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❛❧❣♦r✐t❤♠✱ ❡♥s✉r✐♥❣ t❤❛t ✐♥st❡❛❞ ♦❢ ❢❛❧❧✐♥❣ ✐♥ ❛♥ ❡♥❞❧❡ss ❧♦♦♣✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❡♥❞ ✇✐t❤ ❛ ❢❛✐❧
st❛t❡✳ ❚❤✐s ❝❤❛♥❣❡ ♠❛❦❡s t❤✐s ❛❧❣♦r✐t❤♠ ❡❛s✐❡r t♦ ✉s❡ ❛s ❛ ❜❛s❡ ❢♦r ❛ ♥❡✇ ▲❛s✲❱❡❣❛s ❛❧❣♦r✐t❤♠✳

✸



✷ ❉❡✜♥✐t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ❞❡✜♥✐t✐♦♥s ❛❜♦✉t ❣r❛♣❤ t❤❡♦r② ❛r❡ ♣r❡s❡♥t❡❞✳ ▼♦st ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s
❛r❡ t❛❦❡♥ ❢r♦♠ ♦r ✐♥s♣✐r❡❞ ❜② ❲✐❦✐♣❡❞✐❛✱ ❲✐❦✐❜♦♦❦ ❛♥❞ ❉✐❡st❡❧✬s ●r❛♣❤ ❚❤❡♦r② ❜♦♦❦ ❬❉✐❡✵✺❪✳

✷✳✶ ❚②♣❡s ♦❢ ❣r❛♣❤s

❯♥❞✐r❡❝t❡❞ s✐♠♣❧❡ ❣r❛♣❤✿ ❆♥ ✉♥❞✐r❡❝t❡❞ s✐♠♣❧❡ ❣r❛♣❤ G ✐s ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝t ❝♦♠✲
♣♦s❡❞ ♦❢ ❛ s❡t V ♦❢ ✈❡rt✐❝❡s ❛♥❞ ❛ s❡t E ♦❢ ❡❞❣❡s ❛♥❞ ✐s ♥♦t❡❞ G = (V,E)✳

❆♥ ❡❞❣❡ ✐s ❛♥ ✉♥♦r❞❡r❡❞ ♣❛✐r {u, v} ♦❢ ✈❡rt✐❝❡s ❛♥❞ ✐s s♦♠❡t✐♠❡s ❛❧s♦ ❞❡♥♦t❡❞ uv ❢♦r s❤♦rt✳

❆ ❣r❛♣❤ ✐s ✉s❡❞ t♦ ♠♦❞❡❧ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♦❜❥❡❝ts✳ ❚❤❡ ✈❡rt✐❝❡s r❡♣r❡s❡♥t t❤❡ ♦❜❥❡❝ts ❛♥❞
t❤❡ ❡❞❣❡s r❡♣r❡s❡♥t t❤❡ r❡❧❛t✐♦♥s✳

❚❤❡r❡❛❢t❡r ✐❢ ✐t ✐s ♥♦t st❛t❡❞ ♦t❤❡r✇✐s❡✱ ❜② ✏❛ ❣r❛♣❤✑✱ ✇❡ ✐♠♣❧✐❝✐t❡❧② r❡❢❡r t♦ ❛♥ ✉♥❞✐r❡❝t❡❞
s✐♠♣❧❡ ❣r❛♣❤s✳

❋✐❣✉r❡ ✶✿ ❆♥ ✉♥❞✐r❡❝t❡❞ s✐♠♣❧❡ ❣r❛♣❤ ✇✐t❤ ✺ ✈❡rt✐❝❡s ❛♥❞ ✹ ❡❞❣❡s

❆

❇

❈

❉

❊

V = {A,B,C,D,E}

E =
{

{A,B}, {A,C}, {B,C}, {B,D}
}

●r❛♣❤ s✐③❡✿ ❚❤❡ s✐③❡ ♦❢ ❛ ❣r❛♣❤ G = (V,E) ✐s ✐ts ♥✉♠❜❡r ♦❢ ❡❞❣❡s✱ ✐✳❡✳ |E|✳

●r❛♣❤ ♦r❞❡r✿ ❚❤❡ ♦r❞❡r ♦❢ ❛ ❣r❛♣❤ G = (V,E) ✐s ✐ts ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✱ ✐✳❡✳ |V |✳

❆❞❥❛❝❡♥❝②✿ ■♥ ❛ ❣r❛♣❤ G = (V,E)✱ t✇♦ ✈❡rt✐❝❡s✱ u ❛♥❞ v✱ ❛r❡ ❛❞❥❛❝❡♥t ✐❢ uv ∈ E✳

❱❡rt❡① ❞❡❣r❡❡✿ ❚❤❡ ❞❡❣r❡❡ ♦❢ ❛ ✈❡rt❡① v ✐♥ ❛ ❣r❛♣❤ ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ❛❞❥❛❝❡♥t
t♦ ✐t ❛♥❞ ✐s ♥♦t❡❞ d(v)✳

❆❝②❝❧✐❝ ❣r❛♣❤✿ ❆ ❣r❛♣❤ G = (V,E) ✐s ❛❝②❝❧✐❝ ✐❢ ❢♦r ❡✈❡r② ♣❛✐r {u, v} ♦❢ ✈❡rt✐❝❡s ✐♥ V ✱ t❤❡r❡
✐s ♥♦ ♠♦r❡ t❤❛♥ ♦♥❡ ♣❛t❤✶ ❢r♦♠ u t♦ v✳

❉✐r❡❝t❡❞ ❣r❛♣❤✿ ❆ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✐s ❛ ❣r❛♣❤ ✇❤♦s❡ ❡❞❣❡s ❛r❡ ❞❡✜♥❡❞ ❛s ♦r❞❡r❡❞ ♣❛✐rs (u, v)✳
❚❤❡ ❡❞❣❡s ♦❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❛r❡ ❝❛❧❧❡❞ ❛r❝s✳ u ✐s ❝❛❧❧❡❞ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❛r❝ ❛♥❞ v ✐s t❤❡ t❛✐❧
♦❢ t❤❡ ❛r❝✳

✶❙❡❡ ✷✳✷

✹



❋✐❣✉r❡ ✷✿ ❆ ❞✐r❡❝t❡❞ s✐♠♣❧❡ ❣r❛♣❤ ✇✐t❤ ✺ ✈❡rt✐❝❡s ❛♥❞ ✹ ❡❞❣❡s

❆

❇

❈

❉

❊

V = {A,B,C,D,E}

E =
{

(A,B), (C,A), (C,B), (B,D)
}

❙✉❜❣r❛♣❤✿ ●✐✈❡♥ ❛ ❣r❛♣❤ G = (V,E) ❛♥❞ ❛ ❣r❛♣❤ G′ = (V ′, E ′)✱ t❤❡♥ G′ ✐s ❛ s✉❜❣r❛♣❤ ♦❢ G
✐❢ ❛♥❞ ♦♥❧② ✐❢ V ⊆ V ′ ❛♥❞ E ⊆ E ′✳

■♥❞✉❝❡❞ s✉❜❣r❛♣❤✿ ●✐✈❡♥ ❛ ❣r❛♣❤ G = (V,E) ❛♥❞ ❛ s❡t ♦❢ ✈❡rt✐❝❡s V ′ ⊆ V ✱ t❤❡ s✉❜❣r❛♣❤
G′ ♦❢ G ✐♥❞✉❝❡❞ ❜② V ′ ✐s t❤❡ s✉❜❣r❛♣❤ ♦❢ G ✇❤♦s❡ ✈❡rt❡① s❡t ✐s V ′ ❛♥❞ ✇❤♦s❡ ❡❞❣❡s ❛r❡ t❤♦s❡
♦❢ G ✇❤♦s❡ t✇♦ ❡♥❞s ❜❡❧♦♥❣ t♦ V ′✱ ✐t ✐s ❞❡♥♦t❡❞ G[V ′]✳

❋✐❣✉r❡ ✸✿ ❆ ❣r❛♣❤ ❛♥❞ ♦♥❡ ♦❢ ✐ts s✉❜❣r❛♣❤s ✭✐♥ ❣r❡❡♥✮

❆

❇ ❈

❉

❊ ❋

❚r❡❡✿ ❆ tr❡❡ ✐s ❛♥ ❛❝②❝❧✐❝ ❝♦♥♥❡❝t❡❞✷ ❣r❛♣❤✳

❋✐❣✉r❡ ✹✿ ❆ tr❡❡

❆

❇ ❈

❉ ❊ ❋

❘♦♦t✿ ■♥ ❛ tr❡❡✱ ♦♥❡ ✈❡rt❡① ❝❛♥ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ❢r♦♠ t❤❡ ♦t❤❡r✳ ■t ✐s ❝❛❧❧❡❞ t❤❡ r♦♦t ♦❢ t❤❡
tr❡❡✳

✷❙❡❡ ✷✳✹

✺



❉❡s❝❡♥❞❛♥t✿ ▲❡t r ❜❡ t❤❡ r♦♦t ♦❢ ❛ tr❡❡✳ ●✐✈❡♥ t✇♦ ✈❡rt✐❝❡s v ❛♥❞ w✱ ✐❢ v ❧✐❡s ♦♥ t❤❡ ✉♥✐q✉❡
♣❛t❤ ❜❡t✇❡❡♥ w ❛♥❞ r✱ t❤❡♥ w ✐s ❛ ❞❡s❝❡♥❞❛♥t ♦❢ v✳

❙♣❛♥♥✐♥❣ tr❡❡✿ ❆ tr❡❡ T ✐s ❛ s♣❛♥♥✐♥❣ tr❡❡ ♦❢ ❛ ❣r❛♣❤ G ✐❢ ✐t ✐♥❝❧✉❞❡s ❡✈❡r② ✈❡rt❡① ♦❢ G ❛♥❞
✐s ❛ s✉❜❣r❛♣❤ ♦❢ G✳

❋✐❣✉r❡ ✺✿ ❆ ❣r❛♣❤ ❛♥❞ ♦♥❡ ♦❢ ✐ts s♣❛♥♥✐♥❣ tr❡❡s ✭✐♥ ❣r❡❡♥✮

❆

❇ ❈

❉

❊ ❋

❈♦♠♣❧❡t❡ ❣r❛♣❤✿ ■❢ ❛❧❧ t❤❡ ✈❡rt✐❝❡s ♦❢ G ❛r❡ ♣❛✐r✇✐s❡ ❛❞❥❛❝❡♥t✱ t❤❡♥ G ✐s ❝♦♠♣❧❡t❡✳ ❆
❝♦♠♣❧❡t❡ ❣r❛♣❤ ♦♥ n ✈❡rt✐❝❡s ✐s ❞❡♥♦t❡❞ Kn✳

✷✳✷ P❛t❤s

P❛t❤✿ ❆ ♣❛t❤ ✐s ❛ ♥♦♥✲❡♠♣t② ❣r❛♣❤ P = (V,E) ♦❢ t❤❡ ❢♦r♠

V = {x0, x1, . . . , xk} E = {x0x1, x1x2, . . . , xk−1xk}

✇❤❡r❡ t❤❡ xi ❛r❡ ❛❧❧ ❞✐st✐♥❝t✳ ❚❤❡ ✈❡rt✐❝❡s x0 ❛♥❞ xk ❛r❡ ❧✐♥❦❡❞ ❜② P ❛♥❞ ❛r❡ ❝❛❧❧❡❞ ✐ts ❡♥❞s❀ t❤❡
✈❡rt✐❝❡s x1, . . . , xk−1 ❛r❡ t❤❡ ✐♥♥❡r ✈❡rt✐❝❡s ♦❢ P ✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ♦❢ ♣❛t❤ ❛ ✐s ✐ts ❧❡♥❣t❤✱
❛♥❞ t❤❡ ♣❛t❤ ♦❢ ❧❡♥❣t❤ k ✐s ❞❡♥♦t❡❞ ❜② Pk✳ ◆♦t❡ t❤❛t k ✐s ❛❧❧♦✇❡❞ t♦ ❜❡ ③❡r♦❀ t❤✉s✱ P0 = K1✳

❋✐❣✉r❡ ✻✿ ❆ ❣r❛♣❤ ❛♥❞ ♦♥❡ ♦❢ ✐ts ♣❛t❤s ♦❢ ❧❡♥❣t❤ ✹ ✭✐♥ ❣r❡❡♥✮

❆

❇ ❈

❉

❊ ❋

❱❡rt❡①✲❞✐s❥♦✐♥t ♣❛t❤✿ ❚✇♦ ♣❛t❤s P ❛♥❞ Q ❛r❡ ❞✐s❥♦✐♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② ✭♣♦ss✐❜❧②✮ s❤❛r❡
t❤❡✐r ❡♥❞s ❜✉t ❤❛✈❡ ♥♦ ❝♦♠♠♦♥ ✐♥♥❡r ✈❡rt✐❝❡s✳

✷✳✸ ❈✉ts

▲❡t G = (V,E) ❜❡ ❛ ❣r❛♣❤✳

❈✉t✿ ❆ ❝✉t C = (S, T ) ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ V ✐♥t♦ t✇♦ s✉❜s❡ts S ❛♥❞ T ✳

❈✉t✲s❡t✿ ❚❤❡ ❝✉t✲s❡t ♦❢ ❛ ❝✉t C = (S, T ) ✐s t❤❡ s❡t ♦❢ ❡❞❣❡ ❞❡✜♥❡❞ ❛s {uv ∈ E|u ∈ S∧v ∈ T}✳

✻



❋✐❣✉r❡ ✼✿ ❆ ❣r❛♣❤ ❛♥❞ ♦♥❡ ♦❢ ✐ts ❝✉t✲s❡ts ✭✐♥ ❣r❡❡♥✮

❆

❇ ❈

❉

❊ ❋

❈✉t s✐③❡✿ ❚❤❡ s✐③❡ ♦❢ ❛ ❝✉t ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ t❤❡ ❝✉t✲s❡t✳

❆rt✐❝✉❧❛t✐♦♥ s❡t✿ ❆♥ ❛rt✐❝✉❧❛t✐♦♥ s❡t C ♦❢ ❛ ❣r❛♣❤ G = (V,E) ✐s ❛ s✉❜s❡t ♦❢ V s✉❝❤ t❤❛t
t❤❡ s✉❜❣r❛♣❤ ♦❢ G ✐♥❞✉❝❡❞ ❜② V \ C ✐s ❞✐s❝♦♥♥❡❝t❡❞✳

✷✳✹ ❈♦♥♥❡❝t✐✈✐t②

❈♦♥♥❡❝t❡❞♥❡ss✿ ❆ ❣r❛♣❤ G ✐s ❝♦♥♥❡❝t❡❞ ✐❢ ❢♦r ❡✈❡r② ♣❛✐r {u, v} ♦❢ ✈❡rt✐❝❡s✱ t❤❡r❡ ✐s ❛ ♣❛t❤
❢r♦♠ u t♦ v✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❣r❛♣❤ ✐s ❞✐s❝♦♥♥❡❝t❡❞✳

k✲❝♦♥♥❡❝t❡❞♥❡ss✿ ❆ ❣r❛♣❤ ✐s k✲❝♦♥♥❡❝t❡❞ ✐❢ ❞❡❧❡t✐♥❣ ❛♥② s❡t ♦❢ ❢❡✇❡r t❤❛♥ k ✈❡rt✐❝❡s ❞♦❡s
♥♦t ❞✐s❝♦♥♥❡❝t t❤❡ ❣r❛♣❤✳

❋✐❣✉r❡ ✽✿ ❆ ✷✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ❛♥❞ ♦♥❡ ♦❢ ✐ts ❛rt✐❝✉❧❛t✐♦♥ s❡ts ✭✐♥ ❣r❡❡♥✮

❆

❇ ❈

❉

❊ ❋

❈♦♥♥❡❝t✐✈✐t②✿ ❚❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ ❛ ❣r❛♣❤ ✐s t❤❡ ❧❛r❣❡st k ❢♦r ✇❤✐❝❤ ✐t ✐s k✲❝♦♥♥❡❝t❡❞✳

▼❡♥❣❡r✬s ❚❤❡♦r❡♠✿ ❚❤❡ ▼❡♥❣❡r✬s ❚❤❡♦r❡♠ ✐s ❛♥ ✐♠♣♦rt❛♥t t❤❡♦r❡♠ ❝♦♥❝❡r♥✐♥❣ ❝♦♥♥❡❝✲
t✐✈✐t②✳ ■t st❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t✿

▲❡t G ❜❡ ❛ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❛♥❞ u ❛♥❞ v t✇♦ ❞✐st✐♥❝t ✈❡rt✐❝❡s✳ ❚❤❡♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♠✐♥✐♠✉♠
✈❡rt❡①✲❝✉t ❢♦r u ❛♥❞ v ✐s ❡q✉❛❧ t♦ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✈❡rt❡①✲❞✐s❥♦✐♥t ♣❛t❤s ❢r♦♠ u t♦ v✳

✷✳✺ ❋❧♦✇s

❋❧♦✇ ♥❡t✇♦r❦✿ ❆ ✢♦✇ ♥❡t✇♦r❦ ✐s ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G = (V,E) ✇❤♦s❡ ❡❞❣❡s ❤❛✈❡ ❛ ♥♦♥✲
♥❡❣❛t✐✈❡ ❝❛♣❛❝✐t②✱ ✐✳❡✳ ∀(u, v) ∈ E(G), c(u, v) ≥ 0✳

❋❧♦✇✿ ▲❡t G ❜❡ ❛♥ ♦r✐❡♥t❡❞ ❣r❛♣❤✱ ✇❤✐❝❤ ❤❛s t✇♦ s♣❡❝✐✜❝ ✈❡rt✐❝❡s✿ ❛ s♦✉r❝❡ s ❛♥❞ ❛ s✐♥❦ t✳
❆ ✢♦✇ ✐s ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❛ss♦❝✐❛t❡s t♦ ❡❛❝❤ ❡❞❣❡ (u, v) ∈ E ❛ r❡❛❧✿ f : V ×V → R s♦ t❤❛t t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❛r❡ ♠❡t✿

✼



❋✐❣✉r❡ ✾✿ ❆ ✢♦✇ ♥❡t✇♦r❦

❙

❇ ❈

❊ ❋

❚

✶✳✺

✵✳✸

✷✳✸

✹✳✼

✵✳✷

✶✳✾ ✹✳✻

✷✳✽

✷✳✸

• ❈❛♣❛❝✐t② ❝♦♥str❛✐♥ts✿ ∀(u, v) ∈ E, f(u, v) ≤ c(u, v)

• ❙②♠❡tr②✿ ∀(u, v) ∈ E, f(u, v) = −f(v, u)

• ❋❧♦✇ ❝♦♥s❡r✈❛t✐♦♥✿ ∀u ∈ V − {s, t},
∑

v∈V f(u, v) = 0

▼❛①✐♠✉♠✲✢♦✇ ▼✐♥✐♠✉♠✲❝✉t ❚❤❡♦r❡♠✿ ❚❤❡ ♠❛①✲✢♦✇ ♠✐♥✲❝✉t t❤❡♦r❡♠ ❬❋❉✺✺❪ st❛t❡s
t❤❛t ✐♥ ❛ ✢♦✇ ♥❡t✇♦r❦✱ t❤❡ ♠❛①✐♠✉♠ ❛♠♦✉♥t ♦❢ ✢♦✇ ♣❛ss✐♥❣ ❢r♦♠ t❤❡ s♦✉r❝❡ ♥♦❞❡ t♦ t❤❡ s✐♥❦
♥♦❞❡ ✐s ❡q✉❛❧ t♦ t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ ❝✉t ✇❤✐❝❤ ❤❛s t❤❡ ♠✐♥✐♠✉♠ ❝❛♣❛❝✐t②✳

✷✳✻ P❛rt✐t✐♦♥s

❦✲♣❛rt✐t✐♦♥✿ ▲❡t G = (V,E) ❜❡ ❛ ❣r❛♣❤✳ {V1, ..., Vk} ✐s ❛ k✲♣❛rt✐t✐♦♥ ♦❢ G✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

• ∀i, G[Vi] ✐s ❝♦♥♥❡❝t❡❞

•
k
∑

i=0

|Vi| = |V |

• ∀i, j ∈ {1, . . . , k}2, i 6= j, Vi ∩ Vj = ∅

❋✐❣✉r❡ ✶✵✿ ❆ ✸✲♣❛rt✐t✐♦♥ ✭✐♥ r❡❞✱ ❣r❡❡♥ ❛♥❞ ♣✉♣❧❡✮ ♦❢ ❛ ❣r❛♣❤

❆

❇

❈

❉

❊

❋

●

✽



✸ ❈♦♥t❡①t✿ k✲♣❛rt✐♦♥ ♦❢ k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s

●②➤r✐✲▲♦✈ás③ ❚❤❡♦r❡♠ ❬●②➤✼✽✱ ▲♦✈✼✼❪ st❛t❡s t❤❛t k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ❛r❡ k✲♣❛rt✐t✐♦♥❛❜❧❡ ❢♦r
❛❧❧ k ≥ 1✳ ❍♦✇❡✈❡r t❤❡ t✇♦ ♣r♦♦❢s ♦❢ t❤✐s t❤❡♦r❡♠ ❛r❡ ♥♦t ❝♦♥str✉❝t✐✈❡✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥
♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ❛r❡ ❝❛♣❛❜❧❡ ♦❢ ✜♥❞✐♥❣ k✲♣❛rt✐t✐♦♥s ✐♥ k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s✳

✸✳✶ Pr♦❜❧❡♠ ❞❡s❝r✐♣t✐♦♥

❚❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❛rt✐❝❧❡ ❬▼▼✾✹❪ ❝❧❛✐♠s t♦ ❜❡ ❛❜❧❡ t♦ ✜♥❞ ❛ k✲♣❛rt✐t✐♦♥ ✐♥ ❛
k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ✐♥ ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✱ ❛♥❞ t❤✐s ♥♦ ♠❛tt❡r ✇❤❛t ✐s k✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
❝❧❛✐♠❡❞ ❛❧❣♦r✐t❤♠ ❢♦r ❛ ❣r❛♣❤ G = (V,E) ✇✐t❤ |V | = n ✐s O(k2n2)✳

❚❤❡ k✲♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠ ✇❤✐❝❤ t❤❡ ❛rt✐❝❧❡ ♣r❡t❡♥❞s t♦ r❡s♦❧✈❡ ❝❛♥ ❜❡ ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❛s
❢♦❧❧♦✇s✳ ●✐✈❡♥ ❛ k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G = (V,E)✱ ❛ s❡t ♦❢ k ✈❡rt✐❝❡s R = {r1, r2, . . . , rk} ❛♥❞ k
✐♥t❡❣❡rs S = {s1, s2, . . . , si} s✉♠♠✐♥❣ ✉♣ t♦ t❤❡ ♦r❞❡r ♦❢ G✳ ❋✐♥❞ ❛ ♣❛rt✐t✐♦♥ P = {p1, p2, . . . , pk}
♦❢ V s✉❝❤ t❤❛t ❢♦r ❛♥② i ❢r♦♠ 1 t♦ k✱ pi ❝♦♥t❛✐♥s ri ❛♥❞ |pi| = si✳ ❆♥ ✐❧❧✉str❛t❡❞ ❡①❛♠♣❧❡ ✐s
♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✶✳

❋✐❣✉r❡ ✶✶✿ ■♥♣✉t ❛♥❞ ♦✉t♣✉t ♦❢ t❤❡ k✲♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠

■♥♣✉t

❛

❣ ❝

❜

❞❡

❢

❖✉t♣✉t

❛

❢ ❣ ❝

❜

❞❡

k = 3

R = {a, g, c}

S = {2, 1, 4}

P =
{

{a, f}, {g}, {b, c, d, e}
}

✸✳✷ ❆❧❣♦r✐t❤♠ ❞❡s❝r✐♣t✐♦♥

✸✳✷✳✶ Pr✐♥❝✐♣❧❡s

❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ ❬▼▼✾✹❪ ✐s t♦ ❡①♣❛♥❞ ❞✐✛❡r❡♥t tr❡❡s ❢r♦♠ t❤❡ r♦♦ts
❣✐✈❡♥ ❛s ✐♥♣✉t✳ ❚❤❡ s♣❡❝✐✜❝✐t✐❡s ♦❢ t❤✐s ❡①♣❛♥s✐♦♥ ✐s t❤❛t ✐t ✐s ❜♦t❤ ♣r♦❣r❡ss✐✈❡ ❛♥❞ ❜❛❧❛♥❝❡❞✳

■t ✐s ♣r♦❣r❡ss✐✈❡ ❜❡❝❛✉s❡ t❤❡ ❛❧❣♦r✐t❤♠ ✐t❡r❛t❡s ♦✈❡r t❤❡ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts✳ ❊❛❝❤ ❝♦♠♣♦✲
♥❡♥t ✇✐❧❧ tr② t♦ ❛❝q✉✐r❡ ❢r❡❡ ✈❡rt✐❝❡s ✭✈❡rt✐❝❡s ✇❤✐❝❤ ❞♦ ♥♦t ❜❡❧♦♥❣ t♦ ❛ ❝♦♠♣♦♥❡♥t✮ ❛♥❞ ✐❢ t❤❡r❡
✐s ♥♦ ❢r❡❡ ✈❡rt✐❝❡s ❛♠♦♥❣ ✐ts ♥❡✐❣❤❜♦r❤♦♦❞✱ ✐t ✇✐❧❧ tr② t♦ st❡❛❧ ❛ ✈❡rt❡① ❢r♦♠ ❛♥♦t❤❡r ❝♦♠♣♦♥❡♥t✳

✾



❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ❜❛❧❛♥❝❡❞ ❜❡❝❛✉s❡ ❛ ❝♦♠♣♦♥❡♥t ❝❛♥ ♦♥❧② st❡❛❧ ❛ ✈❡rt❡① ❢r♦♠ ❛ ❝♦♠♣♦♥❡♥t
✇❤✐❝❤ ❤❛s ❛ ❧♦✇❡r r❛t✐♦ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✇✐s❤❡❞ ✈❡rt✐❝❡s ♦✈❡r t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ❝✉rr❡♥t❧②
♦✇♥❡❞ ❜② t❤❡ ❝♦♠♣♦♥❡♥t✳

■♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❡♥❞❧❡ss ❧♦♦♣s ❡♥❣❡♥❞❡r❡❞ ❜② t✇♦ ❝♦♠♣♦♥❡♥ts st❡❛❧✐♥❣ t❤❡ s❛♠❡ ✈❡rt❡① ♦♥❡
❛❢t❡r t❤❡ ♦t❤❡r✱ ❛ ♠❡♠♦r② ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts t♦ ✇❤✐❝❤ ❛ ✈❡rt❡① ❤❛s ❜❡❧♦♥❣❡❞ ✐s ♠❛✐♥t❛✐♥❡❞✳

❆ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❛rt✐❝❧❡ ❬▼▼✾✹❪✳ ❚❤✐s ♣r♦♦❢ ❝❛♥
❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✳

✶✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ❡①♣❛♥s✐♦♥ ✐s O(kn)✳

✷✳ ❊✈❡r② st❡♣ ♦❢ ❛♥ ✐t❡r❛t✐♦♥ ✐s O(m)✳

✸✳ ❆♥ ❡①✐st✐♥❣ ❛❧❣♦r✐t❤♠ ✇✐t❤ ❝♦♠♣❧❡①✐t② O(m) ❛❧❧♦✇s t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ ❛
k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ t♦ ❛ ♥✉♠❜❡r ♦❢ ❡❞❣❡ O(kn) ❬◆■✾✷❪✳

❋r♦♠ t❤♦s❡ t❤r❡❡ ♣r♦♣❡rt✐❡s✱ t❤❡ ❛✉t❤♦rs ❛✣r♠ t❤❛t t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s
O(k2n2)✳ ❇✉t✱ ❡✈❡♥ ✐❢ t❤❡ s❡❝♦♥❞ ♣♦ss✐❜✐❧✐t② ❝❛♥ ❜❡ ✈❡r✐✜❡❞ ❛♥❞ ✐❢ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ t❤✐r❞
♦♥❡ ❞♦❡s ♥♦tt ✐♥✢✉❡♥❝❡ t❤❡ ❢❛❝t t❤❛t t❤✐s ❛❧❣♦r✐t❤♠ ✐s ♣♦❧②♥♦♠✐❛❧✱ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ♣r♦♣✲
❡rt② s❡❡♠s t♦ ❜❡ ✇r♦♥❣ s✐♥❝❡ ✇❡ ❡①❤✐❜✐t ❛ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ ✐♥ s❡❝t✐♦♥ ✹✳✸✳✷✱ s❤♦✇✐♥❣ t❤❛t t❤❡
❛❧❣♦r✐t❤♠ ♠❛② ❧♦♦♣ ❡♥❞❧❡ss❧②✳

✸✳✷✳✷ ❯s❡❞ ❞❛t❛

❆s ✐t ✇❛s ♠❡♥t✐♦♥❡❞ ♣r❡✈✐♦✉s❧②✱ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❬▼▼✾✹❪ ♣❛rt✐t✐♦♥ t❤❡ ❣r❛♣❤ ✐♥t♦ tr❡❡s✳
❚❤♦s❡s tr❡❡s ♥❡❡❞s t♦ ❜❡ st♦r❡❞✱ s♦ ❜♦t❤ ✈❡rt✐❝❡s ❛♥❞ ❡❞❣❡s ♦❢ ❡❛❝❤ tr❡❡ ♠✉st ❜❡ ♠❡♠♦r✐③❡❞
❛♥❞ ✉♣❞❛t❡❞ t❤r♦✉❣❤ t❤❡ ❡①❡❝✉t✐♦♥✳ ❚❤❡ tr❡❡ r♦♦t❡❞ ❛t v = ri ✐s ❞❡♥♦t❡❞ Tv✳

❚❤❡ ❤✐st♦r② ♦❢ t❤❡ tr❡❡s t♦ ✇❤✐❝❤ ❛ ✈❡rt❡① ❤❛s ❜❡❧♦♥❣❡❞ ✐s st♦r❡❞ ✐♥ ❛ s❡t ♦❢ ✈❡rt✐❝❡s✳ ❆♥
❍❛s❤▼❛♣ ✇✐t❤ ✈❡rt✐❝❡s ❛s ❦❡②s ❛♥❞ ❛ s❡t ♦❢ ✈❡rt✐❝❡s ❛s ✈❛❧✉❡s ❝❛♥ t❤❡♥ ❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡
❤✐st♦r② ♦❢ ❛♥② ✈❡rt❡①✳ ❚❤❡ ❞❛t❛ ❛r❡ st♦r❡❞ ✐♥ ❛ str✉❝t✉r❡ ❝❛❧❧❡❞ treeNode ❛♥❞ t❤❡ s❡t ♦❢ r♦♦ts
✇❤♦s❡ tr❡❡ ❤❛s ♦✇♥❡❞ t❤❡ ✈❡rt❡① v ✐s ❞❡♥♦t❡❞ treeNode[v]✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤❡
❤✐st♦r② ♦❢ s♦♠❡ ✈❡rt✐❝❡s ❝❛♥ ❜❡ r❡s❡t❡❞ ✐♥ s♦♠❡ s♣❡❝✐✜❝ ❝❛s❡s ✭s❡❡ s❡❝t✐♦♥ ✸✳✷✳✹✮✳

❚❤❡ ❢❡❛t✉r❡ ❡♥s✉r✐♥❣ t❤❛t t❤❡ ❡①♣❛♥s✐♦♥ ✐s ❜❛❧❛♥❝❡❞ ✐s ❝❛❧❧❡❞ t❤❡ p✲✈❛❧✉❡✳ ❊❛❝❤ tr❡❡ ❤❛s
✐ts ♦✇♥ p✲✈❛❧✉❡ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✇✐s❤❡❞ ❢♦r t❤❡ tr❡❡ ❞✐✈✐❞❡❞ ❜② t❤❡
♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ❝✉rr❡♥t❧② ✐♥ t❤❡ tr❡❡✳ ❆ tr❡❡ ✇❤✐❝❤ ❤❛s ❛ p✲✈❛❧✉❡ ♦❢ ✶ ✐s ❛ ❝♦♠♣♦♥❡♥t ✇❤✐❝❤
❤❛s t❤❡ r✐❣❤t ❛♠♦✉♥t ♦❢ ✈❡rt✐❝❡s✳ ❲❤❡♥ ✐t❡r❛t✐♥❣ ♦✈❡r s✉❝❤ ❛ tr❡❡✱ ♥♦t❤✐♥❣ ✇✐❧❧ ❜❡ ❞♦♥❡✱ ❜❡❝❛✉s❡
✐t ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❛❝q✉✐r❡ ♠♦r❡ ✈❡rt✐❝❡s✳

✸✳✷✳✸ ❆❝q✉✐r✐♥❣ ✈❡rt✐❝❡s

❲❤❡♥ ✐t❡r❛t✐♥❣ ♦✈❡r ❛ tr❡❡ ✇❤✐❝❤ ♥❡❡❞s t♦ ❣❛✐♥ ✈❡rt✐❝❡s✱ t❤❡ ✜rst st❡♣ ✐s t♦ ❝♦♠♣✉t❡ t❤❡
♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ tr❡❡✱ ✐✳❡✳ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ❣r❛♣❤ ✇❤✐❝❤ ❛r❡ ♥❡✐❣❤❜♦rs t♦ ♦♥❡ ✭♦r ♠♦r❡✮
♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ tr❡❡ ❜✉t ❛r❡ ♥♦t ✐♥ ✐t✳ ■❢ ❛♠♦♥❣ t❤✐s ♥❡✐❣❤❜♦r❤♦♦❞✱ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡
❢r❡❡ ✈❡rt❡①✱ ✐✳❡✳ ❛ ✈❡rt❡① ✇❤✐❝❤ ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ ❛♥② tr❡❡✳ ❚❤❡ tr❡❡ ✇✐❧❧ ❛❝q✉✐r❡ ❛❧❧ t❤❡ ❢r❡❡
✈❡rt✐❝❡s ♦❢ t❤✐s ♥❡✐❣❤❜♦r❤♦♦❞✱ ❡①❝❡♣t ✐❢ t❤❡r❡ ❛r❡ ♠♦r❡ ❢r❡❡ ✈❡rt✐❝❡s t❤❛♥ r❡q✉✐r❡❞✳ ■♥ t❤❛t ❝❛s❡✱
t❤❡ tr❡❡ ❛❝q✉✐r❡s ❡♥♦✉❣❤ ✈❡rt✐❝❡s s♦ t❤❛t ✐ts ♦r❞❡r r❡❛❝❤❡❞ t❤❡ ❞❡s✐r❡❞ s✐③❡✱ ❜✉t ♥♦ ♠♦r❡✳ ❚❤❡
✈❡rt✐❝❡s t♦ ❛❝q✉✐r❡ ❛r❡ ❝❤♦s❡♥ r❛♥❞♦♠❧② ❛♠♦♥❣ t❤❡ ❛✈❛✐❧❛❜❧❡ ♦♥❡s✳

✶✵



✸✳✷✳✹ ❙t❡❛❧✐♥❣ ✈❡rt✐❝❡s

■❢ t❤❡r❡ ✐s ♥♦t ❛♥② ❢r❡❡ ✈❡rt❡① ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ tr❡❡✱ t❤❡♥ ✐t tr✐❡s t♦ st❡❛❧ ❛ ✈❡rt❡①
❢r♦♠ ❛♥♦t❤❡r tr❡❡✳ ❙❡✈❡r❛❧ r✉❧❡s ❞❡✜♥❡s ✇❤❡t❤❡r ❛ ✈❡rt❡① ❝❛♥ ❜❡ st♦❧❡♥ ♦r ♥♦t✳

• ❚❤❡ r♦♦t ♦❢ ❛ tr❡❡ ✭✐✳❡✳ t❤❡ ri✬s✮ ❝❛♥♥♦t ❜❡ st♦❧❡♥✳

• ❆ tr❡❡ Tv ❝❛♥♥♦t st❡❛❧ ❛ ✈❡rt❡① u ✐❢ Tv ❜❡❧♦♥❣s t♦ treeNode[u]✳

• ❆ tr❡❡ ❝❛♥♥♦t st❡❛❧ ❛ ✈❡rt❡① ❢r♦♠ ❛♥♦t❤❡r tr❡❡ ✇❤✐❝❤ ❤❛s ❛ ❧♦✇❡r p✲✈❛❧✉❡✳

❖♥❝❡ t❤♦s❡ t❤r❡❡ r✉❧❡s ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ r❡♠♦✈❡ s♦♠❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞✱ ✐❢
t❤❡r❡ ✐s ♥♦ ✈❡rt❡① ❧❡❢t✱ t❤❡♥ t❤❡ tr❡❡ ❞♦❡st ♥♦t st❡❛❧ ❛♥② ♦t❤❡r ✈❡rt❡① ❞✉r✐♥❣ t❤✐s ✐t❡r❛t✐♦♥✳ ❖♥
t❤❡ ♦t❤❡r s✐❞❡✱ ✐❢ t❤❡r❡ ❛r❡ st✐❧❧ ♠✉❧t✐♣❧❡ ✈❡rt✐❝❡s r❡♠❛✐♥✐♥❣✱ t❤❡♥ ♦♥❡ ✈❡rt❡① ✐s ❝❤♦s❡♥ ❛s t❤❡
✈❡rt❡① t♦ st❡❛❧✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡ ✐s ❛♣♣❧✐❡❞✳

✶✳ ❑❡❡♣ ♦♥❧② t❤❡ ✈❡rt✐❝❡s ✇❤✐❝❤ ❤❛✈❡ t❤❡ s♠❛❧❧❡st p✲✈❛❧✉❡ ♦❢ t❤❡ s❡t✳

✷✳ ❆♠♦♥❣ t❤✐s ♥❡✇ s❡t✱ ❦❡❡♣ ♦♥❧② t❤❡ ✈❡rt✐❝❡s ✇❤✐❝❤ ❤❛✈❡ t❤❡ s♠❛❧❧❡st ❞❡❣r❡❡ ✐♥s✐❞❡ t❤❡ tr❡❡✳

✸✳ ■❢ t❤❡r❡ ❛r❡ st✐❧❧ ♠✉❧t✐♣❧❡ ✈❡rt✐❝❡s✱ ♣✐❝❦ ♦♥❡ r❛♥❞♦♠❧②✳

■❢ t❤❡ ✈❡rt❡① v ✇❤✐❝❤ ♠✉st ❜❡ st♦❧❡♥ ❤❛s ❞❡❣r❡❡ ❣r❡❛t❡r t❤❛♥ ✶ ✐♥ ✐ts tr❡❡✱ r❡♠♦✈✐♥❣ ✐t
❞✐s❝♦♥♥❡❝ts t❤❡ tr❡❡✳ ❚♦ ❛✈♦✐❞ t❤✐s ❦✐♥❞ ♦❢ s✐t✉❛t✐♦♥✱ t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t v ✐s ❝✉t ❛♥❞ ♦♥❧② v
✐s st♦❧❡♥✳ ❆❧❧ t❤❡ ♦t❤❡r ✈❡rt✐❝❡s u ♦❢ t❤❡ s✉❜tr❡❡ ❤❛✈❡ t❤❡✐r ❤✐st♦r② ❝❧❡❛♥❡❞ ❛♥❞ ❛r❡ ❝♦♥s✐❞❡r❡❞
❛❣❛✐♥ ❛s ❢r❡❡ ✈❡rt✐❝❡s✱ ✐✳❡✳ treeNode[u] = ∅✳

✸✳✸ ❙t❛t❡ ♦❢ t❤❡ ❛rt✿ ❡①✐st✐♥❣ ❛❧❣♦r✐t❤♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛❧❣♦r✐t❤♠s r❡❧❛t❡❞ t♦ k✲❝♦♥♥❡❝t✐✈✐t② ❛♥❞ k✲♣❛rt✐t✐♦♥✐♥❣✳

✸✳✸✳✶ ❈♦♠♣✉t✐♥❣ k✲❝♦♥♥❡❝t✐✈✐t②

❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✱ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ ❛ ❣r❛♣❤ ✐s ❡q✉❛❧ t♦ t❤❡ s✐③❡ ♦❢ ✐ts ♠✐♥✐♠❛❧
✈❡rt❡① ❝✉t✳ ❚❤❡ ♠❛①✲✢♦✇ ♠✐♥✲❝✉t ❚❤❡♦r❡♠ st❛t❡s t❤❛t t❤❡ ♠❛①✐♠✉♠ ✢♦✇ ❜❡t✇❡❡♥ t♦ ✈❡rt✐❝❡s
✐s ❡q✉❛❧ t♦ t❤❡ ♠✐♥✐♠✉♠ ❝✉t t♦ ❞✐s❝♦♥♥❡❝t t❤❡s❡ t✇♦ ✈❡rt✐❝❡s✳ ❇✉t ✐❢ ✇❡ ✉s❡ ✢♦✇ ❛❧❣♦r✐t❤♠
❞✐r❡❝t❧②✱ ❞♦ ♥♦t ❝♦♠♣✉t❡ t❤❡ ❝♦♥♥❡❝t✐✈✐t②✱ s✐♥❝❡ ✐t ✇✐❧❧ ❜❡ ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ t✇♦ ❞✐✛❡r❡♥t ✢♦✇s
♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ s❛♠❡ ✈❡rt❡①✳

❙♦ ✜rst t❤❡ ❣r❛♣❤ ♥❡❡❞s t♦ ❜❡ tr❛♥s❢♦r♠❡❞✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ♥❡❡❞ ❛ ❝❛♣❛❝✐t② ♦♥ t❤❡
✈❡rt✐❝❡s✳ ❚♦ ❞♦ s♦ ❡❛❝❤ ✈❡rt❡① ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♥❡✇ ✈❡rt✐❝❡s✳ ❊❛❝❤ ✐♥❝♦♠✐♥❣ ❡❞❣❡ ✐s ❛tt❛❝❤❡❞
t♦ t❤❡ ✜rst ✈❡rt❡① ❛♥❞ ❡❛❝❤ ❧❡❛✈✐♥❣ ❡❞❣❡ t♦ t❤❡ s❡❝♦♥❞ ✈❡rt❡①✳ ❆♥♦t❤❡r ❡❞❣❡ ✐s ❛❞❞❡❞ ❜❡t✇❡❡♥
t❤❡ t✇♦ ♥❡✇ ✈❡rt✐❝❡s✳ ❚❤❡ ❝❛♣❛❝✐t② ♦❢ ❛❧❧ ❡❞❣❡s ♦❢ t❤❡ ❣r❛♣❤ ✐s s❡t t♦ ✶✳

❚❤❡♥ t♦ ✜♥❞ t❤❡ ❝♦♥♥❡❝t✐✈✐t②✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♠❛①✐♠✉♠ ✢♦✇ ❜❡t✇❡❡♥ ❡❛❝❤ ♣❛✐r ♦❢ ♥♦❞❡s
❛♥❞ ✇❡ ❦❡❡♣ ♦♥❧② t❤❡ ❧♦✇❡st ✈❛❧✉❡✳ ❚❤✐s ✈❛❧✉❡ ✐s t❤❡ ❝♦♥♥❡❝t✐✈✐t②✳

✸✳✸✳✷ ❦✲♣❛rt✐t✐♦♥✐♥❣

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❞✐✛❡r❡♥t ❡①✐st✐♥❣ k✲♣❛rt✐t✐♦♥✐♥❣ ❛❧❣♦r✐t❤♠s✳

❋✐rst ♦❢ ❛❧❧✱ s✐♥❝❡ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡♥ t❤❛t ❢♦r s♦♠❡ ❦✐♥❞s ♦❢ ❣r❛♣❤s ✜♥❞✐♥❣ ❛ k✲♣❛rt✐t✐♦♥ ✐s ❛♥
NP ✲❤❛r❞ ♣r♦❜❧❡♠ ❬❇❋✵✻❪✱ ✜♥❞✐♥❣ ❛ ♣❛rt✐t✐♦♥ ✐♥ ❛ ❣r❛♣❤ ✐s NP ✲❤❛r❞ ✐♥ ❣❡♥❡r❛❧✳

✶✶



❉❛t❛✿ G = (V,E) ❛ ❣r❛♣❤
❘❡s✉❧t✿ k t❤❡ ❝♦♥♥❡❝t✐✈✐t②
min = ∞❀
G

′

= TransformNode(G)❀
❢♦r❛❧❧ u, v ∈ V, u 6= v, (u, v) /∈ E ❞♦

f = maximumFlow(G
′

, u, v)❀
✐❢ f < min t❤❡♥

min = f ❀
❡♥❞

❡♥❞

r❡t✉r♥ min❀
❆❧❣♦r✐t❤♠ ✶✿ ❈♦♠♣✉t✐♥❣ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ ❛ ❣r❛♣❤

❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡♥ t❤❛t✱ ❢♦r ❛ k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G✱ ❛ k✲♣❛rt✐t✐♦♥
❛❧✇❛②s ❡①✐sts ❬●②➤✼✽✱ ▲♦✈✼✼❪✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❢r♦♠ ❬▼▼✾✹❪ ❛♣❛rt✱ ♥♦ ♣♦❧②♥♦♠✐❛❧ ❣❡♥❡r❛❧ ❛❧❣♦✲
r✐t❤♠✱ ✐✳❡✳ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ k✱ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✳ P♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞
❢♦r k = 2❬❙❚◆✾✵❪ ❛♥❞ k = 3❬❲❑✾✹❪✳ ▼♦r❡ r❡❝❡♥t❧②✱ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡♥ ✐♥ ❬✐◆❘◆✾✼❪ t❤❛t ✐❢
G ✐s ❛ ♣❧❛♥❛r ❣r❛♣❤ ❛♥❞ ✐❢ t❤❡ r♦♦ts ♦❢ t❤❡ ♣❛rt✐t✐♦♥ ❛r❡ ❧♦❝❛t❡❞ ♦♥ t❤❡ s❛♠❡ ❢❛❝❡ ♦❢ ❛ ♣❧❛♥❡
❡♠❜❡❞❞✐♥❣ ♦❢ G✱ t❤❡r❡ ✐s ❛ ❧✐♥❡❛r✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r k = 4✳

✶✷



✹ ❲♦r❦

✹✳✶ ❚♦♦❧s

✹✳✶✳✶ ●❡♥❡r❛t✐♥❣ k✲❝♦♥♥❡❝t❡❞ r❛♥❞♦♠ ❣r❛♣❤s

■♥ ♦r❞❡r t♦ t❡st ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ ❬▼▼✾✹❪✱ k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s
❤❛❞ t♦ ❜❡ ❣❡♥❡r❛t❡❞✳ ❲❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ t✇♦ ♠❡t❤♦❞s✱ ❛❧t❤♦✉❣❤ t❤❡ ❣r❛♣❤s ♣r♦❞✉❝❡❞ ❛r❡
♥♦t ✉♥✐❢♦r♠❧② r❛♥❞♦♠✐s❡❞✳

❚❤❡ ✜rst ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✈❡rt❡① ❞❡❣r❡❡✳ ❚♦ ❜❡ k✲❝♦♥♥❡❝t❡❞✱ ❛ ❣r❛♣❤ ♥❡❡❞s t♦ ❤❛✈❡
✈❡rt✐❝❡s ♦❢ ❞❡❣r❡❡ ❛t ❧❡❛st k✳ ❋♦r ❡❛❝❤ ✈❡rt❡①✱ ❡❞❣❡s ❛r❡ ❛❞❞❡❞ ✉♥t✐❧ t❤❡ ✈❡rt❡① ❤❛s ❞❡❣r❡❡ ❛t
❧❡❛st k✳ ❖♥❝❡ t❤✐s ♣r♦❝❡❞✉r❡ ❛❝❤✐❡✈❡❞✱ t❤❡♥ ♣♦ss✐❜❧② t❤❡ r❡❞✉❝❡❞ ❣r❛♣❤ ✐s k✲❝♦♥♥❡❝t❡❞✳

❙✐♥❝❡ t❤✐s ✜rst ♠❡t❤♦❞ ✐s ♥♦t ❞❡t❡r♠✐♥✐st✐❝✱ ✇❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ ❛♥♦t❤❡r ♠❡t❤♦❞ ✇❤✐❝❤ ♣r♦✲
❞✉❝❡s ❛ k ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ❜② ❝r❡❛t✐♥❣ s❡✈❡r❛❧ ❝♦♠♣❧❡t❡ ❝♦♠♣♦♥❡♥ts ❛♥❞ ❧✐♥❦✐♥❣ t❤❡♠ t♦❣❡t❤❡r✳
❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✷✳

❉❛t❛✿ k t❤❡ ❝♦♥♥❡❝t✐✈✐t②✱
N t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts✱
n t❤❡ s✐③❡ ♦❢ ❝♦♠♣♦♥❡♥ts
❘❡s✉❧t✿ ❆ k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤
components = ∅❀
edges = ∅❀
❢♦r ✐ ❂ ✶ t♦ ◆ ❞♦

components = components ∪ newCompleteComponent(n)
❡♥❞

❢♦r ✐ ❂ ✶ t♦ ◆✲✶ ❞♦

❢♦r ❥ ❂ ✶ t♦ ❦ ❞♦
edges = edges ∪ (components[i][j], components[i+ 1][j])

❡♥❞

❡♥❞

g = newGraph(components, edges)❀
r❡t✉r♥ g❀

❆❧❣♦r✐t❤♠ ✷✿ k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ❣❡♥❡r❛t♦r

❋✐rst✱ t❤❡ ❝♦♠♣❧❡t❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❣❡♥❡r❛t❡❞✳ ❚❤❡♥ k ❡❞❣❡s ❛r❡ ❛❞❞❡❞ ❜❡t✇❡❡♥ t❤❡ ✜rst ❛♥❞
t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥ts✱ k ❡❞❣❡s ❛r❡ ❛❞❞❡❞ ❜❡t✇❡❡♥ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤❡ t❤✐r❞ ♦♥❡s ❛♥❞ s♦ ♦♥✳

❚❤❡ ❡❞❣❡s ❜❡t✇❡❡♥ ❡✈❡r② ♣❛✐r ♦❢ ❝♦♠♣♦♥❡♥ts ❛r❡ ♥♦t r❛♥❞♦♠❧② s❡❧❡❝t❡❞✱ ♦t❤❡r✇✐s❡ ✐t ✇♦✉❧❞
❜❡ ❡❛s② t♦ ❞✐❝♦♥♥❡❝t t❤❡ ❣r❛♣❤ ❜② r❡♠♦✈✐♥❣ ❧❡ss t❤❛♥ k ✈❡rt✐❝❡s✳ ❙♦ ✇❡ ♣r♦❝❡❞❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
✇❛② ❢♦r ❛❞❞✐♥❣ t❤❡ ❡❞❣❡s✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ✈❡rt✐❝❡s ♦❢ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ❛r❡ ♥✉♠❜❡r❡❞ ❢r♦♠ ✶
t♦ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❝♦♠♣♦♥❡♥t✳ ❚❤❡ ❡❞❣❡s ❜❡t✇❡❡♥ t❤❡ ✈❡rt❡① ✶ ♦❢ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ❛♥❞ t❤❡
✈❡rt❡① ✶ ♦❢ t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ❛r❡ s❡❧❡❝t❡❞✳ ❚❤❡ s❛♠❡ ♣r♦❝❡ss ✐s r❡♣❡❛t❡❞ ❢♦r t❤❡ s❡❝♦♥❞
✈❡rt✐❝❡s t♦ t❤❡ k✲t❤ ✈❡rt✐❝❡s ❛♥❞ t❤❡♥ ❢♦r t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts✳ ❆t t❤❡ ❡♥❞✱ t❤❡ r❡s✉❧t✐♥❣ ❣r❛♣❤
✐s k✲❝♦♥♥❡❝t❡❞✳

✹✳✶✳✷ ❈❛❧❝✉❧❛t✐♥❣ ❛ s♣❛rs❡ s♣❛♥♥✐♥❣ s✉❜❣r❛♣❤

■♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡ ♦❢ t❤❡ ♠❛✐♥ ❛❧❣♦r✐t❤♠✱ ✇❡ ❤❛❞ t♦ ✐♠♣❧❡♠❡♥t ❛♥♦t❤❡r
❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ✐♥ ❬◆■✾✷❪✳

✶✸



❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❝❛❧❧❡❞ ❋❖❘❊❙❚ ❛♥❞ t❛❦❡s ❛ ❣r❛♣❤ G = (V,E) ❛s ❛ ♣❛r❛♠❡t❡r✳ ❚❤❡ ♦✉t♣✉t
✐s s❧✐❣❤t❧② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ s✐♥❝❡ ✐t ❞♦❡s ♥♦t s✐♠♣❧② r❡t✉r♥ t❤❡ s♣❛rs❡ s♣❛♥♥✐♥❣ s✉❜❣r❛♣❤✳
■♥st❡❛❞✱ t❤❡ ❛❧❣♦r✐t❤♠ r❡t✉r♥s ❛♥ ❛rr❛② A ♦❢ s❡t ♦❢ ❡❞❣❡s✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ❛rr❛② r❡t✉r♥❡❞ ✐s

|E(G)|✳ ❚❤❡ ❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② t❤❡ s❡t ♦❢ ❡❞❣❡s
k
⋃

i=1

Ei ✐s k✲❝♦♥♥❡❝t❡❞✱ ✐❢ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ G ✐s

❣r❡❛t❡r ♦r ❡q✉❛❧ t♦ k✳

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ❛❜♦✉t t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✇❛s t❤❡ ✉s❡ ♦❢ ❛ s♣❡❝✐✜❝ ❞❛t❛
str✉❝t✉r❡ t❤❛t ❛❧❧♦✇s ❛♥ ❛❝❝❡ss t♦ t❤❡ ♠❛①✐♠✉♠✱ ❛♥ ✐♥s❡rt✐♦♥ ❛♥❞ ❛ ❞❡❧❡t✐♦♥ ♦❢ ❛♥ ❡❧❡♠❡♥t ✇✐t❤
❛ ❝♦♥st❛♥t ❛♠♦rt✐③❡❞ ❝♦st✳ ❊✈❡♥ ✐❢ s✉❝❤ ❛ str✉❝t✉r❡ ❞♦❡s ♥♦t ❡①✐st ❢♦r ❛♥② ❦✐♥❞ ♦❢ ✉t✐❧✐s❛t✐♦♥✱
✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝r❡❛t❡ ♦♥❡ ✇❤✐❝❤ ❤❛s ❛❧❧ t❤❡ r❡q✉✐r❡❞ ♣r♦♣❡rt✐❡s ❢♦r t❤✐s ❛❧❣♦r✐t❤♠✱ s✐♥❝❡ t❤❡
✉t✐❧✐s❛t✐♦♥ ✐s ✈❡r② s♣❡❝✐✜❝ ❛♥❞ s✐♥❝❡ ❛♥ ❡❧❡♠❡♥t ❤❛s ❛❧✇❛②s ❛♥ ✐♥t❡❣❡r ❛ss♦❝✐❛t❡❞ ✈❛❧✉❡ t❤❛t ❝❛♥
❣r♦✇ ♦♥❧② ❢r♦♠ ✶ ❛t ❡❛❝❤ st❡♣✳

❚❡sts ❤❛✈❡ ❜❡❡♥ ❝r❡❛t❡❞ ❛♥❞ r✉♥ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t t❤❡ r❡s✉❧t ♦❢ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
t❤❡ ❋❖❘❊❙❚ ❛❧❣♦r✐t❤♠ ✇❛s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡✿

∀k, k ≤ K(G), K(V,
k
⋃

i=1

Ei) = k.

❚❤✐s t❡st ❤❛s ❜❡❡♥ ✈❛❧✐❞❛t❡❞ ♦♥ s✐♠♣❧❡ ❣r❛♣❤s✱ ❜✉t ✐t ❤❛s ❛❧s♦ ❜❡❡♥ s❡❡♥ t❤❛t ♦✉r ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥ ❞✐❞ ♥♦t ♣r♦❞✉❝❡ t❤❡ ❡①♣❡❝t❡❞ r❡s✉❧t ✐❢ t❤❡ ✐♥♣✉t ✐s ❛ ♠✉❧t✐❣r❛♣❤✳ ❲❡ ❝❤❡❝❦❡❞ t❤✐s
♣r♦♣❡rt② ❜② ❢♦❧❧♦✇✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ♦♥ s♠❛❧❧ ♠✉❧t✐❣r❛♣❤s ❛♥❞ t❤✐s s❤♦✇❡❞ ✉s t❤❛t t❤❡ ♣r♦❜❧❡♠
✇❛s ♥♦t ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❜✉t r❛t❤❡r ❢r♦♠ t❤❡ ❛❧❣♦r✐t❤♠✳ ❙✐♥❝❡ ✇❡ ❛r❡ ✇♦r❦✐♥❣
♦♥ s✐♠♣❧❡ ❣r❛♣❤s✱ t❤✐s ✇❛s ♥♦t r❡❛❧❧② ❛ ♣r♦❜❧❡♠ ❢♦r ♦✉r t❡sts✳

✹✳✷ ■♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠

■♥ ♦r❞❡r t♦ ❢❛❝✐❧✐t❛t❡ t❤❡ ❝♦♠♣r❡❤❡♥s✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ t❤❡ ❞❡❜✉❣❣✐♥❣✱
✇❡ ❝❤♦♦s❡ t♦ ♣r❡s❡♥t t❤❡ ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❲❤✐❧❡ ✇❡ ✇❡r❡ ✐♠♣❧❡♠❡♥t✐♥❣ ✐t✱ ✇❡
❛❧s♦ ♥♦t❡❞ t❤❛t s♦♠❡ ❧✐♥❡s ✇❤❡r❡ ♠✐s♣❧❛❝❡❞✱ ❜r❡❛❦✐♥❣ t❤❡ ❝♦❤❡r❡♥❝② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳

■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♠♣❧❡①✐t② ❛s t❤❡ ♦♥❡ ♣r♦✈❡❞ ✐♥ t❤❡ ♣❛♣❡r✱ ✇❡ st✐❝❦❡❞ t♦ t❤❡ s❛♠❡
❞❛t❛ str✉❝t✉r❡s✳ ■♥ ♦r❞❡r t♦ ❛❝❝❡♣t ❣r❛♣❤s ✇❤❡r❡ ✈❡rt✐❝❡s ❛r❡ ♥♦t ♦♥❧② ✐♥t❡❣❡rs✱ ✇❡ ❛❞❞❡❞ ❛♥
❍❛s❤▼❛♣✱ ❛❧❧♦✇✐♥❣ ❛♥ ❛❝❝❡ss ✐♥ ❝♦♥st❛♥t t✐♠❡ t♦ t❤❡ ✐♥❞❡① ♦❢ ❛ ✈❡rt❡①✳

■♥ t❤❡ ❧✐❜r❛r② ✇❡ ✇❡r❡ ✉s✐♥❣✱ s♣❛♥♥✐♥❣ ❣r❛♣❤s ✇❡r❡ ♥♦t ❞❡s✐❣♥❡❞ t♦ ❜❡ ♠♦❞✐✜❡❞✳ ❲❡ ❝r❡❛t❡❞
♦✉r ♦✇♥ ❜❛s✐❝ ❝❧❛ss ✇❤✐❝❤ ✇❛s ❤❛♥❞❧✐♥❣ tr❡❡s ✇✐t❤ t❤❡ ♥❡❡❞❡❞ ♠❡t❤♦❞s ❧✐❦❡ ❝✉tt✐♥❣ ❛ tr❡❡ ♦♥ ❛
s♣❡❝✐✜❝ ✈❡rt❡①✳

✹✳✸ ❈r✐t✐❝✐s♠

✹✳✸✳✶ ❋✐♥❞✐♥❣ ❛ ❝♦✉♥t❡r✲❡①❛♠♣❧❡

❖♥❝❡ t❤❡ ♠❛✐♥ ✐ss✉❡s ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇❡r❡ s♦❧✈❡❞✱ ✇❡ ❤❛❞ st✐❧❧ s♦♠❡
✐ss✉❡s ✇✐t❤ t❤❡ ❛❧❣♦r✐t❤♠ ❢❛❧❧✐♥❣ ✐♥ ❡♥❞❧❡ss ❧♦♦♣s✳ ❖✉r ✐♥✈❡st✐❣❛t✐♦♥s ♦♥ t❤✐s s♣❡❝✐✜❝ ♣r♦❜❧❡♠
❡♥❞❡❞ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦❜❧❡♠ ✇❛s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ♥♦t ❢r♦♠ t❤❡ ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥✳ ❚❤✐s ✇❛s ❡♥s✉r❡❞ ❜② ✈❡r✐❢②✐♥❣ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ st❡♣
❜② st❡♣ ♦♥ t❤❡s❡ s♣❡❝✐✜❝ ♣r♦❜❧❡♠❛t✐❝ ✐♥st❛♥❝❡s✳

✶✹



✹✳✸✳✷ ❉❡t❛✐❧❡❞ ❡①❛♠♣❧❡ ♦❢ ❛ ❢❛✐❧❡❞ ❡①❡❝✉t✐♦♥

❲❡ ❤❡r❡ ♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❡①❡❝✉t✐♦♥ ✇❤✐❝❤ ❢❛✐❧s ✇✐t❤ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ✐♥ ❬▼▼✾✹❪✳
❚❤❡ ✐♥♣✉t ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❛s ❢♦❧❧♦✇s ✿

• G ✐s t❤❡ ❣r❛♣❤ ❞r❛✇♥ ✐♥ ❋✐❣✉r❡ ✶✷✱

• k = 2✱

• roots = {e, a}✱

• partitionSize = {5, 7}✳

■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ st❛t✉s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ❡❞❣❡s ✇❤✐❝❤ ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ ❛ tr❡❡ ❤❛✈❡ ❛
str♦♥❣❡r t❤✐❝❦♥❡ss✱ ✇❤✐❧❡ ❜♦t❤ ❡❞❣❡s ❛♥❞ ✈❡rt✐❝❡s ❛r❡ ❝♦❧♦r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ tr❡❡ t❤❡② ❜❡❧♦♥❣
t♦✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❛♥ ❛rr❛② ✐s ♣r❡s❡♥t❡❞ ✉♥❞❡r ❡❛❝❤ ❣r❛♣❤✱ s❤♦✇✐♥❣ t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ tr❡❡✲♥♦❞❡
❛rr❛② ✇❤✐❝❤ ✐s ✉s❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❝❤♦♦s❡ ✇❤✐❝❤ ❛❝t✐♦♥ ❤❛s t♦ ❜❡ ❡①❡❝✉t❡❞✳

❋✐❣✉r❡ ✶✷✿ ❋❛✐❧❡❞ ❊①❡❝✉t✐♦♥ ✿ ■♥✐t✐❛❧ ❣r❛♣❤

❛

❡

❜

❝❞

❢

❣

❤

✐

❥

❦ ❧

❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ❥ ❦ ❧
Ta Te

❉✉r✐♥❣ t❤❡ ✜rst t✇♦ st❡♣s✱ ❡❛❝❤ ♣❛rt✐t✐♦♥ ♥❡❡❞s t♦ ❛❝q✉✐r❡ ♠♦r❡ ✈❡rt✐❝❡s✱ s♦ ❡❛❝❤ ♦♥❡ ❣r♦✇s
❜② ❛❞❞✐♥❣ ❛❧❧ t❤❡ ❛✈❛✐❧❛❜❧❡ ♥❡✐❣❤❜♦r❤♦♦❞✳

❋✐❣✉r❡ ✶✸✿ ❋❛✐❧❡❞ ❊①❡❝✉t✐♦♥ ✿ ❙t❡♣ ✶

❛

❡

❢

❣

❤

❜

❝❞

✐

❥

❦ ❧

❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ❥ ❦ ❧
Ta Te Te Te Te

✶✺



❋✐❣✉r❡ ✶✹✿ ❋❛✐❧❡❞ ❊①❡❝✉t✐♦♥ ✿ ❙t❡♣ ✷

❛

❜

❝❞ ❡

❢

❣

❤

✐

❥

❦ ❧

❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ❥ ❦ ❧
Ta Ta Ta Ta Te Te Te Te

❆t st❡♣ ✸✱ t✇♦ ✈❡rt✐❝❡s ❛r❡ ❛✈❛✐❧❛❜❧❡ t♦ ✐♥❝r❡❛s❡ t❤❡ s✐③❡ ♦❢ t❤❡ ❝✉rr❡♥t ✇♦r❦✐♥❣ tr❡❡✿ i ❛♥❞ j✳
❙✐♥❝❡ ✐t ♥❡❡❞s ♦♥❧② ♦♥❡ ♦❢ t❤❡ t✇♦ ✈❡rt✐❝❡s✱ s❛② j✱ ✐s ❝❤♦s❡♥✳

❋✐❣✉r❡ ✶✺✿ ❋❛✐❧❡❞ ❊①❡❝✉t✐♦♥ ✿ ❙t❡♣ ✸

❛

❜

❝❞ ❡

❢

❣

❤

❥

✐

❦ ❧

❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ❥ ❦ ❧
Ta Ta Ta Ta Te Te Te Te Te

❆t st❡♣ ✹✱ t❤❡ tr❡❡ r♦♦t❡❞ ❛t a ❝❛♥♥♦t ❜❡ s✐♠♣❧② ❡①t❡♥❞❡❞✱ s✐♥❝❡ ❡✈❡r② ❛❞❥❛❝❡♥t ✈❡rt❡① ❜❡❧♦♥❣s
t♦ t❤❡ ♦t❤❡r tr❡❡✳ ❚❤❡ ❛❞❥❛❝❡♥t ❢r❡❡ ✈❡rt✐❝❡s ❛r❡ f ❛♥❞ g✳ ❇♦t❤ r❡s♣❡❝t t❤❡ ❝♦♥❞✐t✐♦♥s ♥❡❝❡ss❛r②
t♦ ❛❧❧♦✇ t❤❡ s✇❛♣♣✐♥❣✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❛❧❣♦r✐t❤♠✱ t❤❡ ✈❡rt❡① t♦ s✇❛♣ ♠✉st ❤❛✈❡ t❤❡ ❧♦✇❡st
❞❡❣r❡❡ ✐♥ t❤❡ ❝♦♥❝❡r♥❡❞ tr❡❡ ❛♠♦♥❣ t❤❡ s✇❛♣♣❛❜❧❡ ❝❛♥❞✐❞❛t❡s✳ ■t ❝❛♥♥♦t ❜❡ g s✐♥❝❡ ✐t ❤❛s ❛
❤✐❣❤❡r ✐♥t❡r♥❛❧ ❞❡❣r❡❡ t❤❛♥ f ✐♥ t❤❡ ❝♦♥❝❡r♥❡❞ tr❡❡✳ ❚❤❡ s✇❛♣♣❡❞ ✈❡rt❡① ✐s t❤❡♥ f ✳

✶✻



❋✐❣✉r❡ ✶✻✿ ❋❛✐❧❡❞ ❊①❡❝✉t✐♦♥ ✿ ❙t❡♣ ✹

❛

❜

❝❞

❢

❡

❣

❤

❥

✐

❦ ❧

❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ❥ ❦ ❧
Ta Ta Ta Ta Te Te, Ta Te Te Te

❆t st❡♣ ✺✱ t❤❡ tr❡❡ r♦♦t❡❞ ❛t e ♠✉st ❣❡t ♦♥❡ ✈❡rt❡① ❜❛❝❦✱ s✐♥❝❡ t❤❡ ♦t❤❡r tr❡❡ ❤❛s t❛❦❡♥ ♦♥❡
♦❢ ✐ts ✈❡rt✐❝❡s✳ ❚❤❡ t✇♦ ❢r❡❡ ❝❛♥❞✐❞❛t❡s ❛r❡ i ❛♥❞ k✳ ❙✐♥❝❡ ♦♥❧② ♦♥❡ ✐s ♠✐ss✐♥❣✱ ♦♥❧② ♦♥❡ ♠✉st
❜❡ ❛❞❞❡❞✳ ■♥ ♦✉r ❝❛s❡✱ i ✐s ❛❞❞❡❞✳

❋✐❣✉r❡ ✶✼✿ ❋❛✐❧❡❞ ❊①❡❝✉t✐♦♥ ✿ ❙t❡♣ ✺

❛

❜

❝❞

❢

❡

❣

❤

✐

❥

❦ ❧

❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ❥ ❦ ❧
Ta Ta Ta Ta Te Te, Ta Te Te Te Te

❆t st❡♣ ✻✱ t❤❡ tr❡❡ r♦♦t❡❞ ❛t a ❤❛s ♥♦ ❛✈❛✐❧❛❜❧❡ ❛❞❥❛❝❡♥t ✈❡rt❡①✱ ✐t t❤❡♥ ❤❛s t♦ s✇❛♣ ❛ ✈❡rt❡①
❛♠♦♥❣ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞✿ e✱g✱h✱i✳ e ✐s ♥♦t ❛♥ ♦♣t✐♦♥ s✐♥❝❡ ✐t ✐s t❤❡ r♦♦t ♦❢ t❤❡ ♦t❤❡r tr❡❡✳ ❙✐♥❝❡
g ❤❛s ❛♥ ✐♥t❡r♥❛❧ ❞❡❣r❡❡ ♦❢ ✷✱ ✐t ❝❛♥♥♦t ❜❡ ❝❤♦♦s❡♥ s✐♥❝❡ h ❛♥❞ i ❤❛✈❡ ❛♥ ✐♥t❡r♥❛❧ ❞❡❣r❡❡ ♦❢ ✶✳
❚❤❡ s✇❛♣♣❡❞ ✈❡rt❡① ✐s t❤❡♥ h ♦r i✳ ❙✐♥❝❡ ♥♦t❤✐♥❣ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡t❡r♠✐♥❡s ✇❤✐❝❤ ♦♥❡ ♠✉st
❜❡ ❝❤♦s❡♥✱ h ♠✐❣❤t ❜❡ s✇❛♣♣❡❞ ❛t t❤❛t st❡♣✳

✶✼



❋✐❣✉r❡ ✶✽✿ ❋❛✐❧❡❞ ❊①❡❝✉t✐♦♥ ✿ ❙t❡♣ ✻

❛

❜

❝❞

❢

❤❡

❣

✐

❥

❦ ❧

❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ❥ ❦ ❧
Ta Ta Ta Ta Te Te, Ta Te Te, Ta Te Te

❆t st❡♣ ✼✱ t❤❡ tr❡❡ r♦♦t❡❞ ❛t e ♠✉st ❛❞❞ ❛ ✈❡rt❡① ❛♠♦♥❣ k ❛♥❞ l✱ t❤❡ ✈❡rt❡① k ❝❛♥ ❜❡ ❢r❡❡❧②
❛❞❞❡❞ ✇✐t❤ t❤❡ ❡❞❣❡ {i, k}✳

❋✐❣✉r❡ ✶✾✿ ❋❛✐❧❡❞ ❊①❡❝✉t✐♦♥ ✿ ❙t❡♣ ✼

❛

❜

❝❞

❢

❤❡

❣

✐

❥

❦ ❧

❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ❥ ❦ ❧
Ta Ta Ta Ta Te Te, Ta Te Te, Ta Te Te Te

❆t st❡♣ ✽✱ t❤❡ tr❡❡ r♦♦t❡❞ ❛t a ♠✉st t❛❦❡ ❛ ❧❛st ✈❡rt❡① ❜✉t✱ s✐♥❝❡ ✐t ❤❛s ♥♦ ❛✈❛✐❧❛❜❧❡ ❛❞❥❛❝❡♥t
✈❡rt❡①✱ ✐t ♠✉st t❤❡♥ t❛❦❡ ❛ ✈❡rt❡① ❢r♦♠ t❤❡ tr❡❡ r♦♦t❡❞ ❛t e✳ ❚❤❡ s✇❛♣♣❛❜❧❡ ✈❡rt✐❝❡s ❛r❡ g ❛♥❞
i✳ ❙✐♥❝❡ t❤❡② ❜♦t❤ ❤❛✈❡ t❤❡ s❛♠❡ ✐♥t❡r♥❛❧ ❞❡❣r❡❡ ✐♥ t❤❡ ❝♦♥❝❡r♥❡❞ tr❡❡✱ g ❝❛♥ ❜❡ ❝❤♦♦s❡♥ ❛s ❛
✈❛❧✐❞ ❝❤♦✐❝❡ ❢♦r t❤❡ ❡①t❡♥s✐♦♥✳

❇② s✇❛♣♣✐♥❣ ✇✐t❤ g✱ t❤❡ s✉❜tr❡❡ r♦♦t❡❞ ❛t g ♠✉st ❜❡ ❝✉t ❢r♦♠ t❤❡ tr❡❡ r♦♦t❡❞ ❛t e✳ ❆❧❧ t❤❡
r❡♠♦✈❡❞ ✈❡rt✐❝❡s ✭i✱j✱k✮ ❛r❡ t❤❡♥ s❡t ❜❛❝❦ ❛s ✉♥❡①♣❧♦r❡❞✱ ❜✉t ♥♦t t❤❡ s✇❛♣♣❡❞ ✈❡rt❡① g✳
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❋✐❣✉r❡ ✷✵✿ ❋❛✐❧❡❞ ❊①❡❝✉t✐♦♥ ✿ ❙t❡♣ ✽

❛

❜

❝❞

❢

❣

❤❡

✐

❥

❦ ❧

❛ ❜ ❝ ❞ ❡ ❢ ❣ ❤ ✐ ❥ ❦ ❧
Ta Ta Ta Ta Te Te, Ta Te, Ta Te, Ta

❆❢t❡r st❡♣ ✽✱ ✇❡ ❛r❡ ✐♥ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ❛❧❣♦r✐t❤♠ ✐s st✉❝❦❡❞ ✐♥ ❛ ❞❡❛❞✲❧♦♦♣✳ ❚❤❡ tr❡❡
r♦♦t❡❞ ❛t a ❤❛s t❤❡ r✐❣❤t ❛♠♦✉♥t ♦❢ ✈❡rt✐❝❡s✱ ❛♥❞ st❡♣s ❝♦♥❝❡r♥✐♥❣ t❤✐s tr❡❡ ✇✐❧❧ ♥♦t ♣r♦❞✉❝❡ ❛♥②
♠♦❞✐✜❝❛t✐♦♥✳ ❚❤❡ tr❡❡ r♦♦t❡❞ ❛t e ❝❛♥♥♦t ❡①♣❛♥❞ ❛♥②♠♦r❡✱ ❜❡❝❛✉s❡ ❛❧❧ t❤❡ ❛❞❥❛❝❡♥t ✈❡rt✐❝❡s
❤❛✈❡ ❛❧r❡❛❞② ❜❡❧♦♥❣ t♦ ❤✐♠✸ ❛♥❞ ❤❛✈❡ ♥♦t ❜❡❡♥ r❡s❡t✹✳

✹✳✸✳✸ ❈♦✉♥t❡r✲❡①❛♠♣❧❡ ✐♥ ❣❡♥❡r❛❧ ❝❛s❡

■♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❛t k = 2 ✐s ♥♦t ❛ s♣❡❝✐✜❝ ❝❛s❡ ❢♦r ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ✐♥ ❬▼▼✾✹❪
❝❛♥ ❧♦♦♣ ❡♥❞❧❡ss❧②✱ ✇❡ ♣r❡s❡♥t ❛ ♣r♦♦❢ t❤❛t ❛♥ ❡①❡❝✉t✐♦♥ ❝❛♥ ❧♦♦♣ ❡♥❞❧❡ss❧② ❢♦r ❛♥② k✳

❚❤❡ ♣r♦♦❢ ✐s ❜② ✐♥❞✉❝t✐♦♥✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ❡①❤✐❜✐t❡❞ ❛ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ ❢♦r k = 2✱ ✇❡
♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ t❤❡ ✐♥❞✉❝t✐♦♥ st❡♣✳

▲❡t G ❜❡ ❛ k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ❢♦r ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ ❤❛s ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ❧♦♦♣✐♥❣ ❡♥❞❧❡ss❧②
str✐❝t❧② ❣r❡❛t❡r t❤❛♥ 0 ❢♦r t❤❡ ❡♥tr② {r1, r2, . . . , rk} ❛♥❞ {n1, n2, . . . , nk}✳ ❚❤❡♥ ❛ ❣r❛♣❤ G′ ❝❛♥
❜❡ ❢♦✉♥❞ s✉❝❤ t❤❛t G′ ✐s k+1✲❝♦♥♥❡❝t❡❞ ❛♥❞ t❤❡r❡ ❡①✐sts ❛♥ ❡♥tr② ❢♦r ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ ❤❛s
❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ❧♦♦♣✐♥❣ ❡♥❞❧❡ss❧② str✐❝t❧② ❣r❡❛t❡r t❤❛♥ 0✳

Pr♦♦❢✿ ■❢ ✇❡ ❝r❡❛t❡ G′ ❜② ❛❞❞✐♥❣ ❛ ♥❡✇ ✈❡rt❡① v ❝♦♥♥❡❝t❡❞ t♦ ❡✈❡r② ✈❡rt❡① ♦❢ G✱ ✐✳❡✳ V (G′) =
V (G)∪ v ❛♥❞ E(G′) = E(G)∪

⋃

u∈V (G)

{u, v}✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t G′ ✐s k+1✲❝♦♥♥❡❝t❡❞✱ s✐♥❝❡ ❡✈❡r②

♠✐♥✐♠❛❧ ✈❡rt❡① ❝✉t ♦❢ G ♥❡❡❞s t♦ ❤❛✈❡ ♦♥❡ ❛❞❞✐t✐♦♥❛❧ ✈❡rt❡① ✐♥ ♦r❞❡r t♦ ❜❡ ❛ ❝✉t ♦❢ G′✳

❆♥ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ G′✱ {r1, r2, . . . , rk, v}✱ {n1, n2, . . . , nk, 1} ❛s ✐♥♣✉t ❤❛s
❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ❧♦♦♣✐♥❣ ❡♥❞❧❡ss❧② str✐❝t❧② ❣r❡❛t❡r t❤❛♥ 0✱ ❛s t❤❡ ✐♥tr♦❞✉❝❡❞ ✈❡rt❡① v ❤❛s ♥♦
✐♥✢✉❡♥❝❡ s✐♥❝❡ t❤❡ ❛ss♦❝✐❛t❡❞ tr❡❡ ✐s ❢✉❧❧ s✐♥❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ t❤❡ ♥❡✇ ❡❞❣❡s ❛r❡ ♥♦t ✉s❡❛❜❧❡✳

✹✳✹ ■♠♣r♦✈❡♠❡♥ts

✹✳✹✳✶ ❱❡rt❡① s❡❧❡❝t✐♦♥ ❝♦♥❞✐t✐♦♥

❚♦ s❡❧❡❝t t❤❡ ✈❡rt❡① t♦ s✇❛♣ ❜❡t✇❡❡♥ t✇♦ tr❡❡s✱ t❤❡ ❛rt✐❝❧❡ ❛❧❣♦r✐t❤♠ ❜❛s❡s ✐ts ❝❤♦✐❝❡s ♦♥ t❤❡
✈❡rt❡① ❞❡❣r❡❡✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥ ❜❡❢♦r❡✱ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ s♣❡❝✐✜❝ ✈❡rt✐❝❡s ❝❛♥ ❧❡❛❞ t♦ ❛♥ ❡♥❞❧❡ss

✸❙❡❡ ❧✐♥❡ ✷✽ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠
✹ ❙❡❡ ❧✐♥❡ ✹✼ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠
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❧♦♦♣✳ ❈❤♦♦s✐♥❣ t❤❡ ✈❡rt❡① ✇✐t❤ t❤❡ ❧♦✇❡st ❞❡❣r❡❡ ❝❛♥ ❝✉t ❛ ❧♦♥❣ ❜r❛♥❝❤ ♦❢ t❤❡ tr❡❡✱ ✇❤❡r❡❛s
s❡❧❡❝t ❛♥♦t❤❡r ✈❡rt❡① ✇✐t❤ ❛ ❣r❡❛t❡r ❞❡❣r❡❡ r❡♠♦✈❡s ❧❡ss ✈❡rt✐❝❡s t♦ t❤❡ tr❡❡✳

❚❤❛t ✐s ✇❤②✱ ✇❡ ❤❛✈❡ ♠♦❞✐✜❡❞ t❤❡ ✈❡rt❡① s❡❧❡❝t✐♦♥ ❝♦♥❞✐t✐♦♥✳ ❘❛t❤❡r t❤❛♥ ❜❛s✐♥❣ t❤❡
s❡❧❡❝t✐♦♥ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✈❡rt❡① ❞❡❣r❡❡✱ ✇❡ ❜❛s❡ ✐t ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡s❝❡♥❞❛♥ts✳ ❙♦✱ ✇❤❡♥ ❛
✈❡rt❡① ✐s s✇❛♣♣❡❞ t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✐s r❡♠♦✈❡❞ ❢r♦♠ t❤❡ tr❡❡✳

❚❤✐s ♠♦❞✐✜❝❛t✐♦♥ ❛❧❧♦✇s t♦ ❛✈♦✐❞ t❤❡ ❡♥❞❧❡ss ❧♦♦♣ ❢♦r t❤❡ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ ♣r❡s❡♥t❡❞ ❛❜♦✈❡✳
❍♦✇❡✈❡r t❤❡r❡ ❛r❡ st✐❧❧ s♦♠❡ ❡①❡❝✉t✐♦♥s ♦♥ ♦t❤❡r ❣r❛♣❤s ✇❤✐❝❤ ❛r❡ ❢❛❧❧✐♥❣ ✐♥t♦ ❡♥❞❧❡ss ❧♦♦♣s✳

✹✳✹✳✷ ❉❡t❡❝t✐♥❣ ❡♥❞❧❡ss ❧♦♦♣s

❆ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ ✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❢❛❧❧ ✐♥ ❡♥❞❧❡ss ❧♦♦♣s ❤❛✈❡ ❜❡❡♥ ❡①✲
❤✐❜✐t❡❞✳ ❚❤✐s r❛✐s❡s ♦♥❡ q✉❡st✐♦♥✿ ✐s ✐t ♣♦ss✐❜❧❡ t♦ ❞❡t❡❝t ✇❤❡♥ t❤❡r❡ ✐s ❛♥ ❡♥❞❧❡ss ❧♦♦♣❄ ❆♥
✐♠♣r♦✈❡♠❡♥t ❤❛s ❜❡❡♥ ❛❞❞❡❞ t♦ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ ♦r❞❡r t♦ ❞❡t❡❝t s✉❝❤ s✐t✉❛t✐♦♥s✳ ❚♦ ❞♦ s♦✱
✇❡ s❛✈❡ t❤❡ ❧❛st r♦♦t ✐♥❞❡① ✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❞❞❡❞ ♦r s✇❛♣♣❡❞ ❛ ✈❡rt❡①✳ ■❢ t❤❡ s❛✈❡❞ ✐♥❞❡① ✐s
❡q✉❛❧ t♦ t❤❡ ❝✉rr❡♥t r♦♦t ✐♥❞❡① ❛♥❞ ♥♦ ✈❡rt❡① ❤❛✈❡ ❜❡❡♥ ❛❞❞❡❞ ♦r s✇❛♣ t❤❡♥ ✐t ♠❡❛♥s t❤❛t t❤❡
❛❧❣♦r✐t❤♠ ❤❛s ❡♥t❡r❡❞ ✐♥ ❛♥ ❡♥❞❧❡ss ❧♦♦♣✳ ❚❤❡♥ t❤❡ ❡①❡❝✉t✐♦♥ ✐s st♦♣♣❡❞✳

✷✵



✺ ❈♦♥❝❧✉s✐♦♥

❚❤r♦✉❣❤ t❤✐s st✉❞②✱ ✇❡ ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ ❬▼▼✾✹❪ ✐s ♥♦t
❝♦rr❡❝t✱ ❢♦r ❛♥② k✳ ❚❤❡ ♣r✐✈❛t❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❢r♦♠ ❊✳ ●②➤r✐ ♠❡♥t✐♦♥❡❞ ✐♥ ❬✐◆❘◆✾✼❪ ❤❛s ❜❡❡♥
♣r♦✈❡❞ ❜② ❡①❤✐❜✐t✐♥❣ ❛ ❝♦✉♥t❡r✲❡①❛♠♣❧❡✱ ✇❤✐❝❤ ✇❡ t❤❡♥ ❣❡♥❡r❛❧✐③❡❞ t♦ s❤♦✇ t❤❛t t❤❡r❡ ✐s ♥♦
✈❛❧✉❡ ♦❢ k ❢♦r ✇❤✐❝❤ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ✐s s✉❝❝❡ss❢✉❧✳

❚❤❡ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ ✇❛s ❢♦✉♥❞ ❜② ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ❛♥❞ r✉♥♥✐♥❣ ✐t ♦♥ r❛♥❞♦♠❧②
❣❡♥❡r❛t❡❞ ❣r❛♣❤s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t♦♦❧s ✐♠♣❧❡♠❡♥t❡❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ t❡st ♥❡✇ ❛♣♣r♦❛❝❤❡s s✐♠✐❧❛r
t♦ t❤❡ ❛❧❣♦r✐t❤♠ ♦r ♥❡❡❞✐♥❣ t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s✳

❙✐♥❝❡ ✇❡ ♣r♦✈❡❞ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ ❬▼▼✾✹❪ ✐s ♥♦t ❝♦rr❡❝t✱ t❤❡r❡ ❛r❡ st✐❧❧ ♥♦
♣♦❧②♥♦♠✐❛❧ s♦❧✉t✐♦♥s s♦❧✈✐♥❣ t❤❡ k✲♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ❛♥② k✳ ❙♦ ❛t t❤❡ ♠♦♠❡♥t✱ ♦♥❧② t❤❡
s♣❡❝✐✜❝ ❛❧❣♦r✐t❤♠s ❢♦r ♣❛rt✐❝✉❧❛r ✈❛❧✉❡s ♦❢ k ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✷ ❛r❡ ❦♥♦✇♥ t♦ ❡①❤✐❜✐t
s♦❧✉t✐♦♥s ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳

❲❡ ♣r♦♣♦s❡❞ ❛ ♠♦❞✐✜❝❛t✐♦♥ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ❛✈♦✐❞ ❡♥❞❧❡ss ❧♦♦♣s✱ ✐♥❢♦r♠✐♥❣ ♦❢ ❛ ❢❛✐❧✉r❡ ✐❢
t❤❡ ❡①❡❝✉t✐♦♥ ❧❡❛❞s t♦ ❛♥ ❡♥❞❧❡ss ❧♦♦♣s✳ ❚❤✐s s♣❡❝✐✜❝ ♠♦❞✐✜❝❛t✐♦♥ ❝♦✉❧❞ ❛❧❧♦✇ t♦ ❝r❡❛t❡ ❛
▲❛s ❱❡❣❛s ❛❧❣♦r✐t❤♠ ✐❢ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ r❡t✉r♥s s✉❝❝❡ss❢✉❧❧② t❤❡ s♦❧✉t✐♦♥ ✐s
❡q✉❛❧ ♦r ❣r❡❛t❡r t❤❛♥ 1

2
✳ Pr♦✈✐♥❣ t❤✐s ✇♦✉❧❞ ♥♦t ❜r✐♥❣ ❛ ♣♦❧②♥♦♠✐❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ k✲♣❛rt✐t✐♦♥

♣r♦❜❧❡♠✱ ❜✉t ✐t ✇♦✉❧❞ ❛❧r❡❛❞② ♣r♦✈❡ t❤❛t t❤❡ k✲♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠ ✐s ✐♥ ZPP ✳
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