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Modal-based damage features utilizing asymmetry of the rotor whirling mode shapes arising from rotor anisotropy are examined by Floquet analysis, and output-only modal analysis is applied to simulated vibrations of a rotating rotor.

of motion are derived, and modal decomposition based on Floquet analysis is performed. This analytical approach provides almost exact modal decomposition and helps understanding of the dynamics of the undamaged (isotropic) and damaged (anisotropic) rotor.

Section 2 is based on a simulated experiment of the lumped-mass model: it assumes the equations of motion are not known; the dynamic of the simplified system loaded by random forces is simulated, and the resulting time histories are input to OMA. The results will prove if OMA is capable of confidently providing the damage features, now from the experimental viewpoint.

SIMPLIFIED ROTOR MODEL

A simple six degree-of-freedom (DOF) system (Figure 1) models a rotating rotor and the supporting tower/nacelle structures. Each blade is modelled as two beams with lengths a and b, connected by a linear angular spring with stiffness kj, j=1…3, where j is the blade index. The blades are evenly distributed over the rotor, the blades' azimuth angles are: 𝜓 𝑗 (𝑡) = 𝜓(𝑡) + 2 [START_REF] Ulriksen | Operational Modal Analysis and Wavelet Transformation for Damage Identification in Wind Turbine Blades[END_REF] ⁄ 𝜋(𝑗 -1). Lumped masses mj are attached to the ends of the outer beams. The rotor rotates with the angular speed Ω about point C attached to the mass mN, the latter models the nacelle. The mass is supported by two springs with stiffnesses kH and kV, which model the tower. The drivetrain has a moment of inertia ID and stiffness kD. A similar lumped parameter system is considered in [START_REF] Skjoldan | Determination of Modal Parameters in Complex Nonlinear Systems[END_REF], however, there the focus was on the out-of-plane rotor motion. The system is described by six coordinates: xC and yC are coordinates of point C, deflection of each blade from a straight line is described by angle ϕj, and θ is the drivetrain angular vibrations.

Equations of motion (EoM) are derived using the Lagrange method. The linearized EoM can be written as: 𝐌(𝑡)𝐲(𝑡) + 𝐆(𝑡)𝐲(𝑡) + 𝐊(𝑡)𝐲(𝑡) = 𝟎, (1) where:𝐌(𝑡), 𝐆(𝑡) and 𝐊(𝑡) are mass, gyroscopic and stiffness matrices. The matrices depend on the rotor azimuth 𝜓(𝑡); for constant rotor speed Ω, 𝜓(𝑡) = Ω𝑡 + 𝜓 0 , the matrices are periodic with period 𝑇 = 2𝜋/Ω: 𝐌(𝑡) = 𝐌(𝑡 + 𝑇), 𝐆(𝑡) = 𝐆(𝑡 + 𝑇), 𝐊(𝑡) = 𝐊(𝑡 + 𝑇). The vector 𝐲(𝑡) = {𝑥 𝐶 (𝑡), 𝑦 𝐶 (𝑡), 𝜙 1 (𝑡), 𝜙 2 (𝑡), 𝜙 3 (𝑡), 𝜃(𝑡)} 𝑇 describes the physical DOFs of the system measured from the equilibrium position.

The Coleman (also known as multiblade coordinate or MBC) transformation converts the blade DOFs 𝜙 𝑗 (𝑡) to multiblade coordinates [START_REF] Hansen | Improved Modal Dynamics of Wind Turbines to Avoid Stall-induced Vibrations[END_REF]:
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The Coleman transformation converts only blade DOFs, keeping the other DOFs unchanged. In matrix form the transformation can be written as:

𝐲(𝑡) = 𝐃(𝑡) 𝐰(𝑡), (3) 
where: 𝐰(𝑡) = {𝑥 𝐶 (𝑡), 𝑦 𝐶 (𝑡), 𝑎 0 (𝑡), 𝑎 1 (𝑡), 𝑏 1 (𝑡), 𝜃(𝑡)} 𝑇 is the vector of multiblade coordinates. The matrix D can be easily derived from [START_REF] Fan | Vibration-based Damage Identification Methods: A Review and Comparative Study[END_REF] or found in e.g., [START_REF] Hansen | Improved Modal Dynamics of Wind Turbines to Avoid Stall-induced Vibrations[END_REF]. It has the following properties [START_REF] Hansen | Improved Modal Dynamics of Wind Turbines to Avoid Stall-induced Vibrations[END_REF]: 𝐃(𝑡) -1 = 𝚪𝐃(𝑡), 𝐃 ̇(𝑡) = 𝐃(𝑡)𝐑 and 𝐃 ̈(𝑡) = 𝐃(𝑡)𝐑 2 where 𝚪 and 𝐑 are time invariant matrices.

Applying the transformation to (1), using the above-mentioned properties and pre-multiplying by 𝐃(𝑡) 

where: 𝐌 𝐷 (𝑡) = 𝚪𝐃(𝑡) 𝑇 𝐌(𝑡)𝐃(𝑡), 𝐆 𝐷 (𝑡) = 𝚪𝐃(𝑡) 𝑇 𝐆(𝑡)𝐃(𝑡) and 𝐊 𝐷 (𝑡) = 𝚪𝐃(𝑡) 𝑇 𝐊(𝑡)𝐃(𝑡). The important property of the Coleman transformation is that the matrices 𝐌 𝐷 (𝑡) and 𝐆 𝐷 (𝑡) are timeinvariant for isotropic rotors: 𝑚 1 = 𝑚 2 = 𝑚 3 = 𝑚 and 𝑘 1 = 𝑘 2 = 𝑘 3 = 𝑘. For an isotropic rotor, 𝐊 𝐷 (𝑡) is time-periodic with period 𝑇/3 due to the gravity. For isotropic rotors, when the influence of gravity can be neglected, the Coleman transformation converts time-periodic EoM (1) into the time-invariant one. This allows application of conventional modal decomposition based on eigenvalue analysis of EoM [START_REF] Tcherniak | Application of OMA to operational wind turbine[END_REF]. The results obtained by this approach lead to understanding of the collective and whirling components of the modes [START_REF] Hansen | Improved Modal Dynamics of Wind Turbines to Avoid Stall-induced Vibrations[END_REF][START_REF] Hansen | Aeroelastic Instability Problems for Wind Turbines[END_REF].

In this study a deviation from the rotor isotropy is in focus, and the eigenvalue analysis cannot be applied. Still, since the considered deviations are assumed to be small, the results of the eigenvalue analysis of (4) might be useful as a starting point and the baseline for comparison.

Let's consider the rotor becoming slightly anisotropic, either due to damage, which causes some reduction of the stiffness of one of the blades, or by ice formation which causes a difference between the blade masses. In this situation, EoM (4) will have time-periodic coefficient matrices.

To obtain a solution to time-periodic EoM, several techniques could be employed. In his PhD thesis, Skjoldan describes and compares several methods (Table 3.1 in [START_REF] Skjoldan | Aeroelastic Modal Dynamics of Wind Turbines Including Anisotropic Effects[END_REF]), but in this study, classical Floquet analysis was chosen as the most appropriate 1 .

The first order form of (1):

𝐱(𝑡) = 𝐀 ̃(𝑡)𝐱(𝑡), (5) 
where: 𝐱(𝑡) = {𝐲(𝑡) 𝑇 , 𝐲(𝑡) 𝑇 } 𝑇 is the state vector (in multiblade coordinates) and 𝐀 ̃(𝑡) = 𝐀 ̃(𝑡 + 𝑇) is the periodic system matrix, the size of which is 12×12:

𝐀 ̃(𝑡) = ( -𝐌(𝑡) -1 𝐆(𝑡) -𝐌(𝑡) -1 𝐊(𝑡) 𝐈 6×6 𝟎 6×6 ). (6) 
Extending Coleman transformation to the first order form:

𝐱(𝑡) = 𝐁(𝑡) 𝐳(𝑡), (7) 
one arrives at the first order equation in multiblade coordinates: 𝐳(𝑡) = 𝐀(𝑡)𝐳(𝑡). (8) Following [START_REF] Skjoldan | Modal Dynamics of Wind Turbines with Anisotropic Effects[END_REF], the analysis is performed in a number of steps: 1. The fundamental matrix of the system is built: Equation ( 8) is numerically integrated for 12 linearly independent initial conditions. Denoting the solution for the j th initial condition at time t as 𝛗 𝑗 (𝑡), the fundamental matrix is written as:

𝚽(𝑡) = [𝛗 1 (𝑡) … 𝛗 12 (𝑡)], (9) 
where: 𝚽(0) = 𝐈. 2. Then the monodromy matrix is computed as: 𝐂 = 𝚽(0) -1 𝚽(𝑇) = 𝚽(𝑇); (10) 3. As Lyapunov-Floquet transformation transforms the time-periodic system (8) into a timeinvariant one, we can compute its system matrix R as:

𝐑 = 1 𝑇 ln(𝐂) ; (11) 
4. Eigenvalue decomposition of matrix R is performed:

𝐑 = 𝐕𝚲𝐕 -1 , (12) 
where the columns of V are the eigenvectors vj, and the diagonal elements of 𝚲 are the eigenvalues 𝜆 𝑗 = 𝜎 𝑗 + i𝜔 𝑗 , the real part is the damping and the imaginary part is the frequency. Actually, the same eigenvalues can be obtained as:

𝜆 𝑗 = ln(𝜌 𝑗 ) 𝑇 ⁄ , (13) 
where 𝜌 𝑗 are the eigenvalues of the monodromy matrix 𝐂. 5. The periodic mode shape of the system (8) in the multiblade coordinates, is:

𝐫 𝑗 (𝑡) = 𝚽(𝑡)𝐯 𝑗 𝑒 -𝜆 𝑗 𝑡 , (14) 6. and in the blade coordinates is:

𝐮 𝑗 (𝑡) = 𝐁(𝑡)𝐫 𝑗 (𝑡) = 𝐁(𝑡)𝚽(𝑡)𝐯 𝑗 𝑒 -𝜆 𝑗 𝑡 .
(15)

7. Since the logarithm in ( 13) is complex, any 𝜆 𝑗 = 𝜎 𝑗 + i(𝜔 𝑗 ± 𝑛Ω), 𝑛 ∈ ℤ are also eigenvalues of R. Similar to the principal value of a complex logarithm, the principal frequency is defined as

𝜔 p𝑗 = 𝜔 𝑗 -𝑛 𝑗 Ω, 𝑛 𝑗 : 𝜔 p𝑗 ∈ ]-Ω/2; Ω/2]
(16) and the principal eigenvalue as 𝜆 p𝑗 𝜎 𝑗 + i𝜔 p𝑗 . 8. The j th periodic mode shape ( 14) computed for the principal eigenvalue 𝜆 p𝑗 is expanded to the Fourier series, and the most dominant Fourier component is identified, and its frequency is 𝑛 0𝑗 Ω.

For isotropic rotor, in the absence of gravity, the frequencies 𝜔 p𝑗 + 𝑛 0𝑗 Ω coincide with the eigenfrequencies of the time-invariant system (4). 9. Finally, the periodic mode shape in blade coordinates (15) is also expanded to the Fourier series.

The dominating Fourier components will be concentrated around the frequency 𝜔 p𝑗 + 𝑛 0𝑗 Ω; the behaviour of these components for different degrees of anisotropy are examined in the next section.

EXAMINATION OF THE MODAL DYNAMIC

For examination of the rotor modal behaviour, the following parameters were chosen: 𝑚 𝑁 = 446 10 3 𝑘𝑔, 𝑚 1 = 𝑚 2 = 𝑚 3 = 41.7 10 2 , 𝑎 = 𝑏 = 13.1 𝑚, Ω = 2𝜋 0.16 𝑟𝑎𝑑/𝑠. These parameters approximate to the parameters of a generic 10 MW wind turbine model. A proportional damping term was introduced to (1): (𝛼 𝐌(𝑡) + 𝛽 𝐊(𝑡))𝐲(𝑡); 𝛼 = 0.05, 𝛽 = 0.003 were chosen for the examination.

After Coleman transformation, in the absence of gravity, equation ( 4) is time-invariant, and can be readily analysed using conventional eigenvalue analysis. Six modes are obtained and identified as vertical and horizontal motion of the nacelle mass, drivetrain mode and three rotor modes: collective, backward (BW) and forward (FW) whirling. When using the Coleman approach, as it follows from [9, Equation (17)], each mode may contain up to three frequency components, the magnitude of all three blades are the same, and the phase lag of the whirling components will always be ±120 0 .

In the presence of gravity, and/or when the rotor is anisotropic, the Floquet analysis needs to be applied. Figure 2 shows the Fourier components of the BW mode, its principal frequency is 𝜔 p𝐵𝑊 ≈ 0.48 𝑟𝑎𝑑/𝑠. When the rotor is isotropic, with no gravity (Figure 2a), the mode consists of three components, (i) horizontal motion of the nacelle (xC coordinate) at frequency 𝜔 p𝐵𝑊 + 4Ω ≈ 4.50 𝑟𝑎𝑑 𝑠 = 0.716𝐻𝑧 ⁄ , (ii) BW at 𝜔 p𝐵𝑊 + 5Ω ≈ 5.51 𝑟𝑎𝑑 𝑠 = 0.876𝐻𝑧 ⁄ and (iii) FW at 𝜔 p𝐵𝑊 + 3Ω ≈ 3.50 𝑟𝑎𝑑 𝑠 = 0.556𝐻𝑧 ⁄ . The horizontal motion is superimposed by a much smaller vertical motion (yC). The mode is called backward whirling since the rotor dynamic is dominated by this component. The FW component vanishes completely if the rotor support is symmetric, i.e., kV = kH.

Figure 2 also shows the complexity plots of the BW component. The phase lag between all three blades is the same, -120 0 , and the amplitudes of the blades are also exactly equal.

As mentioned before, the same results could be obtained without Floquet analysis, by a much simpler Coleman transformation followed by eigenvalue decomposition of the system matrix A in [START_REF] Skjoldan | On the similarity of the Coleman and Lyapunov-Floquet transformations for modal analysis of bladed rotor structures[END_REF], which is time-invariant in this case.

Due to gravity this mode gets enriched by more components, but only two are significant: those at 𝜔 p𝐵𝑊 + 6Ω ≈ 6.51 𝑟𝑎𝑑 𝑠 = 1.04𝐻𝑧 ⁄ and 𝜔 p𝐵𝑊 + 7Ω ≈ 7.52 𝑟𝑎𝑑 𝑠 = 1.20𝐻𝑧 ⁄ , Figure 2b. As observed from the complexity plot, the blade amplitude is the same, so is the lag, -120 0 .

Let's introduce a slight rotor anisotropy by reducing the stiffness of the third blade: k3=0.99k. Due to this, a horizontal motion appears at 𝜔 p𝐵𝑊 + 6Ω ≈ 6.51 𝑟𝑎𝑑 𝑠 = 1.04𝐻𝑧 ⁄ , but its magnitude is significantly smaller than the main horizontal motion. More interesting, one can see that the blades' phase lag deviates now from -120 0 . In addition, the amplitudes of different blades are not the same anymore.

This behaviour becomes more pronounced when the stiffness k3 decreases more, Figure 2d. This phenomena was also observed when the mass of one of the blades was changing.

Figure 3 shows the Fourier components of the FW mode. For the isotropic rotor case, when no gravity is present, its principal frequency is 𝜔 p𝐹𝑊 ≈ -0.383 𝑟𝑎𝑑/𝑠. The mode is dominated by the horizontal motion of the nacelle at frequency 𝜔 p𝐹𝑊 + 7Ω ≈ 6.66 𝑟𝑎𝑑 𝑠 = 1. ⁄ and the other components is significantly smaller. The mode is called forward whirling since the FW component dominates the rotor dynamics; the BW component is small and vanishes completely for the symmetric rotor support.

One may notice that the frequency of the dominating whirling components of the two considered modes are very close: 0.876 Hz and 0.899 Hz. This is not just a coincidence. This phenomenon can be explained by the close natural frequencies of the vertical and horizontal rotor modes when the rotor does not rotate, see e.g., the Campbell diagram [11, Figure 2]. If the stiffness values of the supporting structure are equal, kV = kH, one should expect the frequencies of the dominating whirling components of the two previously described modes to be exactly the same.

DAMAGE FEATURES

Based on the observations above, several modal-related damage features are suggested: (i) phase between the blades for the whirling component; (ii) amplitudes of the whirling component; (iii) amplitude of the non-dominant horizontal component. The sensitivity of these damage features are examined below.

The first suggested damage feature is based on the shape of the dominant whirling component of the two whirling modes. These Fourier components are n=5 for BW and n=6 for FW modes (see Figures 2,3). Figure 4a shows how the phase lag depends on k3. The calculation of the phase lag is visualized in Figure 3b, right. One per-cent reduction of k3 causes the change of the phase lag between two undamaged blades by about 5-6% and 2-3% between damaged and undamaged blades.

All three blades have the same magnitude for isotropic rotors, but start to differ when the rotor becomes anisotropic, see Figure 4c,d for BW and FW modes respectively; the blades amplitude is normalized against the amplitude of the isotropic rotor. The damaged blade amplitude increases for the BW mode and decreases for the FW mode. The changes are about 4-6% for 1% reduction of k3.

It is important to note that both features give the indication of which blade is damaged. Non-dominant horizontal component also changes with increase of rotor anisotropy. This is the Fourier component n=6 for the BW mode and n=5 for the FW mode (Figure 2,3); it increases about 5-7% per 1% reduction of k3. This damage feature does not indicate damage location. However, it does not require getting measurements from the blades and can be extracted from the nacelle acceleration measurements. For comparison, a one per-cent decrease of k3 causes only 0.14-0.17% change of the natural frequencies. Therefore, these damage features used in typical SHM systems are more than 30 times less sensitive to damage than those described here.

OBSERVABILITY

The analytical study in the previous section was based on the known EoM. In this section, the same system is being studied from the experimental point of view, with the objective of finding out if the suggested damage features are derivable from experimental data.

In this section, we model a measurement system installed on the test object (Figure 1): accelerometers are attached to the tips of all blades, measuring in the tangential direction; two more accelerometers measure vertical and horizontal motion of the nacelle and an angular vibration accelerometer is installed on the drivetrain. All DOFs are excited by a random uncorrelated broadband noise. This excitation satisfies OMA assumptions but we acknowledge that the real aeroelastic forces are different [START_REF] Tcherniak | Applicability limits of Operational Modal Analysis to Operational wind turbines[END_REF]. Here the EoM is numerically integrated, and response time histories for the physical DOFs are obtained and converted to the signals that would be measured if the sensors were installed. From this point, we assume that the excitation forces and EoM are not known, so the damage features will be derived from the observed responses.

For the simulations, MATLAB's ode45 routine was used, 7200 s long time histories corresponding to 1152 rotor revolutions were synthesized and sampled at 50 Hz. The time histories were used as an input to Brüel & Kjaer Type 7760 OMA software. The modal analysis was performed by the Stochastic Subspace Iteration SSI algorithm. Four system states, one undamaged and three damaged (k3=0.99, 0.98 and 0.97) were analysed. To collect statistics, five different load realisations were generated for each state, thus in total 20 analyses were performed.

Note the direct application of OMA to the data -neither Coleman transformation nor any other pre-processing were applied. Therefore, it was not expected to acquire the non-dominant components of the modes. In order to identify them, more sophisticated methods are required, e.g., the method based on Harmonic Power Spectra, either in frequency or time domain [START_REF] Yang | Modal Analysis of Rotating Wind Turbine using Multiblade Coordinate Transformation and Harmonic Power Spectrum[END_REF][START_REF] Tcherniak | Experimental characterization of operating wind turbine using Harmonic Power Spectra and Stochastic Subspace Identification[END_REF].

The results of the simulated experiment are shown as error bars in Figure 4. The centre tick denotes the mean of the five OMA runs, the upper and lower ticks denote 95% confidence interval. The damage features derived from the OMA results are in agreement with analytical values -there is significant dispersion, especially for the magnitudes but the general tendency and the curves slope are correctly reflected, which is the most important for damage features of a SHM system. 

CONCLUSION

Novel damage features for a potential SHM system of a wind turbine rotor are suggested and examined. The features are modal-based and utilise mode shape asymmetry due to rotor anisotropy caused by blade damage. It is demonstrated that these features are significantly more sensitive to the damage compared to the natural frequencies of the rotor. It was also shown that these features are observable in a real life scenario, i.e., they can be obtained by OMA performed on measured vibrations.

A simple 6 DOF analytical model of a rotating rotor was considered. Using Floquet analysis the exact modal decomposition was performed, and the sensitivities of the suggested damage features were numerically computed as a function of the damage size.

A simulated experiment confirmed that the damage features can be extracted from measured vibration responses using OMA.

Figure 1 :

 1 Figure 1: Simplified rotor system
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 2 Figure 2: Backward whirling mode. Left: magnitude of Fourier components; right: complexity plot of the dominant whirling component n0BW=4. a) Isotropic rotor, no gravity; b) isotropic rotor, with gravity; c) anisotropic rotor, kc=0.99k; d) anisotropic rotor, kc=0.97k.

  p𝐹𝑊 + 6Ω ≈ 5.65 𝑟𝑎𝑑 𝑠 = 0.899𝐻𝑧 ⁄ . The magnitude of the BW at 𝜔 p𝐹𝑊 + 8Ω ≈ 7.66 𝑟𝑎𝑑 𝑠 = 1.22𝐻𝑧
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 3 Figure 3: Forward whirling mode. Left: magnitude of Fourier components; right: complexity plot of the dominant whirling component n0FW=7. a) Isotropic rotor, with gravity; b) anisotropic rotor, k3=0.97k.

Figure 4 :

 4 Figure 4: Damage features vs. stiffness k3. a) phase lag BW mode; b) same, FW mode; c) normalized blades amplitudes, BW mode; d) same, FW mode.
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With insignificant changes, this paper uses the notations and follows derivation given in[START_REF] Skjoldan | Modal Dynamics of Wind Turbines with Anisotropic Effects[END_REF], where more details are provided.
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