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Abstract

This document provides additional results and details concerning the implementation of the algorithms
presented in the associated paper. In Section 1 we provide an exhaustive set of convergence comparisons
with the previous method. More results of rough refraction are provided in Section 2. We include in
Section 3 the importance sampling schemes for the anisotropic Beckmann and GGX distributions, which
can be used in the paper’s Algorithm 3. In Section 4 we show how to importance sample non-centered
normal distributions that occur with level of detail representations. Finally, in Section 5 presents a C++
implementation of the paper’s Algorithm 4 and of the associated precomputation steps.
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1 Convergence Comparisons

In this section we investigate in detail the convergence of the importance sampling scheme. To avoid per-
turbation due to the environment sampling, we use a perfectly white environment with L(ωo) = 1 (this is
known as the White Furnace Test). We use importance sampling to solve the equation:

I =

∫
Ω

f(ωi, ωo) |ωo · ωg| dωo,

whose solution is the average value of the shadowing term (≤ 1).

Table 1 and 2 compares the previous importance sampling technique with ours. Each plot shows 8
instances of the convergence process for this integral for both methods. We observe several properties:

• At normal incidence (θi = 0) the techniques have equivalent convergence. In this case ωi = ωg and
thus Dωi(ωm) = (ωm · ωg)D(ωm), and the techniques are equivalent.

• Our importance sampling is more efficient with incident angles θi > 1.0 because this is where the effect
of view dependence is important.

• These results shows also that the more the roughness α is important, the better our technique is.
This is because view-dependent effects are the most important on bent micronormals, whose presence
depends on the roughness.
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Figure 1: Importance sampling with the V-cavity model.
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Figure 2: Importance sampling with the Smith model.
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2 Results

2.1 Isotropic Beckmann

Previous: BSDF Importance sampling using the
distribution of normals. 64 spp (11.1s)

Our: BSDF Importance sampling using the
distribution of visible normals. 58 spp (11.0s)

Figure 3: A dielectric glass plate (n = 1.5) with isotropic Beckmann roughness (α = 0.1) on all faces (with
the Smith masking function).

Previous: BSDF Importance sampling using the
distribution of normals. 64 spp (11.0s)

Our: BSDF Importance sampling using the
distribution of visible normals. 58 spp (11.2s)

Figure 4: A dielectric glass plate (n = 1.5) with isotropic Beckmann roughness (α = 0.2) on all faces (with
the Smith masking function).
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Previous: BSDF Importance sampling using the
distribution of normals. 64 spp (10.7s)

Our: BSDF Importance sampling using the
distribution of visible normals. 52 spp (10.5s)

Figure 5: A dielectric glass plate (n = 1.5) with isotropic Beckmann roughness (α = 0.4) on all faces (with
the Smith masking function).

Previous: BSDF Importance sampling using the
distribution of normals. 64 spp (9.0s)

Our: BSDF Importance sampling using the
distribution of visible normals. 50 spp (8.9s)

Figure 6: A dielectric glass plate (n = 1.5) with isotropic Beckmann roughness (α = 0.8) on all faces (with
the Smith masking function).
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2.2 Anisotropic Beckmann

Previous: BSDF Importance sampling using the
distribution of normals. 64 spp (11.2s)

Our: BSDF Importance sampling using the
distribution of visible normals. 58 spp (11.3s)

Figure 7: A dielectric glass plate (n = 1.5) with anisotropic Beckmann roughness (αx = 0.03, αy = 0.24)
on all faces (with the Smith masking function).

Previous: BSDF Importance sampling using the
distribution of normals. 64 spp (10.3s)

Our: BSDF Importance sampling using the
distribution of visible normals. 54 spp (10.3s)

Figure 8: A dielectric glass plate (n = 1.5) with anisotropic Beckmann roughness (αx = 0.03, αy = 0.48)
on all faces (with the Smith masking function).
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Previous: BSDF Importance sampling using the
distribution of normals.

Our: BSDF Importance sampling using the
distribution of visible normals.

32 spp (5.4s) 26 spp (5.4s)

128 spp (21.5s) 107 spp (22.5s)

512 spp (88.9s) 408 spp (87.1s)

Figure 9: A dielectric glass plate (n = 1.5) with anisotropic Beckmann roughness (αx = 0.05, αy = 0.40)
on all faces (with the Smith masking function).
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2.3 Isotropic GGX

Previous: BSDF Importance sampling using the
distribution of normals. 64 spp (10.4s)

Our: BSDF Importance sampling using the
distribution of visible normals. 58 spp (10.5s)

Figure 10: A dielectric glass plate (n = 1.5) with isotropic GGX roughness (α = 0.1) on all faces (with the
Smith masking function).

Previous: BSDF Importance sampling using the
distribution of normals. 64 spp (10.6s)

Our: BSDF Importance sampling using the
distribution of visible normals. 58 spp (10.6s)

Figure 11: A dielectric glass plate (n = 1.5) with isotropic GGX roughness (α = 0.2) on all faces (with the
Smith masking function).
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Previous: BSDF Importance sampling using the
distribution of normals. 64 spp (9.5s)

Our: BSDF Importance sampling using the
distribution of visible normals. 56 spp (9.7s)

Figure 12: A dielectric glass plate (n = 1.5) with isotropic GGX roughness (α = 0.4) on all faces (with the
Smith masking function).

Previous: BSDF Importance sampling using the
distribution of normals. 64 spp (7.8s)

Our: BSDF Importance sampling using the
distribution of visible normals. 52 spp (7.8s)

Figure 13: A dielectric glass plate (n = 1.5) with isotropic GGX roughness (α = 0.8) on all faces (with the
Smith masking function).
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2.4 Anisotropic GGX

Previous: BSDF Importance sampling using the
distribution of normals. 64 spp (11.0s)

Our: BSDF Importance sampling using the
distribution of visible normals. 58 spp (10.6s)

Figure 14: A dielectric glass plate (n = 1.5) with anisotropic GGX roughness (αx = 0.05, αy = 0.10) on all
faces (with the Smith masking function).

Previous: BSDF Importance sampling using the
distribution of normals. 64 spp (10.2s)

Our: BSDF Importance sampling using the
distribution of visible normals. 52 spp (10.0s)

Figure 15: A dielectric glass plate (n = 1.5) with anisotropic GGX roughness (αx = 0.05, αy = 0.20) on all
faces (with the Smith masking function).
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3 Sample (ωm · ωg)D(ωm)

Algorithm 3 of the paper shows how to sample PDF Dωi with the V-cavity model. The first step is to
sample ωm with PDF (ωm · ωg)D(ωm) before randomly swapping ωm with ωm

′. Walter et al. provide the
sampling procedure for isotropic Beckmann and GGX distributions [WMLT07]. In this section, we recall
how to generate micronormals samples with their anisotropic extensions [Hei14].

3.1 Generic Sampling Algorithm

Here, we provide the generic algorithm that can be used to sample micronormal PDF built from a slope
distribution, i.e.:

(ωm · ωg)D(ωm) =
P 22(m̃ = (xm̃, ym̃))

(ωm · ωg)3
,

where P 22 is the slope PDF and the factor
∥∥∥ ∂m̃
∂ωm

∥∥∥ = 1
(ωm·ωg)3 is the Jacobian of the slope to normal

transformation. Thus, if we sample (xm̃, ym̃) with PDF P 22 and transform the slopes into a normal ωm, we
sample ωm with PDF (ωm · ωg)D(ωm).

Algorithm 1 Sample (ωm · ωg)D(ωm) (generic)(
xm̃
ym̃

)
← Sample P 22(xm̃, ym̃) . sample slope PDF

ωm ← (−xm̃,−ym̃,1)√
x2
m̃+y2

m̃+1
. compute normal

3.2 Sample Anisotropic Beckmann Distribution

The Beckmann distribution is built from the 2D Gaussian distribution of slopes

P 22(xm̃, ym̃, αx, αy) =
1

παxαy
exp

(
−
(
xm̃
αx

)2

−
(
ym̃
αy

)2
)
,

which can be sampled with a Box-Muller transform:

xm̃ = αx
√
− log(U1) cos(2π U2),

ym̃ = αy
√
− log(U1) sin(2π U2).

By using this in Algorithm 1, we get Algorithm 2.

Algorithm 2 Sample (ωm · ωg)D(ωm) with for Beckmann distributions

xm̃ = αx
√
− log(U1) cos(2π U2)

ym̃ = αy
√
− log(U1) sin(2π U2)

ωm ← (−xm̃,−ym̃,1)√
x2
m̃+y2

m̃+1
. compute normal

3.3 Sample Anisotropic GGX Distribution

The GGX distribution is built from the 2D distribution of slopes

P 22(xm̃, ym̃, αx, αy) =
1

παxαy

(
1 +

(
xm̃
αx

)2

+
(
ym̃
αy

)2
)2 ,
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which can be sampled by:

xm̃ = αx

√
U1√

1− U1

cos(2π U2),

ym̃ = αy

√
U1√

1− U1

sin(2π U2).

By using this in Algorithm 1, we get Algorithm 3.

Algorithm 3 Sample (ωm · ωg)D(ωm) for GGX distributions

xm̃ = αx
√
U1√

1−U1
cos(2π U2)

ym̃ = αy
√
U1√

1−U1
sin(2π U2)

ωm ← (−xm̃,−ym̃,1)√
x2
m̃+y2

m̃+1
. compute normal
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4 Importance Sampling Non-centered Distributions

In most cases, the normal distribution is centered, i.e. the average direction of the normals ωm is the
geometric normal ωg. However, rendering with non-centered distributions is required when levels of detail
are used. This is the case in LEADR mapping [DHI+13], where microfacet theory is extended to handle
non-centered distributions. In this section, we show that the importance sampling strategies developed in
this paper can be used for non-centered distributions and would thus perfectly fit in the LEADR mapping
framework.

4.1 Definition

A non-centered distribution is a centered distribution shifted in slope space by a vector (x̄m̃, ȳm̃) and is
noted:

P 22(xm̃, ym̃, x̄m̃, ȳm̃, αx, αy) = P 22(xm̃ − x̄m̃, ym̃ − ȳm̃, 0, 0, αx, αy),

where the centered distribution is:

P 22(xm̃, ym̃, 0, 0, αx, αy) = P 22(xm̃, ym̃, αx, αy).

The vector (x̄m̃, ȳm̃) is the average slope of the distribution and is the slope associated to the mesonormal.
For instance, the non-centered Gaussian slope distribution used in LEADR mapping is:

P 22(xm̃, ym̃, x̄m̃, ȳm̃, αx, αy) =
1

π αx αy
exp

(
−
(
xm̃ − x̄m̃

αx

)2

−
(
ym̃ − ȳm̃
αy

)2
)
,

and with the transformation to normal space:

D(xm̃, ym̃, x̄m̃, ȳm̃, αx, αy) =
P 22(xm̃ − x̄m̃, ym̃ − ȳm̃, αx, αy)

(ωm · ωg)4
.

4.2 Importance Sampling Non-centered Distributions

Algorithm 1 from this supplemental material can be extended to non-centered distributions by shifting
the generated slopes before the transformation into normal. This is illustrated in Algorithm 4 where the
additional shift operation is highlighted in red.

Algorithm 4 Sample (ωm · ωg)D(ωm) (generic)(
xm̃
ym̃

)
← Sample P 22(xm̃, ym̃) . sample slope PDF(

xm̃
ym̃

)
←
(
xm̃ + x̄m̃
ym̃ + ȳm̃

)
. shift slope

ωm ← (−xm̃,−ym̃,1)√
x2
m̃+y2

m̃+1
. compute normal

4.3 Importance Sampling Visible Non-centered Distributions with the Smith
Model

With the Smith model, we have seen that the stretching invariance of the masking function Heitz [Hei14]
holds also for the visible slope distribution, and we use it to handle varying roughness and anisotropy in
our importance sampling scheme. In the same way, Heitz also shows that the masking function is shearing
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invariant, and we show that this is also the case for the visible slope distribution and we use it to handle
non-centered distributions.

The shearing operation, illustrated in Figure 16, is defined by:

T x̄m̃,ȳm̃ (ωi) =
(xi, yi, zi − x̄m̃xi − ȳm̃yi)√
x2
i + y2

i + (zi − x̄m̃xi − ȳm̃yi)2
,

and the shearing invariance of the visible slope distribution is written:

P 22
ωi (xm̃, ym̃, x̄m̃, ȳm̃, αx, αy) = P 22

T x̄m̃,ȳm̃ (ωi)
(xm̃ − x̄m̃, ym̃ − x̄m̃, 0, 0, αx, αy). (1)

As a result, we can use the same precomputed data for non-centered anisotropic configurations:

P 22
ωi (xm̃, ym̃, x̄m̃, ȳm̃, αx, αy) = P 22

T x̄m̃,ȳm̃ (ωi)
(xm̃ − x̄m̃, ym̃ − x̄m̃, 0, 0, αx, αy)

=
1

αxαy
P 22
Sαx,αy (T x̄m̃,ȳm̃ (ωi))

(
xm̃ − x̄m̃

αx
,
ym̃ − ȳm̃
αy

, 0, 0, 1, 1).

This formula shows that P 22
ωi (xm̃, ym̃, x̄m̃, ȳm̃, αx, αy) can be sampled if a sampling algorithm is available for

P 22
ωi (xm̃, ym̃, 0, 0, 1, 1). By using this, we transform Algorithm 4 from the paper into Algorithm 5 from this

supplemental where the changes are highlighted in red.

Figure 16: Shearing the configuration.
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Algorithm 5 Sample Dωi(ωm) (Smith profile)

ω′i ← Sαx,αy (T x̄m̃,ȳm̃ (ωi)) . 1. shear and stretch
xm̃ ← Txm̃ [θ′i,U1] . 2.a. Sample P 22

ωi (xm̃, 1, 1)
ym̃ ← Tym̃ [xm̃,U2] . 2.b. Sample P 22

ωi (ym̃|xm̃, 1, 1)(
xm̃
ym̃

)
←
(

cosφ′i − sinφ′i
sinφ′i cosφ′i

)(
xm̃
ym̃

)
. 3. rotate(

xm̃
ym̃

)
←
(
αxxm̃
αyym̃

)
. 4.a unstretch(

xm̃
ym̃

)
←
(
xm̃ + x̄m̃
ym̃ + ȳm̃

)
. 4.b unshear

ωm ← (−xm̃,−ym̃,1)√
x2
m̃+y2

m̃+1
. 5. compute normal

Proof of Equation (1) (shearing invariance):

P 22
ωi (xm̃, ym̃, x̄m̃, ȳm̃, αx, αy)

=
χ+(−xixm̃ − yiym̃ + zi) (−xixm̃ − yiym̃ + zi)P

22(xm̃, ym̃, x̄m̃, ȳm̃, αx, αy)∫ ∫
χ+(−xixm̃ − yiym̃ + zi) (−xixm̃ − yiym̃ + zi)P

22(xm̃, ym̃, x̄m̃, ȳm̃, αx, αy) dxm̃dym̃

=
χ+(−xi(xm̃ − x̄m̃ + x̄m̃)− yi(ym̃ − ȳm̃ + ȳm̃) + zi) (−xi(xm̃ − x̄m̃ + x̄m̃)− yi(ym̃ − ȳm̃ + ȳm̃) + zi)P

22(xm̃ − x̄m̃, ym̃ − ȳm̃, 0, 0, αx, αy)∫ ∫
χ+(−xi(xm̃ − x̄m̃ + x̄m̃)− yi(ym̃ − ȳm̃ + ȳm̃) + zi) (−xi(xm̃ − x̄m̃ + x̄m̃)− yi(ym̃ − ȳm̃ + ȳm̃) + zi)P

22(xm̃ − x̄m̃, ym̃ − ȳm̃, 0, 0, αx, αy) dxm̃dym̃

=
χ+(−xi(xm̃ − x̄m̃)− yi(ym̃ − ȳm̃) + zi − xix̄m̃ − yiȳm̃) (−xi(xm̃ − x̄m̃)− yi(ym̃ − ȳm̃) + zi − xix̄m̃ − yiȳm̃)P 22(xm̃ − x̄m̃, ym̃ − ȳm̃, 0, 0, αx, αy)∫ ∫

χ+(−xi(xm̃ − x̄m̃)− yi(ym̃ − ȳm̃) + zi − xix̄m̃ − yiȳm̃) (−xi(xm̃ − x̄m̃)− yi(ym̃ − ȳm̃) + zi − xix̄m̃ − yiȳm̃)P 22(xm̃ − x̄m̃, ym̃ − ȳm̃, 0, 0, αx, αy) dxm̃dym̃

=

√
x2
i + y2

i + (zi − xix̄m̃ − yiȳm̃)2√
x2
i + y2

i + (zi − xix̄m̃ − yiȳm̃)2
×

χ+(−xi(xm̃ − x̄m̃)− yi(ym̃ − ȳm̃) + zi − xix̄m̃ − yiȳm̃) (−xi(xm̃ − x̄m̃)− yi(ym̃ − ȳm̃) + zi − xix̄m̃ − yiȳm̃)P 22(xm̃ − x̄m̃, ym̃ − ȳm̃, 0, 0, αx, αy)∫ ∫
χ+(−xi(xm̃ − x̄m̃)− yi(ym̃ − ȳm̃) + zi − xix̄m̃ − yiȳm̃) (−xi(xm̃ − x̄m̃)− yi(ym̃ − ȳm̃) + zi − xix̄m̃ − yiȳm̃)P 22(xm̃ − x̄m̃, ym̃ − ȳm̃, 0, 0, αx, αy) dxm̃dym̃

= P 22
T x̄m̃,ȳm̃ (ωi)

(xm̃ − x̄m̃, ym̃ − x̄m̃, 0, 0, αx, αy)
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5 Sample Dωi(ωm) with the Smith Model (C++ Implementation
with Precomputed Data)

In this section, we describe a C++ implementation of the paper’s Algorithm 4 and of the associated pre-
computations steps. We implement a virtual class VNDFSampler (Visible Normal Distribution Function
Sampler). The API contains two public methods:

• method init() is called after construction and do the precomputation of tables Txm̃ and Tym̃ . It calls
methods init Tx() which precomputes Txm̃ , and method init Ty(), which precomputes Tym̃ .

• method sample() takes as arguments the incident direction ωi, anisotropic roughness αx and αy, and
two uniform random numbers U1 and U2. It generates a microfacet normal with PDF Dωi .� �

class VNDFSampler

{

public:

// precompute Tx and Ty

void init();

// generate a view dependent normal

void sample(

// input

const double omega_i[3], // incident direction

const double alpha_x, const double alpha_y, // anisotropic roughness

const double U1, const double U2, // random numbers

// output

double omega_m[3] // normal

);

VNDFSampler();

~VNDFSampler();

protected:

// methods implemented by child class

// 2D slope distribution (alpha = 1.0)

virtual double P22(const double slope_x, const double slope_y) = 0;

// maximal slope amplitude (range that contains 99.99% of the distribution)

virtual double slope_max() = 0;

private:

// inverse slope_x CDF for a given view angle theta

double Tx(const double theta, const double U1);

// inverse slope_y CDF for a given slope_x

double Ty(const double slope_x, const double U2);

// data

void init_Tx();

void init_Ty();

double * data_Tx;

double * data_Ty;

};

VNDFSampler::VNDFSampler()

{

data_Tx = 0;

data_Ty = 0;

}

VNDFSampler::~VNDFSampler()

{

if(data_Tx) delete [] data_Tx;

if(data_Ty) delete [] data_Ty;

}

void VNDFSampler::init()

{

init_Tx();

init_Ty();

}
� �

17



A child class must implement the protected virtual methods:

• P22(), the isotropic slope distribution for α = 1. This method is called in methods init Tx() and
init Ty(), where the normalization factor of P 22

ωi is computed numerically. Thus, method P22() does
not need to return the value of the normalized distribution in our implementation.

• slope max(), the maximal slope amplitude of P 22
ωi (wider than the maximal slope amplitude of P 22

since the view dependence tends to shift the distribution).� �
class VNDFSamplerBeckmann : public VNDFSampler

{

protected:

// 2D slope distribution (alpha = 1.0)

virtual double P22(const double slope_x, const double slope_y)

{

return exp( - (slope_x*slope_x + slope_y*slope_y) );

}

// maximal slope amplitude (range that contains 99.99% of the distribution)

virtual double slope_max()

{

return 6.0;

}

};

class VNDFSamplerGGX : public VNDFSampler

{

protected:

// 2D slope distribution (alpha = 1.0)

virtual double P22(const double slope_x, const double slope_y)

{

double tmp = 1.0 + slope_x*slope_x + slope_y*slope_y;

return 1.0 / (tmp*tmp);

}

// maximal slope amplitude (range that contains 99.99% of the distribution)

virtual double slope_max()

{

return 16.0;

}

};
� �
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Method sample() implements Algorithm 4 from the paper.� �
void VNDFSampler::sample(

// input

const double omega_i[3], // incident direction

const double alpha_x, const double alpha_y, // anisotropic roughness

const double U1, const double U2, // random numbers

// output

double omega_m[3]) // normal

{

// 1. stretch omega_i

double omega_i_[3];

omega_i_[0] = alpha_x * omega_i[0];

omega_i_[1] = alpha_y * omega_i[1];

omega_i_[2] = omega_i[2];

// normalize

double inv_omega_i = 1.0 / sqrt(omega_i_[0]*omega_i_[0] + omega_i_[1]*omega_i_[1] + omega_i_[2]*omega_i_[2]);

omega_i_[0] *= inv_omega_i;

omega_i_[1] *= inv_omega_i;

omega_i_[2] *= inv_omega_i;

// get polar coordinates of omega_i_

double theta_ = 0.0;

double phi_ = 0.0;

if (omega_i_[2] < 0.99999)

{

theta_ = acos(omega_i_[2]);

phi_ = atan2(omega_i_[1], omega_i_[0]);

}

// 2. sample P22_{omega_i}(x_slope, y_slope, 1, 1)

double slope_x = Tx(theta_, U1);

double slope_y = Ty(slope_x, U2);

// 3. rotate

double tmp = cos(phi_)*slope_x - sin(phi_)*slope_y;

slope_y = sin(phi_)*slope_x + cos(phi_)*slope_y;

slope_x = tmp;

// 4. unstretch

slope_x = alpha_x * slope_x;

slope_y = alpha_y * slope_y;

// 5. compute normal

double inv_omega_m = sqrt(slope_x*slope_x + slope_y*slope_y + 1.0);

omega_m[0] = -slope_x/inv_omega_m;

omega_m[1] = -slope_y/inv_omega_m;

omega_m[2] = 1.0/inv_omega_m;

}
� �
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Constant DATA T SIZE specifies the width of the precomputed 2D tables Txm̃ and Tym̃ .
Constant DATA TMP SIZE specifies the size of the 1D temporary tables.� �
static const int DATA_T_SIZE = 1024;

static const int DATA_TMP_SIZE = 2048;

void VNDFSampler::init_Tx()

{

// allocate Tx

data_Tx = new double[DATA_T_SIZE*DATA_T_SIZE];

// allocate temporary data

double * slope_x = new double[DATA_TMP_SIZE];

double * CDF_P22_omega_i = new double[DATA_TMP_SIZE];

// loop over incident directions

for(int index_theta=0 ; index_theta < DATA_T_SIZE ; ++index_theta)

{

// incident vector

const double theta = 0.5 * M_PI * index_theta / (DATA_T_SIZE-1.0);

const double sin_theta = sin(theta); // sin theta_i = x_i

const double cos_theta = cos(theta); // cos theta_i = z_i

// for a given incident vector

// integrate P22_{omega_i}(x_slope, 1, 1), Eq. (10)

slope_x[0] = -slope_max();

CDF_P22_omega_i[0] = 0;

for(int index_slope_x=1 ; index_slope_x<DATA_TMP_SIZE ; ++index_slope_x)

{

// slope_x

slope_x[index_slope_x] = -slope_max() + 2.0 * slope_max() * index_slope_x/(DATA_TMP_SIZE-1.0);

// dot product with incident vector

double dot_product = max(0.0, -slope_x[index_slope_x]*sin_theta + cos_theta);

// marginalize P22_{omega_i}(x_slope, 1, 1), Eq. (10)

double P22_omega_i = 0.0;

for(int j=0 ; j<100 ; ++j)

{

double slope_y = -slope_max() + 2.0 * slope_max() * j/99.0;

P22_omega_i += dot_product * P22(slope_x[index_slope_x], slope_y);

}

// CDF of P22_{omega_i}(x_slope, 1, 1), Eq. (10)

CDF_P22_omega_i[index_slope_x] = CDF_P22_omega_i[index_slope_x-1] + P22_omega_i;

}

// renormalize CDF_P22_omega_i

for(int index_slope_x=1 ; index_slope_x<DATA_TMP_SIZE ; ++index_slope_x)

CDF_P22_omega_i[index_slope_x] /= CDF_P22_omega_i[DATA_TMP_SIZE-1];

// loop over random number U1

int index_slope_x=0;

for(int index_U=0 ; index_U < DATA_T_SIZE ; ++index_U)

{

const double U = 0.0000001 + 0.9999998 * index_U / (double)(DATA_T_SIZE-1);

// inverse CDF_P22_omega_i, solve Eq.(11)

while( CDF_P22_omega_i[index_slope_x] <= U )

++index_slope_x;

const double interp =

(CDF_P22_omega_i[index_slope_x]-U) /

(CDF_P22_omega_i[index_slope_x] - CDF_P22_omega_i[index_slope_x-1]);

// store value

data_Tx[index_U + index_theta*DATA_T_SIZE] =

interp * slope_x[index_slope_x-1]

+ (1.0f-interp) * slope_x[index_slope_x];

}

}

// free temporary data

delete [] slope_x;

delete [] CDF_P22_omega_i;

}
� �
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� �
void VNDFSampler::init_Ty()

{

// allocate Ty

data_Ty = new double[DATA_T_SIZE*DATA_T_SIZE];

// allocate temporary data

double * slope_y = new double[DATA_TMP_SIZE];

double * CDF_P22y = new double[DATA_TMP_SIZE];

// loop over slope_x

for(int index_slope_x=0 ; index_slope_x < DATA_T_SIZE ; ++index_slope_x)

{

// slope_x

const double slope_x = -slope_max() + 2.0 * slope_max() * index_slope_x / (double)(DATA_T_SIZE-1);

// CDF of P22y, Eq.(13)

slope_y[0] = -slope_max();

CDF_P22y[0] = 0;

for(int index_slope_y=1 ; index_slope_y<DATA_TMP_SIZE ; ++index_slope_y)

{

slope_y[index_slope_y] = -slope_max() + 2.0 * slope_max() * index_slope_y/(DATA_TMP_SIZE-1.0);

CDF_P22y[index_slope_y] = CDF_P22y[index_slope_y-1] + P22(slope_x, slope_y[index_slope_y]);

}

// renormalize CDF_P22y

for(int index_slope_y=1 ; index_slope_y<DATA_TMP_SIZE ; ++index_slope_y)

{

CDF_P22y[index_slope_y] /= CDF_P22y[DATA_TMP_SIZE-1];

}

// loop over random number U2

int index_slope_y=0;

for(int index_U=0 ; index_U < DATA_T_SIZE ; ++index_U)

{

double U = 0.0000001 + 0.9999998 * index_U / (double)(DATA_T_SIZE-1);

// inverse CDF_P22y, solve Eq.(13)

while( CDF_P22y[index_slope_y] <= U )

++index_slope_y;

const double interp =

(CDF_P22y[index_slope_y]-U) /

(CDF_P22y[index_slope_y] - CDF_P22y[index_slope_y-1]);

// store value

data_Ty[index_U + index_slope_x*DATA_T_SIZE] =

interp * slope_y[index_slope_y-1] +

(1.0f-interp) * slope_y[index_slope_y];

}

}

// free temporary data

delete [] slope_y;

delete [] CDF_P22y;

}
� �
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We use linear interpolation to access the precomputed data.� �
double VNDFSampler::Tx(const double theta, const double U)

{

// indices and interpolation weight in dimension 1 (theta)

const double t = theta/(0.5*M_PI) * (double)(DATA_T_SIZE-1);

const int index_theta1 = max(0, (int) floor(t));

const int index_theta2 = min(index_theta1+1, DATA_T_SIZE-1);

const double interp_theta = t - (double)index_theta1;

// indices and interpolation weight in dimension 2 (U1)

const double u = U * (double)(DATA_T_SIZE-1);

const int index_u1 = max(0, (int) floor(u));

const int index_u2 = min(index_u1+1, DATA_T_SIZE-1);

const double interp_u = u - (double)index_u1;

const double slope_x = (1.0f-interp_theta) * (1.0f-interp_u) * data_Tx[index_u1 + index_theta1*DATA_T_SIZE]

+ (1.0f-interp_theta) * interp_u * data_Tx[index_u2 + index_theta1*DATA_T_SIZE]

+ interp_theta * (1.0f-interp_u) * data_Tx[index_u1 + index_theta2*DATA_T_SIZE]

+ interp_theta * interp_u * data_Tx[index_u2 + index_theta2*DATA_T_SIZE];

return slope_x;

}

double VNDFSampler::Ty(const double slope_x, const double U)

{

// indices and interpolation weight in dimension 1 (slope_x)

const double x = (slope_x+slope_max())/(2.0*slope_max()) * (double)(DATA_T_SIZE-1);

const int index_x1 = max(0, (int) floor(x));

const int index_x2 = min(index_x1+1, DATA_T_SIZE-1);

const double interp_x = x - (double)index_x1;

// indices and interpolation weight in dimension 2 (U2)

const double u = U * (double)(DATA_T_SIZE-1);

const int index_u1 = max(0, (int) floor(u));

const int index_u2 = min(index_u1+1, DATA_T_SIZE-1);

const double interp_u = u - (double)index_u1;

const double slope_y = (1.0f-interp_x) * (1.0f-interp_u) * data_Ty[index_u1 + index_x1*DATA_T_SIZE]

+ (1.0f-interp_x) * interp_u * data_Ty[index_u2 + index_x1*DATA_T_SIZE]

+ interp_x * (1.0f-interp_u) * data_Ty[index_u1 + index_x2*DATA_T_SIZE]

+ interp_x * interp_u * data_Ty[index_u2 + index_x2*DATA_T_SIZE];

return slope_y;

}
� �
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