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Outline Preliminary: stochastic modeling
@ Adding the gaussian noise W, or its 2 Browmen Moton
variants, to deterministic equations. j}g y 'r“‘.“é",,ﬂl W
. . o | AL
Introduction: the proposed optimal control framework ) L \ r‘hl'.‘..? ;
dXt - b(Xt, u(t)) dt —'— O'th 1.8 ﬁlw‘r"‘!i,“. I\'JHJL" ,lll "fuﬂ
- 4 \ 1!']' l i
Fokker-Planck optimal control problem : - f
Randomness acts on all time scales, =2
_ o with highly irregular fluctuations: ' BRI TSR
Numerical scheme for the optimality system o time
th x dt A Point Process

Examples for Receding Horizon Model Predictive Control @ Point processes: th(_e fluctuat.lons affect
the motion only at isolated time points.

Application to queue theory, stochastic
hybrid systems, anomalous diffusion, Time
filtering of random telegraph processes.
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Statistical characterization A Stochastic Modeling Tool

The dynamics of the state X; is not deterministic:
the time evolution of the state changes, even if the same initial condition
is hold for each experiment.

Example with the well-known [t Equation

dXt = b(Xt, t) dt + O'(Xt, t) th

The state of the system can be described statistically by the probability

density function f(x, t) related to the state X;. It gives the probability and the associated Fokker-Planck equation
that X; assumes a certain range of values. 1, )
O f(x,t) — =0 t)°f(x,t Ox(b(x,t)f(x,t)) =0
@ Pathwise integration/simulation (Monte Carlo) tf (x, 1) 2 k(0 (6, 8)°F(x, 1) + Ox(b(x, f (x, 1))
@ Spectral Techniques: Laplace, Fourier, Generating functions,...
o 'Direct Methods' The probability density function (PDF)
o Chapman Kolmogorov Equation (Fokker-Planck, Liouville Master f(x, t) is the PDF for X;. It determines the statistical state of the system.
Equation,...)
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State of the art: The Average Objective Alternative approaches with deterministic objective
The optimal control problem
min J(X, u) The state of a stochastic process can be characterized by the shape of its
u statistical distribution represented by the probability density function
where u is the control function (PDF).

Since X; is random, a deterministic objective will result to be a random
variable .

The average makes the objective deterministic

In some works, control schemes were proposed, where the deterministic

objective depends on the PDF of the stochastic state variable.

Examples are objectives defined by the Kullback-Leibler distance or the

- square distance between the state PDF and a desired one. Nevertheless,

J(X,u) = E[\II[XT] + / L(Xe,u(t)) dt stochastic governing models were used and the state PDF is obtained by
0 averaging or by approximation.

The average E[] of functionals of X is the basic ingredient of stochastic
optimal control problems considered in the literature.
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PDF optimal control

Correspondence between the basic, unnoised, evolutory optimal control
problem and the proposed PDF optimal control problem for noised
systems.

PDF control

o X(t) o f(x,t) (PDF)

o X(t) = b(X(t),u(t)) @ PDE for f(x,t) and u(t)
o J(X,u) o J(f,u)

@ min, J(X, u) ) @ min, J(f, u)

The proposed framework for the optimal control of time dependent
problems with noise is a | PDE constrained optimization problem.
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A tracking objective

@ The control problem is formulated in the time window (tx, tx11) with

known initial value at time ty.

@ The problem is to determine a piecewise constant control u(t) € R*
such that the process evolves towards a desired target probability
density fp(x, t) at time t = ty 1.

@ This objective can be formulated by the following tracking functional

1 v
J(f,u):= §||f(', tkr1) — fo (s tk+1)||iz(9) + 5|U|2

where |u? = uf + ...+ u}.
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Fokker Planck

A new approach based on the Fokker-Planck equation

The evolution of the PDF given by f(x, t) associated to the stochastic
process is modeled by the Fokker-Planck (FP) equation.

1 &, X
8tf - 5 Z 8x,'Xj (aU f) + ;8& (b,(U) f) = 0

ij=1
f(t)) =p

where a = oo . Positiveness f(x,t) > 0 and conservativeness
Jo f(x, t)dx = 1 is required.

The formulation of objectives that are functions of the PDF and the
Fokker-Planck equation provide a consistent framework for the optimal
control of stochastic processes.
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A Fokker-Planck optimal control problem

The optimal control problem to find u that minimizes the objective J
subject to the constraint given by the FP equation is formulated by the
following

Tracking objective

1 &, .
8tf—§ z 8x,'Xj (aijf)‘i'iz:;axi (bi(u) f):O

ij=1

f(te) =p

It is a non linear optimal control problem
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A Fokker-Planck optimality system

The first-order necessary optimality condition is characterized as the
solution of the following optimality system

221,11 (auf)+2113x,(b(u)f)_0
initial: f(x, tx) = p(x)

% z::',jzl aij 8)%,'Xj P — E?:l bi(u) 6Xi P= 0

forward: O:f

backward: — 9;p —

terminal: p(x, tgky1) = F(x, tky1) — fo(x, txs1)

gradient: (VJ);:=vu + (2, 18X:(8u1 )’p),_z(o ):
k

where Qx = Q X (tk, tkr1) and Tx = 0Q X (tk, tyt1).

/‘r
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The discretization of the FP optimality system

Time discretization

The forward- and adjoint FP equations are discretized using the second-order backward
time-differentiation formula (BDF2) as follows

4plm+1 + pm+2
20t

3fi'm _ 4f;m_1 + fi‘m—2 . 3P.
0t 6EDP =

Dppfi™ -

Fokker-Planck in flux form
O:f =V - F(f), where F = Bf + CVT,

1
li
|
|
| A

: 1 ¢ 1
B'(x,t,u) = > Zaxj aji(x, t) — bi(x, t; u) (ol (x t) = a,, (x,t)
j=1
Discrete gradient of the flux: V. F = ¢ LS~ (F .+1 2 ii—l-/2)'

v
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Theory of the FP control problem

Proposition Ref. [2]

Assume that b(x; u) = y(x) + u, v € C}(Q) and sufficiently small
5 = maxxea(|Y(X)|, |7 (x)]), fo € L2(R), and u € U. Then the FP problem
f; fo,u) = 0 admits a unique solution f, that is for sufficiently small
initial condition or sufficiently large v, a unique optimal control exists
vl — wallu < (FIA(T) = follz + llfollie + 2IE(T) = fol.2)

lu1 — wollullfoll 2

where s is an appropriate constant related to the model.

g
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The Chang-Cooper (CC) scheme

For spatial-discretization we use the Chang-Cooper (CC) scheme that is
stable, second-order accurate, positive, and conservative.

The cell boundary value is a linear spatial combination of f™t!
(reconstruction)

= Q= 6)E1 +6: £, 6€[0,1/2]

where w; = hBI'+"1 /2/C.I+q /2

2 _ 1 1
ChOOSIng (Si = WI e W

The discrete flux in the i-th direction is computed as follows

’ 1 1
Flrz = (L= 8)BLS o+ 4 C-'+'{ /2} o — (hc.'ﬁ 2= 9B /2) £

The transpose discrete operator is used to solve the backward equation
(discretize then optimize approach)
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The overall optimization process

Solve forward in time the discrete FP equations with given initial
condition;

Assign the terminal condition;

Solve backward in time the discrete adjoint FP equations with
terminal condition;

~

Compute the discrete gradient V,J(u);

06 00 ©

Solve the optimization problem min, J(f, u) with a Nonlinear
Coniugate Gradient (NCG) scheme, with Dai and Yuan 3, and a
robust bisection linesearch.

This requires many repetitions of the steps 1., 2., 3. and 4.

End.
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Tracking a trajectory with a limit-cycle model

Noised limit cycle equation with control Ref.[2]

dXy = (+Xo + (1 + up — X2 — X2)X1) dt + odWi;
dX2 — (_Xl —+ (1 —+ up — X12 — X22)X2) dt + O'dWQt

The purpose of the control is to track the target given by a bi-modal
multivariate Gaussian PDF

< (1 — p11)? (x2 — M21)2>
exp | — —

exp ( (x1 — p12)? (x2 — H22)2>
2 2 - 2 - 2
_ 207y 209 207, 209,

fp=—

1
2 2wo110901 + 2

2mwo12022

with peaks placed symmetrically with respect to the origin at the points

(11, p21) = (—1.2,0.8) and (p2, po2) = (1.2,-0.8)
We have T = 30 and the time-window size is At = 5.
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Receding Horizon Model Predictive Control

Set k =0, set pp = p;
O Assign the initial PDFs, f(x, tx) = pk(x), and the desired targets
fo (", tir1);

Q In the time window (tx, tx+1), apply an optimization to solve
min, J(f(u), u), thus obtain the optimal pair (f, u);

O Ifty1 < T,setk:=k+1, pp=17(,tx), go to 1.

O End.
A A

— Desired PDFs
— Calculated

u Stepwise control

Prediction Horizon

t, tur Time
@ sampletime “E%,j
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A controlled noised limit-cycle model
The Fokker-Planck RH-MPC control strategy is able to drive the system
to a bi-modal PDF configuration (!) starting from an initial approximate
delta-Dirac PDF located at the point (1.5, 1.5).
fD (X]_ y X2) f(Xl, X2, T) Controls and norm difference
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2 states Piecewise deterministic process

Q X(t) = As((X, u),
{Al(xa U), A2(X> U)}

Q S(t) is a discrete Markov
process:
with exponential transition
events ue "t and
stochastic transition matrix
between states: 0 < g; <1
Z?:l gij = 1
ihj=1,2

X(t)

S@)

A TWO STATESPDP

theresulting PDP

underlying 2 states M arkov process

time t

X(t) is mostly deterministic, punctuated by random switches at random

times
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Optimality system (open loop)

forward: 9efi(x, t) + By (As(x, us) fi(x, 1)) = 01 Qsifi(x, 1)

initial: f5(x,0) = f9(x)

adjoint: —8tP5(X, t) - As(xa us) BXPS(X, t) = stzl stpj(xv t)

terminal: ps(x, T) = — (fs(x, T) — fp,s(x))

gradient: v us — f(;r J o (0xps(x, t))
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%:us) f.(x,t) dxdt = 0.

5]
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Case study from engineering

Linear filtering of dichotomous noise Ref. [4]

X=—-vX+(F+u)¢

&(t) dichotomous noise with values £1 and p parameter of the Poisson random

switching events exponentially distributed.

~ =1 friction.
F =1 force intensity.

Controlled dynamics Aj(x,u1) = —x + 14 u1, Ax(x, ) = —(x+ 1+ w)

the forward equation is an hyperbolic PDE system.
The solution is not of travelling wave type:

it evolves toward an equilibrium.
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Control of linear filtering of dichotomous noise

Initial condition: 2 gaussians in
x=0and ¢ =0.1

Transition rate = 2

Gaussian tracking functions:
m(t)=1—¢e""*

mz(t) = —ml(t)/3

0'172(1') =011+t

Cost weight: v =10""*

Time horizon: T =5 and 10
windows
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Norm difference with desired tracking functions

10 T

sl
s

ab

s
Controls evolution

15

1

osf -

oF I |
.......

~0.5m i [

Controlled PDFs

25 3 E i a5 5
* Uncontrolled PDFs
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Monte Carlo simulation Conclusion and thanks

At t = T the controlled trajectories distribute according to the PDFs

A innovative Kolmogorov-Fokker-Planck control framework for determining
controls of multidimensional stochastic processes, including also piecewise
deterministic processes.

Optimal controls were obtained minimizing a deterministic PDF objective under
the constraint given by the Kolmogorov-Fokker-Planck equation that models the
evolution of the probability density function.

A related computational tool for the optimal control of multi-dimensional of
stochastic processes was demonstrated to be effective on models of “real-word”
applications.

Thank you for your attention

o o5 T 15 B 25 3 35 @ a5 5 7 = = = = = = = =
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