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Differential games with exit costs

B A g f y Y t t t Y g t Y x X t t t X f t X m Y n X                              R R Exit time differential games X Y Y X Y X Y X Y X     

Exit time differential games

• A possible reason for considering three different costs will be explained later. • X wants to minimize J whereas Y wants to maximize 
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We say that the differential game has a value if the lower and the upper values coincide.

• Goal: use dynamic programming to derive the corresponding Hamilton-Jacobi-Isaacs problems in order to study the properties of the lower and upper values.

In particular, we want that these Isaacs problems are uniquely satisfied by the lower and upper value.

The nature of our particular exit cost will reflect on the boundary conditions.

• Exit time problems have been intensively studied for optimal control problems, but the dynamic programming approach for the corresponding differential game is not yet well studied. • The result here presented seems to be new.

Controllability conditions
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Exit time differential games

• First question: are the lower value and the upper value continuous? (in general they are certainly not differentiable…) • Besides some classical regularity conditions on dynamics and costs, and controllability hypotheses on the boundaries, a necessary and sufficient condition is

• The X-only-exit cost (X is the minimizing player) is greater than the Y-only-exit costs(Y is the maximizing player) and the other cost is in between.
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• To prove continuity we also need a careful construction of some suitable nonanticipating strategies which maintain the trajectory inside ΩX and ΩY if necessary.

Continuity of the values 
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On constrained nonanticipative strategies Soner (1986) concerning the construction of constrained optimal control (in an anticipative way…). • The fact that the dynamics are decoupled seems to play here an essential role. • Other works on constrained differential games:
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"Soner" estimate on violation of constraint Exit time differential games The Hamilton-Jacobi-Isaacs equations

• The lower and the upper values turn out to be the unique viscosity solution of the following (rather new) Dirichlet problems, respectively: 
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• As usual, the boundary conditions have to be also interpreted in the viscosity sense, whose meaning, roughly speaking, is: if the boundary condition is not exactly satisfied at a point of the boundary, then in that point the Isaacs equation holds.

• As it is known, the notion of viscosity solutions requires the treatment of the concepts of sub-and super-solutions. 
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The Hamilton-Jacobi-Isaacs equations

• Note that the simultaneous exit cost XY turns out to not play any role in the boundary conditions. • This is due to our hypothesis on the exit costs and to the particular interpretation of the boundary conditions: if the simultaneous exit is a good choice for both players (an equilibrium) then the cost turns out to be equal to the paid cost supposing that both players keep running inside the sets.
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The Hamilton-Jacobi-Isaacs equations

• Note that the simultaneous exit cost XY turns out to not play any role in the boundary conditions. • This is due to our hypothesis on the exit costs and to the particular interpretation of the boundary conditions: if the simultaneous exit is a good choice for both players (an equilibrium) then the cost turns out to be equal to the paid cost supposing that both players keep running inside the sets.

• And hence we can still consider the partial differential equation instead of that boundary condition. 

Existence of a value

• If these two problems are the same problems, then, by uniqueness, the lower and the upper value coincide. 

                                                                                      X X Y X Y X Y Y Y X X y x B b A a Y X Y X Y Y Y X X
                

•

  We need the existence of suitable "exit/constrained" non anticipative strategies.

		,	'	~	s.t.								
	the	y trajector	(	;	'	,	[	])	exits	and	pays	"	almost	as"
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•

  For sub-solutions, the boundary conditions
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	means	that	:	"	if					X		then the	Isaacs	equation	holds".

A motivation: switching thermostatic differential game

Switching thermostatic differential games the green/blue scenario and a "new game starts"
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From the blue/blue scenario we switch on
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Switching thermostatic differential games

From the blue/blue scenario we switch on

Switching thermostatic differential games the green/yellow scenario and a "new game starts"

• We may interpret this problem with switching dynamics as a suitable coupling of problem with exit-time and exit-costs. • Starting from the blue/blue scenario we run the game (and pay the relative cost) until X or Y hits the boundary (exits from the set). Then we stop running and pay an exit cost which depend on the new scenario (green/blue, blue/yellow or green/yellow). • Similarly, if we start from another scenario.

Switching thermostatic differential games

• Various kinds of thermostatic optimal control problems already studied via dynamic programming methods (for instance: B.-Danieli, Nonlinear Analysis: Hybrid Systems 2012).