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PARTICLE SYSTEMS WITH A SINGULAR MEAN-FIELD
SELF-EXCITATION. APPLICATION TO NEURONAL NETWORKS.

F. DELARUE, J. INGLIS, S. RUBENTHALER, E. TANRE

ABSTRACT. We discuss the construction and approximation of solutions to a nonlinear
McKean-Vlasov equation driven by a singular self-excitatory interaction of the mean-
field type. Such an equation is intended to describe an infinite population of neurons
which interact with one another. Each time a proportion of neurons ‘spike’, the whole
network instantaneously receives an excitatory kick. The instantaneous nature of the
excitation makes the system singular and prevents the application of standard results
from the literature. Making use of the Skorohod M1 topology, we prove that, for the
right notion of a ‘physical’ solution, the nonlinear equation can be approximated either
by a finite particle system or by a delayed equation. As a by-product, we obtain the
existence of ‘synchronized’ solutions, for which a macroscopic proportion of neurons may
spike at the same time.

KeEvyworDs: McKean nonlinear diffusion process; counting process; propagation of chaos;
integrate-and-fire network; Skorohod M1 topology; neuroscience.

1. INTRODUCTION

Recently several rigorous studies (|3, 4, 5, 8|) have been concerned with a mean-field
equation modeling the behavior of a very large (infinite) network of interacting spiking
neurons proposed in [14] (see also [1, 7, 10, 12] and references therein for other types of
mean-field models motivated by neuroscience). As a nonlinear SDE in one-dimension the
equation for the electrical potential X; across any typical neuron in the network at time ¢
takes the form

t
Xt = XO =+ / b(XS)dS + (XE(Mt) + Wt — Mta t 2 O, (11)
0

where X < 1 almost surely, (W;); > o is a standard Brownian motion and b is a Lipschitz
function of linear growth. Here « is a parameter in (0,1) and the process M = (M;); >0
counts the number of times that X = (X;); > o reaches 1 before time ¢, so that it is integer-
valued (see Section 2 for a precise description). The idea is that when X reaches the
threshold 1, M instantly increases by 1 so that X is reset to a value below the threshold,
and we say that the neuron has spiked. Throughout the article we will write e(t) := E(My).

Equation (1.1) is in fact nontrivial, since the form of the nonlinearity is not regular
enough for the application of the standard McKean-Vlasov theory (|13, 17]). Indeed, the
problem is that, on the infinitesimal level, the mean-field term in (1.1) reads as €'(t) =
[d/dt]E(M;), which is by no means regular with respect to the law of X;. In [8], it is proven
that €/(t) = —(1/2)9yp(t, 1), where p(t,y)dy = P(X; € dy) is the marginal density of X,
which shows how singular the dependence of €’(t) upon the law of X; is. As such, most of
the previous work studying this equation has been focused on the existence of a solution
and its properties, bringing to light some non-trivial mechanisms.

The main point is that, for some choices of parameters (« too big for fixed X concen-
trated close to the boundary), any solution to (1.1) must exhibit what has been described
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as a ‘blow-up’ in finite time. More precisely this means that €’(¢) (which is the mean-firing
rate of the network at time ¢) must become infinite for some finite ¢. This was done in [3]
by means of a PDE method. Interpreting (1.1) as a description of an infinite network of
neurons, a blow-up is thus a time at which a proportion of all the neurons in the network
spike at exactly the same time, which we refer to as a synchronization. Despite the interest
in this phenomena, up until now it has been unclear how to continue a solution after a
blow-up. On the other hand, in [8] it was shown by probabilistic arguments that for other
choices of parameters (o small enough for fixed Xy = x), (1.1) has a unique solution
for all time which does not exhibit the blow-up phenomenon. These two complementary
results are made precise in Theorems 2.3 and 2.4 below.

The aim of the present work is to provide further insight into this nonlinear equation
by providing two ways of approximating (and moreover constructing) a solution. The first
is via the natural particle system associated to (1.1), which describes the behavior of the
finite network of neurons. In fact, the introduction of (1.1) in [14] is inspired from this
finite dimensional system: it is there asserted that, when the size of the network becomes
infinite, neurons become independent and evolve according to (1.1). However, the proof
of this fact (which is a propagation of chaos result) is not given. The first of our main
objectives is to fill this gap and to rigorously show that any weak limit of the particle
system must be a solution to (1.1) (see Theorem 4.4). In particular, we show that the
particle system converges to the solution of (1.1) whenever uniqueness holds, in which
case propagation of chaos holds as well. Again, due to the irregularity and nature of the
particle system, this result is in fact more difficult than it might appear. The second
objective is to recover a similar result when approximating the self-interaction in (1.1) by
delayed self-interactions (see Theorem 4.6). The motivation for considering the delayed
equation (which is still nonlinear) is that it never exhibits a blow-up phenomenon, even
with « close to 1, making it easier to handle (see Proposition 3.5).

In both cases, the strategy relies on two ingredients. First, we show that there exists a
notion of ‘physical’ solutions to equation (1.1) for which spikes occur physically, in a ‘se-
quential’ way. The interesting feature of ‘physical’ solutions is that we allow the function
(e(t))t = o to be discontinuous, but characterize the size of any jumps in a precise way. Sec-
ond, we show that there is a particularly suitable topology on the space of ‘continus a droite
avec limites a gauche’ paths (cadlag paths in acronym) for handling both approximations.
The point is indeed to prove that the approximating families are tight for the so-called M1
Skorohod topology on the space of cadlag paths, which is much less popular than the J1
topology, but which turns out to be very convenient for handling non-decreasing cadlag
processes such as the counting process (My); > o.

As a significant by-product, the paper shows the existence of ‘physical’ solutions to (1.1)
for which the function (e(t))¢ > o may be discontinuous, but where we explicitly specify the
size of any jump. This is a completely new fact in the literature, and is of real importance
in neuroscience, as the size of the discontinuity of the function e indicates the proportion of
neurons that synchronize at any time. The notion of ‘physical’ solutions together with the
existence result thus permits the continuation of the solution after the synchronization and,
therefore, allows the circumvention of the blow-up phenomenon experienced in |3| and [8].
In particular, this gives a rigorous framework for investigating the long time behavior of
synchronization events, which is a fundamental question in neuroscience. This also raises
the question of uniqueness of ‘physical’ solutions that experience a synchronization. We
feel that it must be true, but the question is left open. We refrain from addressing this
problem in the paper as it would require additional materials, including a careful discussion



SELF-EXCITATORY SINGULAR PARTICLE SYSTEMS 3

about the shape of the solution after some synchronization has occurred. We plan to go
back to this question in a future work.

We would finally like to remark that variations of the model we present here could well
be of interest in other contexts. In particular in a financial setting, a similar system has
indeed been used to model the default rate of a large portfolio (|11, 16]) where a default
occurs when a particle reaches a threshold. Our model is however more delicate than the
one considered there, since the interactions we consider are more singular and produce the
blow-up phenomenon that is not present in their setting.

The organization of the paper is as follows. In Section 2, we discuss the notion of
‘physical’” solutions to (1.1). The approximating systems are introduced in Section 3,
in which we prove that both the associated particle system and the delayed equation are
solvable. The main results are exposed in Section 4, where we also give a rough presentation
of the M1 topology. Proofs are given in Section 5.

2. THE NONLINEAR EQUATION: BACKGROUND

The central nonlinear equation considered in this article is equation (1.1) where Xy < 1
almost surely, o € (0,1) and (W;); >0 is a standard Brownian motion, defined on some
probability space (£2,.A4,P) with respect to a filtration (F;)¢ > o satisfying the usual condi-
tions. The number of spikes of the equation until time ¢ (inclusive) is given by

M, = Z 10,9(7k), (2.1)

k>1
where the sequence of stopping times (7x)g > ¢ is defined by 79 = 0 and
T =inf{t > 71t Xyo +ale(t) =1}, k> 1. (2.2)

We have here used the notation e(t) := E(M;), t > 0, and, for a given cadlag function f :
[0,00) = R, Af(t) := f(t) — f(t—), t = 0, which will be fixed throughout the article. The
pair (2.1)—(2.2) is highly coupled as the definition of (M;); > ¢ relies on its own expectation.
This asks for a careful description of the notion of a solution.

2.1. The right notion of a solution. As noted above, the process M = (M) >¢ is
intended to count the number of times X = (X;); > ¢ spikes before time ¢. At any time
t such that Xz~ > 1 — ale(t), the process M registers a new spike (pay attention that
the presence of the ‘=’ in the condition X;— > 1 — aAe(t) is crucial for ensuring the
cadlag property of the process). In the case when the mapping e is continuous at point
t, the particle spikes if and only if X;— = 1. It is then reset to 0 exactly after the spike,
that is X; = 0. Whenever e jumps at time ¢, the jump Ae(t) must be of positive size so
that, because of the self-interaction, X may spike even if X;_ < 1. Immediately after a
spike occurs, i.e. when X;— > 1 — ale(t), Xy is equal to X;— — 1 + aAe(t) and may be
strictly positive: it is as if, at time ¢, the particle is first reset to 0 and then given a kick of
magnitude aAe(t) — (1 — X¢—). Actually, such a description requires some precaution as
the kick could force the particle to cross the barrier again at the same time ¢. This might
happen if the kick aAe(t) is greater than or equal to 1. Anyhow, such a phenomenon
is expected to be ‘non-physical’: under the condition o < 1, it does not make any sense
to allow the system to spike twice (or more) at the same time. The argument for this is
discussed at length below when making the connection with the finite particle system. In
short, it says that physical spikes occur sequentially.

The fact that the jumps of the process (M) > o cannot exceed 1 provides some insight
into the sequence of spiking times (7 )x > 1. First, given a solution satisfying P(AM,; < 1) =
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1 for all t > 0, the sequence (7% )k > 1 must be (strictly) increasing: there is no way for two
spiking times to coincide if labelled by different indices. Moreover, the sequence (7x)g > 1
cannot accumulate in finite time, as otherwise it would contradict the cadlag nature of
(X¢)t > 0. Indeed, if 7o := limy_, oo T < +00, then X, __ is equal to both limy_, o Xr, —
and limy_, y o X-,, which gives a contradiction since X, = X, _ —1+ale(r) < X7 — —
1+ a.

It also gives some insight into the jumps of the function e, summarized in the following
proposition.

Proposition 2.1. Assume that the pair (Xy, My)¢ > o of cadlag processes is such that
(1) (M)t >0 has integrable marginal distributions;
(2) forallt >0, P(AM; <1)=1;
(3) P-almost surely, (1.1), (2.1) and (2.2) hold true.
Then, for any time t > 0, the jump Ae(t) satisfies
Ae(t) =P(Xi— + ale(t) > 1). (2.3)

Proof. Given some time t > 0, a necessary and sufficient condition for registering a spike
(that is to have My — M, = 1), is X;— + ale(t) > 1. Therefore, the probability of
observing a spike is P(X;— + aAe(t) > 1), which proves that Ae(t) = P(AM; = 1) =
P(X;— + ale(t) > 1). O

Unfortunately, equation (2.3) is not sufficient to characterize the size of the jumps.
Indeed one can guess simple examples of distributions for the law of X;_ such that the
equation (in 7)

n=P(X—+oan>1) (2.4)
has several solutions. For instance, if X;_ has a uniform distribution on [1 — «, 1], then
the equation is satisfied for every n € [0,1]. In order to determine which solution to (2.4)
characterizes the size of the jump, we refer again to what a physical solution to (1.1) must
be. In (2.4), an is intended to stand for the magnitude of the kick felt by the particle. The
idea behind this is that we consider all the w € € for which the kick is large enough to
make the particle cross the barrier. To put it differently there must be enough mass near 1
in the distribution of X;_ to ‘absorb’ the particle from 1 —an to 1. Implicitly, this requires
that there is no gap in the mass. If, for some 7’ < 7, the probability P(X;— + an’ > 1)
is (strictly) less than 7/, then the kick is not strong enough to absorb the particle when
at distance an’ from 1. This suggests that, physically, the magnitude of the kick must be
given as the largest magnitude for which ‘absorption’ can occur. Therefore, a reasonable
characterization for Ae(t) is

Ae(t) =sup{n=0:Vn <n,P(X— +an' >1) 27}
= inf{n >0: ]P’(Xt_ +an > 1) < 77}.
At this stage of the paper, we will keep this characterization as a necessary condition for a

‘physical’ solution to (1.1). Again, we will justify this choice in a more detailed way below.
With this in mind, we thus make the following precise definition.

Definition 2.2. We call a (physical) solution to (1.1) a pair (X, My): > o of cadlag adapted
processes such that

(1) (M)t > o has integrable marginal distributions;

(2) forallt >0, P(AM; <1)=1;

(3) P-almost surely, (1.1), (2.1) and (2.2) hold true;



SELF-EXCITATORY SINGULAR PARTICLE SYSTEMS 5

(4) the discontinuity points of the function e : [0,4+00) > t — E(M;) satisfy
Ae(t) = inf{n >0: ]P’(Xt_ +an > 1) < 77}.

2.2. Standing assumptions and related literature. We will make the following two
assumptions throughout the article.

Assumption 1 (Globally Lipschitz drift). The drift b : (—oo, 1] — R is Lipschitz contin-
uous such that |b(x)] < A(|z| + 1), and |b(x) — b(y)| < K|z —y|, for all x,y € (—o0, 1].

Assumption 2 (Initial condition). The initial condition Xo € (—o0, 1 — 9] almost surely
for some g9 > 0 and Xo € LP(QQ) for any p > 1.

The assumption that the distribution of the initial condition has support in (—oo, 1—egg],
rather than in (—oo, 1), is a slight simplification. It is motivated by technical reasons that
will be specified in the core of the proofs.

As mentioned in the Introduction, the existence and uniqueness of a solution to (1.1) is
a nontrivial problem. It is addressed in [3] and [8], as well as [5], but in the smaller class
of pairs (X, My); > o for which the mapping e : [0,4+00) > t — E(M;) is continuous (which
renders the conditions (2) and (4) in Definition 2.2 useless). The following two theorems
summarize the results in [3] and [8].

Theorem 2.3 ([3]). For every o € (0,1), it is possible to find an initial condition X,
such that there is no global solution (global meaning defined on the entire interval [0, 4+00))
where the mapping e is continuously differentiable. Equivalently, it is possible to find an
initial condition Xo such that any solution to (1.1) experiences a blow-up, in the sense that
¢/ (t) = +oo for some t > 0.

Theorem 2.4 ([8]). For all initial conditions Xo = xo < 1, it is possible to find an
ap(zo) € (0,1) such that, whenever o € (0, o), equation (1.1) possesses a unique (pathwise
and thus in law) global solution such that the mapping e is continuously differentiable.

So far existence and uniqueness within the framework of Definition 2.2 are completely
open problems. As mentioned in the Introduction, the purpose of this paper is to provide
a general compactness method for approximating solutions to (1.1), and as a by-product
prove the existence of a solution according to Definition 2.2, for which the map e may
be discontinuous. Inspired by the earlier paper [8], we will make use of the following
reformulation of equation (1.1).

Remark 2.5 (Reformulation). It will be very convenient throughout the article to some-
times work instead with a reformulated version of (1.1), which describes the evolution of
the process Z = (Zy)t > o, defined simply by

Zt Z:Xt—{—Mt, t}O
It is then plain to see that M can be completely expressed in terms of (Zs)o<s <t aS

My=|( sup Z) |= sup [(Z)4+], t=0, (2.5)
t 0<s<t

0<s<
where | x| and (x)4 indicate the integer part of x and max{x,0} respectively, for any x € R.
Indeed, as Xy < 1 and (My)s > o is non-descreasing, it is clear that My > | (Supg < s < ¢ Zs)+]-
Conversely, for a given k = 0 such that 7, <t < 741, Xr, =0, so that M, =k < Z;,,

which completes the proof of the equality. Note that the interchange of the supremum and
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integer/positive part is valid whenever Z is a cadlag process. The reformulated version of
(1.1) is then given by

t
Z, = Zo+ / b(Zs — My)ds + aE(M;) + Wy,  t >0, (2.6)
0

where Zy(= Xo) < 1, and (M)t > o is defined by (2.5). One big advantage of any solution
Z = (Zy)t >0 to (2.6) over a solution X = (Xy)¢ >0 to (1.1) is that discontinuity points of
Z are dictated by those of the deterministic mapping e : [0,400) > t — E(M;) only.

Conversely, given a solution (Z;, M) >0 to (2.6), with M{ = supscpol(Zs)+]), we
recover a (possibly non-physical) solution to the original equation (1.1) by setting X|{ =
Z{ — M, so that the two formulations are completely equivalent.

2.3. A criterion for a physical solution. The following lemma is an adaptation of [8,
Prop. 3.1|. The proof is left to the reader. It relies on Gronwall’s lemma and (2.5)—(2.6).

Lemma 2.6. Consider a pair (X, My)¢ > o of cadlag adapted processes such that (1) and
(3) hold in Definition 2.2. Then it holds that E[supyc(o 11| Z¢|P] < 400 for anyp > 1,7 > 0.

Next we present a useful application. The reader may skip the proof on a first reading.

Proposition 2.7. Assume that the pair (X¢, My): > o of cadlag processes is such that (1),
(2) and (3) hold in Definition 2.2. Assume also that, at any discontinuity time t > 0 of
the mapping e : [0,400) > s — E(Mj), it holds that

vn < Ae(t), P(X;- =1-—an)=n. (2.7)
Then the pair (X¢, My)t > o is a physical solution.

Proof. In order to prove that (Xy, M) > o is a physical solution, we must check that, for
any t > 0, there exists a decreasing sequence (1,), > 1, with Ae(t) as its limit, such that

P(Xi— +am, >1) <np, nz=1

Together with (2.7), this indeed implies (4) in Definition 2.2.
We argue by contradiction. Fix ¢ > 0 and assume that there exists g > Ae(t) such that

vne (0,m), P(Xi— =1—an) >0
Then, recalling from (2.3) that Ae(t) = P(X;— + aAe(t) > 1), we deduce that
vn € (0,m0], P(1—an<Xim <1—ale(t))
=P(Xi— 2 1—an) —P(Xi— +ale(t) = 1) =n— Ae(t).
Notice that, on the event {1 — an < X;— < 1 — ale(t)}, AM; = 0, so that X; =
Xi— + ale(t). Therefore, changing 7 into n — Ae(t), we obtain
vn e (0,m0 — Ae(t)], P(Xy=1—an) =n. (2.8)
To simplify, we let nj := no — Ae(t) > 0.
The strategy is then to prove that liminf gle(t + h) — e(t)] > 0, which will contradict
the right-continuity of e. To do so, we use a stochastic comparison argument. For some
small h € (0,1), we indeed have

e(t+h)—e(t) >P(3s € (t,t+h]: Y- > 1),

where (Y5)se[t,1+n) solves the equation

Ys:Xt—i—/ b(Yyu)du + afe(s) —e(t)) + W — Wy, t<s<t+h.
t
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Indeed, as long as (Xs)sep,¢+r) does not spike, it coincides with (Yy)sept, 444 In particular,
if Mg — My = 0 and Y,_ > 1, then X,_ > 1 and thus My — M; = 1. Therefore,
{3s € (t,t +h]: Ys_ = 1} C {Mpp, — My > 1}. We then get, for some constant C' (the
value of which is allowed to increase from line to line, but will remain independent of h
and «),

e(t+h)—e(t) > P(Xt—Ch(H— sup [Yi)+ sup [a(e(s)—e(t))+Ws—Wt] > 1). (2.9)
s€[t,t+h] s€[t,t+h]
By a standard application of Gronwall’s lemma (recalling that h can be chosen small
enough so that e(s) —e(t) < 1 for all s € [t,t + h] as e is right continuous),
Ys| SO+ Xy + sup [Ws=Wif), t<s<t+h,
s€[t,t+h]

so that P(supsepsqn Vs = 3C, |X¢| < 1) < Ch. Since X; > 0 implies [X;| < 1, we obtain
P(supgeprqn [Ys] 2 3C, Xy > 0) < Ch, so that, by (2.9),

e(t+h) —e(t)

> IF’(Xt —Ch(14+3C)+ sup [a(e(s) —e(t)) + Ws — Wt} >1, sup |[Yi < 3C>
s€[t,t+h] s€[t,t+h]
> IP’(Xt —Ch+ sup [a(e(s) —e(t))+Ws — Wt] >1, Xy > 0) — Ch,
s€E[t,t+h]
where we have adjusted C.
Assume now that there exists ¢ > 0 such that a(e(r)—e(t)) = c¢v/r — t for all r € [t,t+h],
which is (at least) true with ¢ = 0. Then, by the above bound, we get

+o0
e(t+h) —e(t) > / P(X;—Ch+u>1, Xy > 0)dv(u) — Ch, (2.10)
0

where v denotes the law of the supremum of ¢y/s + W over s € [0, h]. Notice that u < 1
and Xy — Ch+u > 1 implies X; > 0. Assuming without any loss of generality that
any = a(no — Ae(t)) < 1, we deduce from (2.8) that

any . — Ch 1 [ Ch
e(t +h) — e(t) > / “ dv(u) — Ch > —/ udv(u) — 2, (2.11)
Ch « @ Jcn @
the constant C' being independent of ¢. Recall now that cv/h < afe(t +h) —e(t)) < anp/2
for h small enough as e is right continuous. Therefore, using the fact that the tail of
supge(o,n] Ws is Gaussian, we obtain

+oo
[ ) =B sup (V54 W)L 5 |
anj, s€[0,h] ’

/
. ATy
<E LZEI,)M <—2 + Ws) l{supse[o,h] W > om(/)/z}:| < Ch.

Moreover, quite obviously, fOCh udv(u) < Ch. Finally, by (2.11), with C' independent of ¢,

+oo
ale(t+h)—e(t)) > /0 udv(u) — Ch = E[ zl[z)ph} (cv/s + WS)] —Ch

_ 2 <IE[ sup (cv/3 + Ws)] - Chl/z),

s€[0,1]
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the last equality following from Brownian scaling. A similar inequality can be proved for
any r € [t,t + h], that is a(e(r) —e(t)) = f(c)v/r —t, where

fle)=E| sup (c\/§—|— Ws) —CVh.
s€[0,1]

We deduce that, if the inequality a(e(r) — e(t)) = ¢y/r — t holds for all r € [t,t + h|, then
ale(r) —e(t)) = f(c)y/r —t for all r € [t,t + h]. Letting ¢ = 0 and ¢,4+1 = f(cy,) for all
n > 0, we deduce that a(e(r) —e(t)) = c,/r —t for all r € [t,t + h] and all n > 0.

Clearly, we can choose h small enough so that ¢; > 0 = ¢g. Since f is non-decreasing, we
deduce that the sequence (¢, ), > o is non-decreasing. As e is locally bounded, the sequence
has a finite limit ¢*. Then, as f is obviously Lipschitz continuous, we have ¢* = f(c¢*), that
is,

= E[ sup (¢*v/s + WS)] —cVh= E{ sup (¢*v/s + Ws) — (¢* + Wl)] + ¢ = CVh.
s€[0,1] s€[0,1]
Therefore, by time reversal,

CVh = IE[ sup (¢*v/s + Wy) — (" + Wl)]
s€[0,1]

> E{ sup (¢"(s—1)+ W, — Wl)] > E[ sup (—c*s+ WS)}7
s€[0,1] 5€[0,1]

which says that ¢* must be large when A is small. In particular, we can assume A small
enough so that ¢* > 1. Then,

1

CcVh > E[ sup  (—c*s+ Ws)} = —*E[ sup (—s+ Ws)],
s€[0,(c*)~2] c s€[0,1]

which proves that, for i small enough, ¢*v/h > 8, for some constant > 0. This implies

liminfygle(t + h) — e(t)] = B/c, which is a contradiction. O

3. TWO CANDIDATES FOR APPROXIMATE SOLUTIONS

In this section we present two alternative systems, which are candidates to be approxi-
mations of the nonlinear equation (1.1).

3.1. The particle system approximation. As noted above, one of the main motivations
for studying (1.1) is the idea that it describes the behavior of a very large number of
interacting spiking neurons in a fully connected network, each evolving according to the
classical noisy integrate-and-fire model. More precisely, this idea translates into the fact
that we would like (1.1) to describe the behavior of the particle system

XiN = [0 &S MY
0 N — (3.1)
J
Xé’N 4 X independent and identically distributed,

fori e {1,...,N} and t > 0 when N is large. Here (XZ’N)t; o represents the electrical
potential of the ith neuron, Xy satisfies standing Assumption 2, (W}); > ¢ are independent
standard Brownian motions, and now (M ’N)t > o is the process that counts the number of
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times the ith neuron has ‘spiked’ up until time ¢. Precisely, we define for i € {1,...,N}

and t >0
MPN = > 1y (™),
E>1
where Té’N =0 and
N
N = inf{t >N XN % SN - M) > 1}, k> 1, (3.2)
j=1

which should be compared with (2.2) (and which is as involved as (2.2) since the definitions
of T;’N and M, N are fully coupled). The idea is that the system spikes if one of the particles
reaches the threshold 1, but this can cause other particles to instantaneously spike through
the empirical mean type interaction. However, exactly as in the previous section, where
we defined a solution to (1.1), we must be careful about what we mean by a ‘physical’
solution to the particle system (3.1). This is because there may in fact exist multiple
solutions to (3.1) and (3.2) (see section on ‘non-physical’ solutions below). The ‘physical’
solution we will identify is in fact the one in which we require the instantaneous spikes
induced at a spike time to be ordered in a natural way, the first spike occuring when one

of the particles hits the barrier. See below for a precise description. At time ¢ = TZ’N,

XZ’N = XZ;N — 1+ (a/N) Zj»vzl(Mt]’N - Mg;N). Again, it should also be noted that the
presence of the ‘-’ in X;;N in (3.2) ensures that M“" and X" are cadlag.

Anyway, the point is that the system (3.1) is mathematically equivalent to the one used
by Ostojic, Brunel and Hakim in [14] to describe the behavior of a finite network of neurons,
and that (1.1) is a good guess as to what happens in the limit as N — oo. Indeed, the
extremely well developed theory of mean-field/McKean-Vlasov equations provides many
rigorous results about when an individual particle in a system that interacts through an
empirical mean becomes independent in the limit as N — oo, and then behaves according
to a distribution dependent (McKean-Vlasov) limit equation. However, despite the use of
such a result in [14], we argue that the current situation is quite different to any that has
been previously studied in the literature due to the nature of the nonlinearity. Thus, one
of the aims of this paper is to provide a complete rigorous proof of this convergence.

Remark 3.1. The reader may argue that it makes more sense physically to replace the
interaction term N—! Zj\le Mtj’N in (3.1) by (N —1)7! D i Mt]’N, so that if a single
neuron spikes at time t, it is reset from the threshold 1 to O (rather than to a/N ). However,
we choose to keep the stated interaction term since it renders the analysis notationally
stmpler, while remaining mathematically equivalent in the limit N — oo.

Remark 3.2 (Reformulation). Following Remark 2.5, it will be convenient to reformulate
the particle system (3.1) in terms of the processes (Zi'™); > o, defined by

ZPN = XN MY >0
Then, similarly to (2.6), the reformulated system is given by

. 4 t , , N ,
2 =74 [0 - MY e &Y AR
0 N j=1

Mi,N _ Zi,N _ Zi,N ’
; L(sil[lo%] )4 Ssét[lol?ﬂt( )4
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for allt > 0 and i € {1,...,N}, where Zé’N = Xé’N 4 Xo are i.i.d and Xo satisfies
Assumption 2. We will refer to (3.3) as the Z-particle system (and the original system
(3.1) as the X-particle system).

Notation. In the sequel, we will use the convenient notation
1 N
_N 0, N
é (t):NZ;MZ , t>0. (3.4)
e

We will also often omit the superscript N in the notations X*~  Z&N M&N and Té’N for
simplicity. When no confusion is possible, we thus write X?, Z¢, M* and T]i instead.

Non-physical solutions. As mentioned already, the particle system defined above is not
well-posed, as it may admit a large number of solutions when « is close to 1.

Actually, uniqueness may fail for several reasons. A first way for constructing different
solutions is to allow one particle to admit several spikes at the same time. Indeed, consider
the Z-system (3.3) with b = 0 and suppose that « has the form o =1 —1/(2m), for some
integer m > 1. Suppose moreover that, at some time ¢, it holds that (the system being
initialized at Z} = 0,4 € {1,...,N})

Vie{l,...,N}, ZI_ =1-6, M =0,

with 0 =0 and §; € ((i —2)/(4N), (i —1)/(4N)) for i = 2,..., N, which, by the support
theorem for Brownian motion, happens with positive probability. Then, the system is to
spike at time ¢ since the first particle reaches the barrier, but the spike procedure may
be arbitrarily chosen. Indeed, setting arbitrarily M} = ¢ > 1, for all 4 € {1,..., N}, the
equation for Z? gives

Zi PREE VR L oseler 3Ly
¢ =1- z‘FNZZl = +1—%—i€ +1_%’ +1>,
for all i € {1,...,N}. Then, if £/m < 1, [(supg < 4 < ¢ Z!)4+] = £ = M}, so that the second
relationship in (3.3) is satisfied. Since ¢ < m is arbitrary, the system (3.3) clearly does not
possess a unique solution. According to the discussion below, cases where £ > 2 will be
considered as non-physical.

We give here a second example where uniqueness fails even if the property P(AM} < 1) =
1 is fulfilled. We present it with N = 3 particles but it could be generalized in an obvious
way. Suppose that at some (random) time ¢, M} = M? =M} =0,2} =1,22 .7} <
(1 —2a/3,1 — «/3). We can then make explicit two solutions to (3.3): a first one where
only particle 1 spikes, that is M} =1 and M? = M? = 0, and a second one where all the
particles spike at time ¢, that is M}! = M? = M? = 1. In this example, the second case
will be said non-physical. Intuitively, particle 1 is indeed intended to spike ‘first’. After
particle 1 has spiked, particles 2 and 3 are both strictly below 1, which should prevent
them from spiking immediately.

Physical solutions. In view of the above discussion, the problem is that the ordering of
the spike cascade is not determined i.e. how spiking neurons instantaneously cause others
to spike. We now argue that in fact there is a natural way of ordering this cascade, which
then leads to unique ‘physical’ solutions.

To this end, consider the X-particle system (3.1) and define the set

To:={ie{l,...,N}: X]_=1}.
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We say t is a spike time when I'g # (). At a spike time ¢, it is certain that all the neurons
in I'g spike. It then makes sense to introduce a second time axis, called the cascade time
axis at spike time t, and to say that, along this axis, neurons in Iy are the first ones to
spike.

Then it is natural to determine exactly which other neurons spike given that those in I'g
have already spiked. Since the system says that all the other neurons should feel the effect
of the ones in I'y spiking by receiving a kick to their potential of size «|T'g|/N, this in turn
means that all the neurons in the set

N

now have potentials that are instantaneously above the threshold, and so should also spike.
Thus we are now sure that all the neurons in I'g U I'y spike at . Along the cascade time
axis at time t, the neurons in I'y are said to spike after the neurons in I'g. Similarly, it
is then natural to determine which other neurons spike, given that those in I'o U Ty have
already spiked. According to the definition of the system, this is exactly those in the set

, r
Fl = {Ze{l,,N}\Fng—{—Oém 21}’

. T'yull
FQ = {16{1’7N}\P0UP1X;_+04%>1}

By defining sequentially for general k£ € Ny

. I'nu---u’l
the natural cascade is continued in this way until I'; = ) for some [ € {1,...,N}. Note

that this must happen, since by definition I'y = () (if Ty # 0, all the sets Ty, ..., 'n_1
contain at least one element; since all of them are disjoint, we obtain a contradiction).
Along the cascade time axis at time ¢, neurons in I'y11 (k+ 1 < ¢) spike after neurons
ingU---UT,. We can then define I' := Uo <k<N-1 I'g, which is exactly the set of all
neurons that spike at time ¢, according the natural ordering of the spike cascade (see also
[6]). Having determined this, it is then straightforward to perform the final update of all
the neurons in the network by setting

all'

— r
Xji=x] + 5 ol

ifigT, Xf:Xf_%—T—lifz’eF. (3.6)

Note that now X} < 1 for all i € {1,..., N}. Indeed, if i € T, then i must be such that
||

Xz_+T<1 = Xti<1.
On the other hand, if ¢ € I" then, since |[I'| < N and o < 1,
‘ ‘ r ‘ ‘
X;:XZJF%— <X ta-1<X <1

The above idea is completed by the following lemma.

Lemma 3.3. There ezists a unique solution to the particle system (3.1) such that, whenever
t is a spike time, the entire system jumps according to
all| all|

Xg:Xg_JrTifz‘gzr, Xti:Xti_—l—T—lifiGF-

where I' C {1,..., N} is as above. Such a solution will be known as a ‘physical’ solution.
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Proof. 1t is clear that in between spike times of the system there is no problem of uniqueness
(since the particles only interact at spike times). Therefore, since we have specified a unique
jumping procedure, any solution must be unique.

The proof of existence is more challenging. We feel it is more convenient to give it at
this stage of the paper, but the reader may skip ahead on a first reading.

We in fact prove the existence of a solution to the associated Z-system (3.3) (this is

completely equivalent to the existence of a solution to the original system (3.1)) with the
i

given spike cascade. For any 1 < ¢ < N, we define (Yt1 )t >0 as the solution of the SDE
v = 7] +/ b(Y")ds + W, t>0.
0

We set 70 = inf{t > 0 : Ytl’i > 1}, 1 <i < N. Clearly, we have 0 < 75 < 00 (a.s.), so
that 0 < infy < ; < N(71%) < 00 (as.). For t € [0,71), with 7! = inf; < ; < y(717), we set

Zi=Y!M, Mj=0 0<t<7t', 1<i<N.

At time 71, there exists i' € {1,..., N} such that 7! = 71" We then denote by T'D the
set of particles that spike at 7! according to the physical procedure summarized in (3.6)
(pay attention that I'™) stands for the I in (3.6) and not for I';: the positions of the indices
are different). Then, according to the cascade, we know that the kick that the particle Z*
receives at time 7! is o' |/N, so that

i 1, N -
ZT1 :YTf —{—OZT, 1<Z<N
For a coordinate i € F(l), it holds Mil = 1. Since Zil, < 1 and the kick received by 17 is
less than «, it holds Zil <l4+a< Mil + 1. Moreover, we must also have Zil > 1 so that
M < Z <-M;1 +1, that is LZ;IJ = M,. Since Z}, = sup,c(o1] Zs = (SUPsc[o,71] L)+
we deduce M, = |(sup,e(o,r1] Z5)+])- On the other hand, for a coordinate i ¢ ' it holds
that M’ = M!, =0, and SUPgefo,r1] Z! <1, so that M!, = [ (supseo,r1] ZY) 4 | as well.
For any 1 <i < N, we then define (¥;*"); > ¢ as the solution of the SDE
. . t . . . .
vH = 72, +/ b(Y2' — ML)ds + (W — Wh), t>1h
71
Define then 72! = inf{t > 71 : Y;’i > Mil +1}, 1 << N. Since Zil < Mil + 1, we have
724> 71 Then, with 72 = inf] < ; < y(7%7), we set

7l = Yf’i, h<t<r?

The spike procedure at time 72 is defined according to the process summarized in (3.6), the
set of particles jumping at 72 being denoted by I'®. By iteration, we build an increasing
sequence of stopping times (7%) > o (with 70 = 0) such that

t N
Zi - zg)+/0 (7~ Mix)ds + 5 3 M, + W, (3.7)
=1

for 1 <i< Nand 7F <t <71 k>0, with 78! = inf; ¢ ; < ¥ 7FTH8) where 7F L =
inf{t > 7.7 > M, +1}, 1 <i < N. The set of particles that jump at 7% is then
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denoted by I'®*). With such a construction, we notice that

M= [(sup Z7)_ |, (3.8)
s€[0,t]
for 1 <i < N and t < 7%, for any k > 1. Indeed, at time 7%, the proof is the same as at

time 7! At any time t € (7’ , 71 the equality follows from the fact that Z} < Mik + 1.

To finish with the proof of existence, we prove that 7% — +oco as k — +o0. Noting from
(3.8) that the drift part in (3.7) can be bounded by |b(Z: — M!)| < C(1+supg <, < 5 |Z]),
for some constant C' > 0, and taking the empirical mean over i € {1,..., N}, we deduce
that, for t < 7%, for k > 1,

N N

-« ; 1 ‘
sup |Z < — | X¢|+ sup |[WZ)) —i—C’/ 1—|— sup |Z;|)ds
N ;SE[O,t] ° N ZZ;( 0 s€[0,¢] i—1 r€l0,s] r)

We deduce from Gronwall’s lemma that, for any 1 <i < N and t < 7%, for k > 1,

N

N
1 ) )
— E sup |Z! < Cexp(Ct) [ g |XZ|-{— sup |W}| ],
N i—1 s€[0,1] i1 0 s€[0,t] )

for a possibly new value of C. By (3.8), the same bound holds for N~' S M. Going
back to (3.7) and using Gronwall’s lemma again, we deduce, that for any T > 0, there
exists a constant C > 0 such that, for any 1 <i < N and t < 7F AT, for k > 1,

sup 1211 < Co 1415+ s rWZ\+NZ\XJ\+S§[10p]rWJD] (39)

Again, by (3.8), the same bound holds for M}. In particular, if 7% < T

sup  M:, < Cr (1 + sup |X}|+ sup sup \W;\)
ie{l,..,N} ie{l,...,N} ie{1,...,N} s€[0,T]
Applying the above inequality with Nk instead of k, we notice that sup;eqq, . vy MiNk is

larger than k (as, at time 7/V*  there have been Nk spikes in the system, so that at least
one of the particles has spiked at least k times). Therefore, if 7% < T, then

/<:<CT<1+ sup |X4+ sup  sup \Wsﬂ)
ie{l,...,.N} ie{1,...,N} s€[0,T)

In particular, the sequence (7%); > 1 cannot have a finite limit 7', as otherwise, passing to
the limit, we would get sup;cqy, . ny | Xol + Supseqr,.. Ny SUPseio, 1] W] = +o0. 0

Physical solutions to the particle system satisfy a discrete version of (4) in Definition
2.2, which motivates the notion of physical solutions to the original equation (1.1):
Proposition 3.4. For a physical solution as in Lemma 3.3, it holds that, for allt > 0

N

N
NAeN(t) = (M — M) = inf{k €{0,...,N}: 211{)(;_ > 1oaky < k} (3.10)

i=1

Proof. We use the description of a physical solution. We know that the left-hand side in
(3.10) is equal to |I'| by definition of I in page 11. Clearly |I'| = 22:0 IT'x| where [ is the
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largest integer such that I'; # (. Then, for k € {[To UL U---UL;_4],...,[ToUT1U--- U
r;|—1} andje{l oy (or ke {0,...,|To| =1} if 7 =0),

ZI{XL_ S 1o ak}/ Zl{Xl _— a\rourlu Urjaly Z|F@|>k‘

the equality following from (3.5), proving that the right-hand 51de in (3.10) is greater
than or equal to |I'|. On the other hand, by construction, Zi\il Lixi 12y < | +

t— =&

=

Zigr 1oy > -2} but the last term in the right hand-side is zero. This shows that the
right-hand side in (3.10) is less than or equal to |T'|. O

3.2. The system with delays. In this section we introduce a second approximation of
the nonlinear system (1.1), by introducing delays. As we will see below (Proposition 3.5),
the advantage of doing this is that the resulting system has a global in time solution, for
which the mean-firing rate ¢’ remains finite for any value of the parameter o and initial
condition (recall that this is in contrast to the system without delays (1.1) which may
‘blow-up’ in finite time for some parameter values: see Theorem 2.3).

The point is that the introduction of a delay prevents a macroscopic proportion of the
neurons all spiking at the same time. Intuitively, this is because, even if other neurons are
close enough to the threshold to be induced to spike as a result of the first neuron spiking,
this will occur only after a positive amount of time.

Given that the delayed system does not experience a blow-up and has a global solution
(see below), part of our work is dedicated to the analysis of the solutions when the delay
converges to zero (see Subsection 4.2). However, the purpose of this current subsection is
simply to introduce the system with delays and to check well-posedness. To this end, let
6 > 0 and consider the equation

t
X =X, +/ b(X?)ds + aes(t) + Wy — M, t>0. (3.11)
0

Here, similarly to above, M counts the number of time (X?) sefo,¢] reaches the threshold.
Precisely, we write

§ 1
M = Log(nR), (3.12)

k>1

where 7§ = 0 and, for k > 1

0 ift<é

3.13
E(M? ;) ift>é. (3:13)

) = inf {t >70 0 XD+ ales(t) > 1} ,  with es(t) := {

We write the equation in this way, even though, as the following proposition shows, the
delay guarantees that there is a unique solution to (3.11) such that es is always continuously
differentiable (so that Aes = 0). This makes any notion of ‘physical’ solutions irrelevant
for the delayed equation. As in Section 2, we take o € (0,1) and (W;); >0 a standard
real-valued Brownian motion, and we assume that Assumptions 1 and 2 are in force.

Proposition 3.5. Let T' > 0 and o € (0,1). Then there exists a unique cadlag process
(X9, Mté)te[O,T}; such that (M)); > o has integrable marginal distributions, satisfying (3.11)
and (3.12). The resulting map es is continuously differentiable.
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Proof. Step 1: Solution on [0,4d]. For t < 4 (3.11) reads
¢
X = Xo+ / b(X0)ds + Wy — M. (3.14)
0

Clearly, this has a unique strong solution for ¢t < ¢ (there is no difficult nonlinear term).
Moreover, by [8, Proposition 4.5], we have that [0,6] > t + E(M}) is continuously differ-
entiable, and moreover

d

d 1
%E M(S / aypo )d E(Ms)d - §ayp§(0(t71)7 te [075]7 (315)

where, for a random variable yq, pX0 represents the density of the process X° killed at 1
with XJ = xo, namely pfm(t,y)dy =P(X} ¢ dy, SuPse|o,] X? < 11X§ = xo). Note that
the shift by s that is required in |8, Proposition 4.5] is not necessary here, as (3.14) is time
homogeneous. By continuous differentiability, 0 < sup,¢q g (d/dt)E(M, 7)< +o0.

Step 2: Solution on [0,24]. For t < 20 (3.11) reads

t
X =X+ / b(X%)ds + aes(t) + Wy — MY, (3.16)
0

where e;(t) = 0 on [0, 6] and E(M? ;) on [5,26].

We now claim that [0,26] > t +— es(t) is continuously differentiable. This is clearly
the case on [0,6], and on [§,20] by Step 1. It remains to check that it is also true
at t = 6, ie. limyses(t) = limyo[d/dtJE(M?) = 0. This follows from (3.15), since
limy o 8ypf<0 (t,1) = 0 for xo satisfying Assumption 2, see [8, Lemma 4.2]. In particular,
0 < supeo,29] (d/dt)E(M/) < 4+o0. By [8, Section 3], equation (3.16) has a unique strong
solution.

Moreover, since [0,20] 3 t — es(t) is continuously differentiable, we can apply [8, Propo-
sition 4.5] on this new interval to see that [0,20] > t — E(M}) is continuously differentiable.

Step 3: Solution on [0,36]: We replicate Step 2 by proving that [0,3d] > ¢t — es(t) is
continuously differentiable. Indeed, [0,36] > t +— e;s(t) is continuously differentiable by
Step 2, and es(t) is equal to 0 on [0, ], but, as already noted, [d/dt]|,—s+es(t) = 0, so that
the ‘join’ is continuously differentiable.

Conclusion: Let T > 0. One may iterate this procedure up until Step [7'/d]. This will
yield the fact that there exists a unique strong solution to the system given by (3.11) and
(3.12) up until time T, such that [0,T] > t — E(M) is continuously differentiable. O

4. RESULTS

Given the setup described in the previous sections, we are now in a position to present
our main results. The objective is to pass to the limit as N — oo in the particle system
described in Subsection 3.1 and as § — 0 in the delayed equation described in Subsection
3.2, deriving as a by-product a new global in time solvability result for the original model
(1.1) including solutions that blow up.

With this in mind, the thrust of the paper is to identify a very convenient topology for
tackling both problems. Basically, the strategy is to make use of the so-called M1 Skorohod
topology, which is different from the more famous J1 topology and which turns out to be
much more adapted to the problem at hand. The reason is that relative compactness for
the M1 topology is indeed easily checked for sets of monotone cadlag functions, which
exactly fits the nature of the process (M) > in (1.1).
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4.1. The M1 topology. We first supply the reader with some reminders about the M1
topology. For a complete overview, we refer to the original paper by Skorohod [15] and
to the monograph by Whitt [19]. We denote by D ([0, T],R) the space of cadlag functions
from [0,7] to R that are left-continuous at time 7" *. For a function f € D ([0, T],R), we
denote by G the completed graph of f i.e.

Gr={(z,t) eRx[0,T]: w € [f(t—), f(t)]}-
We define an order on Gy in the following way: for (x1,t1), (z2,t2) € Gy, we say that
(ml,tl) < (1‘2,152) if either ¢; < t9, or t; = to and ’f(tl—) — 1‘1’ < ‘f(tl—) — .%'2‘. In other
words this is the natural order when the graph G t is traced out from left to right. We then

define a parametric representation of Gy as being a continuous function (u,r) that maps
[0,T] onto G¢ that is non-decreasing with respect to the order on Gy defined above i.e.

(u,r) :[0,T] 2t — (u(t),r(t)) € Gy,

where u € C([0,T],R),r € C([0,T],R). We define Ry as the set of all parametric represen-
tations of Gy. A parametric representation of G is thus a way of tracing it out ‘without
going back on oneself’ with respect to the natural order of the graph.

For f1, f2 € D ([0,T],R) we finally define the M1 distance between them as

dary (fr, f2) i= inf o {flug —ugl[ V[ — ]},
(uj,rj)€ fj
j=1,2
where || - || is the usual supremum norm on C([0,7],R). In order to characterize the
convergence in M1, we define for f € D ([0,7],R),t € [0,T] and § > 0,
wr(f,1,0) = sup | £2) = £, F (2] (4.1)
0V (t—0) < t1<ta<ts < TA(t+9)

where

[ #t2) = 1700, 7)) = imf {070 + (1= 0)7(25) — 7 (22)

0e[0,1
is the distance between f(t2) and the set [f(t1), f(t3)]. In particular, if a function f €

D ([0, T],R) is monotone (non-increasing or non-decreasing), then wr(f,t,6) = 0.
From [19, Theorems 12.5.1, 12.4.1, 12.12.2], we have:

Theorem 4.1. A sequence of functions (fu)n>1 C D ([0,T],R) converges to some f €
D ([0, T],R) in the M1 topology if and only if f,(t) — f(t) for each t in a dense subset of
full Lebesgue measure of [0,T] that includes 0 and T, and

lim limsup sup wr(fn,t,9) =0.

=0 n—oo te[0,T]

Theorem 4.2. Suppose that the sequence (fn)n>1 C D ([0,T],R) converges to some f €
D ([0, T],R) in the M1 topology. Then for all points t € [0,T] at which f is continuous it
holds that

lim lim sup sup |fn(s) — f(s)] = 0.

020 n—oo  se[0V(t—3),TA(t+0)]
In particular, if f is continuous on the entire interval [0,T], then the convergence of
(fr)n>1 to f is uniform. Moreover, if f, is monotone for each n, then f, — f in M1

IThe condition forcing elements in 15([07 T],R) to be left-continuous at the terminal time is implicitly
done in Whitt [19]: in Theorem 12.2.2 therein, the piecewise constant functions used for approximating
cadlag functions on [0, 77 are precisely assumed to be continuous at terminal time 7T'.
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if and only if fn(t) — f(t) for all t in a dense subset of full Lebesgue measure of [0, T
including 0 and T'.

Theorem 4.3. A subset A of D ([0,T],R) has compact closure in the M1 topology if and
only if supse 4 || f|| < o0 and

lim Sup{ ( sup wT(f7 t, 5)) \ UT(f7 07 5) v UT(f7 Ta 5)} =0
6—0 feA L N\efo,1)

where vp(f,t,9) := sup ‘f(tl) — f(t2)|.
0V (t—=0) < t1 < ta < TA(t+0)

Finally, we mention that ﬁ([O,T],R), endowed with M1, is Polish, and that the Borel
o-field coincides with the o-field generated by the evaluation mappings (see [18, Page 8|).
This guarantees that the law of a process over ﬁ([O,T],R), endowed with M1, is charac-
terized by its finite-dimensional distributions. The Polish property renders the Skorohod
representation theorem licit, both on D([0,T],R) and on P(D([0,T],R)), which is defined
as the set of probability measures on D([0,T],R) (see [2, Theorem 6.7] and [9, Chapter
III, Theorem 1.7]). It also renders the Prohorov theorem licit (see [2, Chapter 1, Section

5]): we let the reader derive the tightness criterion from Theorem 4.3 (see [19, Theorem
12.12.3)).

4.2. Existence of weak solutions with simultaneous spikes. The purpose of this
Section is to state two results showing that the existence of a solution to (1.1) can be
deduced by extracting weakly convergent subsequences either along the distributions of the
particle systems (as the number of particles N tends to +0o0), or along the distributions of
the delayed systems (as the delay tends to 0).

Theorem 4.4. Given T > 0 and the (physical) solution ((ZZ’N)te[O,T])izl,...,N to the par-
ticle system (3.3), consider the extended system

N '
Zvi,N L Ztl7 ) th < T7 4.9

= Wp+ 2y, ifte(T,T+1],
fori € {i,...,N}. Define the empirical measure iy = = SV Dirac(Z*N), which reads

as a random variable with values in P(D([0,T +1],R)). Then, denoting by Iy the law of
fin, the family (TIx)y > 1 is tight in P(P(D([0,T + 1],R))) endowed with the topology of
weak convergence inherited from the M1 topology.

Moreover, for any weak limit I, for I -almost every measure € P(D([0,T+1],R)),
the canonical process (zi)ie[o,r+1] ON 75([0, T+1],R) generates, under u, a physical solution

to (2.6), and hence to (1.1), up until time T i.e.

(1) under p, zy is distributed according to the law of Xo;

(2) under u, (2 — 2o — fg b(zs — ms)ds — a{p, mt) )iejo,r) 18 @ Brownian motion, where
my = |[(SUPg < s < ¢ 2s)+] and (p,my) denotes the expectation of my under p ({-,-)
is the duality bracket between a probability measure and a measurable function);

(3) under u, (1), (2) and (4) in Definition 2.2 are fulfilled.

Remark 4.5. In the usual terminology of SDEs, the solution to (2.6) as given by Theorem
4.4 is weak as the Brownian motion is part of the solution.
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The extension of the Z-processes in (4.2) to the interval (T, T + 1] permits to get for
free uniform bounds on the modulus of continuity of the particles at the final time T + 1,
which is a requirement for tightness for the M1 topology (see Lemma 5.4 below).

By Cantor’s diagonal argument, it is possible to construct a solution on a sequence of
intervals ([0,T),))n > 1, with T,, — 400, and thus to prove existence in infinite time.

We have a similar result for the delayed equation:

Theorem 4.6. Given T > 0 and the family of solutions ((Xf)te[o,T])ae(o,l) to the delayed
equation (3.11), with Xg = Xy satisfying Assumption 2, consider the family of extended
paths

72 . (43)
Wy —=Wr + 25, ifte (T,7T+1].

Define by 1° the law of (Zf)te[o,Tﬂ} on D([0,T +1],R). Then, the family (,u‘s)(;e(o,l) is
tight in P(D([0,T + 1],R)) endowed with the topology of weak convergence inherited from
the M1 topology. Moreover, under any weak limit u as § tends to 0, the canonical process
(2t)tej0,r4+1) on D([0,T + 1],R) generates a physical solution to (2.6), and hence to (1.1),
until time T, in the sense that (1), (2) and (3) in Theorem 4.4 hold true.

55 . {X?+Mf, ift<T,
t

4.3. Convergence of the particle system and propagation of chaos. An important
corollary to Theorem 4.4 is that when we have uniqueness for equation (1.1), we also have

propagation of chaos for the particle system ((Zf’N, MZ’N)te[o,T])z‘zl,...,N given by (3.3):

Theorem 4.7. Assume that there exists a unique physical solution (X, My)¢>o to (1.1)
and denote by (Zy, My)¢ > o the reformulated solution (as defined in Remark 2.5). Denote
also by J the (at most countable) set of discontinuity points of the function [0,+00) >t —
E(M,). Then, for any S € [0,400) \ J and any k € {1,...,N},

((ZA;’Na M;’N)a ey (ZAf’Na Mf"N)) = P®k as N — +OO, (44)

86[075} (ZS7MS)SE[O,S]

on the space [D([0,5],R) x D([0, S], R)]* equipped with the product topology induced by the
M1 topology, where
@ =L Zn) e
(ZS’_ ,MS’_) if s=25.
Here, for a random variable X, Px stands for the law of X, and = indicates weak conver-
gence. Moreover, as N — 400, on ﬁ([O,S],R) equipped with the M1 topology,
1 i | N
(NZMQ > — (E(MS))SG[O,S} in probability. (4.5)
i=1 s€[0,5]
Remark 4.8. (i) In the case when the unique solution (Zy, My); > o has a continuous firing
function e : [0,+00) >t — E(My), then the process (Zi)t > o has continuous paths. Such a
situation is guaranteed for some initial conditions and values of o by Theorem 2.4. Then,
by Theorem 4.2, the weak convergence of the law of the particles ZLN . .,Zk’N in (4.4)
holds on the space [75([0, S],R)|¥ equipped with the product uniform topology. Similarly,
in such a case, the convergence in (4.5) holds on D([0,S],R) equipped with the uniform
topology.
(ii) Convergence of the X -particles in (4.4) follows from the relationship X = ZN —
Mz’N, fori € {1,...,N}. However, since addition may not be continuous for the M1
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topology (see Chapter 12 in [19]), we cannot deduce the convergence of the X -particles on
ﬁ([O,S],R). By Theorem 4.2, the best we can say is that, for any k € {1,...,N}, any
¢>1 and any ty,...,t; € S, the law of the random vector ((XZJ’_N,MZ;N)Z-e{l,__”k})je{l,___’g}
converges towards the finite-dimensional marginals, at times t1,...,tp, of k independent
copies of (X¢, M)t > o-

(iii) Finally, we emphasize that (4.5) is the keystone to switch from the finite system of
particles to the dynamics of the McKean-Viasov type.

4.4. Convergence of the delayed system. Here is the analogue of the previous result
for the delayed system ((Z9, M}); > 0)5€(0,1), Where Z0 = X9+ M) and (XD, M?); >0 is a
solution to (3.11).

Theorem 4.9. Assume that there exists a unique physical solution (X, M)t > to (1.1)
and denote by (Zy, My)y > o the reformulated solution (as defined in Remark 2.5). Denote

also by J the (at most countable) set of discontinuity points of the function [0,+00) 3t
E(M;). Then, for any S € [0,+00) \ J,

(22,03

$ )56[075] = P(stMS)SE[O,S] as 6 - O’ (46)

on the space 75([0, S, R) x 75([0, S],R) equipped with the product topology induced by the
M1 topology, where Mg = Mg if s < S and Mg = Mg_ if s =.5. Moreover,
rd
(E(MS))SE[O,S] — (E(MS))se[o,S] (4.7)

as d — 0, on 75([0, S],R) equipped with the M1 topology.

5. PROOFS

5.1. Preliminary estimates for the particle system. This first subsection is devoted
to the proof of two preliminary technical lemmas. The first one will be used for establishing
suitable tightness properties of the particle system, while the second one will be needed
to show that in the limit the solution does indeed satisfy the required properties to be
physical in the sense defined above.

Throughout the section ((Zf, M}); > 0)i=1....~ will denote the physical solution to (3.3).
We start with a moment estimate:

Lemma 5.1. Foranyp > 1 and T > 0, there exists C:(pp) > 0, independent of N, such that

Vie{l,...,N}, E[sup |Zi]P + (ME)"] <P,
te[0,7)

Proof. The proof is a consequence of (3.8), (3.9) and Assumptions 1 and 2. O

Corollary 5.2. For all n > 0 there exists a constant A(n) > 0 that is independent of N
(but depends on the constant gy in Assumption 2), such that

_ -1
P{vt e [0,Am)], &"(t) > (M)t} <,
where eV (t) is defined by (3.4).
Proof. Given T € (0,1), define 7 by

N
. 1 ,
T:mf{f}O:N E 1{M§21}>T} (1nf®:—}—oo)’
i=1
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which is the first time the proportion of particles that have spiked at least once is bigger
than T'. For t < 7 AT, the Cauchy-Schwarz inequality yields

1 N 1 N 1/2 /4 N ) 1/2 1 N ) 1/2
, A 1/ .
TN (2 tan) (F06?) <m2(F0m7) e
i=1 i=1 i=1 i=1
The point is now to investigate P{r < T'}. To this end, we define the events

N N
1 i\ 2 —~1/2 1 2
A:{NZ(MT) <T /}’ A,:{NzlAigT , where
z:; =1 (5.2)
Ai:{c/ (1+ sup |Zi|)ds+aT"* + sup [W{| >6o/2}’
0 r€[0,5] s€[0,T]

and C' > 0 (independent of N and T') is chosen to be the constant such that on A, for
t<7AT and any 1 <7< N,

sup (ZZ) —|—C/ (1+ sup \Zl\)ds—i—aTl/‘l—i— sup |[W?.
s€[0,t] rel0,s] s€[0,t]

The existence of such a constant follows from the definition of the reformulated particle
system (3.3) and (5.1). As (Z})+ < 1—eg by Assumption 2, we have, on A, for t <7 AT,

t T
. €0 . . . €0
sup (Z;)Jr}l—E = (Zé)++C/ (1+ sup \Zf,])ds+aT1/4+ sup |W¢| 21—5 =>C/ (1+
s€[0,t] 0 0<r<s 0<s<t 0

If 7 < T, the above is true on A for all ¢ < 7. We deduce that, on AN{7 < T}

N

1

N Z l{SUPse[o,T)( >1-g0/2} S Z Lai,
i=1

with (A%);—1_n asin (5.2). On AN A’ N {r < T}, it thus holds that

2
N Z Lsup,cio.ry (284 > 1-20/2) ST

Assume that T2 < g9/4. Then the number of particles such that SUPselo, T)( Dy > 1—g9/2
is at most Neg/4. The other particles cannot cross 1 at time 7, since the size of the kick they
receive due to those such that sup,cio)(Z5)+ > 1 —€0/2 is bounded by €0/4. Therefore,

the number that have crossed 1 up to and including 7 must also be less than NT?, i.e.
1/N)SY, Tepi >0y < T2,

Since T < /20/2 < 1/2, we have T? < T'. This yields a contradiction since, by definition
of 7 and by right-continuity, (1/N) N 1ipi > 13 = T Inother words ANA'N{r < T} =
0, so that {r < T} C (AN AL, Hence

P(r <T) < P(AY) +P((4)Y). (5.3)

By Markov's inequality, P((A)5) = B(I/N) XN, 14 > T%) < (1/NT?) SN, P(A).
Thus, by (5.2) and using the fact that 7' < 1,

P <l O g 2 ) e g 14> )
(5.4)
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By Lemma 5.1 (with p = 3) and Markov’s inequality again, we see that (since T < 1),

IP’( sup |Z¢| = < Bc3cPes313 < 073, (5.5)

«e[0.7T] 4CT>

for another constant C’ depending upon &y. Under the additional assumption that (« +
C)TV* < 50/8 the first term in the right-hand side of (5.4) can be bounded by

N
1 ; &0
g P<a+CT1/4+ sup ]WZ]/—><—E ]P’< sup \Wﬂ}—)
NT2 s€[0,7] NT? =" \scpor) 8

< T2 exp(—c_lT_l),
for some constant ¢ > 0, independent of N and T (but depending upon £y). Here we
have used the reflection principle and an elementary bound on the Gaussian distribution
function.
In the end, by (5.4), (5.5) and the above inequality, we obtain
]P’((A')E) <C'T+cT ?exp(—c'T7Y) < C'T,

for some C’, independent of N and T and the value of which is allowed to increase from one

inequality to another. In a similar way to the proof of (5.5), we also have that P(A%) < C'T
Therefore, (5.3) yields

P(r <T)<C'T,
for T2 < /4 and (a + C)TY* < g¢/8. The point is that this probability is small in 7.
Fmally, by (5.1) and by Lemma 5 1 again,
PEN(T) > TV <PEN(T) > TV, T < 71) +P(r <T)
N

1 ; _
< P(ﬁ Y (Mp)?=T 1/2) +P(r<T)

i=1
P(A%) +P(r <T) < C'T.
Choose now T = T, and T, = A with A < 1 such that (a + C)A\/* < £0/8 and
A? < g9/4. Then by above,
P(eN(Ty) = T*) < M,
so that, for any kg > 1
]P’( U (V@) =1 > < Y O =(ko),
k > ko k> ko

where 7 is finite since the sum converges, is independent of N and satisfies lim,_, oo 7(x) =

0. Observe now that, for any t € (Tjy1,Tk], M} < M%k and A\~U/41/4 > Tkl/4, so that

eN(t) = \~V4Y* implies eV (Ty,) > Tk1 /4 (recall that &V is non-decreasing). Therefore,
P(3t € 0, T,] : €V (1) = A" V4YY) < nlh),

thus completing the proof. O

The next proposition shows that there is a very small chance of observing a macroscopic
proportion of particles spiking twice or more in a small interval and extends Proposition 3.4
to intervals of non-zero length.



22 F. DELARUE, J. INGLIS, S. RUBENTHALER, E. TANRE

Proposition 5.3. For a given T > 0, consider 0 <t <t+h < T, h € (0,1). Then, we
can find C > 0, independent of h, and an integer Ny := No(h), such that, for N > Ny,

P(eN(t +h) — &V (t—) > 1+ ChY/18) < Oh

and

N
1
]P’(V)\ < (e (t+h) —eN(—) - Cn'/') ~ Y Lixi s i-ar-cni/ie) > A) >1-Ch.
=1

Proof. The first step of the proof is to show that the proportion of particles that spike
twice in a small interval tends to 0 with the length of the interval, uniformly in N > 1.
More precisely, given an interval [t,¢ 4+ h] and 8 € (0,1), define

T(B) = 1nf{s€ [t,t+h]: ZI{MZ Mi >} 2 B}, inf ) = +o0.

Then we want to show that, for 3 = R4, N > h=%/2 and p > 1, there exists a constant
C, (independent of h), such that

P(7(8) <t+h) < Cph?. (5.6)

In order to do this, we will have to enter into the spike cascade, which will require the
cascade time aris defined on page 11. Indeed, we will say that particle i € {1,..., N}
spikes twice before j if inf{s > t, M} > Mtl_ +2} < inf{s > t,M] > M} +2} , or
inf{s > t,M! > M} +2} =inf{s > t, M > Mj + 2} =: p and XZ > Xg_. This
precisely means that particle 7 will spike twice before j either in (usual) tlme, or before j
along the cascade time axis.

Define the set I = {i € {1,..., N} : M., — M{ > 2} of particles that have spiked at
least twice in the interval [t—, ¢ —|— h]. We prove the following claim:

Claim: Suppose 7(8) < t + h. Then there exists a set I(8) C {1,..., N}, such that
BN < |I(B)] < BN + 1 and, for all ¢ € I(3), it holds that

N

1 N\ 12 ' '
1< a+ BY? <— M ) +Ch(1+ sup |Z: sup |[Wi-W}. (5.7
N ;( t+h) ( s€[0,t+h]‘ )+ selt, t+h]‘ - G

To prove (5.7), suppose 7(8) < t + h. By right-continuity of each (M!)s> o, |I| = NS.
For ig € I, let 1(0) be the set of particles that have spiked twice before iy in the above
sense. Whenever |/ (io)] < BN, the sum of the kicks received by particle iy due to the effect
of the particles in I(®) spiking before it (again in the previous sense) is bounded by

N

1/2
ofie kX -] <afie b X a] <o (L 0n)

ielio) ieIlio) i=1
(5.8)

The first « stands for the kick generated by particles that have spiked once only. The other
part corresponds to the particles that have spiked twice or more. At the time when the
particle ig spikes for the second time, X has to cross 1, or equivalently, the Z-particle ig
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crosses a new integer. Since it is its second spike in the interval [t,t + h], the Z-particle i
has run more than 1 since t—, i.e. 1 < sup; ¢ 4 < 444 |Zs — Z;—|, so that

o /t+h (X7 |ds + a + 8Y/2 <l Z )1/2 ©osup Wi - W,
A s N = t+h seltirh] '
Using the bound for the growth of b,
1/2 1 = J 2 2 i0 0 i0
F (G eha)’)+OR+ p 12+ sup W W

Iterating the argument up until the number of particles that have spiked more than
twice is greater than NS, we can find an index 4; such that 1) {1,...,N} and
BN < [I)| < BN + 1. This proves the claim.

To proceed, we can take the mean in (5.7) over the particles in I(3). Using the bound
|I(8)| < NG+ 1 and the Cauchy-Schwarz inequality, we see that

N 1/2
5<aﬁ+ﬁﬂm+§ﬂ<;§Xthﬁ
7j=1
” 1 N o 1/2 iN P 1/2
(5+ ) Ch 1+NZ sup}|Z8| + Z sup |W! —W/| .

Since 8 = h'/* > 1/v/N, we have 1/(8N) < 1/v/N. Dividing both sides of the above
inequality by 3, we deduce that 7(5) < ¢+ h implies

1<a+ 232 N M )2 v
Sa+ 5 NZ( t+h)

7j=1
, 1 N N\ 1/2 e N ' N 1/2
+ Chp~1/2 <1 + — sup |ZJ|2> 42712 <— sup |W! — WJ|2> .
szlse[QtJrh} ° N jzlse[t,t+h] ° !
We can now apply Markov’s inequality with any exponent p > 1. By Lemma 5.1, we get
that there exists a constant C), such that

P(r(B) < t+h) < Cp(BP? + hPBP2 4+ WPRPBPI2) = Cp (P + BTP/® 4+ 1P/8). (5.9)

On the event {7(8) >t+h}N{N"! ZZ V(M)? < h=1/8}, we have, as in (5.8),
N

1/2
Nen) Mo <1402 (F00)7) <1a I 6o
=1
Since B = h'/*, we deduce from Lemma 5.1 and (5.9) that the first bound in the statement
holds with N large enough.

Now, we can focus on the particles that spike no more than once between ¢ and t + h.
The set of such particles coincides with I Comnr E, there are two kind of particles: The set
150 denotes the set of particles that do not spike and the set [ Gl the set of particles that
spike once. In order to characterize the sets I €0 and I Cvl, we can make use of the ordering
of the spikes again, as defined on page 11.

A particle i1 € 1 Clis to spike at some time s € [t,t + h], if, at some moment along
the time cascade awis at s, the kick it receives from the particles that spike before in the
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cascade is larger than 1 — Xﬁi. Now, as 4; doesn’t spike between ¢ and s—, 1 — Xﬁi is
equal to

1- X1 =1- X1 — / b(X)dr — (Wi — W) —a(e(s—) —eN(t-)).
t

We observe that a(e¥ (s—) — &V (t—)) represents the kick i; receives from the other neurons
between t— and s—. Therefore, i1 € I8 is to spike at some time s € [t,t + h], if the kick
it receives between t— and s— plus the kick it receives along the time azis cascade at s
before it spikes is greater than

11— X1 - / b(X)dr — (Wi — W),
t

The sum of the two kicks is called the kick received by i1 before it spikes. Following (5.8),

it can be bounded by
’I’ N y 5 1/2
N + (N N (Mt+h) ) )

where k stands for the number of particles in [ C that spike once before i;. Therefore, for
41 to be in IC’1 it must hold that

- I| 2\ /2 . 4 ,
X' +a—+ (' M > +Ch(1+ sup |Z2])+ sup |[Wi—Wo1>1
¢ N N2 ;( t+h) ( sel0trh] ) seltirh] !

(5.11)
the two last terms in the left-hand side standing for bounds on the drift and Brownian
parts in the dynamics of X*'. Obviously, the number of particles for which the above
inequality holds must be larger than k + 1 (it must be true for the k particles that spiked
before i; and for i; as well). On the model of Proposition 3.4, this must be true for any
k< |10,

Now, following (5.10) for estimating the overall kick on [t,¢ + h], we deduce
N 1/2
\f“! ISl 2
N <@t @) < S ()7
j=1
Therefore, for an integer 0 < k < N(e™N (t+h) — eV (t—)) — [|I| Z] n t+h) 2]1/2 we have
k < [I%!]. By (5.11), we can deduce that

1 N k “‘ 9 1/2

- g ith 2,1 _ 7 i

N 1Bi’1(k‘) > N’ wit B (k) = {Xt + N + <N2 E ( g+h) )
i=1

=1 (5.12)
+Ch(1+ sup |ZY)+ sup |W!-W/|> 1}_
s€[0,t+h] s€[t,t+h]
Define now the events
1N
={7(B) > t+h}n {NZ Hh < 1/8}
7j=1

N
1 A A A A
=4q—= g 1pi2 < h}, B2 ={Ch(1+ sup |Z!|)+ sup |Wi—W/|>hl/161
{N i=1 { ( s€[0,t+h] ) sE[t,t+h] K }



SELF-EXCITATORY SINGULAR PARTICLE SYSTEMS 25

th,1)2)1/2 is less than h'/16. Therefore, on B, for any
A< eN(t+h) —eN(t—) — 3h/16 we have

On BY, the term ((|I|/N?) 30, (M

N ‘ 1/2
AN + 2NAY8) < N (&N (¢ + ) — &V (t—)) — [III Z(M3+h)2] -
j=1

For such a A, we choose k = |[AN 4 2Nh'/10 ] so that k satisfies the required condition to
apply (5.12). On B® N B'(k) N (B2t Xi 4+ ak/N >1—2h1/16 o that

. 4 k
Xi+ad>X{ +ag - R0 > 1 — 4p1/16,

Therefore, on B N B2,

1 & 1 & 1 & k
N ZI{XZ, > 1—04)\—4/11/16} 2 N Z].Bi,l(k) — N ZlBi,Q 2 N - h 2 )\,
=1 =1 =1
<

the last inequality following from the fact that, since N > h=1/2 and h < 1, k/N—h> X+
21116 — 1/N — h > . To complete the proof, notice from (5.9) and Lemma 5.1 that

N
0 2\C / 2\C / -1 1 iy2 !
P((B°nB%)°) <C'h+P((BY)') < C'h+h Nz;p(gz ) < C'h,
1=
the value of C’ being allowed to increase from one inequality to another. O

5.2. Tightness properties and convergent subsequences. This second section is now
devoted to the proof of the tightness property of the family of measures (IIx)n > 1 defined
in Theorem 4.4. It is for this result that the M1 Skorohod topology plays a key role. Recall
that ZN € D([0,T + 1], R) satisfies

i\N .
ZZ’N — {Z; s lfth

4 4 : 5.13
Wi— Wi+ ZEN ift e (T, T +1] (5.13)

fori € {i,..., N}, where (ZZ’N)te[QT} is the (physical) solution to the particle system (3.3),
1 & =
AN = ¥ Zl Dirac(Z"V),
(2

so that fiy is a random variable taking values in P(D([0,T + 1], R)) and Iy = Law (fiy).

Lemma 5.4. For any T > 0, the family of laws of ZLN, N > 1, is tight in P(@([O,T +
1],R)) endowed with the weak topology inherited from the M1 topology on D([0,T + 1], R).

Proof. By definition of tightness, we must show that for any ¢ > 0, there exists K C
D([0,T +1],R) compact for the M1 topology, such that infy > 1 P(ZV € K) > 1 —¢. By
Theorem 4.3, K is compact for M1 if and only if lims_,o sup s ur+1(f, ) = 0, where

uT+1(f, 5) = < sup wT+1(f, t, 5)) V UT+1(f, 0, 5) V UT+1(f, T+1, 5) (5.14)
te[0,T+1]
is the modulus of continuity appearing in that result, and the functions wry; and vy are
given by (4.1) and in Theorem 4.3 respectively. With this in mind, for any R > 1, define
the set . .
Kr:={fe€D(0,T+1],R) : up11(f,6) < Rés, 6 € (0,1/R)}.
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It is thus clear that Kg is compact for every R > 1. It therefore suffices to show that
lim infllP’<V5 € (0,1/R), uri1(ZYN,0) < Rai) ~1. (5.15)

R—oo N >

Since ur41 is a maximum of three terms, the above certainly holds if it also holds when w41
is replaced by each of the three terms appearing in the maximum in (5.14) individually.
This is what we aim to show now, starting with the first term.

To this end define the new process (U Jecl0,T+1] 88

N

~ ~ 1 )

uN =z - ~ > My, te0,T+1].
=1

Then UV is the continuous part of ZLN . We use the easily verified fact that
’U)T+1(f+g,t,(5) <UT+1(gat’6) te [OaT],6>Oa

whenever f,g € ﬁ([O,T + 1],R), and f is monotone. Thus, since ZWN — UN is non-
decreasing,

sup wTJrl(Zl,Nat’&) < Sup UTJrl(ﬁNat’(S)’ 6> 0’
te[0,T+1] te[0,T+1]

almost surely. Hence, in order to show that (5.15) holds in the first case, it is sufficient
to prove that infy > 1 P(V6 € (0,1/R), supycpo,ri] vra1 (UN,,6) < R6Y*) converges to 1
as R — oo. Since (ﬁtN )te[O,T+1] is a continuous process driven by a Lipschitz drift and a
Brownian motion, this directly follows from Lemma 5.1.

To handle the second case, when upy1(f,d) = vry1(f,0,0), by Corollary 5.2, we know
that, for any 1 > 0 there exists A() > 0 independent of N (depending only on the &g
appearing in Assumption 2) such that

B(vie [0, Am), V(1) > (Am) ) <.

In particular, by taking R = ()\(77)) _1, it follows that

1 N

. . 1 iN /4 _
Rl_l)I_{IOO]\}gfl]P(V(SE (0,1/R), UT_H(N;M ,O,5> < RS ) =1,

where we have also used the definition of vy, given in Theorem 4.3. As the continuous
part (UY) of the dynamics of Z'" can be handled in the standard way, we deduce that

. . ~1,N < 1/4 — .
RLITOO N1n>f119><\75 € (0,1/R), vr41(Z257,0,6) < RS 1

For the final term in the maximum in (5.14), by definition, Z%N behaves as W! in
neighborhoods of 7'+ 1, so that (again in the standard way)

lim inf IP’(V& € (0,1/R), UTH(ZLN,TJF 1,6) < R51/4> - 1.
R—4+o0co N >1

This completes the proof. ]
By [17, Proposition 2.2|, we deduce:

A~

Lemma 5.5. For any T > 0 the family Ix)ny >1 C P(P(D([0,T +1],R))) is tight, where

P(D([0,T + 1],R)) is endowed with the weak topology deriving from the M1 topology on

D([0,T + 1], R).
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5.3. Proof of Theorem 4.4. We now give the proof of Theorem 4.4. As we will see, the
proof will rely on some key convergence results that will be proved afterwards. Throughout
the proof, as in the statement of the result, (Zt)te[o,T +1) will denote the canonical process
on D([0,T + 1], R) and my = [(Sup,cpoq #s)+]-

The first part of the theorem is contained in Lemma 5.5, namely that (IIy)x > 1 is tight.
We can therefore extract a convergent subsequence as N tends to +o0o, which we denote
in the same way. We set Il to be the limit point of such a sequence.

Consider the function

0,7+ 1] >t /u{zt_ = 2 pdlloo (1)

Since the application A € B(D([0,T + 1],R)) +— [ u(A)dlo(p), defines a probability
measure on D([0,T + 1],R), the function matches 1 for any ¢ in [0,7 4 1] but in some
countable subset J C [0,7 + 1] (see Lemma 7.7, p. 131, chap. 3 in Ethier and Kurtz [9]).
Therefore, for ¢ ¢ J, for a.e. p under the probability I, pu{z;— = 2} = 1. Similarly, the
function

0,7 +1] 5t / (s me) T (1)

is non-decreasing and has at most a countable number of jumps. Up to a modification of
J, we can assume that the jumps are all included in J. Then, for any ¢t & J,

[twmadit ) = [ om0,

Therefore, for t ¢ J, for a.e. u under the probability measure I, (@, my—) = (u, my).
Forp>1,651,....,8 &J,0=58 <S5 <---<5, <T and fy,...,fp, bounded and
uniformly continuous functions from R into itself, put

F(z) =[] fi(zs.), z€D(0,T+1],R). (5.16)
=0

For another bounded and uniformly continuous function G from R into itself, consider

Qn = 2|G( (v F (=0~ [ 8~ madds — ala,m)) }) |

The point is that we may write
ZeN =2+ [ WE - MEV)ds + alp o) + W
0

forallt € [0,T+1] and i € {1,..., N}. It then follows that Qy = E[G(N~' SN | F(W?))).
By the law of large numbers, we deduce that

Jim Qy = G(E(F(W)). (5.17)

The key result in order to proceed is contained in Lemma 5.10 below, where it is shown
that under Il the functional

pe P(D(0,T +1,R)) = <,u,F<z ~ - / b(zs — mg)ds — a(,u,m.)) > (5.18)

0
is a.e. continuous. Indeed, with this in hand, by the continuous mapping theorem, we have

i an = [6((nr(s=20 [ = mds = agum ) ) )t (o)
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so that, from (5.17),

/G<<M,F<z I /O b(zs — my)ds — a<ﬂ,m.>> >>dnm(ﬂ) = G(B(F(1)).

Applying the above equality with G(-) = [G(-) — G(E(F(W)))]? instead of @ itself, we
deduce that, I a.s.,

6({mr (== [ b= majas = aGum) ) ) = G(E(FOVY).

so that, for a.a. probability measures p under I, under u, the process

<Tt =2 — 20— /Ot b(zs — ms)ds — a<u,m>t>

te[0,T+1]

has the same finite-dimensional distributions as a Brownian motion at any points 0 < .57 <
Sy < -+ <8y < T which are not in J. Since (Y¢);c[o,7) has right-continuous paths under

p (and [0,7) N JC is dense in [0, 7)), it has the same finite-dimensional distributions as a
Brownian motion. Moreover, since the Borel o-field generated by M1 is also generated by
the evaluation mappings, we deduce that the distribution of (Y)icpor) on D([0,T], R) is

the Wiener distribution, where ?t =7, ift <T and TT = Y7_. This says that, for Il
a.e. p, the canonical process solves the reformulated equation (2.6) up until time 7', with
2o as initial condition, which proves (2) in Theorem 4.4.

We now check that the law of zy under p is the distribution of Xy under P. To this
end, let o : D([0,T + 1],R) — R be given by my(z) = 2o, and mofp be the push-forward
measure of i by m. Then the mapping P(D([0,T + 1],R)) 3 u — mofp is continuous (see
Theorem 4.1). Using the Skorohod representation theorem, this allows the joint application
of Theorem 4.2 at t = 0. By the law of large numbers, mofijiny converges towards the law
of Xg. Therefore, for a.e. p under I, mofi matches the law of X, which proves (1) in
Theorem 4.4.

We finally prove that, for almost all g under Il, the canonical process under p satisfies
the required conditions for defining a physical condition up until 7. This requires showing
the conditions (2) and (4) of Definition 2.2 are satisfied for the canonical process under p.
We make use of Proposition 5.3, which says that, for 0 <t <t+ h < T and for N large
enough,

P(&N(t+h) — & (t—) > 1+ Ch/16) < O,
IP’(V)\ <&t +h)— eV (t—) — O fin (% —my_ >1—aX— ChY/18) > )\> >1- Ch,

where eV (t 4+ h) — &N (t—) = (fin, meyn — my_).

By the Skorohod representation theorem, we can assume that finy converges almost
surely to p. Choosing ¢t and ¢ 4 h in JE, we make use of Lemma 5.9 below. It says that
Bmy oo (AN, Mirn — my—) = (u,mer, — my) (a.e. under Ily). Moreover, as t & J,
Theorem 4.2 says that the law of z;_ — m;_ under iy converges to the law of z;_ — my_
under 4 (for almost all g under Il ). Therefore, following the proof of the Portmanteau
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theorem and modifying the constant C if necessary, we get

oo ({pty s —my) > 14+ ChY1%) < COh,

I (w <y mpgn —me) — ChM8 iz —my— > 1 — aX — ChY16) > )\> >1—Ch.
(5.19)

The above inequalities are true for any ¢,t + h that are not in J. Assume now that ¢ is
some point in [0,7") N J. Then, we can find sequences (t,), >1 and (hp), =1 such that
0<t,<t<tp+h,<T,t,andt,+h, € J,and t, Tt, hy, | 0. Then, applying (5.19) to
any (tp,tp + hp) and letting p tend to 400, we deduce that

HOO(<M7mt - mt—> > 1) = 07

(5.20)
I (V)\ < (u,my —my_), u(zt_ —my_ =1 a)\) > A) =1.

The first equality shows that under p the canonical process satisfies condition (2) of Defi-
nition 2.2 (a.e. under Il,). Moreover, since J is countable, we deduce that

Iy <Vt €0, )N, VA< (umy—me—), plze- —mu— >1—ad) > )\> =1,

which is enough to conclude that condition (4) of Definition 2.2 is also satisfied (a.e. under
I1), by invoking Proposition 2.7.

5.4. Proof of Theorem 4.7. Assume now that (2.6) admits a unique solution (Z;)cjo,7)
on [0,7]. By identification, we deduce from the proof of Theorem 4.4 that, for Il a.e.
p, the pair (2¢,my)icpo,) has the same law, under p, as the pair (Z, My).ejo,r) under P.
In particular, for some fixed S € (0,7") such that E(Mg) = E(Mg_), we have (u,mg) =
(u,mg—) and zg = zg_ for Il a.e. p. Define the map

vs: D([0,T +1],R) = D([0, S],R), ~s(z) = 2, (5.21)

where £ is the element of 15([0, S],R) given by z if t < S and Zg = zg—. The map ~g
is measurable for the o-fields on D([0,T + 1]) and D([0, S]) generated by the evaluation
mappings and thus for the Borel o-fields generated by M1. Moreover, the push forward of
v by 7s, denoted by 7stu, coincides, for Il a.e. p, with the law of (Z;).¢(9 5] under P.

Thus, defining Ts(p) = ysip for an arbitrary u € P(D([0,T + 1],R)), we have that
[stlle = Dirac(ps), where ps := Law((Zs)ic[0,5))- Notice that I's is indeed measurable
when both P(D([0,T + 1],R)) and P(D([0,S],R)) are equipped with the Borel o-fields
generated by the topology of weak convergence.

Moreover, as a consequence of Theorem 4.2, yg is continuous at any z € D([0,T + 1], R)
such that zs_ = zg. In particular, if 4 is a probability measure on D([0,T + 1]) such that
u{zs— = zg} =1, then p is a point of continuity of I'g. Therefore, under the probability
I, a.e. uis a continuity point of I'g. Since (IIy)x > 1 converges towards I, in the weak
sense, we deduce that

lim Tgflly = gl = Dirac(us).
N—+o00

Since (with Z»N = ~vg(ZN) given by (5.21))

Pslly = Pﬁ/gjj(N—l SN | Dirac(ZHN)) — Py SN | Dirac(Zi:N)»
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we obtain that, in the weak sense,

NLHEOO Py SN | Dirac(ZiN) = Dirac(ps), (5.22)
where N1 Zf\il Dirac(Z>N) and pg are seen as probability measures on D([0, 5], R)
equipped with M1. Since the law of the N-tuple (ZlvN, ey ZANvN) is invariant by per-
mutation, we deduce from [17, Proposition 2.2| that the family (ZZVN)Z':L___’N is chaotic on
D([0,5],R) endowed with M1, that is, for any integer k > 1,
51,N 5k, N ®k _ m®k
(ZVN, 0 Z28Y) = (us) T = P(ZS)se[O,S] as N — +o0, (5.23)

in the weak sense, on [75([0, S],R)]* equipped with the product topology induced by M1.
By Lemma 5.6 below, this also proves that

(Z8N, MMy, (28N MEN)) = pER as N — +oo, (5.24)

(287MS)56[0,S]

on [D(]0, S], R) xD([0, S], R)]* equipped with the product topology induced by M1. Indeed,
assuming without loss of generality that the sequence representing the convergence in
(5.23) in the almost-sure sense is (ZVN,..., Z"N) itself and denoting the a.s. limit by
(Z4°°, ..., Z">), Lemma 5.6 says that, for any £ = 1,...,k, a.s., for t in a dense subset
of [0, 5]
(5.25)

[(sup ZoM), | — [(sup Z0)

|.
s€[0,t] s€[0,t] +

Obviously, (5.25) holds at ¢ = 0 since both sides are zero. At t = S, we know that E(M%) =
E(M§ ) since t + E(M;) is continuous at t = S, so that P(Mg = Mg_ = Mg) = 1.
Therefore, by Lemma 5.6, (5.25) holds at ¢ = S. By Theorem 4.2, we deduce that, for
any £ =1,...,k, ((Mf’N)se[07S])N > 1 converges a.s. to (Mf’oo)se[oﬁ] in 15([0, S],R), where
(ME>) sc[0,5] 1s the counting process associated with (Z5%) se(0,5]- Actually, the Skorohod
representation theorem says that the a.s. convergence holds for a representation sequence
only, but, in any case, (5.24) holds.

To complete the proof of Theorem 4.7, we use the Skorohod representation theorem
once again. In fact we can assume without loss of generality that the convergence in (5.22)
holds almost-surely, namely N ! Z@]\L 1 Dirac(Zi’N ) converges to pg almost surely. Lemma
5.9 below then guarantees that a.s.

N
: 1 N __
m wD M = E(U)
1=

for all s € [0,S), except at any points of discontinuity of - — E(M.) (of which there are
countably many). Actually, the Skorohod representation theorem says that convergence
holds almost-surely for a representation sequence only. Anyhow, the convergence always
holds in probability (using for instance the fact that M1 convergence is metrizable). Since
S can be chosen as close as needed to T', we can apply the above result to some S’ € (S, T,
where S’ is a continuity point of - — E(M.). This says that the limit holds for all continuity
points s € [0,5] since S € [0,5’), and S is also a continuity point. By Theorem 4.2,
we deduce that the mapping [0,S] 3 s — N3N, MEN converges to the mapping
[0,5] 3 s — E(M,) in probability on D([0,S],R) equipped with the M1 topology, where
MY = MY for s € [0,S) and M;’N = Méjj
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5.5. Continuity of related mappings. The aim of this section is to complete the proof
of Theorems 4.4 and 4.7 by providing the technical results needed therein. In particular,
we prove the key continuity result used in the proof of Theorem 4.4 i.e. the continuity of
the functional given in (5.18) (see Lemma 5.10).

In the whole section, S is a given positive real, and we make use of the notation and
definitions of Section 4.1 for the M1 topology. Moreover, as above, (z):c[0,5) Will be the
canonical process on D([0, S],R) and m; = | (Supseqo,g 2s) t €10,5].
We begin with the following continuity property.

Nk

Lemma 5.6. Consider a sequence (z"), > 1 of functions in D([0, S],R), converging towards
some z € D([0,S],R) for M1. Assume that z has the following crossing property:

VkeN*, Vh >0, 7F<S= sup [2¢ — 2,4] > 0, (5.26)
te[Tk min(S,75+h)]

where T = inf{t € [0,S] : zz > k} (inf() = S). Then, there exists an at most countable
subset J C [0, 5], such that

vt e [0,9]\ J,

. n
ngrfoo My =Mt

where mi’ = | (supyepo,q 28 )+, Mt = [(SuPsecpoq 2s)+ - The set [0, 5]\ J contains all the
points t of continuity of z such that (supgcpo g 2s)+ s not in N\ {0}.

Proof. Since z" — z for the M1 topology, we can find a sequence of parametric representa-
tions ((u™, 7))y > 1 of (2™), > 1 that converges towards a parametric representation (u,r)
of z uniformly on [0, S] (see Theorem 12.5.1 in [19]). For any ¢ € [0, S], we thus have
lim supwu = sup us. 5.27
n—+00 g <pt s s <pt * ( )
Fix ¢t € [0, 5]. Since G.» C (u™,7r")([0,S]), we know that, for every s € [0, S], there exists
s € [0, 5] such that (ul,, %) = (27,s). If s < rf, it therefore must hold that s’ < t,ass’ >t
would imply s = 77, > r* (r" is non-decreasing). Therefore, sup, ¢, uy > SUP,<pp 24 -
Moreover, for any s € [0,5], uy € [z, /], so that uy < max (27 _, 2w ). Therefore,
for s < t,
uy < max( sup zu_, sup z?,) = sup zu.
s <rp s' <y s’ <y
In the end we see that sup,.,n zf < supgc,uy < Supg¢,n 2. Similarly, we have
SUPgop, Zs < SUDg < ¢ Us < SUP < 1, Zs. Thus, by (5.27),

liminf sup 2! > supzs, limsup sup zl' < sup zs. (5.28)
n—+00 5 L pp s<rt n—+oo s<rp s<

If r; is a point of continuity of z, the two right-hand sides above coincide, and moreover,
by Theorem 4.2,

lim lim sup sup |z — zp,| = 0.
=0 p—4oo max(0,r:—0¢) < s < min(S,r¢+9)

That is, for any € > 0, we can find 6 > 0, such that, for n large enough,

" <e. (5.29)

sup |2

max(0,r:—0) < s < min(S,r¢+9)
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In particular, for n large enough that |r]* — ry| < 4,

sup z. = max( sup ze, sup z?)
STt s < max(0,r¢—0) max(0,r:—08) < s <1t
(5.30)
< max< sup z?,z”> +e< max(sup z?,z”) +e.
s < max(0,r¢—9) s<ry
Therefore, by (5.28),
limsup sup 2z, < sup zs. (5.31)
n—4+o00 s < re s< 1t
Similarly, for n large enough, we have
sup 2] > max( sup 2 an,) — €
s< Tt s < max(0,r¢—0)
> max( sup ze, sup z?) —2e > sup zp — 2e.
s < max(0,r¢—0) max(0,r—9) < s < ry s<ry

By (5.28) again, liminf, | sup, ¢, 2i > sup,_,, Zs. By (5.31), we deduce that

lim sup z. = sup zs,
n—+00 g <, s<re
whenever r; is a continuity point of z. Since r maps [0, S| onto itself, we deduce that for
any continuity point ¢t € [0, 5] of z,

lim sup 2zl = sup z;.
n—+00 g < ¢ s<t

Now, if (supy ¢ 4 zs)4 is not an integer, we deduce that

tim [(sup )., = [(sup 2:)., |-

n—-+oo s<t

If (sups < 2s)+ is an integer, there are two cases. If the integer is zero, it means that
Supg < ¢ zs < 0, so that lim, ;o sup < ¢ 25 < 0 and thus
li My =0.
w3, ) =0
In this case, lim, o0 | (SUps < ¢ 2 )+ | = 0. If the integer is not zero and ¢ < S, the crossing
property (5.26) says that ¢t must be the first time when this integer is crossed (rather than
just touched), so that the number of points of continuity of z for which the convergence of
the integer parts can fail is finite. O

The following corollary is simply a result of Lebesgue’s dominated convergence theorem.

Corollary 5.7. Under the assumptions of Lemma 5.6, the functions [0, 5] 5 t — fg b(z? —
m2)ds converge in C([0,S],R) towards [0,S] >t — f(f b(zs — ms)ds.

The next result guarantees the convergence of the expectation of m; whenever " —
and the canonical process z satisfies the crossing property of Lemma 5.6 under p, under
appropriate assumptions.

Proposition 5.8. Assume that (u"), =1 is a sequence of probability measures on the
space D([0,S],R), converging towards some u for the weak topology deriving from M]1.
If sup,, 1<MnaSUPte[0,S} |2¢|2) < o0, then, at any point of continuity of the mapping
(0,8) >t (u,my), it holds that

lim <Mn7mt> - <M7mt>7

n—-+o0o
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provided that, for any integer k > 1 and for 7% := inf{t € [0, 5] : z > k},

Vh > 0, ,u{Tk < S, sup (25 — 2pk) = 0} =0, (5.32)
s€[rk min(S,7k+h)]

Proof. Let § > 0. Then, for every n > 1, the function

(u",mg), te]0,d],
[0,S] >t my = (u"™,my), tels,S -9,
<:U’n,m5—5>’ te [S - 55 S]

is (deterministic) non-decreasing nonnegative and cadlag such that sup,, 5 ; Mg < +00.

Since each m™ is constant on both [0, §] and [S—4, S], the sequence (m"), > 1 is relatively
compact for the M1 topology by Theorem 4.3. Extracting a convergent subsequence, still
indexed by n, and denoting the limit by m, we have, for any bounded and measurable
function f from [0, S] into R vanishing outside (d, S — ¢), that

S S
0 0

n—-+o0o

This follows from the dominated convergence theorem and the fact that (m™),, > 1 converges
pointwise towards /m on a subset of [0, S] of full Lebesgue measure, see Theorem 4.1. Since
f vanishes outside (d, S —0), we can forget the definition of m" outside (9, S—3). Therefore,
by the Skorohod representation theorem

S S
| gemide = [ gl (sup ), b
0 0 s€[0,t]

where ((™),, > 1 is a sequence of processes distributed according to (u"), > 1 and converging
a.s. for M1 towards some process ¢ with law p. By assumption, we know that, a.s.,

Vk>1, VYh>O0, < S= sup (Cs — C.x) >0,
s€[rk min(S,7%+h)]

so that almost all paths of ( satisfy the assumption of Lemma 5.6. We deduce that,
a.s., the functions [0, 5] 3 ¢ = [(sup,cpCs')+]) converge pointwise towards [0, 5] > t —
| (supgeo,g Cs)+] on the complement of an at most countable set. Therefore, a.s.

S S
lim fel (sup C7) , |dt :/ fr| (sup ¢ dt,
n—=+00 Jo L(se[O,t] ° )JFJ 0 L(se[o,t} s)+J

by the Lebesgue dominated convergence theorem. Using this result again, we deduce that

S S S
/0 fil(sup ¢, dt / £l (sup Cs)+Jdt]= / Folpsy g,

s€[0,t] s€[0,t]

Iim E

n—-+o0o

=E

the last equality following from the fact that the law of ((s)o < s < 5 is p. By right-continuity,
this proves that m; = (u, my) for any t € (6,5 — d). Therefore, at any point of continuity
of (0,8 — ) 5t~ (u, my), Theorem 4.2 says that

lim <Mn7mt> = <M7mt>'

n—-+o0o

Letting d tend to 0, we complete the proof, as the set of discontinuity points of [0,S] >
t — (1, my) is at most countable. O
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The previous result is general. In order to be able to apply it, we need to check that
whenever Il is a limit point of the family (IIny)n > 1 (see Theorem 4.4), any measure p
in the support of Il must satisfy the crossing property.

Lemma 5.9. For a.e. p under Iy, for any integer k > 1 and any real h > 0,

u{T’“ <T+1, o S(gp . h)}(zs —2k) = 0} =0, with 7 =inf{t >0:2 >k}.
se[TF min(T+1,7%+

In particular, if (1™)n =1 1S a sequence of probability measures on the space 15([0, S],R),
converging towards p for the weak topology deriving from M1, then, at any point of conti-
nuity of the mapping (0,S) 3t — (u, my), it holds that limy, oo ("™, M) = (p, my).

Proof. In order to prove this result, we actually will introduce a second empirical measure

N
On = % Z Dirac(Z", W").
=1
We will consider fy as a random probability measure on D([0, T + 1], R) x C([0,T + 1], R),
endowed with the product of the M1 topology and of the standard topology of uniform
convergence. Note that the marginal distribution of fx on the first coordinate is fiy. We
also define =y := Law(fy). Following Lemma 5.5, we have that the family (En)n > 1
is tight on P(D([0,T + 1],R) x C([0,T + 1],R)) (endowed with the topology of weak
convergence), so that we can extract a convergent subsequence of (Ex)n > 1, still indexed
by N. We denote its limit by 2.

Returning to the particle system, we first claim that there exists a constant ¢ > 0 such
that, forany N > landi=1,..., N,

ZpN = Z2N > Wi = Wi—c(1+ sup |Z0V])(t - s),
vel0,T]
for s,¢ € [0,7" + 1] with s < ¢. Indeed this follows from the fact that b is Lipschitz and
that Mtl’N < SUPyeo,1] |Z™N, for all t € [0,T] and every i = 1,...,N.
Denoting by (2, wy)e[o,7+1) the canonical process on D([0,T +1],R) x C([0, T + 1], R),
we get that, P-a.s.,

zt—zs>wt—ws—c(1+ [sup ]]zv\)(t—s), 0<s<t<T+1. (5.33)
ve[0,T+1

holds under the empirical measure Ay, or that (5.33) holds a.s. under a.e. probability
measure f under Zy. Since (Ex)n > 1 converges towards Z., in the weak sense, we know
from the Skorohod representation theorem that, on some probability space (still denoted
by (2, A,P)), there exists a sequence of random probability measures (Jy)n >1 on the
space D([0,T+1],R) xC([0, T+1],R), such that (Jx)y > 1 converges towards some random
probability measure ¥, a.s., with 9 being distributed according to Zx and ¥, according
to 2o. Hence, a.s., under ¥y the canonical process (z,w) has the property (5.33).

Step 1: The first step is to show that under ¥, the canonical process (z,w) also satisfies
(5.33), simply using the facts that it is true under 9 for each N, and that 95 converges to
Yoo a.8. Again, we can use the Skorohod representation theorem (still with (£2,.4,P) as the
underlying probability space). Indeed, we can find a sequence of processes (¢ N eN ) with
law 9 under P, converging a.s. towards some process ((,§) distributed according to ¥sc.



SELF-EXCITATORY SINGULAR PARTICLE SYSTEMS 35

Since (5.33) holds under ¥y for each N, we have that P a.s., for any 0 < s <t < T +1,
=g - el suwp |GV - 9). (5.34)
v€[0,T+1]

We want to prove that, P a.s., for any s < t,
c

G=C=&—&—c(l+ sup [GI)(t—s) (5.35)

v€[0,T+1]

It is sufficient to prove that, for an arbitrary sequence (¢V,¢V)y > 1 satisfying (5.34) and
converging towards ((,&) in 15([0, T+ 1],R) x C([0, T + 1],R) equipped with the product
topology derived from the M1 and uniform topologies, the limit (¢, &) satisfies (5.35).

To this end, if ¢V — ¢ in D([0, T + 1], R) with respect to the M1 topology, then by [19,
Theorem 12.5.1], there exist parametric representations (u”,7") of ¢V and (u,r) of ¢ (see
Section 4.1 for definition) such that ||[u® — u|| V |7 — 7| = 0, where

\v/t e [O’ T + 1]’ ut [CAJIV ?C :| ut 6 [Cnf’ CT‘t] .
Noting that supg < ,, < 741 €] = supg < » < 741 \uv |, we have by (5.34), for any s < t,
max ( 7{\,{[\’—’(7{\,{[\’) — min( %_,Cﬁv) > 57{}@ - fi\g\; —c(1+ [su%) | ) (r —rl),
ve|0,7+1
since the right-hand side is continuous in the subscript parameter. Thus
uiv—u £N— N—c(1+ sup |u |)( ’I“év)
vel0,T+1
Passing to the limit as N — oo and using the continuity of £, we obtain, for any s < ¢,
up — us = &y — &y _C(1+ sup |uv|)(rt_rs)-
ve[0,T+1]
For any t/;s' € [0,T 4+ 1], s/ < t, we can find ¢,s € [0,7 + 1] with s < ¢ such that
Cy = up, (e = ug and t/ = ry, 8" = ry. This proves that
Co —Co =&y —Eg — c(l + sup ]Cv])(t/ -5,
v€[0,T+1]
and thus that ((, ) satisfies (5.35).
Step 2: We now use the previous step to prove the lemma. Indeed, by Step 1 we have that

(5.33) holds a.s. under 6, for almost all § under Z,. Thus for almost all # under E,, we
have for any real R, integer k and h > 0

o{r* < T +1, sup (zs — 2p1) =0} <O{ sup |z] > R}
s€[Tk min(T,7%+h)] v€E[0,T+1]
+0{r" < T +1, sup [ws —wyx — c(1+ R)(s — 77)] = 0}.

s€[rk min(T,7%+h)]

Clearly, 7% is a stopping time for the filtration generated by (z,w). Assume that w is a
Brownian motion w.r.t. this filtration under 6 (this is proved below). Then the strong
Markov property says that the second term in the right-hand side of the above is zero for

any h > 0. Letting R tend to +o0, we get
H{Tk <T+1, sup (25 —2) =0} =0 for a.e. # under E. (5.36)

s€[rk min(T,7%+h)]

We finally claim that (5.36) then also holds for all x under Ilo,. For § € P(D([0,T +
1,R) x C([0,T + 1],R)) let ¥(0) € P(D([0,T + 1],R)) be the marginal of 6 on the first
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coordinate. Since 6 — ¥(0) is obviously continuous and Iy = W§=y, where £ indicates the
push forward map, we have II,, = Vi=,,. Then, for any Borel subset A C 75([0, T+1),R),
J0{(z)epri1 € AYdZa0(0) = [ p{(z)iciorsn) € Aydlloo(p). Choosing A = {7% <
T + 1,8UPgerk min(r,rh4h)) (2s — 276) = 0}, we complete the proof.

It thus remains to prove that w is a Brownian motion under the filtration generated by
(z,w), for which it is sufficient to prove that

/f(wt - ws) Hgi(28i7w8i)d6(27w) = /f(wt - ws)d‘g('sz) / Hgi(zswwsi)de(sz)v
i=1 =1

for bounded and continuous functions g; and f, and for 0 < 1 < -+ < 8, < § < t le.
w is a continuous martingale. This follows from the convergence of the finite-dimensional
distributions up to a countable subset under the weak convergence for the M1 Skorokhod
topology (see [15, Theorem 3.2.2|) and from the right-continuity of the paths. O

We then finally arrive at the required continuity lemma:
Lemma 5.10. Under Iy, the functional (5.18) is a.e. continuous.

Proof. Let p be in the support of I, and let (u™),>1 be a sequence of measures on
D([0,T + 1], R) converging towards p (in the weak topology induced by the M1 topology).
By choice of S; < --- < S, = S in the definition (5.16) of F', both the canonical process

and (p, m) are a.s. continuous at Si,...,S,. We want to prove that

ngrfm@", F( 2 /O bz —ma)ds — alu”, m.>)>
= (w2 =0 [ U= mads —alpm)) )

Again, we make use of the Skorohod representation theorem. We consider a sequence
of processes (¢")y 1, with (¢"), =1 as distributions on D([0,7 + 1], R), converging a.s.
towards some process ¢, admitting p as distribution. We set, for any ¢ € [0, 77,

= L(Ssét[lol?ﬂ &)l o= L(sset[lo?t] ¢s) |-

Since, a.s., S is a point of continuity of ¢, we deduce from Theorems 4.1 and 4.2 that,
a.s., (é?)sE[O,S} converges towards ((s)sefo,s] in D([0,5],R), where (" = (" if s < S and
ég = (g_ as usual.

By Corollary 5.7, a.s.,

lim sup = 0.

n—+00 ,c(0,5]

| otz = wds = [ ot s

Moreover, since Sp, S1,...,S, are almost-surely points of continuity of ¢, we deduce from
Theorem 4.2 that (g, — (s, as n — +o0, for any i € {0,...,p}.

Similarly, since S, . .., S, are points of continuity of [0, 7] 5 t — (u, my) (which coincides
with the expectation of 7, under ), we deduce from Proposition 5.8 that (u",ms,) —
(u,mg,) as n — +oo, for any i € {1,...,p}. This proves the lemma. O
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5.6. Proof of Theorems 4.6 and 4.9. Theorems 4.6 and 4.9 are proved in a completely
similar way to Theorems 4.4 and 4.7.

We first discuss the proof of Theorem 4.6, using the same notation as in the statement.
Following the proof Lemma 5.1, we can prove that supse (o 1y E[supscpo r |Z2|P + (M2)P] is
finite for any p > 1. Following the proof of [8, Lemma 5.2|, we know that es(t) < Ct'/2, for
a constant C' independent of §. Following the proof of Lemma 5.4, we deduce that the laws
of (M5)56(071) are tight in D([0, T + 1], R), where 0 is defined in the statement of Theorem
4.6. In order to pass to the limit along convergent subsequences, we consider, for a given
weak limit u, the countable set of points J in [0,7 + 1] at which the function

0,7 +1] 3t pl{z- =2z}

differs from one. Checking that p satisfies the ‘crossing’ property in Lemma 5.9, it is then
quite straightforward to pass to the limit in the identity
5 5 S s 5 5
Zg,,, = Zs, —|—/ b(Zs — MJ)ds + ap’,ms,, —mg;) +Ws,, —Wg,,
S

for points 0 = Sp < S1 < --- < S, < T that are not in J. This permits to prove that,
under 4, the canonical process (2¢);c(o,7] satisfies (2) in Theorem 4.4.

The most difficult point is to check (3). It follows from Lemma 5.11 below, which is
the counterpart of Proposition 5.3 for the particle system. The end of the proof is then
similar. The proof of Theorem 4.9 works on the same model as the one of Theorem 4.7.

Lemma 5.11. For a given T > 0, consider 0 <t <t+h < T, h € (0,1). Then, we can
find C > 0, independent of h, such that, for any 6 € (0,1),

es(t+ h) — es(t—) = es(t + h) — es(t) < 1+ ChY/8,
VA< es(t+h) —es(t), P(XP =1—aX—Ch'%) >\ +e5(t) —es(t +6) — Ch'/E,

Notice that the second statement in Lemma 5.11 slightly differs from the second state-
ment in Proposition 5.3. However, the application for passing to the limit is the same. With
the same notation as in (5.19), it says that, for t,t+h,t+0 € JC and A < (p, myp, — my),
it holds p(z— —my_ =1 —aX — ChY8) = X+ (u,ms — myys) — ChY/®. Letting &' | 0, it
permits to recover (5.19).

Proof. Given some 6 >0 and 0 <t < t+h < T, consider ¢? := inf{s >t : M — M) =1}
and 70 := inf{s >t : Mo — M) = 2}. As e; is continuously differentiable, we know
from [8, Lemma 4.2] that ¢f and 7 have differentiable cumulative distribution functions.
Recalling the definition of (3.11) and setting Z 0 = X9 4+ M?Y as usual, we see that

sup |20 — Z}| < afes(t+ h) —es(t)) + sup WS — WP+ Ch(1+ sup ]Z;S])
s€E[t,t+h] s€[t,t+h] s€[0,T]

On {7} < t+h}, (Zg)se[t,t+h] crosses at least two new integers, i.e. Supycpy 11 p) |Z0 70| > 1:

1< a(es(t+h) —es(t)) + sup Wo — W2 | + Ch(1+ sup |Z§|), (5.37)
s€[t,t+h] s€[0,T]

where (with the convention that M? = Mg, 0f = 08 and 79 = Tg if r <0),
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N

es(t+h) —es(t) SP(Mpyp_s = M5 > 1) + E[(MPyp_s = M _5)1(5 <oy

<P(od s <t+h—0)+CR(rs <t+h—05)" (5.38)
<1+ C(P(rs<t+h-08)"%

Therefore, taking the expectation in (5.37) on the event {7} < t+h}, applying the Cauchy-
Schwarz inequality and noticing that ]P’(Tf < t+h) #0, we deduce:

1/2 —-1/2

1< a+CP(r s <t—0+h)"" +Ch2[P(r) <t+h)]

For ¢ = 0, this says that

1/2 —-1/2

1< a+C(P(r§ <h) "+ ChY2[P(rd < h)]

We claim that (with C' the constant found in the above equation)

1l -«
2C

We argue by contradiction. If there exists h* € (0, ho) such that P(7{ < h*) > (h*)Y/4, we
can take, by differentiability of the cumulative distribution function of Tg , h* so that in
fact equality is satisfied i.e. P(1 < h*) = (h*)Y/4. We deduce that 1 < a + 20(h*)'/8 <
o+ QChé/ 8, which is a contradiction.

For t € [0,6], we deduce that P(7) 5 < t—38+h) = P(r§ < h) < h'/%. Assume then that,
for some integer 1 < k < [T/8] and for all ¢ € [0, kd], we have P(r0 5 < t—5-+h) < ht/4, for
h € [0, hg). We then claim that P(r9 < t+h) < hY/* for all t € [0, (k§) AT] and h € [0, ho).
This can be proved by contradiction again by considering h* such that ]P’(Tf <t+hY) =
(h*)1/4. We finally deduce that

P(Tg < h) <hY4, forhe [0,hg), where hg = (5.39)

P(r) <t+h) < ChY* sothat es(t+h) —es(t) <1+ ChY/8, (5.40)

the second claim following from (5.38) and proving the first statement.
For the second statement, notice that, on the event {o? < s}, for t < s <t +h,

Xg(;i — Xf, < 04(65(8) — eg(t)) + sup |W,— Wi+ C’h(l + sup \Zg\)
¢ SE[t,t+h] sE[t,t+h]

Since Xg(g_ =1 (es being continuous, see (3.13)), we have for es(s) — es(t) < A:
t

P(X{_ >1—aX—C'hY/%)
> ]P’(O’? <s)—P( sup |Wy—Wy|+C'h(1+ sup ]Zf]) > C'hl/g)
s€[t,t+h] s€[t,t+h]
> P(0) <5) —C'h = es(s +0) — es(t +8) — 2C"RY/3,
the last inequality following from the second line in (5.38) and from (5.40). Now, for

A < es5(t + h) —es(t), we can find s* € [t,t + h] such that A = es(s*) — e5(t), which
completes the proof since es(s* + ) —es(t +9) = A+ es(t) — es(t +0). O
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