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Open-loop (nonsmooth) optimal control of the wave equation

Dirichlet boundary control problem

@ Minimum effort problem

Closed-loop optimal control of the wave equation

o Summary
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Dirichlet boundary control

Let 2 C RY, d = 1,2,3 bounded domain, 90 € C2, T >0, Q = (0,T) x £,
S = (0,T) x 99,

min / /y ya)2dadt + — / / u?dzdt, s.t.
u€U,y a0

Y — Ay = in @,
y(0)=yo inQ,
ye(0) =y1 inQ,
y=u onx

for the set of admissible controls
Usa = {u€L?(X) |ug <u<u, ae}
and with

yo € L2(Q),yn € HH(Q),y €Y = C(L*(Q) NCHHH(Q), foya € L*(Q),
a>0,p>0, ug,up € LP, p > 2.
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Optimality condition

@ There exists a unique minimizer u € U,q.
@ Necessary optimality condition: J'(u)(0u —u) >0 V du € U,g.
@ Reformulation of the optimality condition as a nonsmooth operator equation
F(u) =0
with
F: LA(%) — L*(D),
F(u) = alu — up) + max(0, auy — q(u)) + min(0, g(u) — quy,)

for
q(u) = =T"G'(S(u))

and G(y) = %fOT Jo(y — ya)*dadt with control-to-state operator
Su)=Tu+y, T € LL*(X),Y), e Y.
— Generalized Newton methods
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Semi-smooth Newton method

Aim: To set up a semi-smooth Newton method
Gr(uk)(upsr —uk) + F(ur) =0, k=0,1,2,...,
with slant/Newton-derivative G which satisfies
[F(z+d) = F(x) = Gr(z + )b L,y = olllbll L)) for [hllp, ) =0
If the inverse generalized derivative is bounded
HG;-l(u)HL2(Z) S COllullp,s) for flu—u®(|, s suff. small

the method converges locally superlinearly.

[Hintermiiller, Ito, Kunisch (2003), Ulbrich (2003), Chen, Nashed, Qi (2001)]
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Semi-smooth Newton method

Operator F(u) = a(u — up) + max(0, aup — g(u)) + min(0, g(u) — auyg).
Slant/Newton differentiability
e max: LP(¥) — L?(X), p > 2, is slant/Newton-differentiable [Hintermiiller et
al. (2003)].
@ No smoothing property for Dirichlet control of the wave equation:
Ytt — Yzx = 0 in (07 1) X (07 1)a
y(t,0) = u(t), wy(t,1)=0, y(0,2)=0, u(0,2)=0.
Here: q(u) = —0,p(u) = u € L*(X) with adjoint state p.
— This motivates to consider the OCP for strongly damped wave equation:
Yy — Ay—pAy, = f,  p > 0 small
Then q(u) = —0np(u) + Onp(u): € LP(X), p > 2.
Boundedness of the inverse generalized derivative

@ Follows by splitting X in active and inactive parts and considering them
separately.

ﬁ A. K., K. Kunisch, B. Vexler, SIAM Control Optim. (2011)
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Main results |

@ Theorem 1: For initial state sufficiently close to the solution u*, the Newton
iteration applied to the Dirichlet boundary control problem for the strongly
damped wave equation converges superlinearly.

@ Theorem 2: In case of distributed and Neumann boundary control the result
holds also for the undamped wave equation.

@ Theorem 3: The analogous results of Theorem 1 and 2 hold also for the
dynamical Lameé system.

ﬁ A. K., K. Kunisch, B. Vexler, SIAM Control Optim. (2011)
[@ A. K., Numer. Func. Anal. Optim. (2013)
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Numerical example (Dirichlet boundary control)

a=10"* a=10"2
Level N M p=0 p=01 p=07 p=0 p=01 p=07
1 16 2 4 3 5 4 4 5
2 64 4 5 4 3 4 4 3
3 256 8 5 5 4 5 4 4
4 1024 16 6 6 6 5 7 5
5 4096 32 11 7 7 9 6 5
6 16384 64 13 9 7 10 8 5

Number of Newton steps on a sequence of uniformly refined meshes
(p = 0 originally problem, p > 0 regularized problem)
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Minimum effort problem

o Let Q C RY, (d=1,...,4) bounded domain, T' > 0,
min / / woy — 2)2dzdt + — ||uHLw(Q s.t.

Ay =Bu in Q,
y(0) = yo in Q,
Cy=0 on .
(0 —id
@ Wave operator A = (—A 8, )

e Control operator B = (0, xw, id) : La(Q) — L2(€2), we C Q open
e Control space U = L>®(Q)

e Observation operator C,,, = (Xw, id, 0): La(Q) = L2(), w, C Q open
@ Boundary operator C = Cq,

o Desired state z € L*(Q)

o Elliptic case: Clason, Ito, Kunisch (2012)
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Minimum effort problem

Reformulation as a bilinear problem
min () = 2 [Cury — 2oy + 22 st
(y,u,c)EX xUXRY 2 2
Ay =cBu in @,
y(0)=yo inQ,
Cy=0 on X,
<1

||“HL°°(Q)
Eliminating the control we obtain the reduced system

A'p+C;, C,,y—C; z2=0, p(T)=0, Bply=0,
ac — [[B*pll 1) =0,
Ay —cBsgn(B'p) =0, y(0) =y, Cyls=0.

The optimality system is not (in a generalized sense) differentiable.
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The regularized problem

The regularized minimum effort problem is given by

B Ts0) = 5 1Cuy <l +y Il + 5
s.t.
Ay =cBu inQ,
y(0)=yo inQ,
Cy=0 on X,

[l g () <1

for yo € Y'!, parameters o, 3 > 0, and z € L?(Q).

Theorem: Let the regularized problem have a unique solution with ¢* > 0. Then
there holds

J(y,ﬁ7c,@) - J(y*7C*) - O(ﬁ)
for 8 — 0.
[@ A. K. K. Kunisch, Comp. Optim. Appl. (2014)
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Optimality system

The optimality system is given by
T(z)=0
for
A*p+C;, Cuy—Ci 2
ac— |B*pll 11 )
Ay — cBsgng(B*p)
y(0) — wo

T W —Z, T(z)=T(y,p,c)=

with W =XxYyxRtand Z=X*xRxY xY!, Yy={peY*|pT)=0}.

Spaces:

Y' = Hy(Q) x L* (), P' = L*(Q) x Hy(Q),

Y =L*(Q) x H'(Q), P’ = H ' (Q) x L*(Q),
X=L*(Y"Y)nH (Y?), v =LY% e (H(P)),

X =L*P) e H'(Y"), Y* =L*(PY)YnH"(P°).
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Main result Il

Theorem: Let z* = (y*, p*, ¢*) be a solution of the regularized problem with
¢* > 0. Further let 20 € W be feasible, i.e.

y°0) =yo, Ouyd =15, A"’ +C; Cu,y’ —Cz=0.

w,

Then the iterates 2* = (y*, p¥, c*) € W of the semi-smooth Newton method
converges locally superlinear

||xk+1 g

< O(H:L‘k —z*

Wk WJR)

(WR = X x Y7 x R).

ﬁ A. K., K. Kunisch, Comp. Optim. Appl., 2014
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Proof of the Theorem

Newton-differentiability
o Use sgng(v) = %(v — max(0,v — ) — min(0,v + B)).
— sgng: LP(Q) — L9(Q), p>q>1is Newton differentiable.

@ The norm
||'||LI}3(Q) CLP(Q) =R, p>4

is Newton differentiable [Clason, Ito, and Kunisch (2012)].
@ Thus we have

p—Bp— HB*pHL}B(Q) ;Y= LYQ) - R,
p+ B'pi cBsgng(B*p), Y™ — L4(Q) — L2(Q) — X*
for d < 4 are Newton differentiable.

Boundedness of the inverse derivative

@ Follows from a priori estimates.
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Numerical example (Convergence of the Newton method)

Errors in the scalar e} = |c* — ¢*|, in the state e} = ||y* —y*|| . and in the

adjoint state ef = ||p for flxed regularization parameter j.

-p ||L2(P1)nL2 PO)

k K/ (k=1) k ek /=1 k ek Jelk=1)
c es/ec ey v/ ey e o/ ep

10.0 8.5 - 9.6 - 0.7 - 42025 17450
1.215 3.0e-01  3.5e-02  8.3e+00 8.6e-01  23e-01 3.1e-01 32298 25740
1.393 1.2e-01  4.0e-01 7.5e-01 9.1e-02  3.1e-02  1.3e-01 22186 33754
1.489 2.1e-02  1.8e-01 3.1e-01 4.2e-01  8.5e-03 2.7e-01 26101 31073
1510 4.4e-04  2.1e-02 3.3e-02 1.0e-01  1.0e-03  1.2e-01 24874 31490
1510 8.2e-06  1.9e-02 1.5e-03 45e-02 4.4e-05 4.2e-02 25120 31450
1510 9.1e-08  1.1e-02 5.5e-06 3.7e-03  9.4e-08 2.1e-03 25133 31448
1510 1.6e-10  1.8e-03 3.7e-10 6.7e-05  7.0e-12  7.5e-05 25133 31448
1.510 0.0 0.0 0.0 0.0 0.0 0.0 25133 31448

C e am ap

O~NOUAWN RO X

Convergence of the semi-smooth Newton method
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Path-following (5 | 0)

Path-following rule

Bn-‘rl = QBm n e IN07 q € (07 1)7 60 > 0.
We choose
z=-1, a=10"2, By =107, yo(x) = (sin(27z), —4sin(27z))

for x € Q@ =(0,1) and T = 1. Further we set ¢ = 0.2 and w, = w, = Q.

n Bn J(ug,,cp,)  J(up,,cp,) = J(u*,c*) e} Jef <, am ap
0 1.0 0.25171 3.77e-02 - 2.94061 2590 0
1 2.00e-02 0.22346 9.47e-03 0.25 3.70135 6833 0
2 4.00e-03 0.21623 2.24e-03 0.24 3.96424 8720 722
3 8.00e-04 0.21444 4.53e-04 0.20 4.04065 9702 1563
4 1.60e-04 0.21407 8.57e-05 0.18 4.05790 10164 1915
5 3.20e-05 0.21401 1.47e-05 0.17 4.06136 10371 2054
6  6.40e-06 0.21400 0.00 0.00 4.06209 10520 2120

Error in the cost functional
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References on optimal control of wave equations

@ Theory
Lions (1971,1985), Lasiecka & Triggiani (2000)

o Mordukhovich & Raymond (2004, 2005)
e Farahi, Rubio & Wilson (1996)
o Kowalewski, Lasiecka & Sokolowski (2010)
e strongly damped wave equation: Bucci (1992), Lasiecka, Pandolfi & Triggiani
(1997)
o ...
@ Numerics

Lagnese & Leugering (2000, 2003)

Gerdts, Greif & Pesch (2008)

Gugat (2009), Gugat, Keimer & Leugering (2009), ...

K. (2011, 2012), K., Kunisch & Vexler (2011), K. & Kunisch (2014)
Kunisch & Wachsmuth (2011, 2012)

o exact controllability: Zuazua (2005), Micu & Zuazua (2005), Infante &
Zuazua (1999), ...
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Optimal feedback control

@ Optimal feedback control for a nonlinear dynamical system

1T a [T
min J(z,¢,u) = —/ y* (s)My(s)ds + —/ u” (s)u(s)ds, st.
UEU, g 2 t 2 t

Sy(s) =Fly(s) +Buls), s>, y(t) =2,

for given F: R” — R™, B € R™*", u(s) € R™, z € R*, M € R"*"
positive semi-definite, o > 0.

@ Aim: Feedback law
u* = K(t.y" (1)), J

which is robust with respect to noise (— advantage in contrast to an
open-loop optimal control),
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Optimal feedback control

@ Value function: For x € R™ and ¢t € [0,T") we define

v(z,t) = uleer/{fd J(x,t,u).

— Hamilton-Jacobi Bellman equation

—0w(z,t) + H(z, Vyu(z,t) =0 (z,t) € R" x (0,T),
v(z, T)=0 zeR"™

with Hamiltonian

H:R"xR" — R, H(z,p)=sup (—(F(z)+Bu)"p—I(z,u).
uelU

— Feedback law .
u*(t) = Py, <—aBTVU(y*(t),t)>.
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Application to semi-discretized PDEs

@ Main challenge is the curse of dimensionality,
since the dimension of the dynamical systemis |
equal to the dimension of HJB equation ,  PDE |

,,,,,,,,,,,,

Continuous problem

— Requires low dimensional discretization of the
PDE ‘ Semi—discretization in space ‘

— Efficient solvers for the HJB equation i

‘ Model reduction ‘

@ References for HJB-based optimal feedback
control of PDEs U B ‘
e POD: Kunisch, Volkwein, Xie (2004), Kunisch, | Semidiscrete equation |
Xie (2005), Alla, Falcone (2012)
o Spectral elements: K., Kunisch, Zidani (2014)
e Balanced truncation: K., Kalise (in preparation) i
e Gombao, Raymond (2006) ‘

Semi—discrete problem

HIB equation ‘

i

‘ Feedback operator ‘
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Feedback control of the wave equation

e Control problem: For z € Y = H1(Q) x L?(Q), Q = (0,1), t € [0,T)

T
min J(U):/t Uy, (s), u(s))ds,

ueU
d%yz,t(s) = F(yo,(5), u(s)),
yw,t(t) =Z.

@ Dynamics:
F(z,u) = Az + Bu + g(z')

with x = (z1,22) € Y and
0 I ol
T ~ e .
A= (c \ O> , Bu=(0,a)", ua= -E,l u; sin(miz),

wel = L*(t,T), [ta,up]?), uq,up € R, nonlinearity g, ¢ >0, N € N.
o Distributed cost:
1 o
1 LAQ)P xRN = R, I(z,u) = 5 [Cz — yall 2oy + 5 ul®

a>0,C=(id,0), yq € L?(Q).
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Discretization with spectral elements

To obtain a low dimensional semi-discretization, we discretize the wave equation
in space with spectral elements. The aim is to control the lower modes.

@ Spectral basis functions: ¢y (z) = sin(knx) for k=1,...,N, z € Q= (0,1).

@ Mass and stiffness matrix
. . 1
M)y, = diag ((1/2)k=17.‘_,N) , Ay =diag ((5 (kﬂ')2> > .
k=1,...,N

@ Discrete dynamics:
Tp,: R*® x RY = R?, Ty(z,u) =M, " (Ayz + Byu)

with matrices
(M, 0 . 0 M;, (0
M= (9 ) A= () e (an):
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The semi-discrete problem

@ Discrete distributed cost
1
I: RPN xRN R, Iy(x,u) = §(Chac — T M, (Cre — ) + %uTu,
a>0,yh e RN, with Cj, = (idn,0)7.

@ The semi-discrete control problem

T
min Jh(ul) = / Iy, (s),u"(s))ds, st
uheU ¢ ’
d
D yh(5) = Tyl (5). 0 (5)),
yp. () ==

)

for initial value x € R?N and t € [0, 7).

— Set up HJB equation.
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Solving the HJB equation

@ Obtain a HJB equation in 2N dimensions
@ Discretization: Second order ENO scheme combined with Runge-Kutta
method in time

@ Boundary condition
o Bounded computational domain: (0,7) x D, D C R*".

o Requires an appropriate choice of the boundary condition; we choose

Ozev(z,t) =0 V(x,t) € 9D x (0,T),

i.e. on the discrete level

v(zgi+) = v(zr)

DEw(zr) = if I, =0,

hi
v(zpi,—) —v(zr)

D;‘:v(wz) =— o

if I, = M,.

o For a more sophisticated treatment using state constraints see [Altarovici,
Bokanowski, Zidani (2012)].
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Numerical example |

Data
e Initial point: z(z) = (1.5sin(7r2) + sin(272) + sin(37z2),0)7, z € Q,

0c=002, T=8 yg=0, a=01,
o K =[-25,25],

@ Number of discretization points: 4 x 8 x 20 x 4 x 8 x 20.
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Numerical example |

05
1.5 o o
- 1 -
= 505 5 -2
05
o -1 -4
-0.5 -1.5 -6
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
time time time

1 1 3
2

05 0
1

b3 b3 -~
T > >
0 -1 0
-1
-0.5 - =
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
time time time
(a) State (b) Velocity (c) Control

Figure : Components of the trajectory and the control of the HJB (blue curves) and
Riccati (red curves) approach
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Linear quadratic case: Decomposition in subproblems

We introduce N subproblems defined by

T
vi(t,z) = min/ (2i(t)* + aa®) dt,
acU; [y

zit = Aiz + Bia,
Zl(t> = ZA’i,
1.2

zi = (27, 2;)

fori=1,...,N with U4; = L*((0,T), [ta, up]) and

0 1 0
() o)

where o; = (M;lAh)ii, Zi = (Ti, it N)-

Theorem: For solutions v; of the subproblems and v of the originally problem
there holds
v(x, t) =vi(x, t) + - +on(z,t).
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Numerical example Il

Data

e Initial point: z(z) = (Z;ll 0.3 sin(iwz),O)T, z € Q,
0 c=0025, T=8 ys=0, =05

o K =[-1.1,1]'°,

@ Number of discretization points:
10 x 16 x 30 x 50 x 70 x 10 x 16 x 30 x 50 x 70.
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Numerical example Il

03 0.05 0
02) 0 .
- _ -0.05]
= 01 Ry s
-0.1
-0.2
0 0.15
-0 2 4 6 8 0% 2 4 6 8 04 2 4 6 8
time time time
0.4 1
0.4
0.2 05
0.2
0 RO Sl
-0.2] -05 02
04 2 4 6 8 o 2 4 6 8 04 2 4 6 8
time time time
(a) State (b) Velocity (c) Control

Figure : Components of the trajectory and the feedback control via HJB (blue) and
Riccati (red) approach, (a = 0.5)
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Numerical example Il

state
velocity

2 2
space 00 time space 00 time

(a) HJB approach

n

state
velocity
v o

0.5
oo 2,
space time

2
space 00 time
(b) Riccati approach
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Numerical example Il (Noise effecting the dynamics)

@ Perturbed dynamics
ye = Fp(y,u)+M, 'B,5, &= (01,...,05)"

with random functions ¢;: [0, 7] — [-4,4],i=1,...,5.
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Numerical example Il (Noise effecting the dynamics)

4
time

4
time

~0 2 4 6 8
time

4
time

(b) Velocity (c) Control

4
time

(a) State

Figure : Noise in the dynamics: HJB (blue) approach for the problem with noise and via
the Riccati approach (red) for the equation without noise as well as the components of
the trajectory (green) when applying the optimal control of the noise free system to the

perturbed system, (o = 0.01).
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Numerical example Il (Noise effecting the dynamics)

velocity
b ko o

0.5

2
space oo time.

(a) HJB approach

0.5

2
space 00 time

(b) Riccati approach

velocity
b ko o

(c) Comparative solution
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Numerical example IV (Local control)

Control acts locally on an open subset w of €, i.e. B¥Y = x,,B, w = (0,0.75) and

0.455 0.075 —0.079
“ —(0,B), By=1| 0075 0375 0.135
—0.079 0.135  0.349

state

control

velocity

0.5 0.5
2
space 00 time space 00

time

(a) Low order system (b) High order system (c) Control
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Numerical example V (Nonlinear dynamics)

e Nonlinearity: g(x) = 0.523

1.8sin(7z) 4+ 0.8sin(27z) + 0.5 sin(37rz)>

o Initial point: () = (1.8Sin(7rz) +0.5sin(2m2) + 0.8 sin(372)

15 3
Yis Yix
Yiz 12
10 Y 3
Y21
Y22
5 %22
0 _
0 1 2 3 2 1 2 3 4
time time
(a) Riccati approach (b) HIB approach

Figure : Components of the trajectory for the linearized Riccati approach and HJB
approach for nonlinear dynamics
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Summary

Optimal control problems of the wave equation

@ Boundary control with constraints and minimum effort problem
o Convergence of semi-smooth Newton methods
°

Optimal feedback control approach for the wave equation
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Thank you for your attention
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