));
@ choose

a(t) = {Ti(e) 1(0) < w(0)
2
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e Sy = {(t,(’,): t e [-9, 91(@]}

® Si:={(t,0):01(0) =71(0), t € (61(0),02(0)]}
FT(0) = exp(t — 0 (0))K; o exp O () H; (0);
0 SZ:={(t,0): 04(8) = T((L), t € (62(0), T + 5]}

T (0) = exp(t— 02 () Ha (£) o exp(02() — 01 (0))K; 0 exp 01 (0)H; (£);
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8 | FIRENZE | 5

Finite-dimensional subproblem
Allow for different perturbed switching times of the control components

Ty =T+ €4 To =T+ €

and for variations of the final time

T3 ' = /7\-4- £3.
(—1,—1) (1,1)

Reference I 1 ‘ t
0 m T he 7

€1 < €2 t
0 hy T1 Ki 1 ho T3

€2 < €1 I I ‘ t
0 hy To Ko T4 he T3

June 23-27, 2014 24 /36
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if &1 < €2

T — min
hi(E(1) t <y
Et) =< k(&) T <t<T
ho(E(1) To<t<Ts3
£(0) € No E(T) e Ny
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if &1 < €2

T — min
hi(E(1) t <y
Et) =< k(&) T <t<T
ho(E(1) To<t<Ts3
£(0) € No E(T) e Ny

if €2 < €4
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Assumption: coercivity of the second order
approximations

Coercivity of the second order approximations

Each second order approximation J., v = 1, 2 is coercive on the half-space
of the linearised constraints of the finite-dimensional subproblem.
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Assumption: coercivity of the second order
approximations

Coercivity of the second order approximations

Each second order approximation J., v = 1, 2 is coercive on the half-space
of the linearised constraints of the finite-dimensional subproblem.

Vorv = {(6x,a1,b,22) € Tz o No x R x R X R:
ox + a191(£(0)) + bjy (£(0)) + 2292(£(0)) € Ty Nr}

~

+ (@191 + bjy + a292)° - B(£(0))

~ ~

+aib [g1,jv] - B(E(0)) + araz [g1, g - B(E(0)) + bas [jy, gal - B(Ro),

JU[ox, ar, b, a) = 26x - (a1gr + bjy + a22) - B(£(0))+
&(0

Nf .= g;(N,«) gv = §¥lhvo§f v = §;lk\,o§f
B: M R: dB(E(0) = —A(0)
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The coercivity of J./ allows one to prove that there exists a function « such
that

e Ny = {dO((X)Z X € M}ﬂ{H1 = po} and
Mo :=1tAg ={x € M: hy - a(x) = po} are (n — 1)-dimensional
manifolds

@ For v =1, 2 define
My = {773 (0: L Ao, T (0) = 81(0)
M2 = {7[ (0 LE Ao, Ty (D) = 91((%)}.

Then these four half-manifolds separate the images of the five
smooth pieces of the projected maximised Hamiltonian flow.
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Picture for v =1

M= {noT3%, (0: e Ao}, M= {mFT (0): € Ao},

Mo Mi M12
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Invertibility of the projected maximised flow
1: The degenerate case dT1|TmA0 = dTg|Tm)AO

@ Clarke’s inverse function theorem
if the convex hull of the Jacobians of each of the five smooth pieces at
(T,A(0)) is made of invertible matrices only
= mFmax. (-9, T—|— 8) x Ag — M is locally one-to-one from a
neighborhhod of (7, ?\(0)) onto a neighborhood of &( T)
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Invertibility of the projected maximised flow
2: The nondegenerate case dT1|TX(O)AO + dTngm)A0

@ Consider the tangent cones to the five sectors where 3™ has a
different smooth expression: the interior of each cone is non-empty
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Invertibility of the projected maximised flow
2: The nondegenerate case dT1|TM)A0 + drglrm)/\0

@ Consider the tangent cones to the five sectors where 3™ has a
different smooth expression: the interior of each cone is non-empty

@ Show that the linearisation of each of the five smooth pieces of M
is a proper linear function with positive determinant and degree = 1:
for each couple of neighbouring tangent cones take (6t1, 6¢4) and
(86t, 845) in each of the two cones and show that their images under
the linerisation of the projected maximised flow do not overlap
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Invertibility of the projected maximised flow
2: The nondegenerate case dT1|TM)A0 + drglrm)/\0

@ Consider the tangent cones to the five sectors where 3™ has a
different smooth expression: the interior of each cone is non-empty

@ Show that the linearisation of each of the five smooth pieces of M
is a proper linear function with positive determinant and degree = 1:
for each couple of neighbouring tangent cones take (6t1, 6¢4) and
(86t, 845) in each of the two cones and show that their images under
the linerisation of the projected maximised flow do not overlap

@ Show that there exists by € szM such that (7t3"’“ax)*_1 ({oy}isa
singleton
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Invertibility of the projected maximised flow
2: The nondegenerate case dT1|TM)A0 + drglrm)/\0

@ Consider the tangent cones to the five sectors where 3™ has a
different smooth expression: the interior of each cone is non-empty

@ Show that the linearisation of each of the five smooth pieces of M
is a proper linear function with positive determinant and degree = 1:
for each couple of neighbouring tangent cones take (6t1, 6¢4) and
(86t, 845) in each of the two cones and show that their images under
the linerisation of the projected maximised flow do not overlap

@ Show that there exists by € szM such that ( S"max) ({oy}isa
singleton

o —> deg (nF", 0(X(0)),E(%)) = 1
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Invertibility of the projected maximised flow
2: The nondegenerate case dT1|TM)A0 + dTQITX(O)AO

@ Consider the tangent cones to the five sectors where 3™ has a
different smooth expression: the interior of each cone is non-empty

@ Show that the linearisation of each of the five smooth pieces of M
is a proper linear function with positive determinant and degree = 1:
for each couple of neighbouring tangent cones take (6t1, 6¢4) and
(86t, 845) in each of the two cones and show that their images under
the linerisation of the projected maximised flow do not overlap

@ Show that there exists by € TA M such that (n&"max) ({oy}isa
singleton

o — deg (n:fmaX, 0(?\(0)),2(%)) —1

@ P-Spadini 2013 (based on Pang-Ralph 1996) — nI™®*is a
Lipschitz homeomorphism from O (T, 7\( )) on O(&(7T)).
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The reference trajectory
The reference trajectory

has no self-intersection.
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The reference trajectory
The reference trajectory

20T =M

has no self-intersection.

The Hamiltonian methods can be applied:
@ if pp =1 then fisa state-locally optimal trajectory;
@ if pp = 0 then £ is isolated among admissible trajectories.
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Assumption: coercivity of the second order
approximations

Coercivity of the second order approximations

Each second order approximation J, v = 1, 2 is coercive on the
half-space of the linearised constraints of the finite-dimensional
subproblem wih zero total variation of the times .
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Assumption: coercivity of the second order
approximations

Coercivity of the second order approximations

Each second order approximation J, v = 1, 2 is coercive on the
half-space of the linearised constraints of the finite-dimensional
subproblem wih zero total variation of the times .

VJV = {(6x,a1,b,a2) S TE(O)NO xR xR" x R:ai+b+a =0
8x + a191(£(0)) + bjy (£(0)) + 2292(£(0)) € Ty Nr}

-~

JU[6x, a1, b, a)] = 28x - (a1g1 + bjy + a:2) - B(E(0))+

+ (a1g1 + bjy + a202)% - B(£(0))
+aib (g1, ] - B(E(0)) + a1a: [g1, 9o - B(E(0)) + b a [jy, gol - B(Xo),

~ ~

Ni:=S="(N) gvi=8:1hyoS: jy:=8:"kyoS:

B: M —R: dB(£(0)) = —A(0)

—1
=
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The coercivity of J” allows one to prove that there exists a function « such
that

id xtF™: [0, T] x {da(x): x € M} = [0, T] x M

is locally one-to-one a each (t,?\(o)), telo, Tl ie.
nFP {da(x): x e M} = M

is locally one-to-one at?\(o), for each t € [0, T].
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Freezeatt =7

01(£) = T2(0) < T < 02()
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Invertibility of the projected maximised flow
1: The degenerate case dty |Ti(0)/\ = dT2|TX(O)A

Clarke’s inverse function theorem

if the convex hull of the Jacobians of each of the five smooth pieces of
nFI* at A(0) is made of invertible matrices only

= nII¥: A — Mis locally one-to-one from a neighborhhod of A(0)
onto a neighborhood of &(7)

L. Poggiolini, M. Spadini, G. Stefani Optimality in the minimum time problem

June 23-27, 2014

35/36



Invertibility of the projected maximised flow
2: The nondegenerate case dty |Tx(0)/\ + dTg|TmA

@ Consider the tangent cones to the five sectors where F7% has a
different smooth expression: the interior of each cone is non-empty
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Invertibility of the projected maximised flow
2: The nondegenerate case dty |Tx(0)/\ + dTg|TmA

@ Consider the tangent cones to the five sectors where F7% has a
different smooth expression: the interior of each cone is non-empty

@ Show that the linearisation of each of the five smooth pieces of TJT'#
is a proper linear function with positive determinant and degree = 1:
for each couple of neighbouring tangent cones take 6{1 and &{, in
each of the two cones and show that their images under the
linerisation of the projected maximised flow do not overlap
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Invertibility of the projected maximised flow
2: The nondegenerate case dty |Tx(o)/\ + dTg|Tm)A

@ Consider the tangent cones to the five sectors where F7% has a
different smooth expression: the interior of each cone is non-empty

@ Show that the linearisation of each of the five smooth pieces of TJT'#
is a proper linear function with positive determinant and degree = 1:
for each couple of neighbouring tangent cones take 6{1 and &{, in
each of the two cones and show that their images under the
linerisation of the projected maximised flow do not overlap

@ Show that there exists 8y € T; ;M such that (n&";l‘ax)j ({dy}) is a
singleton
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Invertibility of the projected maximised flow
2: The nondegenerate case dty |Tx(o)/\ + dTg|Tm)A

Consider the tangent cones to the five sectors where 7 has a
different smooth expression: the interior of each cone is non-empty

Show that the linearisation of each of the five smooth pieces of T2
is a proper linear function with positive determinant and degree = 1:
for each couple of neighbouring tangent cones take 6{1 and &{, in
each of the two cones and show that their images under the
linerisation of the projected maximised flow do not overlap

Show that there exists 8y € T; .M such that (m ’J"max) ({dy}) is a
singleton

—> deg (mIT™, O(A(0)), £(7)) = 1
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Invertibility of the projected maximised flow
2: The nondegenerate case dty |Tx(o)/\ + dTg|TwA

Consider the tangent cones to the five sectors where 7 has a
different smooth expression: the interior of each cone is non-empty

Show that the linearisation of each of the five smooth pieces of T2
is a proper linear function with positive determinant and degree = 1:
for each couple of neighbouring tangent cones take 6{1 and &{, in
each of the two cones and show that their images under the
linerisation of the projected maximised flow do not overlap

Show that there exists 8y € T; .M such that (n&";l‘ax)j ({dy}) is a
singleton

— deg (nffga& O(X(O)),E(a) —1

P-Spadini 2013 (based on Pang-Ralph 1996) = nIT* is a

o~ ~

Lipschitz homeomorphism from O(A(0)) on O(&(7)).
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