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V(i) ⊂ N \ {i} the set of nodes j for which a directed edge exists from i to j (cardinal: d i ).

V -1 (i) ⊂ N \ {i} the set of nodes j for which a directed edge exists from j to i.

Asymptotic super-linearity of the cost functions: ∀i ∈ N , ∀K > 0, lim

λ∈R d i + ,|λ|→+∞ inf µ∈[0,K ] N L(i, λ, µ) |λ| = +∞.
We define the Hamiltonian functions 

H(i, •, •) by: ∀i ∈ N , (p, µ) ∈ R d i × R N + → H(i, p, µ) = sup λ∈R d i + λ • p -L(i, λ, µ).

Nash-MFG equilibrium

We denote by A the set of admissible controls λ (L ∞ and deterministic). 

For a given differentiable function

m : t ∈ [0, T ] → (m(1, t), . . . , m(N, t)) ∈ P N (total mass=1) we define: J m (i, t, λ) = E ˆT t (-L(X s , λ s (X s , •), m(s)) + f (X s , m(s))) ds + g (X T , m(T )) for (X s ) s∈[t

Nash-MFG equilibrium

Nash-MFG equilibrium A differentiable function m : t ∈ [0, T ] → (m(1, t), . . . , m(N, t)) ∈ P N is
said to be a Nash-MFG equilibrium, if there exists an admissible control λ ∈ A such that: 

∀ λ ∈ A, ∀i ∈ N , J m (i, 0, λ) ≥ J m (i, 0, λ), and ∀i ∈ N , d dt m(i, t) = j∈V -1 (i) λ t (j, i)m(j, t) - j∈V(i) λ t (i, j)m(i, t)

G-MFG equations

The G-MFG equations consist in a system of 2N equations: 

G-MFG equations N Hamilton-
d dt m(i, t) = j∈V -1 (i) ∂H(j, •, m(t)) ∂p i (u(k, t) -u(j, t)) k∈V(j) m(j, t) - j∈V(i) ∂H(i, •, m(t)) ∂p j (u(k, t) -u(i, t)) k∈V(i) m(i, t) with (m(1, 0), . . . , m(N, 0)) = m 0 .
Remark: in the literature on MFG, people usually do not care about verification (why?). On graphs, there is no issue as we shall find C 1 solutions. Under the assumptions made above, there exists a C 1 solution (u, m) of the G-MFG equations.

To prove this result we need a Lemma. This lemma is a comparison principle. 

Let m : [0, T ] → P N be a continuous function. Let u : [0, T ] → R n be a C 1 function that verifies: ∀i, - d dt u(i, t)-H i, (u(j, t) -u(i, t)) j∈V(i) , m(t) -f (i, m(t)) ≤ 0 with u(i, T ) ≤ g(i, m(T )). Let v : [0, T ] → R n be a C 1 function that verifies: ∀i, - d dt v (i, t)-H i, (v (j, t) -v (i, t)) j∈V(i) , m(t) -f (i, m(t)) ≥ 0 with v (i, T ) ≥ g(i, m(T )). Then, ∀i ∈ N , ∀t ∈ [0, T ], v (i, t) ≥ u(i, t).
sup i∈N u(i, •) ∞ ≤ sup i∈N g(i, •) ∞ +T sup i∈N ,µ∈P N |H(i, 0, µ)| + T sup i∈N ,µ∈P N |f (i, µ)|.

Classical uniqueness result

It is possible to derive a uniqueness result equivalent to the one presented in Lasry-Lions' initial paper:

Theorem (Classical Uniqueness)
Assume that g is such that:

∀(ν, µ) ∈ P N × P N , N i=1 (g(i, ν) -g(i, µ))(ν i -µ i ) ≥ 0 =⇒ ν = µ.
Assume that f is such that: In words, this says that if people do not want to live together and if the cost to move does not depend on the number of people at specific nodes, then uniqueness is ensured. How can this be extended? By adding m in the the Hamiltonian functions! → Congestion models for instance. 

∀(ν, µ) ∈ P N × P N , N i=1 (f (i, ν) -f (i, µ))(ν i -µ i ) ≥ 0 =⇒ ν = µ

General uniqueness result

Theorem (Uniqueness)

Assume that g is such that:

∀(ν, µ) ∈ P N × P N , N i=1 (g(i, ν) -g(i, µ))(ν i -µ i ) ≥ 0 =⇒ ν = µ.
Assume that f is such that: 

∀(ν, µ) ∈ P N × P N , N i=1 (f (i, ν) -f (i, µ))(ν i -µ i ) ≥ 0 =⇒ ν = µ Assume that H is such that ∀i ∈ N , ∀j ∈ V(i), ∂H ∂p j (i, •, •) is a C 1 function on R d i × R N + .

General uniqueness result

Theorem (Uniqueness (continued))

Let us define A : (q 1 , . . . , q N , µ) ∈ N i=1 R d i × P N → (α ij (q i , µ)) i,j ∈ M N by: α ij (q i , µ) = - ∂H ∂µ j (i, q i , µ).
Let us also define ∀i ∈ N , B i :

(q i , µ) ∈ R d i × P N → β i jk (q i , µ) j,k
∈ M N,d i by: 

β i jk (q i , µ) = µ i 2 ∂ 2 H ∂µ j ∂q ik (i, q i , µ).

General uniqueness result

Theorem (Uniqueness (continued))

Let us also define, ∀i ∈ N , C i : (q i , µ) ∈ R d i × P N → γ i jk (q i , µ) j,k
∈ M d i ,N defined by:

γ i jk (q i , µ) = µ i 2 ∂ 2 H ∂µ k ∂q ij (i, q i , µ).
Let us finally define, ∀i ∈ N ,

D i : (q i , µ) ∈ R d i × P N → δ i jk (q i , µ) j,k
∈ M d i defined by: 

δ i jk (q i , µ) = µ i ∂ 2 H ∂q ij ∂q ik (i, q i , µ).

General uniqueness result

Theorem (Uniqueness (continued))

Assume that ∀(q 1 , . . . , q N , µ) ∈ N i=1 R d i × P N :             A(q 1 , . . . , q N , µ) B 1 (q 1 , µ) • • • • • • • • • B N (q N , µ) C 1 (q 1 , µ) D 1 (q 1 , µ) 0 • • • • • • 0 . . . 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 C N (q N , µ) 0 • • • • • • 0 D N (q N , µ)             ≥ 0.
Then, if ( u, m) and (ũ, m) are two C 1 solutions of the G-MFG equations, we have m = m and u = ũ. 

General uniqueness result -Proof

Sketch of proof:

Classical idea of computing the value of

I = N i=1 ˆT 0 d dt (( u(i, t) -ũ(i, t))( m(i, t) -m(i, t))) dt
in two different ways.

We first know directly that 

I = N i=1 (g(i, m(T )) -g(i, m(T )))( m(i, T ) -m(i, T )).

General uniqueness result -Proof

We introduce: M(q 1 , . . . , q N , µ) the matrix of the Theorem Convex combinations of solutions:

u θ = θ u + (1 -θ)ũ and m θ = θ m + (1 -θ) m
A vector V : 

V (t) = ( m(t)-m(t), (( u(k, t)-ũ(k, t))-( u(1, t)-ũ(1, t))) k∈V(1) , . . . , (( u(k, t) -ũ(k, t)) -( u(N, t) -ũ(N, t))) k∈V(N) ).

General uniqueness result -Proof

If we differentiate the expression in I and rearrange the terms (not obvious), we have:

I = - ˆT 0 N i=1 (f (i, m(t)) -f (i, m(t)))( m(i, t) -m(i, t))dt + J,
where

J = ˆT 0 ˆ1 0 V (t)M((u θ (k, t) -u θ (1, t)) k∈V(1) , . . . , (u θ (k, t) -u θ (N, t)) k∈V(N) , m θ (t))V (t) ′ dθdt.
Uniqueness then comes from M ≥ 0 and f and g decreasing. 

Potential games

We consider the special case where:

The Hamiltonian functions (or equivalently the cost functions) do not depend on m.

There are two functions F and G such that: 

∂F ∂m i = f (i, •) and ∂G ∂m i = g(i, •)

Potential games

We consider the problem of one planner: 

sup λ∈A J (0, m 0 , λ) where J (t, m t , λ) = ˆT t F (m(s)) - N i=1 L(i, (λ s (i, j)) j∈V(i) )m(s, i) ds + G(m(T )) where ∀i ∈ N , m(t, i) = m t i and ∀i ∈ N , ∀s ∈ [t, T ], d ds m(s, i) = j∈V -1 (i) λ s (j, i)m(s, j) - j∈V(i) λ s (i, j)m(s, i).

Potential games -HJ equation

The HJ equation associated to this problem is: 

∂Φ ∂t (t, m 1 , . . . , m N ) + H(m 1 , . . . , m N , ∇Φ) + F (m 1 , . . . , m N ) = 0 Terminal conditions: Φ(T , m 1 , . . . , m N ) = G(m 1 , . . . , m N ). The Hamiltonian function is H(m 1 , . . . , m N , p) = sup (λ i,j ) i∈N ,j N i=1     j∈V -1 (i) λ j,i m j - j∈V(i) λ i,j m i   p i -L(i, (λ i,j ) j∈V(i) )m i   = N i=1 m i H i, (p j -p i ) j∈V(i)
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  transport equations defines a function F : u → m Bounds on u lead to bounds on dm dt Ascoli + Schauder permit to obtain a fixed point to m → F (B(m)).
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