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Geometrical patterns for measurement pose
selection in calibration of serial manipulators

Alexandr Klimchika, David Daneyb, Stephane Caroc and Anatol Pashkevicha

Abstract The paper is devoted to the accuracy improvement in geometric calibration
of serial manipulators. Particular attention is paid to the optimal selection of mea-
surement poses, which reduce measurement noise impact on the parameters identifi-
cation precision. In contrast to previous works, the proposed approach yields simple
geometrical patterns that allow user to take into account the joint and workspace
constraints and to find measurement configurations without tedious computations.
The advantages and practical significance of the proposed approach are illustrated
by an example that deals with 6-dof serial manipulator.

Key words: calibration, design of experiments, geometrical patterns, serial robot.

1 Introduction

Since most of industrial serial robots operate without position feedback, the preci-
sion of a geometric model used in the control algorithm should be high enough. In
order to meet this requirement in practice, the calibration technique is usually ap-
plied. For this reason, the problem of robot calibration has always been in the focus
of the robotic community. There exist open-loop and closed-loop techniques that
are suitable for serial and parallel manipulators [3, 4]. However, to apply them in a
real industrial environment, it is necessary to reduce the impact of the measurement
noise that corrupts the input data and is evaluated via the terms of the covariance
matrix [6].
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In order to reduce the impact of measurement noise, two approaches can be gen-
erally applied: (i) increasing the number of experiments and (ii) applying design of
experiment theory for selection of measurement configurations. The first approach is
quite a simple, it does not require any computation, but increases a lot the measure-
ment time and related cost. In contrast, the second approach allows us to increase
identification accuracy without increasing the number of measurements [2]. How-
ever this approach requires additional knowledge and some computational efforts.
Nevertheless, because of its advantages the second approach is more attractive and
is in the focus of this paper.

Although the design of experiment theory has been used for more than a cen-
tury in different areas, the obtained results cannot be applied directly in robotics
since they are mostly suitable for linear regression models. Therefore, to obtain
similar results for robot calibration that rely on highly non-linear models, the ex-
isting techniques should be essentially revisited. In addition, to make the technique
attractive for practicing engineers, it is reasonable to obtain some geometrical pat-
terns allowing the user to generate optimal measurement configurations without any
computational efforts.

2 Problem of measurement pose selection in robot calibration

To show the importance of the problem of interest, let us present first a simple
motivation example. For the purpose of simplicity, let us limit our study by a 2-dof
planar manipulator with two actuated revolute joints and link lengths l1 = 1.0 m,
l2 = 1.0 m . This manipulator has four geometrical parameters to be identified: (i)
two link length deviations and (ii) two joint encoder offsets.

For comparison purposes, let us examine two sets of measurement configurations
assuming that the measurement noise is Gaussian with zero mean and the standard
deviation σ = 0.1 mm. Simulation results are summarized in Fig. 1, where the root-
mean-square errors ρ of the end-effector position after calibration throughout the
robot workspace are presented. As follows from Fig. 1, in the worst manipulator
configuration, the Set #1 provides a positioning error equal to 2.29 mm while the
Set #2 reduces the worst positioning error down to 0.14 mm, i.e. by a factor of
16. Hence, this simple example clearly shows that the selection of measurement
configurations is a very important issue in robot calibration. In fact, poorly chosen
measurement configurations may have a negative effect and even reduce the robot
accuracy after calibration. This motivates careful planning of the calibration exper-
iments in order to increase calibration efficiency, which is in the focus of the paper.

In the frame of this paper, a general planar manipulator with revolute joints is
considered, whose the end-effector position is computed using the following ex-
pressions

x = ∑
n
i=1

(
l0
i +∆ li

)
· cos(θ 0

i +∆θi); y = ∑
n
i=1

(
l0
i +∆ li

)
· sin(θ 0

i +∆θi) (1)
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Fig. 1 Manipulator accuracy after calibration for two different sets of measurement poses.

where l0
i are the nominal link lengths, ∆ li are their deviations, q0

j are nominal joint
coordinates, the variables θ 0

i are defined as ∑
i
j=1 q0

j , ∆θi are the joint offsets and n
is the number of links. Collecting the unknown parameters (∆ li and ∆θi) into the
vector ∆π and the measurements (xk,yk) into the vector ∆Pk, expression (1) can be
rewritten as ∆P = J ∆π , where J is a Jacobian matrix. Then, one can get unknown
parameters using the least-square technique that leads to

∆π =
(
∑

m
k=1 JkT Jk

)−1
·∑

m
k=1 JkT

∆Pk (2)

where the superscript ′k′ indicates the experiment number, and m is the number of
measurements.

Taking into account that each measurement is corrupted by the unbiased random
Gaussian noise with standard deviation (std) σ , the identification accuracy of the
parameters ∆π can be evaluated via the covariance matrix, which is computed as
follows:

cov(∆π) = σ
2
(
∑

m
k=1 JkT Jk

)−1
(3)

The latter allows us to evaluate the impact of measurement noise on the parame-
ters identification accuracy and can be used to estimate the quality of measurement
configurations. Based on the covariance matrix, it is possible to choose the mea-
surement configurations that yield parameters less sensitive to measurement noise.
In engineering practice, this procedure is referred to as the design of calibration ex-
periments. In order to compare different plans of experiments (i.e. their efficiency),
different performance measures have been proposed that deal with the norm, trace,
etc. of the covariance matrix or information matrix (its inverse) [1]. In [5] the au-
thors proposed an optimality condition of the calibration plan where the main idea
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is to ensure that the information matrix is diagonal. This condition corresponds to
the D-optimal plan of experiments and is satisfied when

∑
m
k=1 cos

(
∑

i
s= j qk

s

)
= 0, ∑

m
k=1 sin

(
∑

i
s= j qk

s

)
= 0, ∀ i, j = 2,n, i≥ j (4)

i.e. the sums of sines and cosines of links orientation qk
s with respect to any joint s

should be equal to zero.
It has been proved that the above presented equations define the desired set of

the optimal measurement configurations, but in general case solution of this sys-
tem requires essential efforts. In fact, for n = 2, m ≥ 2 expressions (4) provide
two simple constraints only ∑

m
k=1 cosqk

2 = 0, ∑
m
k=1 sinqk

2 = 0, which are imposed
on the 2m design variables

{
qk

1, qk
2 |k = 1,m

}
. So, relevant configurations can be

easily found geometrically [5]. However, even in the case of n = 3, m ≥ 3 there
are 6 rather complicated trigonometric constraints imposed on 3m design vari-
ables

{
qk

1, qk
2, qk

3 |k = 1,m
}

. Therefore, the solution of the corresponding under-
constrained system of algebraic equations becomes non-trivial. It is apparent that
the complexity of the problem essentially increases with n (the number of manipu-
lator links). Additional difficulties arise when the joint limits should be taken into
account (i.e.

{
qmin

i ≤ qk
i ≤ qmax

i | i = 1,n ; k = 1,m
}

). Hence, it looks reasonable to
develop relevantly simple and efficient technique allowing practical engineers to se-
lect desired measurement configurations in accordance with equations (4) without
any tedious computations. This problem is in the focus of this paper.

3 Geometrical patterns for measurement pose selection

Before defining patterns, let us obtain some important properties of the optimality
conditions (4) that allow us to reduce the problem complexity.

Property 1: Superposition of optimal plans gives also an optimal plan for this.
Proof of this property is obvious and is based on the additivity of the operations

included in (4). Using this property it is possible to generate optimal plans with a
large number of measurement configurations using simple sub-sets. In a trivial case,
it is possible to repeat experiments using the same set of optimal configurations. The
latter is very important in practice, since it is much less time consuming to repeat
experiments without changing manipulator configurations.

Property 2: The angles q2, ...qn can be rearranged in the optimal plans in an
arbitrary manner without losing the optimality conditions (4).

Proof. Let us assume that for an n-link manipulator optimal plan consists of m
measurement configurations. Let us now change in the optimal plan column a and b
(a,b > 1) and analyze the sets of angles for which sums of sines and cosines should
be satisfied in the optimal plan ∑

i
s= j qk

s . In this case conditions (4) will be satisfied
for i, j = 2,a and i, j = b,n since all arguments of sines and cosines remain the same.
For case a≤ j≤ i≤ b conditions also do not change. However, in the cases a≤ j≤
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b ≤ i and j ≤ a ≤ i ≤ b optimality conditions ∑
i
s= j qk

s will be replaced ∑
i
s= j q′ks =

∑
i
s= j qk

s + qk
a − qk

b by and ∑
i
s= j q′ks = ∑

i
s= j qk

s + qk
b − qk

a respectively, where prime
indicates the angle corresponding to the rearranged new set of angles. Assuming
that plan ∑

i
s= j qk

s is optimal, plans ∑
i
s= j q′ks −qk

a +qk
b and ∑

i
s= j q′ks +qk

a−qk
b will be

also optimal. Further, taking into account that the superposition of optimal plans
gives optimal plan and applying it to the last two plans gives plan 2∑

i
s= j q′ks that

should be also optimal. This plan can be split into two sub-plans ∑
i
s= j q′ks for which

the sums of sines and cosines should be equal. Taking into account that double sum
is equal to zero, the plan ∑

i
s= j q′ks will be also optimal.

This property can be useful when the joint limits are narrower than the minimum
range required for the optimal plan. In this case, it is reasonable to change joint
coordinates with the ones where joint limits are not so critical (more than 240◦) and
where the required range of joint variations is lower.

Property 3: Optimal plan for n-link manipulator can be obtained using two
lower-order optimal plans for n1- and n2-link manipulators, where n1 +n2 = n+1.

This property gives us an elegant technique to generate optimal plans of cali-
bration experiments without straightforward solution of system (4). In this case the
number of measurement configurations is defined by n1×n2. In fact, by a sequential
splitting of the original n-link kinematic chain, it is possible to reduce the problem
complexity and to replace the problem of generating optimal plan for n-link manip-
ulator by several sub-problems for 2-, 3- and 4-link manipulators. The latter moti-
vates us to develop typical geometrical patterns that can be used directly to generate
optimal plans for complex manipulators.

Now let us introduce some geometrical patterns for typical serial manipulators
that can be used to generate optimal plans. In the frame of these patterns, all vari-
ables αi,βi and γ,δ are treated as arbitrary angles.

For n = 2, m = 2, the complete set of solutions can be expressed as:

q1
1 = α1; q1

2 = β

q2
1 = α2; q2

2 = β +π
(5)

For n = 2, m = 3, the desired set of solutions is

q1
1 = α1; q1

2 = β

q2
1 = α2; q2

2 = β +2π/3
q3

1 = α3; q3
2 = β −2π/3

(6)

For n = 3, m = 3, the geometrical pattern can be presented as

q1
1 = α1; q1

2 = β ; q1
3 = γ

q2
1 = α2; q2

2 = β +2π/3; q2
3 = γ +2π/3

q3
1 = α3; q3

2 = β −2π/3; q3
3 = γ−2π/3

(7)

For n = 3, m = 4, an optimal solution can be expressed as
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q1
1 = α1; q1

2 = β1; q1
3 = γ

q2
1 = α2; q2

2 = β1 +π; q2
3 = γ

q3
1 = α3; q3

2 = β2; q3
3 = γ +π

q4
1 = α4; q4

2 = β2 +π; q4
3 = γ +π

(8)

For n = 4, m = 4, the desired geometrical pattern can be written as

q1
1 = α1; q1

2 = β1; q1
3 = γ; q1

4 = δ

q2
1 = α2; q2

2 = β1 +π; q2
3 = γ; q3

4 = δ +π

q3
1 = α3; q3

2 = β2; q3
3 = γ +π2; q3

4 = δ +β −β2
q4

1 = α4; q4
2 = β2 +π; q4

3 = γ +π2; q4
4 = δ +β −β2 +π

(9)

When the optimal plan for the entire n-link manipulator is defined, it is required
to fix all arbitrary variables. In case there is no joint limit, they can be set to any
value. In contrast, in case the joint angles are limited, these variables should be
properly selected using the following rules:

Rule 1. If the joint limits for the angle are narrower than 2π/3 while plan of
experiments requires higher width for joint variations, the joint coordinates of this
joint should be changed with the one for which the joint coordinates can be set
within the interval of the length π .

Rule 2. If the joint limits for the angle are narrower than π , some optimality
conditions in (4) cannot be satisfied and the plan of experiments should be modified.
In this case, the best results can be achieved when the joint coordinates are set to the
joint limits.

Rule 3. For the joint with a range of variation equal to π , an arbitrary parameter
can be fixed in the interval [qmin; qmax−π], where qmin and qmax are the correspond-
ing joint limits.

Rule 4. For the joint with a range of variation equal to 2π/3, an arbitrary param-
eter can be fixed in the interval [qmin +π/3; qmax−π/3].

Hence, the above defined properties and rules allow us to generate optimal plan
of experiments for the complex manipulator using simple patterns without any te-
dious computation. In the next section the obtained results will be applied for the
generation of a plan of experiments for a 6-dof manipulator.

4 Case study: optimal measurement poses for a 6-dof robot

To show the efficiency of the developed optimal measurement pose selection tech-
nique, let us consider a 6-dof serial manipulator with six revolute joints and six
links (l1 = 1.4 m, l2 = 1.1 m, l3 = 1.0 m, l4 = 0.8 m, l5 = 0.6 m, l6 = 0.4 m),
whose joint limits are −140◦ ≤ q1 ≤ 0◦, −120◦ ≤ q2 ≤ 90◦, −120◦ ≤ q3 ≤ 120◦,
−180◦ ≤ q4 ≤ 180◦, 0◦ ≤ q5 ≤ 210◦, 0◦ ≤ q6 ≤ 360◦. In order to simplify the de-
termination of measurement configurations, the manipulator can be split into two
sub-chains: (i) 3-link chain corresponding to links #1− #3, and (ii) 4-link chain
composed of a virtual link/joint and links #4−#6 of entire manipulator.
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According to the geometrical patterns presented above, the optimal plans for the
first and second sub-chains can be generated using Eqs. (7) and (9), respectively. For
the entire manipulator, the optimal plan can be obtained using Property 3 (it consists
of 12 measurement configurations). However, such a plan of experiments requires a
large range of variations for q2 (equal to 2π/3), which cannot be included in the joint
limits. This difficulty can be overcome using Property 2 allowing us permutation
of q2 and q4. This provides us with the following plan of calibration experiments,
which satisfies Eq. (4) and, consequently, insures the covariance matrix diagonality:

α1; δ1; γ β ; χ; ϕ

α1; δ1 +π; γ β ; χ; ϕ +π

α1; δ2; γ β ; χ +π2; ϕ +δ1−δ2
α1; δ2 +π; γ β ; χ +π2; ϕ +δ1−δ2 +π

α2; δ1; γ +2π/3 β +2π/3; χ; ϕ

α2; δ1 +π; γ +2π/3 β +2π/3; χ; ϕ +π

α2; δ2; γ +2π/3 β +2π/3; χ +π2; ϕ +δ1−δ2
α2; δ2 +π; γ +2π/3 β +2π/3; χ +π2; ϕ +δ1−δ2 +π

α3; δ1; γ−2π/3 β −2π/3; χ; ϕ

α3; δ1 +π; γ−2π/3 β −2π/3; χ; ϕ +π

α3; δ2; γ−2π/3 β −2π/3; χ +π2; ϕ +δ1−δ2
α3; δ2 +π; γ−2π/3 β −2π/3; χ +π2; ϕ +δ1−δ2 +π

(10)

Taking into account given joint limits, the arbitrary angles in the above expression
have been set as

α1 = 0; α2 =−π/3; α3 =−2π/3; β = 0;
δ1 =−2π/3; δ2 =−π/2; γ = 0; χ = π/6; ϕ = π/2 (11)

Using this plan of experiments, the desired geometrical parameters can be iden-
tified with a precision of 0.029 mm for the link lengths and 4.13 mdeg for the joint
offsets (assuming that the measurement system precision is equal to 0.1 mm). In
more details, relevant results are presented in Table 1. For comparison purposes,
the identification accuracy has been also evaluated for regular and random plans of
experiments that contain the same number of measurement configurations. It should
be noted that for a 6-dof manipulator it is not possible to obtain a regular plan
with 12 measurement configurations. For this reason the plan has been generated
using 5 measurement configurations within the joint limits from which 12 configu-
rations have been selected randomly. In order to reduce the factor of particular set
of measurement configurations, simulations for regular and random plans have been
repeated 1000 times and the results have been averaged.

Hence, simulation results confirm advantages of the proposed approach. In this
study, the identification accuracy for the optimal plan is better by 34−72% compar-
ing with the random plan and by 38− 48% compared with the regular plan of ex-
periments. In addition, maximum positioning errors have been reduced by 44% and
57%, respectively. It should be stressed that the proposed approach does not require
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Table 1 Identification accuracy for different plans of calibration experiments.

Joint Proposed plan Regular plan Random plan
δqi, [mdeg] δLi, [mm] δqi, [mdeg] δLi, [mm] δqi, [mdeg] δLi, [mm]

1 1.18 0.029 1.70 0.041 1.90 0.046
2 1.50 0.029 2.21 0.042 2.58 0.050
3 1.65 0.029 2.32 0.041 2.46 0.043
4 2.07 0.029 3.04 0.042 3.32 0.046
5 2.76 0.029 4.04 0.042 4.39 0.046
6 4.13 0.029 5.73 0.040 5.55 0.039

ρmax 0.61 0.88 0.96

any computation for optimal measurement pose selection and is able to improve the
identification accuracy using a small number of measurement configurations.

5 Conclusions

The paper presented a new approach for the design of calibration experiments for
robotic manipulators that essentially simplifies the optimal pose selection proce-
dure. The main theoretical results are expressed as a set of several properties and
rules, which allow user to obtain optimal measurement configurations without any
computation, simply using superpositions and permutations of the proposed geo-
metrical patterns describing optimal measurement configurations for 2-, 3- and 4-
link manipulators. The efficiency of the developed approach has been confirmed by
an illustrative example that deals with the calibration of a 6-dof manipulator.
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