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Abstract

In this document we describe our analytic importance sampling strategy of the
distribution of visible normals with Beckmann and GGX distributions with the Smith
microsurface profile.

Contents

1 Generic Sampling Algorithm| 2
(1.1  C++ Implementation|. . . . . . .. .. ... ... ... ... ... 3

2 Sparing Random Numbers| 5

[3 Sampling Beckmann Distributions | 6
3.1 'The Beckmann Distribution of Slopes| . . . . . . . ... ... ... ... ... 6
3.2 Sample P2 (xq)| - - - - .. 6
3.3 Sample P22(yqlzm). - - o o 10
3.4 Sample P2*(Zp, Y, 1, 1) for Beckmann Distributions| . . . ... ... .. .. 11
3.0 U4+ Implementation|. . . . . . . . . . ... 12
B Resultd. . . . . . 13

[4 Sampling GGX Distributions | 14
4.1 The GGX Distribution of Slopes|. . . . . . . . .. .. ... ... ... .... 14
4.2 Sample P2 (za)| - - - . o oo 14
4.3 Sample P??(yylos)l. o o 16
4.4 Sample P2* (2, ym, 1,1) for GGX Distributions| . . . . ... ... ... ... 18
4.5  C+4 Implementation|. . . . . . ... ... oo 19
B6 Resulfsl. . . . . . . o o 20



1 Generic Sampling Algorithm

Generic Algorithm. The idea is that if P?? is shape-invariant, and if there is a way to
sample (27, ym) with the PDF P2? with roughness v = 1, then it is possible to use it to
sample the same distribution with any parameters o, and «,. We recall Algorithm 4 from
the paper:

Algorithm 1 Sample D, (w,,) (Smith profile)

wi = S% % (w;) > 1. stretch

Ty, — 03771(1/{1, 1,1) > 2.a. sample ij(mm, 1,1)

Yy 02‘271(2/{2|:1;m./ 1,1) > 2.b. sample P22 (yz|24,1,1)
T, cos¢, —sing;\ (zs

<ym) — <sin¢; cos &, ) <ym) > 3. rotate

(xm) — (ax xm) > 4. unstretch
Ym ay Ym

Wy +— EZa—yml) > 5. compute normal

Vgt

Objectives. In this document, we show how to compute the inverse CDF's
T = Ci{__l(ula ]-7 1)7
Y, = 02|2_1(Z/{2’xﬁ17 17 1)7

analytically with Beckmann (Algorithm [2] of this document) and GGX (Algorithm [3| of this
document) distributions.



1.1 C++ Implementation

We describe a C+4 implementation of the paper’s Algorithm 4 and of the associated pre-
computations steps. We implement a virtual class VNDFSampler (Visible Normal Dis-
tribution Function Sampler). The API contains one public method sample(), which takes
as arguments the incident direction w;, anisotropic roughness «a, and oy, and two uniform
random numbers U; and Us. It generates a microfacet normal w,, with PDF D, (wy,, o, o).

A child class must implement the protected virtual method samplel1(), which returns
a slope vector (x,y7) sampled from the stretched configuration with roughness oo = 1, i.e.
from distribution P* (2, ym,1,1). The implementation of the child classes for Beckmann
and GGX distributions are provided in Sections [ and [

class VNDFSampler
{

public:
// generate a view dependent normal
void sample(
// input
const double omega_i[3], // incident direction
const double alpha_x, const double alpha_y, // anisotropic roughness
const double Ul, const double U2, // random numbers
// output
double omega_m[3] // normal
)5
protected:

// method implemented by child class

// inverse slope CDF

virtual void samplell(
// input
const double theta_i, // incident direction
double Ul, double U2, // random numbers
// output
double& slope_x, double& slope_y // slopes
) = 0;




void VNDFSampler: :sample(
// input
const double omega_i[3], // incident direction
const double alpha_x, const double alpha_y, // anisotropic roughness
const double Ul, const double U2, // random numbers
// output
double omega_m[3]) // micronormal
{
// 1. stretch omega_i
double omega_i_[3];
omega_i_[0] = alpha_x * omega_i[0];
omega_i_[1] = alpha_y * omega_il[1];
omega_i_[2] = omega_i[2];
// normalize
double inv_omega_i = 1.0 / sqrt(omega_i_[0]*omega_i_[0] + omega_i_[1]*omega_i_[1] + omega_i_[2]*omega_i_[2]);
omega_i_[0] *= inv_omega_i;
omega_i_[1] *= inv_omega_i;
omega_i_[2] *= inv_omega_i;
// get polar coordinates of omega_i_
double theta_ = 0.0;
double phi_ = 0.0;
if (omega_i_[2] < 0.99999)
{
theta_ = acos(omega_i_[2]);
phi_ = atan2(omega_i_[1], omega_i_[0]);
}

// 2. sample P22_{omega_i}(x_slope, y_slope, 1, 1)
double slope_x, slope_y;
samplell( theta_,
U1, U2,
slope_x, slope_y);

// 3. rotate
double tmp = cos(phi_)*slope_x - sin(phi_)*slope_y;
slope_y = sin(phi_)*slope_x + cos(phi_)*slope_y;
slope_x = tmp;

// 4. unstretch
slope_x = alpha_x * slope_x;
slope_y = alpha_y * slope_y;

// 5. compute normal
double inv_omega_m = sqrt(slope_x*slope_x + slope_y*slope_y + 1.0);
omega_m[0] = -slope_x/inv_omega_m;
omega_m[1] = -slope_y/inv_omega_m;
omega_m[2] = 1.0/inv_omega_m;




2 Sparing Random Numbers

We use several conditional branchings in our sampling algorithms. But we can spare the
random numbers used for these branchings. Indeed, each time a random number i is used
in a branching with probability p, its value can be used again by renormalizing it:

if U < p then
U — % > renormalize U
do something with i/

else
U — 7/1% > renormalize U

do something else with U
end if



3 Sampling Beckmann Distributions

3.1 The Beckmann Distribution of Slopes

The Beckmann distribution of slopes with o = 1 is the 2D Gaussian

1
P22($m,ym) = p exXp (—xfn - ?ng) .

3.2 Sample P2 (2;)
The Marginalized Distribution of Slopes is the 1D Gaussian distribution

+o00
P2 (2) — / P2 (0, yo) dyin

and its CDF is:

The Marginalized Distribution of Visible Slopes is

P2 (zq) =

= ‘Gl (C;Z) (= 5in.6; + cos 0;) X T (—am sinb; + cos 0;) P2~ (z),
cos b;

and the associated CDF is

C2(zm) = %/ m(—x'fn sin@; 4+ cos 0;) x*(—a’ sin6; + cos 6;) P*~ (2, d',
_ Gy(w;) tand, .
=

The problem is that this CDF is not directly invertible.

xp (—2%,) + G1(w;) (% + % erf(xm)) .



Choosing an interval. The CDF CZ (z) is invertible in the interval ] — oo, — cot ;] and
we use the anti-symmetry of the projection factor to invert it in | — cot 6;, cot 6;]. We choose
randomly the interval | — oo, — cot ;] or | — cot ;, cot 6;] according to their weights given by

the CDF value at — cot 6;:

if U < CZ7(—cot6;) then
sample z;; €] — 0o, — cot 6;]
else
sample z;; €] — cot 0;, cot 6;]
end if

and we have:
CZ(— cot 6;)

) —cot 6;
= Ci;(:g) / (= 8in 0; 4 cos 6;) P*~ (z) dr,

o0

) cot 6;
= M / (=2 sinb; + cos6;) P>~ (z5) dog,

cost; J_

) cot 6;
_ CC;;S;Z) /_Cow(—xm sin6; + cos 0;) P*~ (23,) dvys,

) cot 0;
-1 %CZ) /_Cow(—xm sin ; + cos 6;) PQ*(ﬂim) drgs

cot 0;
=1- Gl(wz)/ PQ_(ZL‘ﬁ-L) dl’m

—cotf
=1— G1(w;) (C* (cot ;) — C* (—cot 6;))
=1— G(w;)erf(cotb;).



Sample P>~ (z3) in | — oo, — cot 6;].

If 25 €] — o0, — cot 6;], we have —z;3 sin 6; + cos 0; > 0, so we can drop the heaviside term
and separate the integral:

CZ (zm) = G () / m(—az’fn sin 0; + cos 0;) X" (—a’, sin6; + cos 6;) P>~ (2;,) d’-

cost J_o i
= %u;i) /j:(—x;n sin 0; 4 cos 0;) P*~ (') da’s,
— %u;i) /j:(—x;n sin6;) P>~ (al.,) dals, + %u;i) /j: cos O; P*~ () da's,
= S 0) + 1),

where

fi(en) = / " (Caty sin 6,) P (a'y) de'y,

falzm) = / cos 0; P?~ () da',.
We can sample with PDF Pﬁ_(xm) by choosing either f; or f, according to their respective
weight ratios, and inverting it. Their weights are given by:

—cot 6;

wy = fi(—cotb;) = /Oo (=@ sin0;) P*~ (1) dw, = SZH\I/?_TZ

—cot 0;

exp (— cot? Qi) ,

1 1
wy = fo(—cot b;) = / cos 0; P?~ (x,3,) ds = cos 6; (5 b erf (cot 92)) )

The branching probability p is given by:

%1

)
w1+w2

and the functions to inverse are f; and f, divided by their respective weights to transform
them into PDF's before the inversion:

(wil fl) S - —/~log (U exp (— cot? )
(wi2 f2) h U) =erf ' (U —1—Uerf(cot 6;)).

The algorithm we use to sample P2 () in ] — co, — cot §;] is thus:



sin 6;

wy = 52 exp (— cot® 0;)
wy « cosf; (3 — 5 erf(cot6;))

w1

P = itwn

if U < p then
U+ % > renormalize U
T —+/—log (U exp (— cot? §;))

else
U — LI’%;’ > renormalize U
T < erf ™ (U — 1 — U erf(cot 6;))

end if

Sample P2 (z7) in ] — cot 6;, cot 6;].
The PDF of a couple of slope values (—xy, 27) in the interval | — cot 6;, cot 6;] is:
(2 sin0; + cos 0;) P>~ (=) + (—25 sin 6; + cos 0;) P~ (—x3) = 2 cos0; P* (z,).

The idea is similar to the sampling scheme for the V-cavity profile. We start by generate a
couple (—z, ) with PDF P? () in the interval | — cot 6;, cot 6;] :
Zq = C* (1 =U) C* (= cot §;) + U C* (cot 6;))
=erf™! ((—1 + 2U) erf (cot §;)),
and then we choose between —x,; and x,; with a probability proportionnal to their projected

areas (x;sin6; + cos6;) and (—xzsinf; + cosf;). In practice, we swap zz and —x; with
probability:

—X sinb; + cos 6;

p= —Typ sinf; + cos; + x;z sinb; + cos 6;

— Ty sin 91 -+ cos 91

2 cosb;

The algorithm we use to sample P2 () in ] — cot 6;, cot 6;] is thus:

T < erf (=1 4+ 2U,) exf (cot 6;))

if u2 > —x 51n9i‘+cos0i then
2 cosB;

T < — Ty
end if

Note that we need 2 random numbers U; and Us in this algorithm. In the final algorithm,
we renormalize Uy which is used here for branching only and use it again in the sampling of

P2I2(ym|$m)~



3.3 Sample P2|2(ym|56’fn)

The conditional PDF of slopes is the 1D Gaussian distribution

P22 s Ui,
P2|2(y7h|xfn): (l‘ Y )

and the associated CDF is
Y

C**yafon) = [ PP (o) d

—0o0

1 1
= 5 + §erf(ym),

which can be inverted:

U= 02|2(ym’$7~n)
= ym = erf 1(2U — 1).

10



3.4 Sample Pff(a:m,ym, 1,1) for Beckmann Distributions

The complete algorithm is

Algorithm 2 Sample P2*(x, ¥, 1,1) for Beckmann distributions

C + 1 — Gy(w;)erf(cot ;)

if U; < C then
leﬂ—%

wy % exp (— cot? 6;)
wy < cosb; (3 — 3 erf(cot6;))

p= wllj‘lw2
if U; < p then
U, + %
T < —y/—log (U exp (— cot?6;))
else
U, + %
T erf 1 (U — 1 — Uy erf (cot 6;))
end if
else
Lﬁ <— Z/il__g

Ty, < erf 1 (=14 2Uy) erf (cot 6;))

if Z/{Q > —Xy5 sin 6;4+cos 0; then
2 cos0;

Z/{Q < L?T;p

T < — Ty
else

Z/{Q — %
end if

end if

Y < erf71(2U2 — 1)

> sample P2%(x) in ] — 0o, — cot 6;]
> renormalize U

> renormalize U,

> renormalize U

> sample P2*(xz) in ] — cot 6;, cot 6;]
> renormalize U,

> renormalize Us

> renormalize Us

> sample P?2(yz|2)

11



3.5 C++ Implementation
The C++ implementation of Algorithm [2] is

class VNDFSamplerBeckmann : public VNDFSampler
{
protected:
virtual void samplell(
// input
const double theta_i, // incident direction
double U1, double U2, // random numbers
// output
double& slope_x, double& slope_y // slopes
)
{
// special case (normal incidence)
if (theta_i < 0.0001)
{
const double r = sqrt(-log(U1));
const double phi = 6.28318530718 * U2;
slope_x = r * cos(phi);
slope_y = r * sin(phi);
return;
}
// precomputations
const double sin_theta_i = sin(theta_i);
const double cos_theta_i = cos(theta_i);
const double tan_theta_i = sin_theta_i/cos_theta_i;
const double a = 1.0 / tan_theta_i;
const double erf_a = erf(a);
const double exp_a2 = exp(-a*a);
const double SQRT_PI_INV = 0.56418958354;
const double Lambda = 0.5%(erf_a-1) + 0.5*SQRT_PI_INVxexp_a2/a;
const double G1 = 1.0 / (1.0 + Lambda); // masking
const double C= 1.0 - G1 * erf_a;
// sample slope X
if (U1 < ©)
{
// rescale Ul
Ul =U1/C;
const double w_1 = 0.5 * SQRT_PI_INV * sin_theta_i * exp_a2;
const double w_2 = cos_theta_i * (0.5 - 0.5xerf_a);
const double p = w_1 / (w_1+w_2);
if(UL < p)
{
Ul = Ul / p;
slope_x = -sqrt(-log(Ul*exp_a2));
¥
else
{
Ul = (Ui-p) / (1.0-p);
slope_x = erfinv(U1-1.0-Ul*erf_a);
}
}
else
{
// rescale Ul
U1 = (U1-C) / (1.0-C);
slope_x = erfinv((-1.0+2.0%Ul)*erf_a);
const double p = (-slope_x*sin_theta_i + cos_theta_i) / (2.0%*cos_theta_i);
if (U2 > p)
{
slope_x = -slope_x;
U2 = (U2-p) / (1.0-p);
¥
else
2 =U2 / p;
}
// sample slope Y
slope_y = erfinv(2.0*U2-1.0);
}
};
S

12



3.6 Results

103 samples 10° samples 107 samples Reference

alpha_x=2.000000, alpha_y=1.000000, theta_i=0.000000, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=0.000000, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=0.000000, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=0.000000, phi_i=0.785397

- ki n

alpha_x=2.000000, alpha_y=1.000000, theta_i=0.523600, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=0.523600, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=0.523600, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=0.523600, phi_i=0.785397

6; = 30°

alpha_x=2.000000, alpha_y=1.000000, theta_i=1.047200, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=1.047200, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=1.047200, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=1.047200, phi_i=0.785397

o : -

alpha_x=2.000000, alpha_y=1.000000, theta_i=1.560000, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=1.560000, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=1.560000, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=1.560000, phi_i=0.785397

o 77 --

Figure 1: Sampling the distribution of visible slopes Pﬁz using our C++ implementation,
where P?? is a Beckmann distribution with anisotropic roughness o, = 2 and «,, = 1. The
azimuthal angle of incidence is ¢; = 45°.

13



4 Sampling GGX Distributions

4.1 The GGX Distribution of Slopes

The GGX distributions of slopes with a@ =1 is
1
(1+23 +y3)*

1
P22(5Um,ym) = -
T

4.2 Sample P> (2;)
The Marginalized Distribution of Slopes is

P2 (2) = / P2 (2, yon) dyin

—00

AR 1 .
_/w%(1+xi+y%)2 o
B 1

2 (22 + 12

The Marginalized Distribution of Visible Slopes is
(—xp sinb; + cos ;) xt(—xzsinb; + cosb;) P

)

2 () = —(za
e fj;o(—x;n sin6; + cos ;) xT(—al, sinb; + cos ;) P>~ () dzl;,
G (ws
= Grw) (= sin6; + cos 0;) X (—x sin0; + cos 0;) P>~ (z,)
cos 6,
~ Gi(w) . + . 1
= eos0. (—xm sinb; + cosb;) X" (—xzsinb; + cosb;) W,

and the associated CDF is:

€2 wn) = | P2 (aly)aa,
~ Gi(ws) (SmOi + x5, cosb; o 91') '

"~ 2cosb; V1+a22

Inversion of the CDF. We solve

_ G1(w;) [ sinb; + xz cosb;
202 m) — 91
U o () 5 cos 0, ( T"‘ﬁﬁ + cos )
2U tan8; + x,
:}——1:—
Gy V1+ a2

B—i-ilffn

\/l—l—x%l’

= A=

14



with A = % — 1 and B = tan6;. The solution is

e — Tl ifA<OOIZEm2>COt0i
mn Tmo else,

where

B[ B oe-p
B PR S V7 PR s PR P B

B | B r-p
B PR S VO PR s PR P I

The algorithm we use to sample P2 (x) is thus

2U
A Gy 1

B =tan6,
B B2 A2_p?
T 7 g2 \/(,,4271)2 T AT
B B2 A2_p2
Tz = Z27 T \/(A2—1)2 T AT
if A <0 or x,;9 > cotf; then
T < T
else
T, < Tmo

end if

15



4.3 Sample P2|2(ym|xm)

The conditional PDF is given by:
1
(1422 +y2)?

le?(yrhlxm) = 7 1 )
!
/oo (1+ a2 +y5°)?

and the associated conditional CDF is:

/ym 1 d ,
Y,

oo (T2 +yh 2
/

oo (1422 + yh?)?

Unfortunately, this CDF is not directly invertible.

Change of variable. With a change of variable we make the formulation independent of

T -

R
7 WY,

22 _ S (T+af 4+ Yin')
o (1 + 2% + y{%2)2 o

Y 1
/ <1 y/ 2\ 2 dy;h
—0o0 + m )
o 1
/ <1 y/ 2\ 2 dy;h
(14 %)

with a = 1+ 2% . Let be 2/ = ¢/, /v/a and z = y;/+/a, and we get
C®(ym|rm) = C.(2)

z 1
/_oo TRk
f— m 1 .
/_oo ek

The sampling of 2 does not depend on z;; anymore. We fit the inverse CDF C! of z and

we solve
U = C®(ymlzn) = C.(z)
=2=0_"(U)

l(u
= ym = C7HU) /1 + 22

16



We use a rational polynomial to fit C1:

') = 0.46341U — 0.73369U? + 0.27385 U
§ ~0.597999 — U + 0.309420 U2 + 0.093073 U3’

in the positive interval [0, +oo[. To use this fit in the interval | — oo, oo, if U < %, we

compute z = C;1 (2 (U — 1)), else if U > 1 we compute z = C;! (2 (3 —U)). In this way,

we can sample z €] — 0o, 00[. This fit is plotted in Figure [2|

6 T T T T

0 0.2 0.4 0.6 0.8 1

Figure 2: Plot of our fit of the inverse CDF C}!.

The algorithm we use to sample P??(yy;|z) is thus

ifblﬁ%then
s=1
U2 (U-1)
else
s=—1
U2 (3-U)
end if

— 2 3
s g 0.46341U—0.73369U*+0.27385 U

0.597999—U+0.309420 142 +0.093073 U3
2
Ym < 2/ 1+ x5,

17



4.4 Sample ng(a:m,ym, 1,1) for GGX Distributions

Algorithm 3 Sample P2*(x, ¥, 1,1) for GGX distributions

G1(w;)

B =tan¥,;
B B2 A2_B?
Ty < q21 — \/(A2—1)2 — AT
B B2 A2—B?
Tz & ppg + (AZ-1)2 — A%_1

if A<0or X, > cotf; then
T, < Ty

else
T < Tmo

end if

if Uy < % then
s=1
Z/{Q<—2 (UQ—%)
else
s=—1

U 2 (3 —Uy)

end if
5 g 0:46341 Uz—0.73369 U2 +0.27385 U3
0.597999—U2+0.309420 12 40.093073 U3

Um — 2/ 1+ 2%

18



4.5 C++ Implementation
The C++ implementation of Algorithm [3]is

class VNDFSamplerGGX : public VNDFSampler

{

protected:

virtual void samplell(

// input
const double theta_i, // incident direction
double U1, double U2, // random numbers
// output
double& slope_x, double& slope_y // slopes
)

// special case (normal incidence)

if (theta_i < 0.0001)

{
const double r = sqrt(U1/(1-U1));
const double phi = 6.28318530718 * U2;
slope_x = r * cos(phi);
slope_y = r * sin(phi);
return;

}

// precomputations

const double tan_theta_i = tan(theta_i);

const double a = 1 / (tan_theta_i);

const double G1 = 2 / (1 + sqrt(1.0+1.0/(a*a)));

// sample slope_x

const double A = 2.0%U1/G1 - 1.0;

const double tmp = 1.0 / (A*A-1.0);

const double B = tan_theta_i;

const double D = sqrt(B*Bxtmp*tmp - (A%A-B*B)*tmp) ;

const double slope_x_1 = Bxtmp - D;

const double slope_x_2 = Bxtmp + D;

slope_x = (A < 0 || slope_x_2 > 1.0/tan_theta_i) 7 slope_x_1 : slope_x_2;

// sample slope_y
double S;
if (U2 > 0.5)

S =1.0;
U2 = 2.0%(U2-0.5);

S =-1.0;
U2 = 2.0%(0.5-02);

const double z = (U2*(U2*(U2x0.27385-0.73369)+0.46341)) / (U2%(U2x(U2%0.093073+0.309420)~1.000000)+0.597999) ;
slope_y = S * z * sqrt(1.0+slope_x*slope_x);

19




4.6 Results

103 samples 10° samples 107 samples Reference

alpha_x=2.000000, alpha_y=1.000000, theta_i=0.000000, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=0.000000, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=0.000000, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=0.000000, phi_i=0.785397

- ...

alpha_x=2.000000, alpha_y=1.000000, theta_i=0.523600, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=0.523600, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=0.523600, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=0.523600, phi_i=0.785397

o | ...

alpha_x=2.000000, alpha_y=1.000000, theta_i=1.047200, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=1.047200, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=1.047200, phi_i=0.785397  alpha_x=2.000000, alpha_y=1.000000, theta_i=1.047200, phi_i=0.785397

o -..
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Figure 3: Sampling the distribution of visible slopes Pﬁz using our C++ implementation,
where P?? is a GGX distribution with anisotropic roughness a, = 2 and «, = 1. The
azimuthal angle of incidence is ¢; = 45°.
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