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u) + G(y)θ + d, y = Cx, y v = y + v, ✭✶✮ ✇❤❡r❡ x ∈ R n ✱ y ∈ R p ✱ u ∈ R m

❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ t ≥ 0✱ ❛s ✇❡•• ❛s ♦t❤❡r ✐♥♣✉ts d✱ v✮✿ 

||u|| [t0,T ) = ess sup t0≤t<T |u(t)|, ✐❢ T = +∞ t❤❡♥ ✇❡ ✇✐•• s✐♠♣•② ✇r✐t❡ ||u||✳ ❯♥❞❡r ✐♥tr♦❞✉❝❡❞ ❝♦♥❞✐t✐♦♥s t❤❡ s②st❡♠ ✭✶✮ ❢♦r ❛♥② ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ x 0 ∈ R n ❤❛s t❤❡ ✉♥✐q✉❡ ❛❜s♦•✉t❡•② ❝♦♥t✐♥✉♦✉s s♦•✉t✐♦♥ x(t, x 0 ) ❞❡✜♥❡❞ ❛t •❡❛st •♦❝❛••② ✐♥ t✐♠❡ t ≥ 0 ✭t❤❡ s②♠❜♦• x(t) ✐s ✉s❡❞ t♦ ❞❡♥♦t❡ t❤❡ s②st❡♠ ✭✶✮ s♦•✉t✐♦♥s ✐❢ t❤❡ ♦r✐❣✐♥ ♦❢ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥s ✐s ❝•❡❛r ❢♦r♠ t❤❡ ❝♦♥t❡①t✮✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ✇✐•• ❛ss✉♠❡ t❤❛t ❛•• s✐❣♥❛•s ✐♥ ✭✶✮ ❛r❡ ❜♦✉♥❞❡❞✳ ❆ss✉♠♣t✐♦♥ ✶✳ ||u|| < +∞✱ ||v|| < +∞✱ ||d|| < +∞ ❛♥❞ t❤❡r❡ ✐s ❛ s❡t X ⊂ R n s✉❝❤ t❤❛t ||x(t, x 0 )|| < +∞ ❢♦r ❛•• x 0 ∈ X✳ ◆♦t❡ t❤❛t t❤❡ s❡t X ❝♦✉•❞ ❜❡ ✉♥❦♥♦✇♥ ❢♦r ❛ ❞❡s✐❣♥❡r✳ ❖✇✐♥❣ t♦ t❤❡s❡ ❝♦♥❞✐t✐♦♥s t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts L A > 0✱ L φ > 0 ❛♥❞ L G > 0 ✭❣❡♥❡r✐❝❛••② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥s x 0 ✐♥ t❤❡ s②st❡♠ ✭✶✮ ❛♥❞ t❤❡ ♠❛tr✐① C✮ s✉❝❤ t❤❛t |A(y) -A(y v )| ≤ L A |v|, |φ(y, u) -φ(y v , u)| ≤ L φ |v|, |G(y) -G(y v )| ≤ L G |v|. ■♥ ❛❞❞✐t✐♦♥✱ ✐♥ t❤✐s ❝❛s❡ t❤❡r❡ ✐s ❛ ❝♦♠♣❛❝t s❡t Y ⊂ R p s✉❝❤ t❤❛t y v ∈ Y ❢♦r ❛•• t ≥ 0✳ ❋♦r ❛ ♠❛tr✐① P ∈ R n×n ✱ λ max (P ) ❛♥❞ λ min (P ) ❞❡♥♦t❡ t❤❡ ♠❛①✐♠✉♠ ❛♥❞ t❤❡ ♠✐♥✐♠✉♠ ❡✐❣❡♥✈❛•✉❡s r❡s♣❡❝t✐✈❡•②✳ ❚❛❦✐♥❣ ✐♥ ♠✐♥❞ ❆ss✉♠♣t✐♦♥ ✶ ❛♥❞ ♦t❤❡r ❛✉①✐•✐❛r② ❝♦♥❞✐t✐♦♥s ✐♥
♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ❢♦r♠✉•❛t❡❞ ✐♥ t❡r♠s ♦❢ ▲▼■s✳ ✸✳✶ P❡rs✐st❡♥❝② ♦❢ ❡①❝✐t❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❚❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜•❡ ❛♥❞ sq✉❛r❡ ✐♥t❡❣r❛❜•❡ ♠❛tr✐① ❢✉♥❝t✐♦♥ R : R → R l×k ✇✐t❤ t❤❡ ❞✐♠❡♥s✐♦♥ l × k ❛❞♠✐ts (ℓ, ϑ)✕P❡rs✐st❡♥❝② ♦❢ ❊①❝✐t❛t✐♦♥ ✭P❊✮ ❝♦♥❞✐t✐♦♥✱ ✐❢ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts ℓ > 0 ❛♥❞ ϑ > 0 s✉❝❤ t❤❛t ˆt+ℓ t R(s)R(s) T ds ≥ ϑI l ❢♦r ❛♥② t ∈ R + ✱ ✇❤❡r❡ I l ❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♦❢ ❞✐♠❡♥s✐♦♥ l × l✳ ❙✉❝❤ ❛ ♠❛tr✐① ❢✉♥❝t✐♦♥ R ✐s ❝❛••❡❞ P❊ ✐❢ t❤❡r❡ ❛r❡ s♦♠❡ ℓ > 0✱ ϑ > 0 s✉❝❤ t❤❛t ✐t ✐s (ℓ, ϑ)✲P❊✳ ✸ ▼❆■◆ |❊❙❯▲❚❙ ✹ ▲❡♠♠❛ ✶✳ ❈♦♥s✐❞❡r ❛ t✐♠❡✲✈❛r②✐♥❣ •✐♥❡❛r ❞②♥❛♠✐❝❛• s②st❡♠ ṗ = -γR(t)R(t) T p + b(t), t 0 ∈ R + , ✭✷✮ ✇❤❡r❡ p ∈ R l ✱ γ > 0 ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ R : R + → R l×k ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ✭✐✳❡✳ ρ = sup t≥0 |R(t)| 2 < +∞✮✱ b : R + → R l ✐s ▲❡❜❡s❣✉❡ ♠❡❛s✉r❛❜•❡ ❛♥❞ ❡ss❡♥t✐❛••② ❜♦✉♥❞❡❞✱ ❢✉♥❝t✐♦♥ R ✐s (ℓ, ϑ)✕P❊ ❢♦r s♦♠❡ ℓ > 0✱ ϑ > 0✳ ❚❤❡♥✱ ❢♦r ❛♥② ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ p(t 0 ) ∈ R l ✱ t❤❡ s♦•✉t✐♦♥ p(t) ♦❢ t❤❡ s②st❡♠ ✐s ❞❡✜♥❡❞ ❢♦r ❛•• t ≥ t 0 ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ✐♥❡q✉❛•✐t② |p(t)| ≤ √ ρα[e -0.5γα -1 (t-t0) |p(t 0 )| + γ -1 α||b||] ❢♦r α = γη -1 e 2ηℓ ❛♥❞ η = -0.5ℓ -1 ln(1 - γϑ 1+γ 2 ℓ 2 ρ 2 )✳ Pr♦♦❢✳ ❙✐♥❝❡ | ṗ| ≤ γρ|p| + ||b||✱ t❤❡ s♦•✉t✐♦♥s p(t) ❛r❡ ❞❡✜♥❡❞ ❢♦r ❛•• t ≥ t 0 ❢♦r ❛•• ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥s p(t 0 ) ∈ R l ✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ ❛❜s❡♥❝❡ ♦❢ t❤❡ ❡①t❡r♥❛• ✐♥♣✉t b t❤❡ s②st❡♠ ✭✷✮ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ❢♦••♦✇✐♥❣ •✐♥❡❛r t✐♠❡✲✈❛r②✐♥❣ ❛✉t♦♥♦♠♦✉s s②st❡♠✿ ṗ(t) = A(t)p(t), A(t) = A(t) T = -γR(t)R(t) T , ✭✸✮ ✇❤❡r❡ -γρI l ≤ A(t) ≤ 0 ✐s ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ♠❛tr✐① ❢✉♥❝t✐♦♥✱ 0 < ρ = sup t≥0 |R(t)| 2 < +∞ ❛♥❞ | • | ✐s L 2 ✐♥❞✉❝❡❞ ♠❛tr✐① ♥♦r♠✳ ❙✐♥❝❡ t❤❡ ♠❛tr✐① A ✐s ♥❡❣❛t✐✈❡ s❡♠✐❞❡✜♥✐t❡ ❛♥❞ s②♠♠❡tr✐❝✱ t❤❡ ♣r♦♣❡rt② |p(τ )| ≥ |p(t)| ❤♦•❞s ❢♦r ❛•• t ≥ τ ≥ 0✱ ✐✳❡✳ t❤❡ s②st❡♠ ✭✸✮ ✐s ▲②❛♣✉♥♦✈ st❛❜•❡✳ ❋♦r t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥s p(t 0 ) t❤❡ s②st❡♠ ✭✸✮ ❤❛s t❤❡ s♦•✉t✐♦♥ p(t) = Φ(t, t 0 )p(t 0 ) ❢♦r t ≥ t 0 ✱ ✇❤❡r❡ Φ(t, t 0 ) ✐s t❤❡ st❛t❡✲tr❛♥s✐t✐♦♥ ♠❛tr✐① ♦❢ ✭✸✮ ❬✶✾(✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❡①♣♦s✐t✐♦♥ ❛❜♦✈❡ e -γρ(t-t0) I l ≤ Φ(t, t 0 ) ≤ I l ❢♦r t ≥ t 0 ✱ ❛♥❞ ♦✉r ❣♦❛• ✐s t♦ s❤♦✇ t❤❛t ✉♥❞❡r P❊ ❝♦♥❞✐t✐♦♥ t❤❡ ✉♣♣❡r ❡st✐♠❛t❡ ❢♦r Φ(t, t 0 ) ❝❛♥ ❜❡ r❡♣•❛❝❡❞ ✇✐t❤ ❛♥ ❡①♣♦♥❡♥t✐❛••② ❞❡❝r❡❛s✐♥❣ ♦♥❡✳ ❈♦♥s✐❞❡r ❢♦r t❤❡ s②st❡♠ ✭✸✮ ❛ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ W (p) = 0.5p T p✿ Ẇ (t) = p(t) T A(t)p(t) ≤ 0, t ≥ 0, ❛♥❞ •❡t ✉s s❤♦✇ t❤❛t t❤❡ s②st❡♠ ✭✸✮ ✐s ❣•♦❜❛••② ❡①♣♦♥❡♥t✐❛••② st❛❜•❡✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ♥♦t❡ t❤❛t 0.5|a| 2 ≤ |b| 2 + |a -b| 2 ❢♦r ❛♥② a, b ∈ R l ❛♥❞ sup t∈[t0,t0+ℓ] |p(t 0 ) -p(t)| = sup t∈[t0,t0+ℓ] ˆt t0 ṗ(τ )dτ ≤ sup t∈[t0,t0+ℓ] ˆt t0 | ṗ(τ )|dτ = ˆt0+ℓ t0 | ṗ(τ )|dτ, t❤❡ ❏❡♥s❡♥✬s ✐♥❡q✉❛•✐t② ❢♦r ❝♦♥✈❡① ❢✉♥❝t✐♦♥s ❣✐✈❡s ˆt0+ℓ t0 | ṗ(t)|dt 2 ≤ ℓ ˆt0+ℓ t0 | ṗ(t)| 2 dt, ✸ ▼❆■◆ |❊❙❯▲❚❙ ✺ ❛♥❞ ˆt0+ℓ t0 | ṗ(t)| 2 dt = γ 2 ˆt0+ℓ t0 p(t) T R(t)R(t) T R(t)R(t) T p(t)dt ≤ γ 2 ρ ˆt0+ℓ t0 p(t) T R(t)R(t) T p(t)dt. ❚❤❡♥ ✇❡ ♦❜t❛✐♥ ˆt0+ℓ t0 p(t) T R(t)R(t) T p(t)dt ≥ 0.5 ˆt0+ℓ t0 p(t 0 ) T R(t)R(t) T p(t 0 )dt - ˆt0+ℓ t0 [p(t 0 ) -p(t)] T R(t)R(t) T [p(t 0 ) -p(t)]dt ≥ 0.5ϑp(t 0 ) T p(t 0 ) -ρ ˆt0+ℓ t0 [p(t 0 ) -p(t)] T [p(t 0 ) -p(t)]dt ≥ 0.5ϑp(t 0 ) T p(t 0 ) -ℓρ sup t∈[t0,t0+ℓ] |p(t 0 ) -p(t)| 2 ≥ 0.5ϑp(t 0 ) T p(t 0 ) -ℓρ ˆt0+ℓ t0 | ṗ(t)|dt 2 ≥ 0.5ϑp(t 0 ) T p(t 0 ) -ℓ 2 ρ ˆt0+ℓ t0 | ṗ(t)| 2 dt ≥ 0.5ϑp(t 0 ) T p(t 0 ) -γ 2 ℓ 2 ρ 2 ˆt0+ℓ t0 p(t) T R(t)R(t) T p(t)dt, ❛♥❞ ✜♥❛••② ˆt0+ℓ t0 p(t) T R(t)R(t) T p(t)dt ≥ ϑ 1 + γ 2 ℓ 2 ρ 2 W (t 0 ). ❚❤❡r❡❢♦r❡✱ W (t 0 +ℓ)-W (t 0 ) ≤ -γϑ 1+γ 2 ℓ 2 ρ 2 W (t 0 ) ❛♥❞ W (t 0 +ℓ) ≤ (1-γϑ 1+γ 2 ℓ 2 ρ 2 )W (t 0 ) ❢♦r ❛♥② t 0 ≥ 0✱ t❤❡♥ W (t 0 + ℓ) ≤ e -2ηℓ W (t 0 ) ❢♦r η = -0.5ℓ -1 ln(1 -γϑ 1+γ 2 ℓ 2 ρ 2 ) ❛♥❞ ❢♦r s♦•✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ✭✸✮ t❤❡ ✐♥❡q✉❛•✐t✐❡s ❛r❡ s❛t✐s✜❡❞ e -γρ(t-t0) |p(t 0 )| ≤ |p(t)| ≤ e -η(t-t0-ℓ) |p(t 0 )| ∀t ≥ t 0 . ❚❤❡ s②st❡♠ ✭✸✮ ✐s ✉♥✐❢♦r♠•② ❡①♣♦♥❡♥t✐❛••② st❛❜•❡ ❛♥❞ e -γρ(t-t0) ≤ |Φ(t, t 0 )| ≤ e -η(t-t0-ℓ) ❢♦r ∀t ≥ t 0 ✳ ◆❡①t✱ ❢♦••♦✇✐♥❣ t❤❡ ❝♦♥✈❡rs❡ ▲②❛♣✉♥♦✈ t❤❡♦r❡♠ ❢♦r s✉❝❤ ❛ ❦✐♥❞ ♦❢ s②st❡♠s ❬✶✾(✱ t❤❡ ♠❛tr✐① P (t) = ´+∞ t Φ(τ, t) T Φ(τ, t)dτ s❛t✐s✜❡s t❤❡ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ Ṗ (t)+P (t)A(t)+A(t) T P (t)+I l = 0 ❢♦r ❛•• t ≥ 0✱ ❛♥❞ V (t, p) = p T P (t)p ✐s ❛ ▲②❛✲ ♣✉♥♦✈ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ s②st❡♠ ✭✸✮✳ ❙✐♥❝❡ 0.5γ -1 ρ -1 I l ≤ ´+∞ t e -2γρ(τ -t) dτ I l ≤ P (t) ≤ ´+∞ t e -2η(τ -t-ℓ) dτ I l ≤ 0.5η -1 e 2ηℓ I l ✇❡ ❤❛✈❡ ❢♦r ❛•• p ∈ R l ✿ 0.5γ -1 ρ -1 |p| 2 ≤ V (t, p) ≤ 0.5η -1 e 2ηℓ |p| 2 . ❈♦♥s✐❞❡r t❤✐s ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ V ❢♦r t❤❡ s②st❡♠ ✭✷✮ ✭✇❡ ✇✐•• ✉s❡ t❤❡ ❢❛❝t t❤❛t 2p T P (t)b(t) ≤ ̺p T P (t)p + ̺ -1 b(t) T P (t)b(t) ❢♦r ❛♥② ̺ > 0✮✿ V = -p T p + 2p T P (t)b(t) ≤ -ηe -2ηℓ V + η -1 e 2ηℓ b(t) T P (t)b(t) ≤ -ηe -2ηℓ V + 0.5η -2 e 4ηℓ ||b|| 2 . ❚❤❡♥ ❢♦r ❛•• t ≥ t 0 t❤❡ ❢♦••♦✇✐♥❣ ✐♥❡q✉❛•✐t② ❤♦•❞s✿ |p(t)| ≤ γρη -1 e ηℓ [e -0.5ηe -2ηℓ (t-t0) |p(t 0 )| + η -1 e 2ηℓ ||b||]. ❚❤✐s •❡♠♠❛ st❛t❡s t❤❛t ❛ •✐♥❡❛r s②st❡♠ ✇✐t❤ ❛ ♣❡rs✐st❡♥t•② ❡①❝✐t❡❞ t✐♠❡✲ ✈❛r②✐♥❣ ♠❛tr✐① ❣❛✐♥ ❛♥❞ ❛ ❜♦✉♥❞❡❞ ❛❞❞✐t✐✈❡ ❞✐st✉r❜❛♥❝❡ ❤❛s ❜♦✉♥❞❡❞ s♦•✉t✐♦♥s ✇✐t❤ ❡①♣♦♥❡♥t✐❛••② ❝♦♥✈❡r❣✐♥❣ ❜♦✉♥❞ ❢♦r tr❛♥s✐❡♥t ♠♦❞❡✱ s❡❡ ▲❡♠♠❛ ✶ ✐♥ ❬✷✸( ♦r t❤❡ ♠♦♥♦❣r❛♣❤ ❬✷✻( ❢♦r r❡•❛t❡❞ r❡s✉•ts✳ ✸✳✷ ■♠♣✉•s✐✈❡ ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡r ■♥s♣✐r❡❞ ❜② ❬✷✾( ✇❡ ♠♦❞❡• t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✐♠♣✉•s❡s ♦♥ t❤❡ ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡r ❞②♥❛♠✐❝s ❛s ❛♥ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥ s❤✐❢t ❛t t❤❡ ✐♥st❛♥t ♦❢ t❤❡ ✐♠♣✉•s❡✳ ❚❤✉s t❤❡ ♦❜s❡r✈❡r ❡q✉❛t✐♦♥s ❤❛✈❡ t✇♦ ♣❛rts✳ ❚❤❡ ✜rst ♦♥❡ r❡♣r❡s❡♥ts t❤❡ ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s ♣r♦♣♦s❡❞ ✐♥ ❬✶✵✱ ✸✷✱ ✸✸(✱ t❤❡ s❡❝♦♥❞ ♣❛rt ✐s ❡✈❡♥t✲❜❛s❡❞ ❛♥❞ ✐t ❞❡s❝r✐❜❡s t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s •✉♠♣ ♦❢ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥s ❛t t❤❡ ✐♥st❛♥ts ♦❢ ✐♠♣✉•s❡s t k ✱ k = 1, 2, ...✿            ż(t) = A[y v (t)]z(t) + φ[y v (t), u(t)] + G[y v (t)] θ(t) +L[y v (t)]{y v (t) -Cz(t)} -Ω(t) θ(t), Ω(t) = {A[y v (t)] -L[y v (t)]C}Ω(t) -G[y v (t)], θ(t) = -γΩ(t) T C T {y v (t) -Cz(t)}, t ∈ [t k-1 , t k ); ✭✹✮ z(t + k ) = F [y v (t k )]z(t k ) + K[y v (t k )]{y v (t k ) -Cz(t k )}, Ω(t + k ) = {F [y v (t k )] -K[y v (t k )]C}Ω(t k ), t = t k , ✭✺✮ ✇❤❡r❡ z ∈ R n ✐s t❤❡ ❡st✐♠❛t❡ ♦❢ x✱ θ ∈ R q ✐s t❤❡ ❡st✐♠❛t❡ ♦❢ θ✱ Ω ∈ R n×q ✐s t❤❡ ❛✉①✐•✐❛r② ✜•t❡r✐♥❣ ✈❛r✐❛❜•❡❀ L : R p → R n×p ✱ K : R p → R n×p ❛♥❞ F : R p → R n×n ❛r❡ t❤❡ •♦❝❛••② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛• ❣❛✐♥s ♦❢ t❤❡ ♦❜s❡r✈❡r ✭t❤❡✐r ✈❛•✉❡s ✇✐•• ❜❡ s♣❡❝✐✜❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✮❀ t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥s z(t + 0 ) = z 0 ∈ R n ✱ Ω(t + 0 ) = Ω 0 ∈ R n×q ✱ θ(t 0 ) = θ0 ∈ R q ✱ γ > 0 ✐s ❛ ❞❡s✐❣♥ ♣❛r❛♠❡t❡r✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t t k ✱ k = 0, 1, ... ✐s ❛ str✐❝t•② ✐♥❝r❡❛s✐♥❣ t✐♠❡ s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ 0 = t 0 < t 1 < t 2 < ... ❛♥❞ z(t + k ) = lim h→0 z(t k -h), Ω(t + k ) = lim h→0 Ω(t k -h). ✸ ▼❆■◆ |❊❙❯▲❚❙ ✼ ◆♦t❡ t❤❛t ❢♦r ❛ ❝♦♥t✐♥✉♦✉s s✐❣♥❛• y(t k ) = y(t + k ) = lim h→0 y(t k -h)✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✐♠♣✉•s❡s ✭❛♥❞✱ ❤❡♥❝❡✱ t❤❡ ♥✉♠❜❡r ♦❢ •✉♠♣s ✐♥ ✭✺✮✮ ❝❛♥ ❜❡ ✜♥✐t❡ ✭t❤❡♥ k = 0, N ✱ 0 ≤ N < +∞✮ ♦r ✐♥✜♥✐t❡ ✭lim k→+∞ t k = +∞✮✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❡q✉❛t✐♦♥s ✭✹✮✱ ✭✺✮ t❤❡ ✈❛r✐❛❜•❡ θ ❤❛s ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s✱ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ❛♣♣❡❛rs ✐♥ t❤❡ ✈❛r✐❛❜•❡s z ❛♥❞ Ω ♦♥•②✳ ❆s ✐t ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ ❬✷✾( t❤❡ ✐♠♣✉•s✐✈❡ ❡✈❡♥t✲❜❛s❡❞ ♣❛rt ✭✺✮ ❝❛♥ ❜❡ ❡❛s✐•② r❡❛•✐③❡❞ ✐♠♣•❡♠❡♥t✐♥❣ t❤❡ ♦❜s❡r✈❡r ✭✹✮✱ ✭✺✮ ♦♥ ❛ ♠✐❝r♦❝♦♥tr♦••❡r✱ s✐♥❝❡ t❤❡r❡ ❛♥② ✈❛r✐❛❜•❡ ❝❛♥ ❜❡ s❡t t♦ ❛ ❞❡s✐r❡❞ ✈❛•✉❡ ❛t ❛♥② s❛♠♣•✐♥❣ ✐♥st❛♥t ♦❢ t✐♠❡✳ ✸✳✸ Pr♦♦❢ ♦❢ ❡st✐♠❛t✐♦♥ ❛❜✐•✐t✐❡s ❆s ✐♥ t❤❡ s✇✐t❝❤❡❞ s②st❡♠s t❤❡♦r② ❬✷✶( ✇❡ ✇✐•• s❛② t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥st❛♥ts t k ✱ k = 0, 1, ... ❤❛s t❤❡ ❞✇❡••✲t✐♠❡ τ D > 0 ✐❢ t❤❡ ✐♥❡q✉❛•✐t② t k -t k-1 ≥ τ D ✐s s❛t✐s✜❡❞ ❢♦r ❛•• k = 1, 2, ...✳ ◆♦t❡ t❤❛t ♣♦s✐t✐✈✐t② ♦❢ ❞✇❡•• t✐♠❡ ❝♦♥❞✐t✐♦♥ ✐s ❡q✉✐✈❛•❡♥t t♦ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❢r❡q✉❡♥❝② ♦❢ ✐♠♣✉•s❡s ❬✶✺(✳ ❚❤❡ ✜rst t❤❡♦r❡♠ ♣r❡s❡♥ts t❤❡ ♠♦st ❣❡♥❡r❛• ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ✐♠♣✉•s✐✈❡ ❛❞❛♣✲ t✐✈❡ ♦❜s❡r✈❡r st❛❜✐•✐t②✳ ❚❤❡♦r❡♠ ✶✳ ▲❡t ❆ss✉♠♣t✐♦♥ ✶ ❜❡ s❛t✐s✜❡❞✱ t❤❡ s✐❣♥❛•s G[y v (t)] T ❛♥❞ Ω(t) T C T ❜❡ (ℓ, ϑ)✕P❊ ❢♦r s♦♠❡ ℓ > 0✱ ϑ > 0 ❛♥❞ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥st❛♥ts t k ✱ k = 0, 1, ... ❤❛✈❡ ❛ ❞✇❡••✲t✐♠❡ τ D > 0✳ ■❢ t❤❡r❡ ❡①✐st ❛ ♠❛tr✐① P = P T > 0 ✇✐t❤ t❤❡ ❞✐♠❡♥s✐♦♥ n × n ❛♥❞ t❤❡ •♦❝❛••② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♠❛tr✐① ❢✉♥❝t✐♦♥s L : R p → R n×p ✱ K : R p → R n×p ✱ F : R p → R n×n s✉❝❤ t❤❛t [A(y v ) -L(y v )C] T P + P [A(y v ) -L(y v )C] ≤ -νP, ν > 0, [F (y v ) -K(y v )C] T P [F (y v ) -K(y v )C] ≤ 0.5µP, µ > 0, ❢♦r ❛•• y v ∈ Y ✇✐t❤ 0 < ρ < 1 ✇❤❡r❡ ρ = µe -0.5ντ D ✱ t❤❡♥✿ ✶✳ ❢♦r ❛♥② x 0 ∈ X✱ z 0 ∈ R n ✱ Ω 0 ∈ R n×q ✱ θ0 ∈ R q t❤❡ s♦•✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ✭✶✮✕✭✺✮ ❛r❡ ❜♦✉♥❞❡❞ ❢♦r ❛•• t ≥ 0❀ ✷✳ t❤❡ ❢♦••♦✇✐♥❣ ❛s②♠♣t♦t✐❝ ❡st✐♠❛t❡s ❛r❡ s❛t✐s✜❡❞✿ lim t→+∞ |θ -θ(t)| ≤α 1.5 |C| 2 S(||x||, ||v||, ||d||, |θ|), lim t→+∞ |x(t) -z(t)| ≤H(||x||, ||v||, ||d||, |θ|), ✸ ▼❆■◆ |❊❙❯▲❚❙ ✽ ✇❤❡r❡ S(x, v, d, q) = D(F max x + K max v, {L A x + L φ + L G q + L max }v + d, v), H(x, v, d, q) = Q(F max x + K max v, {L A x + L φ + L G q + L max }v + d, v), L max = sup yv∈Y |L(y v )|, F max = sup yv∈Y |I n -F (y v )|, K max = sup yv∈Y |K(y v )|, G max = sup yv∈Y |G(y v )|, ω(P ) = λ max (P )/λ min (P ), χ = 2ν -1 ω(P ){1 + ω(P ) µ/(1 -ρ)}, α = γη -1 e 2ηℓ , η = - 1 2ℓ ln(1 - γϑ 1 + γ 2 ℓ 2 (|C|ω 2 (P ){|Ω(t 0 )| + 2 ν {1 + µ 1-ρ }G max }) 2
), 

Q(r, p, v) = ω(P ) 2 2/(1 -ρ)r + χZ(α 1.5 |C| 2 D(r, p, v), E(r, p), χG max , v, p), Z(q, d, W, v, p) = G max q + γW 2 |C|{|C|(d + W q) + v} + p, D(r, p, v) = χ 2 G 2 max {|C|E(r, p) + v}, E(r, p) = ω(P ) 2 2/(1 -ρ)||r|| + χ||p||. Pr♦♦❢✳ ❉❡✜♥❡ t❤❡ st❛t❡ ❡st✐♠❛t✐♦♥ ❡rr♦r e = x -z✱ t❤❡ ♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ❡rr♦r θ = θ -θ ❛♥❞ t❤❡ ❛✉①✐•✐❛r② ❡rr♦r δ = e + Ω θ✱ ✇❤♦s❡ ❞②♥❛♠✐❝s ❢r♦♠ ✭✶✮ ❛♥❞ ✭✹✮ ❤❛✈❡ t❤❡ ❢♦r♠ ❢♦r ❛•• t ∈ [t k-1 , t k )✱ k = 1, 2, ...✿ ė(t) ={A[y v (t)] -L[y v (t)]C}e(t) + G[y v (t)] θ(t) -Ω(t) θ(t) + p(t), ✭✻✮ p(t) ={A[y(t)] -A[y v (t)]}x(t) + φ[y(t), u(t)] -φ[y v (t), u(t)] + {G[y(t)] -G[y v (t)]}θ -L[y v (t)]v(t) + d(t); δ(t) ={A[y v (t)] -L[y v (t)]C}δ(t) + p(t); ✭✼✮ θ(t) =γΩ(t) T C T {Ce(t) + v(t)} ✭✽✮ =γΩ(t) T C T {Cδ(t) -CΩ(t) θ(t) + v(t)}, ✇❤❡r❡ p ∈ R n ✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✶ t❤❡ ♣r♦♣❡rt② ||p|| ≤ {L A ||x|| + L φ + L G |θ| + L max }||v|| + ||d||, ❤♦•❞s ✭t❤✐s ✐♥♣✉t ✐s ❜♦✉♥❞❡❞✮✱ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ✭✽✮ ✐s ❛❝t✉❛••② ✈❛•✐❞ ❢♦r ❛•• t ≥ 0 s✐♥❝❡ t❤❡ ✈❛r✐❛❜•❡ θ ❤❛s ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s ♦♥•②✳ ❚❤❡ ❡rr♦rs e ❛♥❞ δ ❤❛✈❡ ✐♠♣✉•s❡ ❞r✐✈❡♥ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s✱ t❤❛t ❢r♦♠ ✭✺✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦••♦✇s ❢♦r ❛♥② t k ✱ k = 0, 1, ... ✭♥♦t❡ t❤❛t x(t k ) = x(t + k )✮✿ e(t + k ) = x(t + k ) -z(t + k ) =x(t k ) -F [y v (t k )]z(t k ) ✭✾✮ -K[y v (t k )]{y v (t k ) -Cz(t k )} ={F [y v (t k )] -K[y v (t k )]C}e(t k ) + r(t k ), r(t k ) =(I n -F [y v (t k )])x(t k ) -K[y v (t k )]v(t k ), ||r|| ≤F max ||x|| + K max ||v||; δ(t + k ) = e(t + k ) + Ω(t + k ) θ(t + k ) = {F [y v (t k )] -K[y v (t k )]C}δ(t k ) + r(t k ), ✭✶✵✮ ✸ ▼❆■◆ |❊❙❯▲❚❙ ✾ ✇❤❡r❡ r ∈ R n ✐s ❛♥♦t❤❡r ♥❡✇ ❞✐st✉r❜✐♥❣ ❜♦✉♥❞❡❞ ✐♥♣✉t✳ ❋r♦♠ t❤❡ ❡q✉❛t✐♦♥s ✭✹✮✱ ✭✼✮✱ ✭✶✵✮ ✐t ✐s ♣♦ss✐❜•❡ t♦ ❝♦♥❝•✉❞❡ t❤❛t t❤❡ ✈❛r✐❛❜•❡s Ω ❛♥❞ δ ❤❛✈❡ s✐♠✐•❛r ❤②❜r✐❞ ❞②♥❛♠✐❝s✿ ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❝❛s❡ ✐t ✐s ❛ •✐♥❡❛r t✐♠❡✲✈❛r②✐♥❣ s②st❡♠ ✇✐t❤ t❤❡ ♠❛tr✐① ❣❛✐♥ A(y v ) -L(y v )C✱ t❤❡ ❞✐s❝r❡t❡ •✐♥❡❛r t✐♠❡✲✈❛r②✐♥❣ ❞②♥❛♠✐❝s ✐s ❣♦✈❡r♥❡❞ ❜② F (y v ) -K(y v )C✳ ❇♦t❤ s②st❡♠s ❤❛✈❡ ❜♦✉♥❞❡❞ ❛❞❞✐t✐✈❡ ✐♥♣✉ts✳ ❚♦ ♣r♦✈❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ Ω ❛♥❞ δ ❝♦♥s✐❞❡r t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ V (δ) = δ T P δ ❢♦r t❤❡s❡ ✈❛r✐❛❜•❡s ✭❢♦r ❜r❡✈✐t② ♦❢ ♣r❡s❡♥t❛t✐♦♥ t❤❡ ✈❛r✐❛❜•❡ δ ✐s ❛♥❛•②③❡❞ ❜❡•♦✇✮✳ ❋♦r ❛•• t ∈ [t k-1 , t k )✱ k = 1, 2, ... ❢r♦♠ ✭✼✮ ✇❡ ❤❛✈❡✿ V (t) =δ(t) T ({A[y v (t)] -L[y v (t)]C} T P + P {A[y v (t)] -L[y v (t)]C})δ(t) + 2δ(t) T P p(t) ≤ -νV (t) + 2δ(t) T P p(t) ≤ -0.5νV (t) + 2ν -1 p(t) T P p(t), ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡ ✐♥ t❤❡ t✐♠❡ ❞♦♠❛✐♥✿ V (t) ≤ V (t k )e -0.5ν(t-t k ) + 4ν -2 λ max (P )||p|| 2 [t k ,t k+1 ) . ✭✶✶✮ ❆❝❝♦r❞✐♥❣ t♦ ✭✶✵✮ ❢♦r ❛•• t k ✱ k = 0, 1, ... t❤❡ ✐♠♣✉•s❡ ❜❛s❡❞ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❢✉♥❝t✐♦♥ V (δ) ②✐❡•❞s✿ V (t + k ) = V [δ(t + k )] =2δ(t k ) T {F [y v (t k )] -K[y v (t k )]C} T P {F [y v (t k )] -K[y v (t k )]C}δ(t k ) + 2r(t k ) T P r(t k ) ≤µV (t k ) + 2r(t k ) T P r(t k ) ≤ µV (t k ) + 2λ max (P )|r(t k )| 2 . ❚❤❡r❡❢♦r❡✱ ♦♥ t❤❡ ❝•♦s❡❞ ✐♥t❡r✈❛• [t k , t k+1 ]✱ k = 0, 1, ... t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ V ❜❡❤❛✈✐♦r ✐s ❞❡s❝r✐❜❡❞ ❜②✿ V (t + k+1 ) ≤µ[V (t k )e -0.5ν(t k+1 -t k ) + 4ν -2 λ max (P )||p|| 2 [t k ,t k+1 ) ] ✭✶✷✮ + 2λ max (P )|r(t k )| 2 . ❆♣♣•②✐♥❣ t❤❡ ❡st✐♠❛t❡ ✭✶✷✮ r❡❝✉rr❡♥t•② k + 1 t✐♠❡s ❢♦r k = 0, 1, ... ✇❡ ♦❜t❛✐♥ ✭0 < ρ = µe -0.5ντ D < 1✮✿ V (t + k+1 ) ≤ρ k+1 V (t 0 ) + 2λ max (P )[||r|| 2 + 2ν -2 µ||p|| 2 ] k i=0 ρ i ≤ρ k+1 V (t 0 ) + 2λ max (P )(1 -ρ) -1 [||r|| 2 + 2ν -2 µ||p|| 2 ]. P❛ss✐♥❣ ❜❛❝❦ t♦ t❤❡ ✈❛r✐❛❜•❡s Ω ❛♥❞ δ ✇❡ ❣❡t t❤❡ ❡st✐♠❛t❡s ❢♦r ❛•• k = 0, 1, ...✿ |δ(t + k+1 )| ≤ ω(P ){ρ 0.5(k+1) |δ(t 0 )| + 2/(1 -ρ)[||r|| + 2µν -1 ||p||]}, |Ω(t + k+1 )| ≤ ω(P ){ρ 0.5(k+1) |Ω(t 0 )| + 2 µ/(1 -ρ)ν -1 G max }. ❙✐♥❝❡ t❤❡ ✐♥♣✉ts p ❛♥❞ r ❛r❡ ❜♦✉♥❞❡❞✱ ❢r♦♠ ✭✶✶✮ t❤❡ ✈❛r✐❛❜•❡s Ω ❛♥❞ δ ❤❛✈❡ t❤❡ s❛♠❡ ♣r♦♣❡rt② ❢♦r ❛•• t ≥ 0✱ ✐✳❡✳ |δ(t)| ≤ ω(P ){ω(P ){ρ 0.5k |δ(t 0 )| + 2/(1 -ρ)[||r|| + 2µν -1 ||p||]}e -0.25ν(t-t k ) + 2ν -1 ||p||}, |Ω(t)| ≤ ω(P ){ω(P ){ρ 0.5k |Ω(t 0 )| + 2 µ/(1 -ρ)ν -1 G max }e -0.25ν(t-t k ) + 2ν -1 G max }, ✸ ▼❆■◆ |❊❙❯▲❚❙ ✶✵ ❢♦r ❛•• t ∈ [t k , t k+1 )✱ k = 0, 1, ...✳ ■t ✐s ✇♦rt❤ t♦ str❡ss t❤❛t t❤❡s❡ ❡st✐♠❛t❡s ❤♦•❞ ✐♥❞❡♣❡♥❞❡♥t•② ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♠♣✉•s❡s ✭✜♥✐t❡ ♦r ✐♥✜♥✐t❡✮✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛• ❡q✉❛t✐♦♥ ✭✽✮ r❡♣❡❛ts t❤❡ ❢♦r♠ ♦❢ t❤❡ s②st❡♠ ❢r♦♠ ▲❡♠♠❛ ✶✱ ❛❞❞✐t✐♦♥❛••② ❢r♦♠ t❤❡ t❤❡♦r❡♠ ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ❢❛❝ts ❡st❛❜•✐s❤❡❞ ❛❜♦✈❡ ❛•• ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✶ ❛r❡ s❛t✐s✜❡❞✱ t❤❛t ✐♠♣•✐❡s ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ✈❛r✐❛❜•❡ θ ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ✉♣♣❡r ❡st✐♠❛t❡ ❢♦r ❛•• t ≥ 0✿ | θ(t)| ≤ |C|||Ω|| √ α[e -0.5γα -1 t | θ(0)| + α|C| ||Ω||(||Cδ(t) + v(t)||)]. ❋✐♥❛••②✱ ✐t ✐s r❡q✉✐r❡❞ t♦ ♣r♦✈❡ t❤❡ ❡rr♦r e ❜♦✉♥❞❡❞♥❡ss✳ ❚❤✐s ♣r♦♣❡rt② ❢♦••♦✇s ❜② ❛♥❛•②s✐s ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✭✻✮✱ ✭✾✮ ✐♥ ❛ ♠❛♥♥❡r s✐♠✐•❛r t♦ t❤❛t ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ ✈❛r✐❛❜•❡s Ω ❛♥❞ δ ✭t❤✐s ❛♣♣r♦❛❝❤ ❛••♦✇s t❤❡ ✉♣♣❡r ❡st✐♠❛t❡s ♦♥ t❤❡ ❤②❜r✐❞ ❜❡❤❛✈✐♦r ♦❢ t❤❡ st❛t❡ ❡st✐♠❛t✐♦♥ ❡rr♦r t♦ ❜❡ ❝♦♠♣✉t❡❞✮✳ ▼♦r❡ s✐♠♣•❡ ✇❛② ❝♦♥s✐sts ✐♥ ♦❜s❡r✈❛t✐♦♥ t❤❛t e = δ -Ω θ✱ ✇❤❡r❡ ❛•• ✈❛r✐❛❜•❡s ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ❛r❡ ❜♦✉♥❞❡❞✱ ❛♥②✇❛② t❤❡ ✐♥❡q✉❛•✐t✐❡s ❤♦•❞ ❢♦r ❛•• k = 0, 1, ... |e(t + k+1 )| ≤ω(P ){ρ 0.5(k+1) |e(t 0 )| + 2/(1 -ρ)[||r|| + 2µν -1 Z(|| θ||, ||δ||, ||Ω||, ||v||, ||p||)]}, ❛♥❞ ❢♦r ❛•• t ∈ [t k , t k+1 )✱ k = 0, 1, ... |e(t)| ≤ω(P ) 2 [ρ 0.5k |e(t 0 )| + 2/(1 -ρ)||r||]e -0.25ν(t-t k ) + 2ω(P )ν -1 Z(|| θ||, ||δ||, ||Ω||, ||v||, ||p||)(1 + ω(P ) µ/(1 -ρ)e -0.25ν(t-t k ) ). P❛rt ✭✐✮ ♦❢ t❤❡ t❤❡♦r❡♠ ❤❛s ❜❡❡♥ ♣r♦✈❡♥✳ ❋r♦♠ t❤❡s❡ ❡st✐♠❛t❡s✱ ❛s②♠♣t♦t✐❝❛••② t❤❡ ❢♦••♦✇✐♥❣ s❡r✐❡s ♦❢ r❡•❛t✐♦♥s ❤♦•❞ ✭✐♥❞❡♣❡♥❞❡♥t•② ♦♥ ✜♥✐t❡ ♦r ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐♠♣✉•s❡s✮✿ lim t→+∞ | θ(t)| ≤α 1.5 |C| 2 lim T →+∞ ||Ω|| 2 [T,+∞) {|C|||δ|| [T,+∞) + ||v||} ≤α 1.5 |C| 2 D(||r||, ||p||, ||v||); lim t→+∞ |e(t)| ≤Q(||r||, ||p||, ||v||). ❙✉❜st✐t✉t✐♦♥ ✐♥ t❤❡s❡ •✐♠✐t ✐♥❡q✉❛•✐t✐❡s t❤❡ ✉♣♣❡r ❡st✐♠❛t❡s ❢♦r p ❛♥❞ r ❣✐✈❡s t❤❡ ✐♥❡q✉❛•✐t✐❡s ❢r♦♠ t❤❡ ♣❛rt ✭✐✐✮ ♦❢ t❤❡ t❤❡♦r❡♠✳ ❚❤❡ ♣r♦✈❡♥ t❤❡♦r❡♠ ♣r♦♣♦s❡s t❤❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ ♣♦s❡❞ ♣r♦❜•❡♠ ♦❢ ❛♥ ✐♠♣✉•s✐✈❡ ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡r ❞❡s✐❣♥ ✐s s♦•✈❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❛s②♠♣t♦t✐❝ ❡st✐♠❛t❡s ❛r❡ ❝❛•❝✉•❛t❡❞ ❢♦r st❛t❡ ❛♥❞ ♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ❡rr♦rs ✭s♦♠❡ ♦t❤❡r ✉s❡❢✉• ❡st✐♠❛t❡s ❛r❡ ❞❡r✐✈❡❞ ✐♥ t❤❡ ♣r♦♦❢✮✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ✐♠♣•② t❤❛t t❤❡ ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s ✭t❤❡ s②st❡♠ ✭✹✮✮ ✐s ❛s②♠♣t♦t✐❝❛••② st❛❜•❡ ✭ν > 0✮✱ ✇❤✐•❡ t❤❡ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s ✭✺✮ ❝♦✉•❞ ❜❡ st❛❜•❡ ✇✐t❤ µ ≤ 1 ♦r ✉♥st❛❜•❡ ✇✐t❤ µ > 1 ✉♥❞❡r t❤❡ st❛❜✐•✐t② r❡str✐❝t✐♦♥ ρ = µe -0.5ντ D < 1 ✭t❤✐s ❝♦♥❞✐t✐♦♥ r❡❣✉•❛t❡s t❤❡ ❢r❡q✉❡♥❝② ♦❢ ❣❡♥❡r❛t✐♦♥ ♦❢ ♣✉•s❡s ✐♥ ✭✹✮✱ ✭✺✮✮✳ ❚❤❡ st❛❜✐•✐t②✴✐♥st❛❜✐•✐t② ♦❢ ✭✹✮ ❛♥❞ ✭✺✮ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ L ❛♥❞ K r❡s♣❡❝t✐✈❡•②✳ ■❢ µ > 1✱ t❤❡♥ t❤❡ ♦✈❡r❛•• ❤②❜r✐❞ s②st❡♠ st❛❜✐•✐t② ✐s ❡♥s✉r❡❞ ❜② ❛ s✉✣❝✐❡♥t•② •♦♥❣ ♦❜•✐❣❛t♦r② ❛❝t✐✈❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s ✭✹✮ ✐♥❝r❡❛s✐♥❣ t❤❡ ❞✇❡••✲t✐♠❡ ✈❛•✉❡ τ D ✳ ❚❤❡ ❝❛s❡ ν ≤ 0 ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ µ < 1✱ ❛ s✐♠♣•❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶ ♣r♦♦❢ ✐s ♥❡❡❞❡❞ ♦♥•②✳ ■♥ t❤❡ ❝❛s❡ µ > 1 t❤❡ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s ✭✺✮ ❡①❝✐t❡s ✐ts ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ❝♦✉♥t❡r♣❛rt ✭✹✮✳ ❆s ✐t ✇✐•• ❜❡ s❤♦✇♥ ❜❡•♦✇✱ s✉❝❤ str❛t❡❣② ❝♦✉•❞ ❜❡ r❛t❤❡r ✉s❡❢✉• ✐♠♣r♦✈✐♥❣ ♣❡rs✐st❡♥❝② ♦❢ ❡①❝✐t❛t✐♦♥ ✐♥ t❤❡ s②st❡♠s✳ ❋r♦♠ ✭✺✮ t❤❡ ❝❤♦✐❝❡ µ > 1 ❝❛♥ ❛•✇❛②s ♣r♦✈✐❞❡ t❤❡ ❢✉•✜••♠❡♥t ♦❢ P❊ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ s✐❣♥❛• Ω(t) T C T ✳ ❈♦♥tr❛r✐•② t❤❡ ❝♦♥✈❡♥t✐♦♥❛• ❝❛s❡ ❬✶✵✱ ✸✷✱ ✸✸(✱ ❤❡r❡ t❤❡ P❊ ♣r♦♣❡rt② Ω(t) T C T ♠❛② ♥♦t ❢♦••♦✇s ❜② t❤❡ s❛♠❡ ♣r♦♣❡rt② ♦❢ t❤❡ s✐❣♥❛• G[y v (t)] T ✳ ❚❤✐s ✐s ✇❤② ✐♥ ❚❤❡♦r❡♠ ✶ t❤❡ P❊ ♣r♦♣❡rt② ✐s r❡q✉✐r❡❞ ❢♦r ❜♦t❤ ♦❢ t❤❡♠✳ ❈♦r♦••❛r② ✶✳ ▲❡t ❛•• ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶ ❤♦•❞ ❛♥❞ v(t) = d(t) ≡ 0 ❢♦r ❛•• t ≥ 0✱ t❤❡♥ lim t→+∞ |θ -θ(t)| ≤ aF max ||x||, lim t→+∞ |x(t) -z(t)| ≤ bF max ||x||, ✇❤❡r❡ a =χ 2 G 2 max |C|ω(P ) 2 2/(1 -ρ), b ={1 + χ 3 (G max |C|) 2 γ[1 + α 1.5 γ -1 |C|G max + α 1.5 (χG max ) 3 |C| 3 ]}ω(P ) 2 2/(1 -ρ). Pr♦♦❢✳ ❚❤❡ ❝•❛✐♠ ❢♦••♦✇s ❜② ❡①♣•✐❝✐t s✉❜st✐t✉t✐♦♥ ♦❢ ||v|| = ||d|| = 0 ✐♥ t❤❡ ❡st✐♠❛t❡s ❢r♦♠ ❚❤❡♦r❡♠ ✶✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✐♠♣✉•s✐✈❡ ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡r ✭✹✮✱ ✭✺✮ ❤❛s ❛ st❡❛❞②✲st❛t❡ ❡rr♦r ♣r♦♣♦rt✐♦♥❛• t♦ t❤❡ ❛♠♣•✐t✉❞❡ F max ||x||✳ ❚♦ s♦•✈❡ t❤✐s ❛❝❝✉r❛❝② ♣r♦❜•❡♠ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ♠❛tr✐① ❢✉♥❝t✐♦♥ F (y v ) = I n ❛s ✐t ❤❛s ❜❡❡♥ ❞♦♥❡ ✐♥ ❬✷✾(✱ ✐♥ t❤✐s ❝❛s❡ F max = 0 ❛♥❞ t❤❡ ❡①❛❝t ❛s②♠♣t♦t✐❝ st❛t❡ ❛♥❞ ♣❛r❛♠❡t❡rs ❡st✐♠❛t✐♦♥ ✐s ❣✉❛r❛♥t❡❡❞ ✐♥ ✭✹✮✱ ✭✺✮✿ lim t→+∞ |θ -θ(t)| = 0, lim t→+∞ |x(t) -z(t)| = 0. ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❝❛s❡ F (y v ) = I n ✐t ✐s r❛t❤❡r ❞✐✣❝✉•t t♦ ❡♥s✉r❡ t❤❡ ❙❝❤✉r st❛❜✐•✐t② ♦❢ t❤❡ ♠❛tr✐① F (y v ) -K(y v )C ✭❛❝t✉❛••② ✐t ✐s ♣♦ss✐❜•❡ ✐❢ t❤❡ ✇❤♦•❡ st❛t❡ ✈❡❝t♦r ♦❢ ✭✶✮ ✐s ❛✈❛✐•❛❜•❡ ❢♦r ♠❡❛s✉r❡♠❡♥ts✱ ✐✳❡✳ C = I n ✮✳ ❍♦✇❡✈❡r ✐♥st❛❜✐•✐t② ♦❢ F (y v ) -K(y v )C ✐s ♥♦t ❛ r❡str✐❝t✐♦♥ ✐❢ t❤❡ s②st❡♠ ❡①❝✐t❛t✐♦♥ ✐s ♥❡❡❞❡❞✱ s❡❡ ❙❡❝t✐♦♥ ✹ ❜❡•♦✇✱ ✇❤❡r❡ ❢♦r F (y v ) = I n ❛♥❞ ❛♥ ✉♥st❛❜•❡ ♠❛tr✐① F (y v ) -K(y v )C t❤❡ ♣♦ss✐❜✐•✐t② t♦ ✐♠♣r♦✈❡ P❊ ♣r♦♣❡rt② ✐s ❞✐s❝✉ss❡❞✳ ✸✳✹ ❙✐♠♣•✐✜❡❞ ❝❛s❡ ❚❤❡ ♠❛tr✐① ❢✉♥❝t✐♦♥ ✐♥❡q✉❛•✐t✐❡s✱ ❢♦r♠✉•❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✶ t♦ ❝❛•❝✉•❛t❡ t❤❡ ♦❜s❡r✈❡r ❣❛✐♥s L✱ K✱ F ✱ ❛r❡ r❛t❤❡r ❤❛r❞ t♦ s♦•✈❡ ✭s✐♥❝❡ t❤❡② ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛r✐❛❜•❡ y v ✮✳ ■♥tr♦❞✉❝✐♥❣ s✉♣♣•❡♠❡♥t❛r② ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ s②st❡♠ ✭✶✮ ✐t ✐s ♣♦ss✐❜•❡ t♦ ❢♦r♠✉•❛t❡ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✐♥ t❡r♠s ♦❢ ▲▼■s✳ ❚❤❡♦r❡♠ ✷✳ ▲❡t ❆ss✉♠♣t✐♦♥ ✶ ❜❡ s❛t✐s✜❡❞ ❛♥❞ A(y) = A ✐♥ ✭✶✮ ❛♥❞ ✭✹✮✳ ▲❡t t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥st❛♥ts t k ✱ k = 0, 1, ... ❤❛✈❡ t❤❡ ❞✇❡••✲t✐♠❡ τ D > 0 ❛♥❞ t❤❡ s✐❣♥❛•s G[y v (t)] T ❛♥❞ Ω(t) T C T ❜❡ (ℓ, ϑ)✕P❊ ❢♦r s♦♠❡ ℓ > 0✱ ϑ > 0✳ ■❢ t❤❡r❡ ❡①✐st ❛ ♠❛tr✐① P = P T > 0 ✇✐t❤ ❞✐♠❡♥s✐♦♥ n × n ❛♥❞ L(y v ) = L✱ K(y v ) = K✱ F (y v ) = F s✉❝❤ t❤❛t✿ [A -LC] T P + P [A -LC] ≤ -νP, ν > 0, [F -KC] T P [F -KC] ≤ 0.5µP, µ > 0, ✇✐t❤ 0 < ρ < 1 ✇❤❡r❡ ρ = µe -0.5ντ D ✱ t❤❡♥✿ ✶✳ ❢♦r ❛♥② x 0 ∈ X✱ z 0 ∈ R n ✱ Ω 0 ∈ R n×q ✱ θ0 ∈ R q t❤❡ s♦•✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ✭✶✮✲✭✺✮ ❛r❡ ❜♦✉♥❞❡❞ ❢♦r ❛•• t ≥ 0❀ ✷✳ t❤❡ ❢♦••♦✇✐♥❣ ❛s②♠♣t♦t✐❝ ❡st✐♠❛t❡s ❛r❡ s❛t✐s✜❡❞✿ lim t→+∞ |θ -θ(t)| ≤α 1.5 |C| 2 S(||x||, ||v||, ||d||, |θ|), lim t→+∞ |x(t) -z(t)| ≤H(||x||, ||v||, ||d||, |θ|), ✇❤❡r❡ S(x, v, d, q) =D(|I n -F |x + |K|v, {L φ + L G q + |L|}v + d, v), H(x, v, d, q) =Q(|I n -F |x + |K|v, {L φ + L G q + |L|}v + d, v), ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s Q(r, p, v)✱ D(r, p, v) ❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳ Pr♦♦❢✳ ❉②♥❛♠✐❝s ♦❢ t❤❡ st❛t❡ ❡st✐♠❛t✐♦♥ ❡rr♦r e = x -z✱ t❤❡ ♣❛r❛♠❡tr✐❝ ❡st✐✲ ♠❛t✐♦♥ ❡rr♦r θ = θ -θ ❛♥❞ t❤❡ ❛✉①✐•✐❛r② ❡rr♦r δ = e + Ω θ ❝❛♥ ❜❡ ♣r❡s❡♥t❡❞ ❢♦r ❛•• t ∈ [t k-1 , t k )✱ k = 1, 2, ... ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❢♦r♠✿ ė(t) ={A -LC}e(t) + G[y v (t)] θ(t) -Ω(t) θ(t) + p(t), ✭✶✸✮ p(t) =φ[y(t), u(t)] -φ[y v (t), u(t)] + {G[y(t)] -G[y v (t)]}θ -Lv(t) + d(t); δ(t) ={A -LC}δ(t) + p(t); ✭✶✹✮ θ(t) =γΩ(t) T C T {Ce(t) + v(t)} ✭✶✺✮ =γΩ(t) T C T {Cδ(t) -CΩ(t) θ(t) + v(t)}, ✇❤❡r❡ p ∈ R n ✐s ❛ ♥❡✇ ❞✐st✉r❜✐♥❣ ✐♥♣✉t ❛s ❜❡❢♦r❡✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✶ t❤❡ ♣r♦♣❡rt② ||p|| ≤ {L φ + L G |θ| + |L|}||v|| + ||d||, ❤♦•❞s✱ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ✭✶✺✮ ✐s ❛❝t✉❛••② ✈❛•✐❞ ❢♦r ❛•• t ≥ 0 s✐♥❝❡ t❤❡ ✈❛r✐❛❜•❡ θ ❤❛s ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s ♦♥•②✳ ❚❤❡ ❡rr♦rs e ❛♥❞ δ ❤❛✈❡ ✐♠♣✉•s❡ ❞r✐✈❡♥ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s✱ t❤❛t ❢r♦♠ ✭✺✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦••♦✇s ❢♦r ❛♥② t k ✱ k = 0, 1, ... ✭♥♦t❡ t❤❛t x(t k ) = x(t + k )✮✿ e(t + k ) = x(t + k ) -z(t + k ) =x(t k ) -F z(t k ) -K{y v (t k ) -Cz(t k )} ✭✶✻✮ ={F -KC}e(t k ) + r(t k ), r(t k ) =(I n -F )x(t k ) -Kv(t k ), ||r|| ≤ |I n -F |||x|| + |K|||v||; δ(t + k ) =e(t + k ) + Ω(t + k ) θ(t + k ) = {F -KC}δ(t k ) + r(t k ), ✭✶✼✮ ✇❤❡r❡ r ∈ R n ✐s ❛♥♦t❤❡r ❞✐st✉r❜✐♥❣ ❜♦✉♥❞❡❞ ✐♥♣✉t✳ ❚♦ ♣r♦✈❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ Ω ❛♥❞ δ ❝♦♥s✐❞❡r t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ V (δ) = δ T P δ ❢♦r t❤❡s❡ ✈❛r✐❛❜•❡s ✭❢♦r ❜r❡✈✐t② t❤❡ ✈❛r✐❛❜•❡ δ ✐s ❛♥❛•②③❡❞ ❜❡•♦✇✮✳ ❋r♦♠ ✭✶✹✮ V (t) =δ(t) T {A -LC} T P + P {A -LC} δ(t) + 2δ(t) T P p(t) ≤ -νV (t) + 2δ(t) T P p(t) ≤ -0.5νV (t) + 2ν -1 p(t) T P p(t) ❢♦r ❛•• t ∈ [t k-1 , t k )✱ k = 1, 2, ...✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❡st✐♠❛t❡ ✭✶✶✮ ✐♥ t❤❡ t✐♠❡ ❞♦♠❛✐♥ ❛s ✐♥ ❚❤❡♦r❡♠ ✶ ♣r♦♦❢✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✶✼✮ ❢♦r ❛•• t k ✱ k = 0, 1, ... t❤❡ ✐♠♣✉•s❡ ❜❛s❡❞ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❢✉♥❝t✐♦♥ V (δ) ②✐❡•❞s✿ V (t + k ) = V [δ(t + k )] =2δ(t k ) T {F -KC} T P {F -KC}δ(t k ) + 2r(t k ) T P r(t k ) ≤µV (t k ) + 2r(t k ) T P r(t k ) ≤ µV (t k ) + 2λ max (P )|r(t k )| 2 . ❚❤❡r❡❢♦r❡✱ ♦♥ t❤❡ ❝•♦s❡❞ ✐♥t❡r✈❛• [t k , t k+1 ]✱ k = 0, 1, ... t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ V tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❡①♣r❡ss✐♦♥ ✭✶✷✮✳ ❚❤❡ r❡st ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ s❛♠❡ ❢r♦♠ ❚❤❡♦r❡♠ ✶✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡♦r❡♠s ✶ ❛♥❞ ✷ ❝♦♥❞✐t✐♦♥s ❝♦♥s✐sts ✐♥ t❤❡ ✉s❡ ♦❢ ♠❛tr✐① ✐♥❡q✉❛•✐t✐❡s ✐♥ ❚❤❡♦r❡♠ ✷✱ t❤❡s❡ ✐♥❡q✉❛•✐t✐❡s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ▲▼■s✱ t❤❡♥ t❤❡② ❝❛♥ ❜❡ r❡s♦•✈❡❞ ✇✐t❤ r❡s♣❡❝t t♦ P ✱ L✱ K✱ F ✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❡①✐st❡♥❝❡ ♦❢ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ✭✶✮ t♦ ❛ ❢♦r♠ ✇✐t❤ A(y) = A ❛r❡ ❣✐✈❡♥ ✐♥ ❬✷✺(✳ ✹ P❊|❙■❙❚❊◆❈( ❖❋ ❊❳❈■❚❆❚■❖◆ ❆♥♦t❤❡r ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t❤❡♦r❡♠s ✶ ❛♥❞ ✷ ❝♦✉•❞ ❜❡ ✐♥ t❤❡ ✉s❡ ♦❢ t❤❡ P❊ ❝♦♥❞✐t✐♦♥✳ ■♥❞❡❡❞✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✮ t❤❡ ✈❛r✐❛❜•❡ Ω ❞②♥❛♠✐❝s ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ •✐♥❡❛r t✐♠❡✲✐♥✈❛r✐❛♥t s②st❡♠ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✷✱ t❤❡♥ t❤❡ P❊ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s✐❣♥❛•s Ω(t) T ❛♥❞ Ω(t) T C T ❢♦••♦✇ ❜② t❤❡ ✐♥♣✉t ❡①❝✐t❛t✐♦♥ ❬✶✶✱ ✶✷(✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❝•❛✐♠ ❢♦r t❤❡ ♠❛tr✐① ✈❛r✐❛❜•❡s ❛♥❞ ✐♠♣✉•s✐✈❡ ❞②♥❛♠✐❝s ✐s ❣✐✈❡♥ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ ✉s✐♥❣ s❡✈❡r❛• •❡♠♠❛s✳ ❚❤❡ P❊ ❝♦♥❞✐t✐♦♥ ✐♠♣r♦✈❡♠❡♥t ✐♥ ✐♠♣✉•s✐✈❡ ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡rs ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ s❡❝♦♥❞ s✉❜s❡❝t✐♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐•• ❛•✇❛②s ❛ss✉♠❡ t❤❛t A(y) = A ❛♥❞ G(t) = G[y v (t)] ✐s ❜♦✉♥❞❡❞✳ ✹✳✶ ■♥♣✉t✲♦✉t♣✉t P❊ ✐♥ t❤❡ ✐♠♣✉•s✐✈❡ •✐♥❡❛r s②st❡♠s ❚❤❡ ✜rst t✇♦ •❡♠♠❛s ❞❡❛• ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s ✭✹✮ ♦♥•②✳ ✹ P❊|❙■❙❚❊◆❈( ❖❋ ❊❳❈■❚❆❚■❖◆ ✶✹ ▲❡♠♠❛ ✷✳ ▲❡t t❤❡ ♠❛tr✐① A -LC ❜❡ ❍✉r✇✐t③✳ ❚❤❡ s✐❣♥❛• G(t) T ✐s (ℓ, ϑ)✕P❊ ❢♦r s♦♠❡ ℓ > 0✱ ϑ > 0 ✐❢ ❛♥❞ ♦♥•② ✐❢ t❤❡r❡ ❡①✐st s♦♠❡ ℓ ′ > 0✱ ϑ ′ > 0 s✉❝❤ t❤❛t t❤❡ s✐❣♥❛• Ω(t) T ✐s (ℓ ′ , ϑ ′ )✕P❊ ✐♥ ✭✹✮✳ Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ ♠❛tr✐① A-LC ✐s ❍✉r✇✐t③✱ t❤❡ s②st❡♠ ✭✹✮ s♦•✉t✐♦♥s ❛r❡ ❣•♦❜❛••② ❞❡✜♥❡❞ ❛♥❞ ❜♦✉♥❞❡❞ ❢♦r ❛•• t ∈ R✳ ❇② ❝♦♥tr❛r②✱ ✐❢ t❤❡ s✐❣♥❛• G(t) T ✐s ♥♦t P❊✱ t❤❡♥ ❢♦r s♦♠❡ ✈❡❝t♦r ζ ∈ R q ✱ ❛•• t ∈ R ❛♥❞ ❛♥② ε ≥ 0 t❤❡r❡ ❡①✐sts L > 0 s✉❝❤ t❤❛t ˆt+L t ζ T G(τ ) T G(τ )ζdτ ≤ ε. ❚❤✐s ♣r♦♣❡rt② ✐♠♣•✐❡s t❤❛t t❤❡ ✈❡❝t♦r s✐❣♥❛• G(t)ζ ✐s ❛s②♠♣t♦t✐❝❛••② ❝♦♥✈❡r❣❡♥t✳ ▼✉•t✐♣•②✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✭✹✮ ❜② t❤❡ ✈❡❝t♦r ζ ✇❡ ♦❜t❛✐♥✿ ψ = {A -LC}ψ -G(t)ζ, ψ = Ωζ, ✭✶✽✮ t❤❡r❡❢♦r❡✱ t❤❡ s✐❣♥❛• ψ(t) ✐s ❛•s♦ ❛s②♠♣t♦t✐❝❛••② ❝♦♥✈❡r❣❡♥t✳ ❚❤❡♥ ❢♦r ❛•• t ∈ R ❛♥❞ ❛♥② ε ≥ 0 t❤❡r❡ ✐s L ′ > 0 s✉❝❤ t❤❛t ˆt+L ′ t ζ T Ω(τ ) T Ω(τ )ζdτ = ˆt+L ′ t ψ(τ ) T ψ(τ )dτ ≤ ε. ❈♦♥s❡q✉❡♥t•②✱ t❤❡ s✐❣♥❛• Ω(t) T ❛•s♦ ✐s ♥♦t P❊✳ ◆♦✇✱ •❡t t❤❡ s✐❣♥❛• Ω(t) T ❜❡ ♥♦t P❊✱ t❤❡♥ ❢♦r s♦♠❡ ✈❡❝t♦r ζ ∈ R q ✱ ❢♦r ❛•• t ∈ R ❛♥❞ ❛♥② ε ≥ 0 t❤❡r❡ ✐s L > 0 s✉❝❤ t❤❛t ˆt+L t ζ T Ω(τ ) T Ω(τ )ζdτ ≤ ε. ❖✇✐♥❣ t♦ t❤✐s ✐♥❡q✉❛•✐t②✱ t❤❡ ✐♥♣✉t G(t)ζ ❛s②♠♣t♦t✐❝ ❝♦♥✈❡r❣❡♥❝❡ ❢♦••♦✇s ❢r♦♠ ✭✶✽✮ ❛♥❞ st❛❜✐•✐t② ♦❢ t❤❡ ♠❛tr✐① A -LC✿ ψ(t) = e (A-LC)t ψ(0) + ˆt 0 e (A-LC)(t-τ ) G(τ )ζdτ. ❚❤❡♥✱ ❢♦r ❛•• t ∈ R ❛♥❞ ❛♥② ε ≥ 0 t❤❡r❡ ✐s L ′ > 0 s✉❝❤ t❤❛t ˆt+L ′ t ζ T G(τ ) T G(τ )ζdτ ≤ ε ❛♥❞ t❤❡ s✐❣♥❛• G(t) T ✐s ♥♦t P❊✳ ❲❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t ✐❢ ♦♥❡ ♦❢ t❤❡ s✐❣♥❛•s Ω(t) T ♦r G(t) T ✐s ♥♦t P❊✱ t❤❡♥ ❛♥t❤❡r ♦♥❡ ❢❛✐•s t♦ ♣♦ss❡ss t❤✐s ♣r♦♣❡rt②✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ◆❡❣❛t✐♦♥ ♦❢ t❤✐s r❡s✉•t ❣✐✈❡s t❤❡ •❡♠♠❛ ❝•❛✐♠✳ ▲❡♠♠❛ ✸✳ ▲❡t t❤❡ ♠❛tr✐① A -LC ❜❡ ❍✉r✇✐t③✱ t❤❡ ♣❛✐r ♦❢ ♠❛tr✐❝❡s (A -LC, C) ❜❡ ♦❜s❡r✈❛❜•❡ ❛♥❞ t❤❡ s✐❣♥❛• G(t) T ❜❡ (ℓ, ϑ)✕P❊ ❢♦r s♦♠❡ ℓ > 0✱ ϑ > 0✳ ❚❤❡♥ t❤❡r❡ ❛r❡ s♦♠❡ ℓ ′ > 0✱ ϑ ′ > 0 s✉❝❤ t❤❛t Ω(t) T C T ✐s (ℓ ′ , ϑ ′ )✕P❊ ✐♥ ✭✹✮✳ ✹ P❊|❙■❙❚❊◆❈( ❖❋ ❊❳❈■❚❆❚■❖◆ ✶✺ Pr♦♦❢✳ ▲❡t R =      C C(A -LC) ✳ ✳ ✳ C(A -LC) n-1      , ❜❡ t❤❡ ♦❜s❡r✈❛❜✐•✐t② ♠❛tr✐① t❤❛t ❤❛s r❛♥❦ n ❜② t❤❡ •❡♠♠❛ ❝♦♥❞✐t✐♦♥s✳ ❉❡✜♥❡ t❤❡ ♥❡✇ ✈❛r✐❛❜•❡ Θ = RΩ ❛♥❞ S = R(A -LC)R -1 ✱ t❤❡♥ t❤❡ s②st❡♠ ✭✹✮ ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♦❜s❡r✈❡r ❝❛♥♦♥✐❝❛• ❢♦r♠✿ Θ = SΘ + RG(t), t ∈ R. ✭✶✾✮ ❙✐♥❝❡ t❤❡ ♠❛tr✐① R ❤❛s ❢✉•• r❛♥❦✱ ❛♣♣•②✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷ ✇❡ ❝❛♥ s✉❜st❛♥t✐❛t❡ t❤❛t✱ t❤❡ s✐❣♥❛• G(t) T ✐s (ℓ, ϑ)✲P❊ ✐❢ ❛♥❞ ♦♥•② t❤❡ s✐❣♥❛• Θ(t) T ✐s (ℓ ′ , ϑ ′ )✲P❊ ❢♦r s♦♠❡ ℓ > 0✱ ϑ > 0✱ ℓ ′ > 0✱ ϑ ′ > 0✳ ❙✐♥❝❡ t❤❡ s✐❣♥❛• CΩ(t) ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✜rst ❡•❡♠❡♥ts ♦❢ t❤❡ s✐❣♥❛• Θ(t)✱ t❤❡ ❝•❛✐♠ ❢♦••♦✇s✳ ❚❤❡ ♥❡①t •❡♠♠❛ ❛♥❛•②③❡s P❊ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ✐♠♣✉•s❡ ❞r✐✈❡♥ s②st❡♠ ✭✹✮✱ ✭✺✮✳ ▲❡♠♠❛ ✹✳ ▲❡t t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥st❛♥ts t k ✱ k = 0, 1, ... ❤❛✈❡ t❤❡ ❞✇❡••✲t✐♠❡ τ D > 0 ❛♥❞ t❤❡r❡ ❡①✐st ♠❛tr✐❝❡s P = P T > 0✱ L✱ K✱ F s✉❝❤ t❤❛t✿ [A -LC] T P + P [A -LC] ≤ -νP, ν > 0, [F -KC] T P [F -KC] ≤ µP, ✇✐t❤ 0 < ρ < 1 ✇❤❡r❡ ρ = µe -0.5ντ D ✳ ❚❤❡ s✐❣♥❛• G(t) T = G[y v (t)] T ✐s (ℓ, ϑ)✕P❊ ❢♦r s♦♠❡ ℓ > 0✱ ϑ > 0 ✐❢ ❛♥❞ ♦♥•② ✐❢ t❤❡r❡ ❡①✐st s♦♠❡ ℓ ′ > 0✱ ϑ ′ > 0 s✉❝❤ t❤❛t t❤❡ s✐❣♥❛• Ω(t) T ✐s (ℓ ′ , ϑ ′ )✕P❊ ✐♥ ✭✹✮✱ ✭✺✮✳ Pr♦♦❢✳ ❆❣❛✐♥ ❛ss✉♠❡ t❤❛t t❤❡ s✐❣♥❛• G(t) T ✐s ♥♦t P❊✱ t❤❡♥ ❢♦r s♦♠❡ ✈❡❝t♦r ζ ∈ R q ✱ ❛•• t ∈ R ❛♥❞ ❛♥② ε ≥ 0 t❤❡r❡ ❡①✐sts L > 0 s✉❝❤ t❤❛t ˆt+L t ζ T G(τ ) T G(τ )ζdτ ≤ ε. ❚❤✐s ♣r♦♣❡rt② ✐♠♣•✐❡s t❤❛t t❤❡ ✈❡❝t♦r s✐❣♥❛• G(t)ζ ✐s ❛s②♠♣t♦t✐❝❛••② ❝♦♥✈❡r❣❡♥t✳ ▼✉•t✐♣•②✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✭✹✮✱ ✭✺✮ ❜② t❤❡ ✈❡❝t♦r ζ ✇❡ ♦❜t❛✐♥ ❢♦r ψ = Ωζ ❛♥❞ f (t) = G(t)ζ✿ ψ(t) ={A -LC}ψ(t) -f (t), t ∈ [t k , t k+1 ), k = 0, 1, ...; ✭✷✵✮ ψ(t + k ) ={F -KC}ψ(t k ), k = 1, 2, .... ✭✷✶✮ ❈♦♥s✐❞❡r t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ V (ψ) = ψ T P ψ✱ ❢♦r ❛•• t ∈ [t k-1 , t k )✱ k = 1, 2, ... ❢r♦♠ ✭✷✵✮ ✇❡ ❤❛✈❡✿ V (t) =ψ(t) T {A -LC} T P + P {A -LC} ψ(t) -2ψ(t) T P f (t) ≤ -νV (t) -2ψ(t) T P f (t) ≤ -0.5νV (t) + 2ν -1 f (t) T P f (t), ✹ P❊|❙■❙❚❊◆❈( ❖❋ ❊❳❈■❚❆❚■❖◆ ✶✻ t❤❛t ❣✐✈❡s t❤❡ ❢♦••♦✇✐♥❣ ❡st✐♠❛t❡ ✐♥ t❤❡ t✐♠❡ ❞♦♠❛✐♥✿ V (t) ≤ V (t k )e -0.5ν(t-t k ) + 4ν -2 λ max (P )||f || 2 [t k ,t k+1 ) . ✭✷✷✮ ❆❝❝♦r❞✐♥❣ t♦ ✭✷✶✮ ❢♦r ❛•• t k ✱ k = 0, 1, ... t❤❡ ✐♠♣✉•s❡ ❜❛s❡❞ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❢✉♥❝t✐♦♥ V (ψ) ②✐❡•❞s✿ V (t + k ) = V [ψ(t + k )] = ψ(t k ) T {F -KC} T P {F -KC}ψ(t k ) ≤ µV (t k ). ❚❤❡r❡❢♦r❡✱ ♦♥ t❤❡ ❝•♦s❡❞ ✐♥t❡r✈❛• [t k , t k+1 ]✱ k = 0, 1, ... t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ V tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦••♦✇✐♥❣ ❡①♣r❡ss✐♦♥✿ V (t + k+1 ) ≤ µ[V (t k )e -0.5ν(t k+1 -t k ) + 4ν -2 λ max (P )||f || 2 [t k ,t k+1 ) ]. ✭✷✸✮ ❆♣♣•②✐♥❣ t❤❡ ❡st✐♠❛t❡ ✭✷✸✮ r❡❝✉rr❡♥t•② k + 1 t✐♠❡s ❢♦r k = 0, 1, ... ✇❡ ♦❜t❛✐♥ ✭0 < ρ = µe -0.5ντ D < 1✮✿ V (t + k+1 ) ≤ρ k+1 V (t 0 ) + 4λ max (P )ν -2 µ||f || 2 [t0,t k+1 ] k i=0 ρ i ≤ρ k+1 V (t 0 ) + 4λ max (P )(1 -ρ) -1 ν -2 µ||f || 2 [t0,t k+1 ] . ❚❛❦✐♥❣ ✐♥ ♠✐♥❞ ✭✷✷✮ ❢♦r ❛•• k = 0, 1, ... ❛♥❞ t ∈ [t k , t k+1 ) t❤❡ ❡st✐♠❛t❡ V (t) ≤{ρ k+1 V (t 0 ) + 4λ max (P )(1 -ρ) -1 ν -2 µ||f || 2 [t0,t k+1 ] }e -0.5ν(t-t k ) + 4ν -2 λ max (P )||f || 2 [t k ,t k+1 ) ❤♦•❞s✱ t❤❡r❡❢♦r❡ ❢♦r 0 < ρ < 1 ❛♥❞ ν < 0 ✇✐t❤ ❛ ❝♦♥✈❡r❣❡♥t ✐♥♣✉t f t❤❡ ✈❛r✐❛❜•❡ ψ ✐s ❜♦✉♥❞❡❞ ❛♥❞ ❛s②♠♣t♦t✐❝❛••② ❝♦♥✈❡r❣✐♥❣ ✭✐♥❞❡♣❡♥❞❡♥t•② ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♠♣✉•s❡s ✜♥✐t❡ ♦r ✐♥✜♥✐t❡✮✳ ❚❤❡♥ ❢♦r ❛•• t ∈ R ❛♥❞ ❛♥② ε ≥ 0 t❤❡r❡ ❡①✐sts L ′ > 0 s✉❝❤ t❤❛t ˆt+L ′ t ζ T Ω(τ ) T Ω(τ )ζdτ = ˆt+L ′ t ψ(τ ) T ψ(τ )dτ ≤ ε. ❈♦♥s❡q✉❡♥t•②✱ t❤❡ s✐❣♥❛• Ω(t) T ❛•s♦ ✐s ♥♦t P❊✳ ❈♦♥✈❡rs❡•②✱ •❡t t❤❡ s✐❣♥❛• Ω(t) T ❜❡ ♥♦t P❊✱ t❤❡♥ ❢♦r s♦♠❡ ✈❡❝t♦r ζ ∈ R q ✱ ❢♦r ❛•• t ∈ R ❛♥❞ ❛♥② ε ≥ 0 t❤❡r❡ ❡①✐sts L ≥ 0 s✉❝❤ t❤❛t ˆt+L t ζ T Ω(τ ) T Ω(τ )ζdτ ≤ ε. ❋♦r t❤❡ s②st❡♠ ✭✷✵✮✱ ✭✷✶✮ t❤✐s ✐s ❡q✉✐✈❛•❡♥t t♦ t❤❡ ✐♥♣✉t f ❛s②♠♣t♦t✐❝ ❝♦♥✈❡r✲ ❣❡♥❝❡✳ ■♥❞❡❡❞✱ t❤❡ s②st❡♠ ✭✷✵✮ ✐s t✐♠❡✲✐♥✈❛r✐❛♥t •✐♥❡❛r ❛s②♠♣t♦t✐❝❛••② st❛❜•❡ s②st❡♠ ✇✐t❤ t❤❡ ❛❞❞✐t✐✈❡ ✐♥♣✉t f ✭❛s ✐♥ ▲❡♠♠❛ ✷ ♣r♦♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡s ♦❢ ψ ❛♥❞ f ❛r❡ str✐❝t•② ✐♥t❡r❝♦♥♥❡❝t❡❞✮✱ ✐♥❝•✉s✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ❞②♥❛♠✐❝s ✭✷✶✮ ❣✐✈❡s ❢♦r ❛•• t ∈ [t k , t k+1 )✱ k = 0, 1, ...✿ ψ(t) = e (A-LC)(t-t k ) ψ k + ˆt t k e (A-LC)(t-τ ) G(τ )ζdτ ; ✭✷✹✮ ψ 0 = ψ(0), ψ k = (F -KC)ψ(t k ) ∀k = 1, 2, .... ❚❤❡♥ t❤❡ ✈❛r✐❛❜•❡ ψ(t) ❝♦♥✈❡r❣❡♥❝❡ ✐♠♣•✐❡s t❤❡ s❛♠❡ ♣r♦♣❡rt② ❢♦r t❤❡ ❝♦♥✈♦•✉✲ t✐♦♥ ✐♥t❡❣r❛• ✐♥ ✭✷✹✮✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛•• t ∈ R ❛♥❞ ❛♥② ε ≥ 0 t❤❡r❡ ❡①✐sts L ′ ≥ 0 s✉❝❤ t❤❛t ˆt+L ′ t ζ T G(τ ) T G(τ )ζdτ ≤ ε ❛♥❞ t❤❡ s✐❣♥❛• G(t) T ✐s ♥♦t P❊✳ ❲❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t ✐❢ ♦♥❡ ♦❢ t❤❡ s✐❣♥❛•s Ω(t) T ♦r G(t) T ✐s ♥♦t P❊✱ t❤❡♥ ❛♥t❤❡r ♦♥❡ ❢❛✐•s t♦ ♣♦ss❡ss t❤✐s ♣r♦♣❡rt② ✐♥ t❤❡ ❤②❜r✐❞ s②st❡♠ ✭✹✮✱ ✭✺✮✳ ❚❤❡ ❝•❛✐♠ ♦❢ ▲❡♠♠❛ ✹ ❢♦••♦✇s ❜② t❤✐s r❡s✉•t ♥❡❣❛t✐♦♥✳ ■❢ t❤❡ ♣❛✐r ♦❢ ♠❛tr✐❝❡s (A -LC, C) ✐s ♦❜s❡r✈❛❜•❡✱ t❤❡♥ ❝♦♠❜✐♥✐♥❣ •❡♠♠❛s ✸ ❛♥❞ ✹ t❤❡ P❊ ♣r♦♣❡rt② ♦❢ t❤❡ s✐❣♥❛• Ω(t) T C T ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ P❊ ♦❢ G[y v (t)] T ❢♦r t❤❡ s②st❡♠ ✭✹✮✱ ✭✺✮✳ ❚❤✉s ✐♥ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝❤❡❝❦ t❤❡ P❊ ♣r♦♣❡rt② ❢♦r t❤❡ s✐❣♥❛• G[y v (t)] T ♦♥•② ✭♣r♦✈✐❞❡❞ t❤❛t t❤❡ ♣❛✐r ♦❢ ♠❛tr✐❝❡s (A -LC, C) ✐s ♦❜s❡r✈❛❜•❡✮✳ ✹✳✷ P❊ ✐♠♣r♦✈❡♠❡♥t ✐♥ ✐♠♣✉•s✐✈❡ ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡rs ❚❤❡ •❛st t❤✐♥❣ t♦ s❤♦✇ ✐s t❤❛t ✉♥❞❡r s♦♠❡ r❡str✐❝t✐♦♥s t❤❡ ❤②❜r✐❞ s②st❡♠ ✭✹✮✱ ✭✺✮ ♠❛② ❡♥s✉r❡ ❜❡tt❡r ❡①❝✐t❛t✐♦♥ t❤❛♥ t❤❡ ❝♦♥✈❡♥t✐♦♥❛• ❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s ✭✹✮ ❛•♦♥❡✳ ■♥ ♦r❞❡r t♦ s❤♦✇ t❤✐s✱ ♥♦t❡ t❤❛t t❤❡ P❊ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ s✐❣♥❛• Ω(t) T C T ❝♦rr❡s♣♦♥❞s t♦ str✐❝t ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡♥❡ss ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ✐♥t❡❣r❛• ❢♦r s♦♠❡ ℓ > 0✱ ϑ > 0 ❛♥❞ ❛•• t ∈ R✿ ˆt+ℓ t Ω(τ ) T C T CΩ(τ )dτ ≥ ϑI q , ✇❤✐❝❤ •❡❢t ❤❛♥❞ s✐❞❡ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ L 2 ♥♦r♠ ♦❢ t❤❡ s✐❣♥❛• CΩ(t) ♦♥ ✐♥t❡r✈❛• [t, t + ℓ]✳ ❚❤❡ s②st❡♠ ✭✹✮ s♦•✉t✐♦♥ Ω(t) ✐s ❞❡s❝r✐❜❡❞ ❜② Ω(t) = e (A-LC)(t-t k ) Ω(t k ) + ˆt t k e (A-LC)(t-τ ) G[y v (τ )]dτ ❢♦r ❛•• t ∈ [t k , t k+1 )✳ ❚❤✐s s♦•✉t✐♦♥ ❤❛s t❤❡ ❞❡❝❛②✐♥❣ ♣❛rt ♣r♦♣♦rt✐♦♥❛• t♦ t❤❡ ✐♥✐t✐❛• ❝♦♥❞✐t✐♦♥s Ω(t k ) ❛♥❞ t❤❡ ❢♦r❝❡❞ ♣❛rt ❣♦✈❡r♥❡❞ ❜② G[y v (t)]✱ t❤❛t ❡♥s✉r❡s t❤❡ P❊ ♣r♦♣❡rt② ❢♦r Ω(t) T ✳ ■❢ t❤❡ ♠❛tr✐① F -KC ❤❛s ❛•• s✐♥❣✉•❛r ✈❛•✉❡s ❜✐❣❣❡r t❤❛♥ ✶ ❛♥❞ t k+1 -t k ≤ ℓ ❢♦r ❛•• k = 0, 1, ...✱ t❤❡♥ |Ω(t + k )| = |(F -KC)Ω(t k )| > |Ω(t k )| ❛♥❞ t❤❡ L 2 ♥♦r♠ ♦❢ t❤❡ s✐❣♥❛• CΩ(t) ❤❛s t♦ ❜❡ ❛✉❣♠❡♥t❡❞ ❛❝❝♦r❞✐♥❣•② ❢♦r t ≥ t k ✳ ❚❤❡ ❞✇❡••✲t✐♠❡ st❛❜✐•✐t② ❝♦♥❞✐t✐♦♥s ❞❡✈❡•♦♣❡❞ ✐♥ t❤❡♦r❡♠s ✶ ❛♥❞ ✷ ❡♥s✉r❡ t❤❡ ♦✈❡r❛•• s②st❡♠ st❛❜✐•✐t② ✐♥ t❤✐s ❝❛s❡✳ ❚❤✐s ♣r♦♣♦s❡❞ str❛t❡❣② ❤❛s t❤❡ ❢♦••♦✇✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥✿ ✐❢ ❛ ❞❡s✐❣♥❡r ❝❛♥♥♦t ❡①❝✐t❡ ❡①♣•✐❝✐t•② t❤❡ s②st❡♠ ✭✶✮ ✭✐♠♣r♦✈✐♥❣ t❤❡ P❊ ♣r♦♣❡rt②✮✱ t❤❡♥ ✐t ✐s ♣♦s✲ s✐❜•❡ t♦ ❡①❝✐t❡ t❤❡ ♦❜s❡r✈❡r ❡q✉❛t✐♦♥s ❜② ♣r♦♣❡r ✐♠♣✉•s❡s✱ ✇❤✐❝❤ ❛•s♦ •❡❛❞s t♦ ❛♠♣•✐✜❝❛t✐♦♥ ♦❢ t❤❡ •❡✈❡• ♦❢ ❡①❝✐t❛t✐♦♥ ❛♥❞ q✉❛•✐t② ♦❢ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥✳ ❚❤✉s t❤❡ ❤②❜r✐❞ s②st❡♠ ✭✹✮✱ ✭✺✮ ✐♠♣r♦✈❡s P❊ ❛❜✐•✐t✐❡s ♦❢ t❤❡ s✐❣♥❛• G[y v (t)]✳ ■••✉str❛t✐♦♥s ♦❢ t❤✐s ❝♦♥❝•✉s✐♦♥ ❛r❡ ❣✐✈❡♥ ❜❡•♦✇ ♦♥ ❢♦✉r ❡①❛♠♣•❡s✳
c. θ ⌢ b ❋✐❣✳ ✶✿ ❚❤❡ r❡s✉•ts ♦❢ s✐♠✉•❛t✐♦♥ ❢♦r t❤❡ •✐♥❡❛r ❡①❛♠♣•❡ ✺ ❙■▼❯▲❆❚■❖◆ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐•• ❛♥❛•②③❡ t❤r❡❡ ❡①❛♠♣•❡s✳ ❚❤❡ ✜rst ♦♥❡ ✭❛ s✐♠♣•❡ •✐♥❡❛r ✜rst ♦r❞❡r s②st❡♠✮ ✐s ❣✐✈❡♥ t♦ ❝•❡❛r•② ❞❡♠♦♥str❛t❡ ❛❞✈❛♥t❛❣❡s ❛♥❞ ♣❡❝✉•✐❛r✐t✐❡s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♦❜s❡r✈❡r✳ ❚❤❡ ♥❡①t t✇♦ ❡①❛♠♣•❡s ❛r❡ ♥♦♥•✐♥❡❛r s②st❡♠s ♦❢ t❤❡ t❤✐r❞ ❛♥❞ ❢♦✉rt❤ ♦r❞❡rs r❡s♣❡❝t✐✈❡•②✳ ✺✳✶ ❆ •✐♥❡❛r s②st❡♠ ❈♦♥s✐❞❡r ❛ ❝♦♥✈❡♥t✐♦♥❛• •✐♥❡❛r ❜❡♥❝❤♠❛r❦ ❡①❛♠♣•❡ ✐♥ t❤❡ ❛❞❛♣t✐✈❡ ❝♦♥tr♦• t❤❡✲ ♦r②✿ ẋ = -x + θx, y = x. ❲❡ ✇✐•• ❛ss✉♠❡ t❤❛t t❤❡ s②st❡♠ ✐s st❛❜•❡ ❛♥❞ t❤❡r❡❢♦r❡ θ < 1✳ ❚❤❡♥ x(t) ✐s ❡①♣♦♥❡♥t✐❛••② ❝♦♥✈❡r❣✐♥❣ ❛♥❞ t❤❡ s②st❡♠ ❤❛s ♥♦ P❊ ♣r♦♣❡rt②✳ ❚❤❡ r❡s✉•ts ♦❢ ❛♣♣•✐❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡♥t✐♦♥❛• ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡r ❬✶✵✱ ✸✷✱ ✸✸( ✇✐t❤ L(y) = 1✱ γ = 10 t♦ t❤✐s s②st❡♠ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶ ❜② t❤❡ ❜•✉❡ ❞❛s❤ •✐♥❡s✳ ■♥ ❋✐❣✳ ✶✱❛ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ✐s ♣•♦tt❡❞✱ ✐♥ ❋✐❣✳ ✶✱❜ t❤❡ ✈❛r✐❛❜•❡ θ(t) ✐s ♣r❡s❡♥t❡❞✱ ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ P❊ ♣r♦♣❡rt② ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✱❝✿ b(t) = ˆt 0 Ω(τ ) T Ω(τ )dτ. ❚❤❡ s❛♠❡ tr❛•❡❝t♦r✐❡s ❢♦r t❤❡ ✐♠♣✉•s✐✈❡ ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡r ✭✹✮✱ ✭✺✮ ✇✐t❤ L(y) = 1✱ K(y) = -10✱ F (y) = 1 ❛♥❞ τ D = 3 ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶ ❜② t❤❡ r❡❞ s♦•✐❞ •✐♥❡s✳ ❆s ✐t ✐s ♣♦ss✐❜•❡ t♦ ❝♦♥❝•✉❞❡ ❢r♦♠ t❤❡s❡ r❡s✉•ts✱ t❤❡ ❛♣♣•✐❝❛t✐♦♥ ♦❢ ❛❞❞✐t✐♦♥❛• ✐♠♣✉•s✐✈❡ ❢❡❡❞❜❛❝❦s ✇✐t❤ ✉♥st❛❜•❡ F -KC •❡❛❞s t♦ P❊ ✐♠♣r♦✈❡♠❡♥t✳ ✺✳✷ ▲♦r❡♥③ ❝❤❛♦t✐❝ ♠♦❞❡• ❆♥♦t❤❡r ❡①❛♠♣•❡ ❞❡❛•s ✇✐t❤ t❤❡ ▲♦r❡♥③ s②st❡♠ ♦❜s❡r✈❛t✐♦♥ ❬✶✵(✿ ẋ1 = σ(x 2 -x 1 ); ẋ2 = (r + θ)x 1 -x 2 -x 1 x 3 ; ẋ3 = -βx 3 + x 1 x 2 , y = x 1 , ✺ ❙■▼❯▲❆❚■❖◆ ✶✾ 0 1 2 3 4 t 0 0.5 1 1.5 a. |e| 0 1 2 3 4 t 1 - 0.5 - 0 0.5 1 θ b. θ ⌢ 0 1 2 3 4 t 0 0.05 0.1 0.15 0.2 c. b ❋✐❣✳ ✷✿ ❚❤❡ r❡s✉•ts ♦❢ s✐♠✉•❛t✐♦♥ ❢♦r t❤❡ ▲♦r❡♥③ s②st❡♠ ✇❤✐❝❤ ❢♦r σ = 10✱ β = 8/3✱ r = 97✱ θ = 0 ❞❡♠♦♥str❛t❡s ❛ ❝❤❛♦t✐❝ ❜❡❤❛✈✐♦r✳ ❋♦r s♦♠❡ s♠❛•• |θ| t❤❡ s②st❡♠ st✐•• ❤❛s ❛ s✐♠✐•❛r ❜❡❤❛✈✐♦r✱ t❤❛t ✐♠♣•✐❡s P❊ ♣r♦♣❡rt② ❢♦r t❤❡ ▲♦r❡♥③ s②st❡♠ ♦♥ t❤❡ str❛♥❣❡ ❛ttr❛❝t♦r✳ ❚❤❡ r❡s✉•ts ♦❢ ❛♣♣•✐❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡♥t✐♦♥❛• ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡r ❬✶✵✱ ✸✷✱ ✸✸( ✇✐t❤ L(y) = [0 r + σ 0] T ✱ γ =

  tr♦❞✉❝❡❞ ❛❜♦✈❡ ✐t ✐s r❡q✉✐r❡❞ t♦ ❞❡s✐❣♥ ❛♥ ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡r t❤❛t ❤❛s t♦ ♣r♦✈✐❞❡ t❤❡ st❛t❡x ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs θ ❡st✐♠❛t✐♦♥ ✐♥ t❤❡ ❝❛s❡ d = v ≡ 0✳ ❋♦r t❤❡ ❝♦♠♠♦♥ ❝❛s❡ ||v|| < +∞✱ ||d|| < +∞ t❤❡ ❡st✐♠❛t❡s ❤❛✈❡ t♦ ❜❡ ❜♦✉♥❞❡❞✳ ✸ ▼❆■◆ |❊❙❯▲❚❙ ❚❤✐s s❡❝t✐♦♥ ❤❛s ❢♦✉r ♣❛rts✳ ❋✐rst✱ s♦♠❡ ♣r❡•✐♠✐♥❛r② r❡s✉•ts ❞❡❛•✐♥❣ ✇✐t❤ ♣❡r✲ s✐st❡♥❝② ♦❢ ❡①❝✐t❛t✐♦♥ ❛r❡ ✐♥tr♦❞✉❝❡❞✳ ❙❡❝♦♥❞✱ t❤❡ ✐♠♣✉•s✐✈❡ ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡r ❡q✉❛t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞✳ ❚❤✐r❞✱ t❤❡ ♦❜s❡r✈❡r st❛❜✐•✐t② ✐s ♣r♦✈❡♥✳ ❋✐♥❛••②✱ ❛ r❡✲ str✐❝t❡❞ ❝•❛ss ♦❢ s②st❡♠s ✐s ❛♥❛•②③❡❞ ✇❤♦s❡ st❛❜✐•✐t② ❝

F

  100 t♦ t❤✐s s②st❡♠ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✷ ❜② t❤❡ ❜•✉❡ ❞❛s❤ •✐♥❡s✳ ■♥ ❋✐❣✳ ✷✱❛ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ♥♦r♠ |e(t)| ✐s ♣•♦tt❡❞✱ ✐♥ ❋✐❣✳ ✷✱❜ t❤❡ ✈❛r✐❛❜•❡ θ(t) ✐s ♣r❡s❡♥t❡❞✱ t❤❡ ❡st✐♠❛t✐♦♥ b(t) ♦❢ t❤❡ P❊ ♣r♦♣❡rt② ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✱❝✳ ❚❤❡ s❛♠❡ tr❛•❡❝t♦r✐❡s ❢♦r t❤❡ ✐♠♣✉•s✐✈❡ ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡r ✭✹✮✱ ✭✺✮ ✇✐t❤ L(y) = [0 r +σ 0] T ✱ K(y) = -1.5[1 1 1] T ✱ F (y) = I 3 ❛♥❞ τ D = 0.625 ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✷ ❜② t❤❡ r❡❞ s♦•✐❞ •✐♥❡s ✭✐♥ t❤✐s ❝❛s❡ P = I 3 ✐♥ ❚❤❡♦r❡♠ ✶✱ ❛•• ❝♦♥❞✐t✐♦♥s ♦❢ t❤✐s t❤❡♦r❡♠ ❛r❡ s❛t✐s✜❡❞✮✳ ❆s ✐t ✐s ♣♦ss✐❜•❡ t♦ ❝♦♥❝•✉❞❡ ❢r♦♠ t❤❡s❡ r❡s✉•ts✱ t❤❡ ❛♣♣•✐❝❛t✐♦♥ ♦❢ ❛❞❞✐t✐♦♥❛• ✐♠♣✉•s✐✈❡ ❢❡❡❞❜❛❝❦s ✇✐t❤ ✉♥st❛❜•❡ ♠❛tr✐① F -KC •❡❛❞s t♦ P❊ ♣r♦♣❡rt② ✐♠♣r♦✈❡♠❡♥t✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❝❛s❡ s✐♥❝❡ t❤❡ P❊ ♣r♦♣❡rt② ✐s str♦♥❣•② ♣r❡s❡♥t❡❞ ✐♥ t❤❡ s②st❡♠ s✉❝❤ ✐♠♣r♦✈❡♠❡♥t ✐s ♥♦t s✐❣♥✐✜❝❛♥t✳ ✺✳✸ ❆ s✐♥❣•❡✲•✐♥❦ ✢❡①✐❜•❡ •♦✐♥t r♦❜♦t ❚❤❡ t❤✐r❞ ❡①❛♠♣•❡ ❞❡❛•s ✇✐t❤ ❛ s✐♥❣•❡✲•✐♥❦ ✢❡①✐❜•❡ •♦✐♥t r♦❜♦t ❡st✐♠❛t✐♦♥ ❬✺✱ ✸✵(✱ ✇❤❡r❡ ❞✉❡ t♦ •♦✐♥t ✢❡①✐❜✐•✐t② t❤❡ s②st❡♠ ♥♦♥•✐♥❡❛r✐t✐❡s ❛r❡ ♠♦❞❡•❡❞ ❛s ❛ st✐✛❡♥✐♥❣ t♦rs✐♦♥❛• s♣r✐♥❣ ❛♥❞ t❤❡ ❣r❛✈✐t❛t✐♦♥❛• ❢♦r❝❡✳ ❉❡♥♦t✐♥❣ ❜② ϕ m ✱ ω m ✱ ϕ l ❛♥❞ ω l ✱ t❤❡ ♠♦t♦r ❛♥❞ •✐♥❦ ♣♦s✐t✐♦♥ ❛♥❞ ✈❡•♦❝✐t✐❡s r❡s♣❡❝t✐✈❡•②✱ t❤❡ ❡q✉❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜② φm = ω m , ωm = J -1 m (τ (ϕ m , ϕ l ) -Bω m + K τ u), y 1 = ϕ l ; φl = ω l , ωl = -J -1 l (τ (ϕ m , ϕ l ) + mgh sin(ϕ l )), y 2 = ϕ m , ✇❤❡r❡ J m ✐s t❤❡ ✐♥❡rt✐❛ ♦❢ t❤❡ ♠♦t♦r✱ J l ✐s t❤❡ ✐♥❡rt✐❛ ♦❢ t❤❡ •✐♥❦✱ 2h ❛♥❞ m r❡♣r❡s❡♥t t❤❡ •❡♥❣t❤ ❛♥❞ ♠❛ss ♦❢ t❤❡ •✐♥❦✱ B ✐s t❤❡ ✈✐s❝♦✉s ❢r✐❝t✐♦♥✱ ❛♥❞ K τ ✐s t❤❡ ❛♠♣•✐✜❡r ❣❛✐♥❀ τ (ϕ m , ϕ l ) = θ 1 (ϕ l -ϕ m ) + θ 2 (ϕ l -ϕ m ) 3 ✐s t❤❡ •♦❛❞ t♦rq✉❡✱ t❤❡ ❝♦❡✣❝✐❡♥ts θ 1 ✱ θ 2 ❛r❡ ✉♥❦♥♦✇♥✳ ❚❤❡ ♣❤②s✐❝❛• ✈❛•✉❡s ♦❢ ♣❛r❛♠❡t❡rs ❛r❡ t❤❡ r❡s✉•ts ♦❢ s✐♠✉•❛t✐♦♥ ❢♦r t❤❡ r♦❜♦t ❡①❛♠♣•❡ ❢♦••♦✇✐♥❣ J m = 3.7 × 10 -3 , J l = 9.3 × 10 -3 , h = 0.15, m = 0.21, B = 0.046, K τ = 0.08, g = 9.8, θ 1 = 0.2, θ 2 = 0.1. ❚❤❡ ❝♦♥tr♦• u(t) = 0.1 sin(t) ❡♥s✉r❡s ❛ ✇❡❛❦ P❊ ♣r♦♣❡rt② ✐♥ t❤❡ s②st❡♠✳ ❚❤❡ r❡s✉•ts ♦❢ ❛♣♣•✐❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡♥t✐♦♥❛• ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡r ❬✶✵✱ ✸✷✱ ✸✸( ✇✐t❤ s②st❡♠ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✸ ❜② t❤❡ ❜•✉❡ ❞❛s❤ •✐♥❡s✳ ■♥ ❋✐❣✳ ✸✱❛ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ♥♦r♠ |e(t)| ✐s ♣•♦tt❡❞ ✐♥ •♦❣❛r✐t❤♠✐❝ s❝❛•❡✱ ✐♥ ❋✐❣✳ ✸✱❜ t❤❡ ✈❛r✐❛❜•❡ θ(t) ✐s ♣r❡s❡♥t❡❞✱ t❤❡ ❡st✐♠❛t✐♦♥ a(t) = λ min (b(t)) ♦❢ t❤❡ P❊ ♣r♦♣❡rt② ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✱❝✳ ❚❤❡ s❛♠❡ tr❛•❡❝t♦r✐❡s ❢♦r t❤❡ ✐♠♣✉•s✐✈❡ ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡r ✭✹✮✱ ✭✺✮ ✇✐t❤ (y) = I 4 ❛♥❞ τ D = 1.5 ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✸ ❜② t❤❡ r❡❞ s♦•✐❞ •✐♥❡s ✭✐♥ t❤✐s ❝❛s❡ P = I 4 ✐♥ ❚❤❡♦r❡♠ ✷✱ ❛•• ❝♦♥❞✐t✐♦♥s ♦❢ t❤✐s t❤❡♦r❡♠ ❛r❡ s❛t✐s✜❡❞✮✳ ❆s ✐t ✐s ♣♦ss✐❜•❡ t♦ ❝♦♥❝•✉❞❡ ❢r♦♠ t❤❡s❡ r❡s✉•ts t❤❡ ❛❞❞✐t✐♦♥❛• ✐♠♣✉•s✐✈❡ ❢❡❡❞❜❛❝❦s ✇✐t❤ ✉♥st❛❜•❡ ♠❛tr✐① F -KC •❡❛❞s t♦ P❊ ♣r♦♣❡rt② ✐♠♣r♦✈❡♠❡♥t ❛♥❞ ❛ ❜❡tt❡r ❡st✐♠❛t✐♦♥✳ ✻ ❈❖◆❈▲❯❙■❖◆ ❚❤❡ ♣❛♣❡r ♣r❡s❡♥ts ❛♥ ❛♣♣r♦❛❝❤ ❢♦r ✐♠♣✉•s✐✈❡ ❛❞❛♣t✐✈❡ ♦❜s❡r✈❡r ❞❡s✐❣♥✳ ❚❤❡ ❛❞✲ ❞✐t✐♦♥❛• ✐♠♣✉•s✐✈❡ ❢❡❡❞❜❛❝❦ ✐s ❡❛s② t♦ ✐♠♣•❡♠❡♥t ❝♦♠♣•❡♠❡♥t❛r② t♦ t❤❡ s❝❤❡♠❡