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L Introduction

Mean Field Game Problem
Model introduced by J.M.Lasry & P.L.Lions 2006

—0w(z,t) — o2 Av(x,t) + H(z, Du(z,t)) = F(z,m(t)), R?x (0,T),
om(z,t) — o2 Am(z,t) — div(,H (x, Dv(z,t))m(z,t)) =0, R? x (0,T),
v(z,T) = G(x,m(T)) forz € R m(0) =mgy € Py,

mo>0€cRand H(z,-) is convex.

m in the 1st line we have a Hamilton Jacobi (HJ) equation

backward in time. It can be represented as the value function
of an associated optimal control problem.
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Mean Field Game Problem
Model introduced by J.M.Lasry & P.L.Lions 2006

—0w(z,t) — o2 Av(x,t) + H(z, Du(z,t)) = F(z,m(t)), R?x (0,T),
om(z,t) — o2 Am(z,t) — div(,H (x, Dv(z,t))m(z,t)) =0, R? x (0,T),

v(z,T) = G(x,m(T)) forz € R m(0) =mgy € Py,

mo>0€cRand H(z,-) is convex.

m in the 1st line we have a Hamilton Jacobi (HJ) equation
backward in time. It can be represented as the value function
of an associated optimal control problem.

m in the 2nd line we have a Fokker Plank equation forward in
time

m mg and then m(z,t) represents the density of a probability
measure, evolving with the velocity field 0, H (x, Dv(z,t)).
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L Introduction

Mean Field Problem
Model introduced by J.M.Lasry & P.L.Lions 2006

—Ow(x,t) — o?Av(z,t) + H(x, Dv(z,t)) = F(z,m(t)), R?x (0,T),
om(z,t) — o2 Am(x, t) — div(8,H (z, Dv(z, t))m(z,t)) =0, R? x (0,T),
v(z,T) = G(x,m(T)) forx R4 m(0) =mg € Py,

Our aim: to provide a fully discrete approximation such that:
when the discretization parameter tends to 0, we have the
convergence to (v, m).
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Some references of Numerical Approximation of MFG

m Second order problem (o # 0)
m Y.Achdou, |.Capuzzo-Dolcetta ('10),
Y.Achdou, F.Camilli, |.Capuzzo-Dolcetta ('12)
( Semi-implicite Finite Difference scheme, Newton lteration)
m A.Lachapelle, J.Salomon, G. Turinici ('10) (monotonic scheme)
m O.Gueant (finite difference for a two linear parabolic equations
obtained by a change of variable)
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L Introduction

Some references of Numerical Approximation of MFG

m Second order problem (o # 0)
m Y.Achdou, |.Capuzzo-Dolcetta ('10),
Y.Achdou, F.Camilli, |.Capuzzo-Dolcetta ('12)
( Semi-implicite Finite Difference scheme, Newton lteration)
m A.Lachapelle, J.Salomon, G. Turinici ('10) (monotonic scheme)
m O.Gueant (finite difference for a two linear parabolic equations
obtained by a change of variable)
m First order problem (o = 0)
m Y.Achdou, F.Camilli, L.Corrias ('12) (Semi-Lagrangian scheme,
forward-forward system, coupling only on the second one)
m F.Camilli and S-('12) (semi-discrete Semi-Lagrangian scheme)
m E. Carlini and S-('13) (fully-discrete Semi-Lagrangian scheme)
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A fully discrete SL scheme for a possibly degenerated
second order MFG system

We consider the system system
0w —tr(o(t)o T (t)D*v) + §|Dvf* = F(z,m(t)), in Q,
oym —tr(o(t)o " (t)D*m) — div(Dvm) =0, in Q,

v(x,T) = G(xz,m(T)) forz € R m(0) = my.

where o : [0, 7] — R%*" is bounded and continuous.
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A fully discrete SL scheme for the second order MFG
system

We present the scheme for the simplest equation with only one
Brownian motion

—0w — Lo (t)Av + §|Dv? = F(z,m(t)), in Q,
Oym — o?(t)Am — div(Dvm) =0, in @, (2)
v(z,T) = G(x,m(T)) forx e R, m(0)=my.
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The discretization of the HJB equation

The solution of the first equation can be represented as the value
function of the a stochastic optimal control problem. More
precisely, given € C([0,T];P1) let v[u] be the unique viscosity
solution of

—Ow — $o2()Av + L Dv]? = F(z,pu(t), in R x[0,T],
v(x,T) = G(z,u(T)) forxec R

Then v[u] can be represented as the value function of the following
stochastic optimal control problem

ol (1) =
inf, ¢ 20 E ([ [Sla(s)? + F(X™[0](s), u(s)] ds + G(X*[a](T), p(T))) .

where

X% a(s) = x — /: a(s)ds + /ts o(s)dW(s), VseltT].
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The value function is Lipschitz w.r.t. = and %—Holder continuous
w.r.t. t. Therefore, it satisfies the following DPP:

vlpl(z,t) =
infaeLé,z E ( t+h [%|o¢(s)|2 + F(X**a](s), u(s)] ds + v(X*[a](t + h),t + h))

t

for all h € [0, — t]. This induces the following natural
discretization (see Camilli-Falcone '95).

Vik = Sp,h[u](v-,k+lvivk) Vk=0,...,N—1,
vin = G, p(tn)),
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where S, 5[] : B(G,) x Z x {0,...,N — 1} — R is defined as

a€R

Son i) += it (31101~ b Vo) +
%I[f](acZ — ha—Vho(ty)) + %hoz|2> + hE (z;, p(ty))-

We have the following properties of the scheme:
Proposition

The scheme is well defined, monotone and consistent.

We extend (-, -) to R interpolating in space and constant if the
interval [ty,t, + h] and we denote the new function as v, (-, -).
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We have that
Lemma
For every t € [0,T], the following assertions hold true:

(i) [Lipschitz property] The function v, p[u)(-,t) is Lipschitz with
constant independent of (p, h, 1, 1).

(ii) [Discrete semiconcavity| There exists ¢ > (0 independent of
(p, h, p,t) such that

Op ] (s 4 25, t) — 20, 5 (1) (@3, ) + vpplp) (s — 25, t) < claj |



Semi-Lagrangian schemes for second order Mean Field Game systems
LThe fully-discrete scheme for the degenerate second order case
Given € > 0 and ¢ € C§°(R?), with ¢ > 0 and [pq ¢(z)dz =1, we
— L
set ¢ () := z¢(z/c) and

U ali) (1) = @e xvpn[pl(,t) Ve [0,T].

The following lemma is crucial (see e.g. Achdou-Camilli-Corrias'13)

Lemma
For every t € [0,T] we have that:

(i) The function v5, , [u] (-, t) is Lipschitz, independently of
(P, s 1, 1)
(ii) There exists ¢ > 0 independent of (p, h,e, u,t), such that

(DUl 0) - Degalilien )y =) < e (lo = o+ (2)°).
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We have the following stability result:

Theorem

Let (pn, hn,en) — O be such that ’)" — 0 and p,, = o(g,,). Then,
for every sequence (i, € C ([0 T); 771) such that ,, — pu in
C([0,T];P1), we have that Upn,hn [tn] — v[p] uniformly over
compact sets and Dv." , [jin](z,t) = Dvlu)(z,t) at every (z,t)
such that Du[p](z,t) exists.

m The convergence of the value functions can be obtained by
slightly modifying the scheme or the proof in the
Barles-Souganidis results '91.

m The a.s. convergence of the derivatives is a consequence of
the semiconcavity estimate assured by the previous Lemma.
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A fully-discrete scheme for the Fokker-Planck equation

Given a regular velocity field b : R x R — R, consider the Fokker
Planck equation

Oym — 302(t)Am +div(bm) = 0, inQ,

m(0) = my.

It is well known that the solution of this equation can be
represented as

m(t) = Law(X(¢)) given that Law(X(0)) = my,

where
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Equivalently,
m(t)(A) = Ep (2 t,w)imo(4)), VA€ BR?),

where P is the Wiener measure in C([0,7];RY) and ®(z,-,w) is
the solution of the following SDE

d®(z,t) = b(®(x,t),t)dt 4+ o(t)dW(t),
O(z,0) = =
In our case, b = —Dwv which is not regular. However, the

discretization we propose is naturally inspired by the above
interpretation.
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Given p we let

O3] 1= i — hDvS, [l (i, te) + o (i) VR,

7y (] i= 2 — hDvS p [u] (2, ) — o(ti)Vh.
and we consider the following scheme for the Fokker Planck
equation with b(z,t) = Dv; (. 1)

Ml = 35 B (5 1) 5 [

1 5z B (05 [u]) mS [,

mi’o[,u] = fEl mo(z)dz,
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Remark (Probabilistic interpretation)

Let us define

P = 4[5 (@5) + 8 (5 )] vE=0. N -1
0 _ _

p; = mz,O[ﬂ]'

Classical results in probability theory implies that the family

{pﬂ 04, i€Z% k=0,...,N — 1} together with {pgo) i€ 2%

allow to define a probability space (2, F,P) and a discrete Markov

chain (Xi,)o<k<n taking values in Z%, such that its initial

distribution is given by (p; (0 ))Zezd, the transition probabilities are

given by (3) and the law at time k is given by m; ..
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The time dependent measure defined above is extended uniformly
in each cell in the space and by linear interpolation in time. We
denote it by mg ,,(+,-). We have the following results:

Proposition

Suppose that p = O(h). Then, there exists a constant ¢ > 0
(independent of (p,h,e, 1)) such that for all 0 < s <t <T, we

have that

dy (mg, ,[u](8), m5 (K] () < eVt —s. (4)
Proposition
If p = O(\/h), then there exists ¢ > 0 (independent of (p, h, e, 1))
such that

[ taPdmi ey < ¢ veeo.1) (5)



Semi-Lagrangian schemes for second order Mean Field Game systems
LThe fully-discrete scheme for the degenerate second order case

We recall

Lemma
Letr >p>1 and K C P,(RY) be such that

sup/ |z|"dp(z) < 0.
pneK JRA

Then the set K is tight. If moreover r > p, then K is relatively
compact for the d,, distance.

Using this fact, the above propositions and Ascoli’s theorem we see
that if the parameters tend to zero conveniently, we will have limit
points.
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In order to pass to the limit we will need L*> bounds.

Proposition

If d = 1 and consider a sequence of positive numbers

(Pns hny€n) — 0, satisfying that p, = O(e2). Then, there exists a
constant ¢ > 0, independent of (n, i) such that

lmg g () oo < c. (6)

m The key in the proof of the above results is the uniform
semiconcavity of v¢ , [1](-,-) if pn = O(e7,).

m It is not clear at all that the above result can be proved for
d>1.
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The fully discretization of the MFG reads

Find p € C([0,T];P1) such that m , [u] = p. (MFG);,,

Theorem
Problem (M FG)S, , has at least one solution.

Theorem

Suppose that d = 1 and that p, = o (hy,), hn, = 0(¢2), as e, — 0.
Let {m"},en be a sequence of solutions of (M FG)y, , for the
corresponding parameters py, hy, €. Then any limit point in
C([0,T);P1) of discrete solutions m .. (there exists at least
one) solves (MFG). In partlcu/ar if the continuous problem has a
unique solution (v, m), then m?" , ~— m in C([0,T];P1) and in
L (R x [0, T))-weak-+.
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Numerical test

1 =[0,1] and a final time T = 2.

Final cost: G =0

Running cost:

10?4+ F(z,m) = 02 + 5(z — (1 —sin(27t)) /2)* — 10 [, (y — z)?dm(y)
Initial mass distrlbutlon

v(z)

mo(x) = Too(ods i v(z) = e~ (@=0:97/(0.1)°
Q

and as regularizing kernel p.(x) = \/%e_(w_o'@rz/%z, with £ = 0.3. We
take as space discretization step p = 1.6- 1072 and as time step h = 0.02.
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L Numerical tests

Mass distribution First order MFG with 0 = 0

time

Figure: Density distribution mj ,
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Mass distribution Second order MFG with o # 0

time
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space
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Figure: Density distribution mj ,
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Numerical test second order MFG with () degenerating

1 =[0,1] and a final time T = 2.
Final cost: G =0
Initial mass distribution:

mo(x) = fnl;((?)dm with v(z) = e—(@=0.5)%/(0.1)°
Running cost: ;a® + F(z,m) = 30” + f(,1) + ps * [ps + m(1)] (x)
and

f(x,t) = 5(x — (1 —sin(27t))/2)2.
We take as space discretization step p = 3.12 - 1072 and as time step
h=pand e =0.01.
Degenerate diffusion: o(t) = (max(0,0.2 — [t — 1]))%®, note that
o(t) =0 for all t € [0,0.8] U [1.2,2].
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L Numerical tests

Mass distribution first order MFG (o (t))

Figure: Mass distribution m; ,
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Numerical test

Q =[-0.1,1.1)% and a final time T = 2.

Final cost: G =0

Running cost: 102 + F(z,m) =

502+ (z = 0.75)% + (y — 0.75)* + B [, Zp, (y — z)dm(y)
Initial mass distribution:

__ v(x) .
mo(m) = W with
v(z) = max(0.05— (z —0.25)% — (y — 0.25)2,0)

+max(0.05 — (z — 0.75)% — (y — 0.2)2,0)

We take as space discretization step p = 5.5 - 1072 as time step

h=1.3-10"2 and we set r = /P (NO parabolic CFL condition is
required)
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Mass distribution second order MFG with o = 0.05 and
£ = 10.

Figure: Density distribution
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Mass distribution second order MFG with o = 0.01 and
£ = 10.
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Figure: Density distribution
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Mass distribution second order MFG with o = 0.01 and
£ = 10.

Figure: Density distribution
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Mass distribution case no game (8 = 0), with ¢ = 0.01

Figure: Density distribution
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Mass distribution case no game (8 = 0), with ¢ = 0.01

Figure: Density distribution (right)
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Work in progress and Future works

If Tr(o(t)o T (t)) is a uniformly elliptic operator, then the
convergence result holds true on arbitrary dimensions (no L™
bounds are needed in the proof) and the condition between h and

¢ is improved to h = o(e).
Work in progress
m The non-degenerate case (classical solutions) in arbitrary
dimension with ¢ that depends on x.
Future work
m Extend the Semi-Lagrangian scheme to more general Fokker
Plank Equation
m Apply an efficient numerical method to solve the non linear
system.
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