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❆❜str❛❝t

■♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧✱ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s ❛r❡ ✉s✉❛❧❧② ✉♥❞❡rst♦♦❞ ❛s ✐♥❝❧✉s✐♦♥s
t❤❛t ✐❞❡♥t✐❢② t❤❡ ♣❛✐r ❢♦r♠❡❞ ❜② t❤❡ ❞✉❛❧ ❛r❝ ❛♥❞ t❤❡ ❍❛♠✐❧t♦♥✐❛♥✱ ❡✈❛❧✉❛t❡❞
❛❧♦♥❣ t❤❡ ❛ss♦❝✐❛t❡❞ ♠✐♥✐♠✐③✐♥❣ tr❛❥❡❝t♦r②✱ ❛s ❛ s✉✐t❛❜❧❡ ❣❡♥❡r❛❧✐③❡❞ ❣r❛❞✐❡♥t
♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳ ■♥ t❤✐s ♣❛♣❡r✱ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡
▼❛②❡r ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥ ẋ ∈ F (x) ❛♥❞ ❛♣♣❧✐❡❞
t♦ ❞❡r✐✈❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s✳ ❖✉r ✜rst ❛♣♣❧✐❝❛t✐♦♥ ❝♦♥❝❡r♥s t❤❡ ♠❛①✐♠✉♠
♣r✐♥❝✐♣❧❡ ❛♥❞ ❝♦♥s✐sts ✐♥ s❤♦✇✐♥❣ t❤❛t ❛ ❞✉❛❧ ❛r❝ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❢♦r ❡✈❡r②
❡❧❡♠❡♥t ♦❢ t❤❡ s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ✜♥❛❧ ❝♦st✳ ❆s ♦✉r s❡❝♦♥❞ ❛♣♣❧✐❝❛t✐♦♥✱
✇✐t❤ ❡✈❡r② ♥♦♥③❡r♦ ❧✐♠✐t✐♥❣ ❣r❛❞✐❡♥t ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛t s♦♠❡ ♣♦✐♥t (t, x)
✇❡ ❛ss♦❝✐❛t❡ ❛ ❢❛♠✐❧② ♦❢ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r✐❡s ❛t (t, x) ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t
❢❛♠✐❧✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✐st✐♥❝t ❧✐♠✐t✐♥❣ ❣r❛❞✐❡♥ts ❤❛✈❡ ❡♠♣t② ✐♥t❡rs❡❝t✐♦♥✳

✶ ■♥tr♦❞✉❝t✐♦♥

●✐✈❡♥ ❛ ❝♦♠♣❧❡t❡ s❡♣❛r❛❜❧❡ ♠❡tr✐❝ s♣❛❝❡ U ❛♥❞ ❛ ✈❡❝t♦r ✜❡❧❞ f : Rn×U → R
n✱

s♠♦♦t❤ ✇✐t❤ r❡s♣❡❝t t♦ x✱ ❢♦r ❛♥② ♣♦✐♥t (t0, x0) ∈ [0, T ] × R
n ❛♥❞ ▲❡❜❡s❣✉❡

♠❡❛s✉r❛❜❧❡ ♠❛♣ u : [t0, T ] → U ❧❡t ✉s ❞❡♥♦t❡ ❜② x(·; t0, x0, u) t❤❡ s♦❧✉t✐♦♥ ♦❢
t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠

{

ẋ(t) = f(x(t), u(t)) t ∈ [t0, T ] ❛✳❡✳

x(t0) = x0,
✭✶✳✶✮

t❤❛t ✇❡ s✉♣♣♦s❡ t♦ ❡①✐st ♦♥ t❤❡ ✇❤♦❧❡ ✐♥t❡r✈❛❧ [t0, T ]✳ ❚❤❡♥✱ ❣✐✈❡♥ ❛ s♠♦♦t❤ ❢✉♥❝✲
t✐♦♥ φ : Rn → R✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ♠✐♥✐♠✐③✐♥❣ t❤❡ ✜♥❛❧ ❝♦st φ(x(T ; t0, x0, u))
♦✈❡r ❛❧❧ ❝♦♥tr♦❧s u✳

■♥ t❤❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ t♦ s✉❝❤ ❛ ♣r♦❜❧❡♠✱ ♦♥❡ s❡❡❦s t♦
❝❤❛r❛❝t❡r✐③❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ✱ t❤❛t ✐s✱

V (t0, x0) = inf
u(·)

φ(x(T ; t0, x0, u(·))) (t0, x0) ∈ [0, T ]× R
n, ✭✶✳✷✮

❛s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥✱ ✐♥ ❛ s✉✐t❛❜❧❡ s❡♥s❡✱ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥
{

−∂tv(t, x) +H(x,−vx(t, x)) = 0 ✐♥ (0, T )× R
n

v(T, x) = φ(x) x ∈ R
n,

✶



✇❤❡r❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ H ✐s ❞❡✜♥❡❞ ❛s

H(x, p) = sup
u∈U

〈p, f(x, u)〉 (x, p) ∈ R
n × R

n.

◆♦✇✱ t❤❡ ❝❧❛ss✐❝❛❧ ♠❡t❤♦❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝s ❡♥s✉r❡s t❤❛t✱ ❛s ❧♦♥❣ ❛s V ✐s s♠♦♦t❤✱
❛❧♦♥❣ ❛♥② s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ♦❢ ❖❉❊s

{

ẋ(t) = ∇pH(x(t), p(t)), x(T ) = z

−ṗ(t) = ∇xH(x(t), p(t)), p(T ) = −∇φ(z)
t ∈ [0, T ], ✭✶✳✸✮

t❤❡ ❣r❛❞✐❡♥t ♦❢ V s❛t✐s✜❡s

(H(x(t), p(t)),−p(t)) = ∇V (t, x(t)), ∀ t ∈ [0, T ]. ✭✶✳✹✮

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ s②st❡♠ ✭✶✳✸✮ ✐s ❛❧s♦ ❛ s❡t ♦❢ ♥❡❝❡ss❛r②
♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r ❛♥② ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ x(·) ♦❢ t❤❡ ▼❛②❡r ♣r♦❜❧❡♠ ✭✶✳✷✮✳
❚❤❡ ♠❛♣♣✐♥❣ p(·) ✐s ❝❛❧❧❡❞ ❛ ❞✉❛❧ ❛r❝✳ ❖❜s❡r✈❡ t❤❛t∇V (t, x) ❛❧❧♦✇s t♦ ✏♠❡❛s✉r❡✑
s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦st ✇✐t❤ r❡s♣❡❝t t♦ (t, x)✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✭✶✳✹✮ ✐s
❝❛❧❧❡❞ ❛ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥ ❢♦r ♣r♦❜❧❡♠ ✭✶✳✷✮✳ ❖❜✈✐♦✉s❧②✱ t❤❡ ❛❜♦✈❡ ❝❛❧❝✉❧❛t✐♦♥
✐s ❥✉st ❢♦r♠❛❧ ❜❡❝❛✉s❡✱ ✐♥ ❣❡♥❡r❛❧✱ V ❝❛♥♥♦t ❜❡ ❡①♣❡❝t❡❞ t♦ ❜❡ s♠♦♦t❤✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ r❡❧❛t✐♦♥ ✭✶✳✹✮ ✐s ✐♠♣♦rt❛♥t ❢♦r ❞❡r✐✈✐♥❣ s✉✣❝✐❡♥t ♦♣t✐♠❛❧✐t②
❝♦♥❞✐t✐♦♥s✱ ❛s ✇❡ r❡❝❛❧❧ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❚❤✐s ❢❛❝t ♠♦t✐✈❛t❡s ✐♥t❡r❡st ✐♥ ❣❡♥❡r❛❧✐③❡❞
s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s ❢♦r ♥♦♥s♠♦♦t❤ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s✳

❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ✜rst ✏♥♦♥s♠♦♦t❤ r❡s✉❧t✑ ✐♥ t❤❡ ❛❜♦✈❡
❞✐r❡❝t✐♦♥ ✇❛s ♦❜t❛✐♥❡❞ ❜② ❈❧❛r❦❡ ❛♥❞ ❱✐♥t❡r ✐♥ ❬✶✵❪ ❢♦r t❤❡ ❇♦❧③❛ ♣r♦❜❧❡♠✱ ✇❤❡r❡✱
❣✐✈❡♥ ❛♥ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② x0(·)✱ ❛♥ ❛ss♦❝✐❛t❡❞ ❞✉❛❧ ❛r❝ p(·) ✐s ❝♦♥str✉❝t❡❞ t♦
s❛t✐s❢② t❤❡ ♣❛rt✐❛❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥

− p(t) ∈ ∂xV (t, x0(t)) ❛✳❡✳ t ∈ [t0, T ]. ✭✶✳✺✮

❍❡r❡✱ ∂xV ❞❡♥♦t❡s ❈❧❛r❦❡✬s ❣❡♥❡r❛❧✐③❡❞ ❣r❛❞✐❡♥t ♦❢ V ✐♥ t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜❧❡✳
❙✉❜s❡q✉❡♥t❧②✱ ❢♦r t❤❡ s❛♠❡ ♣r♦❜❧❡♠✱ ❱✐♥t❡r ❬✶✼❪ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞✉❛❧
❛r❝ s❛t✐s❢②✐♥❣ t❤❡ ❢✉❧❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥

(H(x0(t), p(t)),−p(t)) ∈ ∂V (t, x0(t)) ❢♦r ❛❧❧ t ∈ [t0, T ], ✭✶✳✻✮

✇✐t❤ ∂V ❡q✉❛❧ t♦ ❈❧❛r❦❡✬s ❣❡♥❡r❛❧✐③❡❞ ❣r❛❞✐❡♥t ✐♥ (t, x)✳
❋✉❧❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s ✇❡r❡ r❡❝♦❣♥✐③❡❞ ❛s ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐✲

t✐♦♥s ❢♦r ♦♣t✐♠❛❧✐t② ✐♥ ❬✹❪✱ ✇❤❡r❡ t❤❡ ✜rst t✇♦ ❛✉t❤♦rs ♦❢ t❤✐s ♣❛♣❡r st✉❞✐❡❞ t❤❡
▼❛②❡r ♣r♦❜❧❡♠ ❢♦r t❤❡ ♣❛r❛♠❡t❡r✐③❡❞ ❝♦♥tr♦❧ s②st❡♠ ✭✶✳✶✮✱ ✇✐t❤ f ❞❡♣❡♥❞✐♥❣
❛❧s♦ ♦♥ t✐♠❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ r❡♣❧❛❝✐♥❣ t❤❡ ❈❧❛r❦❡ ❣❡♥❡r❛❧✐③❡❞ ❣r❛❞✐❡♥t ✇✐t❤ t❤❡
❋ré❝❤❡t s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ∂+V ✱ t❤❡ ❢✉❧❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥

(H(t, x0(t), p(t)),−p(t)) ∈ ∂+V (t, x0(t)) ❛✳❡✳ t ∈ [t0, T ], ✭✶✳✼✮

t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡

〈p(t), ẋ0(t)〉 = H(t, x0(t), p(t)) ❛✳❡✳ t ∈ [t0, T ], ✭✶✳✽✮

✇❛s s❤♦✇♥ t♦ ❛❝t✉❛❧❧② ❝❤❛r❛❝t❡r✐③❡ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r✐❡s✳ ❆ s✐♠✐❧❛r r❡s✉❧t ✇❛s
♣r♦✈❡❞ ✐♥ ❬✶✺❪✱ ✉♥❞❡r str♦♥❣❡r r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s✳

✷



❋♦❧❧♦✇✐♥❣ t❤❡ ❛❜♦✈❡ ♣❛♣❡rs✱ t❤❡ ❛♥❛❧②s✐s ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ ✐♥ s❡✈❡r❛❧ ❞✐r❡❝✲
t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✺❪✱ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s ✇❡r❡ ❛❞❛♣t❡❞ t♦ t❤❡ ♠✐♥✐♠✉♠
t✐♠❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ♣❛r❛♠❡t❡r✐③❡❞ ❝♦♥tr♦❧ s②st❡♠

ẋ(t) = f(x(t), u(t)) t ≥ 0, ✭✶✳✾✮

t❛❦✐♥❣ t❤❡ ❢♦r♠ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥

− p(t) ∈ ∂+T (x0(t)) ❢♦r ❛❧❧ t ∈ [0, T (x0)), ✭✶✳✶✵✮

✇❤❡r❡ T (·) ❞❡♥♦t❡s t❤❡ ♠✐♥✐♠✉♠ t✐♠❡ ❢✉♥❝t✐♦♥ ❢♦r ❛ t❛r❣❡t K✱ ❛♥❞ x0(·) ❛♥
♦♣t✐♠❛❧ tr❛❥❡❝t♦r② st❛rt✐♥❣ ❢r♦♠ x0 ✇❤✐❝❤ ❛tt❛✐♥s K ❛t t✐♠❡ T (x0)✳ ■♥ ❬✻❪✱
t❤❡ ❛❜♦✈❡ r❡s✉❧t ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ ♥♦♥♣❛r❛♠❡t❡r✐③❡❞ s②st❡♠s ❞❡s❝r✐❜❡❞ ❜②
❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥s✳ ❆s ❢♦r ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✇✐t❤ st❛t❡ ❝♦♥str❛✐♥ts✱
s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s ✇❡r❡ ❞❡r✐✈❡❞ ✐♥ ❬✸❪ ❛♥❞ ❬✶✷❪ ✉s✐♥❣ ❛ s✉✐t❛❜❧❡ r❡❧❛①❛t✐♦♥ ♦❢
t❤❡ ❧✐♠✐t✐♥❣ s✉❜❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳

❉❡r✐✈✐♥❣ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s ✐♥ t❡r♠s ♦❢ t❤❡ ❋ré❝❤❡t ❛♥❞✴♦r ♣r♦①✐♠❛❧ s✉✲
♣❡r❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥

ẋ(s) ∈ F (x(s)) ❛✳❡✳ s ∈ [t0, T ], ✭✶✳✶✶✮

✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
x(t0) = x0, ✭✶✳✶✷✮

✐s ❢❛r ❢r♦♠ str❛✐❣❤t❢♦r✇❛r❞✱ ✇❤❡♥ F ❝❛♥♥♦t ❜❡ ♣❛r❛♠❡t❡r✐③❡❞ ❛s

F (x) = {f(x, u) : u ∈ U}

✇✐t❤ f s♠♦♦t❤ ✐♥ x✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✐s t♦ ♦❜t❛✐♥ ❜♦t❤ ♣❛rt✐❛❧
❛♥❞ ❢✉❧❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s ❢♦r t❤❡ ▼❛②❡r ♣r♦❜❧❡♠

inf φ(x(T )), ✭✶✳✶✸✮

t❤❡ ✐♥✜♠✉♠ ❜❡✐♥❣ t❛❦❡♥ ♦✈❡r ❛❧❧ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❛r❝s x : [t0, T ] → R
n t❤❛t

s❛t✐s❢② ✭✶✳✶✶✮✲✭✶✳✶✷✮✳ ❚❤❡ ♠❛✐♥ ❛ss✉♠♣t✐♦♥s ✇❡ ✐♠♣♦s❡ ♦♥ t❤❡ ❞❛t❛✱ ❡①♣r❡ss❡❞
✐♥ t❡r♠s ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥

H(x, p) = sup
v∈F (x)

〈v, p〉 (x, p) ∈ R
n × R

n, ✭✶✳✶✹✮

r❡q✉✐r❡ H(·, p) t♦ ❜❡ s❡♠✐❝♦♥✈❡①✱ H(x, ·) t♦ ❜❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢♦r p 6= 0✱ ❛♥❞
∇pH(·, p) ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✽❪✱ ✇❤❡r❡ t❤✐s
s❡t ♦❢ ❤②♣♦t❤❡s❡s ✇❛s ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ s❡♠✐❝♦♥❝❛✈✐t② ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✱
❢♦r ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡✐r r♦❧❡ ✐♥ ❧❛❝❦ ♦❢ ❛ s♠♦♦t❤ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ♦❢ F ✳

❋♦r t❤❡ ▼❛②❡r ♣r♦❜❧❡♠ ✭✶✳✶✸✮✱ ✇❡ s❤❛❧❧ ❞❡r✐✈❡ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s ❧✐❦❡ ✭✶✳✺✮
❛♥❞ ✭✶✳✻✮ ❢♦r ❜♦t❤ t❤❡ ♣r♦①✐♠❛❧ ❛♥❞ ❋ré❝❤❡t s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝✲
t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t x : [t0, T ] → R

n ❜❡ ❛♥ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② ♦❢ ♣r♦❜❧❡♠
✭✶✳✶✸✮ ❛♥❞ ❧❡t p : [t0, T ] → R

n ❜❡ ❛♥② ❛r❝ s❛t✐s❢②✐♥❣
{

−ṗ(t) ∈ ∂−
x H(x(t), p(t))

ẋ(t) ∈ ∂pH(x(t), p(t))
❛✳❡✳ ✐♥ [t0, T ] , ✭✶✳✶✺✮

❛♥❞
− p(T ) ∈ ∂+,prφ(x(T )), ✭✶✳✶✻✮

✸



✇❤❡r❡ ∂+,prφ ❞❡♥♦t❡s t❤❡ ♣r♦①✐♠❛❧ s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ♦❢ φ✱ ❛♥❞ ∂−
x H ❞❡♥♦t❡s t❤❡

❋ré❝❤❡t s✉❜❞✐✛❡r❡♥t✐❛❧ ♦❢ H ✇✐t❤ r❡s♣❡❝t t♦ x✳ ✶ ❚❤❡♥ ✇❡ s❤♦✇ t❤❛t p(·) s❛t✐s✜❡s
t❤❡ ♣r♦①✐♠❛❧ ♣❛rt✐❛❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥

− p(t) ∈ ∂+,pr
x V (t, x(t)) ❢♦r ❛❧❧ t ∈ [t0, T ]. ✭✶✳✶✼✮

▼♦r❡♦✈❡r✱ r❡♣❧❛❝✐♥❣ ∂+,prφ(x(T )) ❜② t❤❡ ❋ré❝❤❡t s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ∂+φ(x(T )) ✐♥
✭✶✳✶✻✮✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❢✉❧❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥

(H(x(t), p(t)),−p(t)) ∈ ∂+V (t, x(t)) ❢♦r ❛❧❧ t ∈ (t0, T ). ✭✶✳✶✽✮

❚❤❛♥❦s t♦ ✭✶✳✶✽✮ ✇❡ ❝❛♥ r❡❝♦✈❡r✱ ✉♥❞❡r s✉✐t❛❜❧❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡ s❛♠❡ s❡t ♦❢
♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ♦♣t✐♠❛❧✐t② t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ ❝♦♥t❡①t ♦❢
s♠♦♦t❤ ♣❛r❛♠❡t❡r✐③❡❞ s②st❡♠s✳

❋r♦♠ ❛ t❡❝❤♥✐❝❛❧ ✈✐❡✇♣♦✐♥t✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ♣r♦♦❢ ♦❢ ✭✶✳✶✼✮ ❛♥❞ ✭✶✳✶✽✮ ✐s
❡♥t✐r❡❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ✇❤✐❝❤ ✐s ✉s❡❞ ❢♦r ♣❛r❛♠❡t❡r✐③❡❞ ❝♦♥tr♦❧ s②st❡♠s✳
■♥❞❡❡❞✱ ✐♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❛♣♣❡❛❧✐♥❣ t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧
❡q✉❛t✐♦♥ ♦❢ ✭✶✳✶✮✳ ■♥ t❤❡ ♣r❡s❡♥t ❝♦♥t❡①t✱ s✉❝❤ ❛ str❛t❡❣② ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❢♦❧❧♦✇
❜❡❝❛✉s❡ F ❛❞♠✐ts ♥♦ s♠♦♦t❤ ♣❛r❛♠❡t❡r✐③❛t✐♦♥✱ ✐♥ ❣❡♥❡r❛❧✳ ❆s ✐♥ ❬✽❪✱ t❤❡ r♦❧❡ ♦❢
t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❡q✉❛t✐♦♥ ✐s ❤❡r❡ ♣❧❛②❡❞ ❜② t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✳

❆❢t❡r ♦❜t❛✐♥✐♥❣ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s✱ ✇❡ ❞✐s❝✉ss t✇♦ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ✭✶✳✶✼✮
t♦ t❤❡ ▼❛②❡r ♣r♦❜❧❡♠✳ ❖✉r ✜rst ❛♣♣❧✐❝❛t✐♦♥ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ♦♣t✐♠❛❧✐t② ❝♦♥✲
❞✐t✐♦♥s✳ ❯♥❞❡r ♦✉r ❛ss✉♠♣t✐♦♥s ♦♥ H✱ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✐♥ ✐ts ❛✈❛✐❧❛❜❧❡
❢♦r♠s ❛ss♦❝✐❛t❡s✱ ✇✐t❤ ❛♥② ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② x : [t0, T ] → R

n ♦❢ ♣r♦❜❧❡♠ ✭✶✳✶✸✮✱
❛ ❞✉❛❧ ❛r❝ p : [t0, T ] → R

n s✉❝❤ t❤❛t (x, p) s❛t✐s✜❡s ✭✶✳✶✺✮ ❛♥❞ t❤❡ tr❛♥s✈❡rs❛❧✐t②
❝♦♥❞✐t✐♦♥

− p(T ) ∈ ∂φ(x(T )), ✭✶✳✶✾✮

s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❬✾❪✳ ❍❡r❡✱ ❢♦r F ❧♦❝❛❧❧② str♦♥❣❧② ❝♦♥✈❡①✱ ✇❡ s❤♦✇ ❤♦✇ t♦
❝♦♥str✉❝t ♠✉❧t✐♣❧❡ ❞✉❛❧ ❛r❝s p(·) s❛t✐s❢②✐♥❣ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡

H(x(t), p(t)) = 〈p(t), ẋ(t)〉 ❛✳❡✳ ✐♥ [t0, T ], ✭✶✳✷✵✮

❜② s♦❧✈✐♥❣✱ ❢♦r ❛♥② q ∈ ∂+,prφ(x(T ))✱ t❤❡ t❡r♠✐♥❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠
{

−ṗ(s) ∈ ∂−
x H(x(s), p(s)) ❛✳❡✳ ✐♥ s ∈ [t0, T ] ,

−p(T ) = q.

❖✉r s❡❝♦♥❞ ❛♣♣❧✐❝❛t✐♦♥ ❛✐♠s t♦ ❝❧❛r✐❢② t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❧✐♠✐t✐♥❣
❣r❛❞✐❡♥ts ♦❢ V ❛t s♦♠❡ ♣♦✐♥t (t, x)✱ ∂∗V (t, x)✱ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r✐❡s ❛t
(t, x)✳ ❲❤❡♥ t❤❡ ❝♦♥tr♦❧ s②st❡♠ ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❛s ✐♥ ✭✶✳✶✮✱ s✉❝❤ ❛ ❝♦♥♥❡❝t✐♦♥
✐s ❢❛✐r❧② ✇❡❧❧ ✉♥❞❡rst♦♦❞✿ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ❛♥② ♥♦♥③❡r♦ ❧✐♠✐t✐♥❣ ❣r❛❞✐❡♥t ♦❢ V
❛t (t, x) ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② st❛rt✐♥❣ ❢r♦♠ (t, x)✱ ❛♥❞
t❤❡ ♠❛♣ ❢r♦♠ ∂∗V (t, x)\{0} ✐♥t♦ t❤❡ ❢❛♠✐❧② ♦❢ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r✐❡s ✐s ♦♥❡✲t♦✲♦♥❡
✭s❡❡ ❬✼✱ ❚❤❡♦r❡♠ ✼✳✸✳✶✵❪✮✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✉s❡ ❛ s✉✐t❛❜❧❡ ✈❡rs✐♦♥ ♦❢ ✭✶✳✶✼✮ t♦
♣r♦✈❡ ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❛❜♦✈❡ r❡s✉❧t ✭❚❤❡♦r❡♠ ✺✳✷✮ ✇❤✐❝❤ t❛❦❡s ✐♥♦t ❛❝❝♦✉♥t
t❤❡ ❧❛❝❦ ♦❢ ✉♥✐q✉❡♥❡ss ❢♦r t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✶✳✶✺✮✲✭✶✳✶✻✮✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ 2✱ ✇❡ s❡t ♦✉r ♥♦t❛t✐♦♥✱ ✐♥✲
tr♦❞✉❝❡ t❤❡ ♠❛✐♥ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ♣❛♣❡r✱ ❛♥❞ r❡❝❛❧❧ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts ❢r♦♠

✶❲❡ ✇✐❧❧ s❡❡ t❤❛t s♦❧✉t✐♦♥s (x(·), p(·)✮ ♦❢ ✭✶✳✶✺✮ ❛r❡ ✐♥ t❤❡ s❡t ♦❢ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ t❤❡
♠❛♣ H(x, ·) ✇❤❡♥ p(T ) 6= 0✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✶✳✶✺✮ ❜❡❝♦♠❡s ẋ(t) =
∇pH(x(t), p(t)) ❢♦r ❛❧❧ t ∈ [t0, T ]✳

✹



♥♦♥s♠♦♦t❤ ❛♥❛❧②s✐s ❛♥❞ ❝♦♥tr♦❧ t❤❡♦r②✳ ■♥ ❙❡❝t✐♦♥ 3✱ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s ❛r❡
❞❡r✐✈❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♣r♦①✐♠❛❧ ❛♥❞ ❋ré❝❤❡t s✉♣❡r❞✐✛❡r❡♥t✐❛❧s✳ ❋✐♥❛❧❧②✱ ❛♥
❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✐s ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ 4✱ ❛♥❞ ❛ r❡s✉❧t
❝♦♥♥❡❝t✐♥❣ ❧✐♠✐t✐♥❣ ❣r❛❞✐❡♥ts ♦❢ V ✇✐t❤ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r✐❡s ✐♥ ❙❡❝t✐♦♥ 5✳

✷ Pr❡❧✐♠✐♥❛r✐❡s

✷✳✶ ◆♦t❛t✐♦♥

▲❡t ✉s st❛rt ❜② ❧✐st✐♥❣ ✈❛r✐♦✉s ❜❛s✐❝ ♥♦t❛t✐♦♥s ❛♥❞ q✉✐❝❦❧② r❡✈✐❡✇✐♥❣ s♦♠❡ ❣❡♥✲
❡r❛❧ ❢❛❝ts ❢♦r ❢✉t✉r❡ ✉s❡✳ ❙t❛♥❞❛r❞ r❡❢❡r❡♥❝❡s ❛r❡ ❬✼✱ ✾❪✳

❲❡ ❞❡♥♦t❡ ❜② R
+ t❤❡ s❡t ♦❢ str✐❝t❧② ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✱ ❜② | · | t❤❡ ❊✉✲

❝❧✐❞❡❛♥ ♥♦r♠ ✐♥ R
n✱ ❛♥❞ ❜② 〈·, ·〉 t❤❡ ✐♥♥❡r ♣r♦❞✉❝t✳ B(x, ǫ) ✐s t❤❡ ❝❧♦s❡❞ ❜❛❧❧ ♦❢

r❛❞✐✉s ǫ > 0 ❛♥❞ ❝❡♥t❡r x✳ ∂E ✐s t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ s✉❜s❡t E ♦❢ Rn✳
❋♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f : [t0, t1] → R

n✱ ❧❡t ‖f‖∞ = maxt∈[t0,t1] |f(t)|✳
❲❤❡♥ f ✐s ▲❡❜❡s❣✉❡ ✐♥t❡❣r❛❜❧❡✱ ❧❡t ‖f‖L1([t0,t1]) =

∫ t1

t0
|f(t)| dt✳ W 1,1 ([t0, T ];R

n)

✐s t❤❡ s❡t ♦❢ ❛❧❧ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s x : [t0, T ] → R
n✳

❈♦♥s✐❞❡r ♥♦✇ ❛ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ f : Ω ⊂ R
n → R✱ ✇❤❡r❡ Ω ✐s ❛♥ ♦♣❡♥ s❡t✱

❛♥❞ s✉♣♣♦s❡ t❤❛t f ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✳ ❲❡ ❞❡♥♦t❡ ❜② ∇f(·) ✐ts ❣r❛❞✐❡♥t✱ ✇❤✐❝❤
❡①✐sts ❛✳❡✳ ✐♥ Ω✳ ❆ ✈❡❝t♦r ζ ✐s ✐♥ t❤❡ r❡❛❝❤❛❜❧❡ ❣r❛❞✐❡♥t ∂∗f(x) ♦❢ f ❛t x ∈ Ω ✐❢
t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {xi} ⊂ Ω s✉❝❤ t❤❛t f ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t xi ❢♦r ❛❧❧ i ∈ N

❛♥❞
x = lim

i→∞
xi, ζ = lim

i→∞
∇f(xi).

❋✉rt❤❡r♠♦r❡✱ t❤❡ ✭❈❧❛r❦❡✬s✮ ❣❡♥❡r❛❧✐③❡❞ ❣r❛❞✐❡♥t ♦❢ f ❛t x ∈ Ω✱ ❞❡♥♦t❡❞ ❜②
∂f(x)✱ ✐s t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ✈❡❝t♦rs ζ s✉❝❤ t❤❛t

〈ζ, v〉 ≤ lim sup
y → x,

h → 0+

f(y + hv)− f(y)

h
, ∀v ∈ R

n. ✭✷✳✶✮

■t ✐s ❦♥♦✇♥ t❤❛t co(∂∗f(x)) = ∂f(x)✱ ✇❤❡r❡ co(A) ❞❡♥♦t❡s t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ ❛
s✉❜s❡t A ♦❢ Rn✳
▲❡t f : Ω ⊂ R

n → R ❜❡ ❛♥② r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛ ♦♣❡♥ s❡t Ω ⊂ R
n✳

❋♦r ❛♥② x ∈ Ω✱ t❤❡ s❡ts

∂−f(x) =

{

p ∈ R
n : lim inf

y→x

f(y)− f(x)− 〈p, y − x〉
| y − x | ≥ 0

}

,

∂+f(x) =

{

p ∈ R
n : lim sup

y→x

f(y)− f(x)− 〈p, y − x〉
| y − x | ≤ 0

}

❛r❡ ❝❛❧❧❡❞ t❤❡ ✭❋ré❝❤❡t✮ s✉❜❞✐✛❡r❡♥t✐❛❧ ❛♥❞ s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ♦❢ f ❛t x✱ r❡s♣❡❝✲
t✐✈❡❧②✳ ❆ ✈❡❝t♦r p ∈ R

n ✐s ❛ ♣r♦①✐♠❛❧ s✉♣❡r❣r❛❞✐❡♥t ♦❢ f ❛t x ∈ Ω ✐❢ t❤❡r❡ ❡①✐st
t✇♦ ❝♦♥st❛♥ts c, ρ ≥ 0 s✉❝❤ t❤❛t

f(y)− f(x)− 〈p, y − x〉 ≤ c|y − x|2, ∀y ∈ B(x, ρ).

❚❤❡ s❡t ♦❢ ❛❧❧ ♣r♦①✐♠❛❧ s✉♣❡r❣r❛❞✐❡♥ts ♦❢ f ❛t x ✐s ❝❛❧❧❡❞ t❤❡ ♣r♦①✐♠❛❧ s✉♣❡r❞✐❢✲
❢❡r❡♥t✐❛❧ ♦❢ f ❛t x✱ ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② ∂+

prf(x)✳ ◆♦t❡ t❤❛t ∂+
prf(x) ✐s ❛ s✉❜s❡t ♦❢

✺



t❤❡ ❋ré❝❤❡t s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ♦❢ f ❛t x✳
❋♦r ❛ ♠❛♣♣✐♥❣ f : Rn ×R

m → R✱ ❛ss♦❝✐❛t✐♥❣ t♦ ❡❛❝❤ x ∈ R
n ❛♥❞ y ∈ R

m ❛ r❡❛❧
♥✉♠❜❡r✱ ∇xf ✱ ∇yf ❛r❡ ✐ts ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ✭✇❤❡♥ t❤❡② ❞♦ ❡①✐st✮✳ ❚❤❡ ♣❛rt✐❛❧
❣❡♥❡r❛❧✐③❡❞ ❣r❛❞✐❡♥t ♦r ♣❛rt✐❛❧ ❋ré❝❤❡t✴♣r♦①✐♠❛❧ s✉❜✴s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ✇✐❧❧ ❜❡
❞❡♥♦t❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳
▲❡t Ω ❜❡ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Rn✳ C1(Ω) ❛♥❞ C1,1(Ω) ❛r❡ t❤❡ s♣❛❝❡s ♦❢ ❛❧❧ t❤❡
❢✉♥❝t✐♦♥s ✇✐t❤ ❝♦♥t✐♥✉♦✉s ❛♥❞ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✜rst ♦r❞❡r ❞❡r✐✈❛t✐✈❡s ♦♥ Ω✱
r❡s♣❡❝t✐✈❡❧②✳
▲❡t K ⊂ R

n ❜❡ ❛ ❝♦♥✈❡① s❡t✳ ❋♦r v ∈ K✱ r❡❝❛❧❧ t❤❛t t❤❡ ♥♦r♠❛❧ ❝♦♥❡ t♦ K ❛t v
✭✐♥ t❤❡ s❡♥s❡ ♦❢ ❝♦♥✈❡① ❛♥❛❧②s✐s✮ ✐s t❤❡ s❡t

NK(v) = {p ∈ R
n : 〈p, v − v〉 ≤ 0, ∀v ∈ K}.

❆ ✇❡❧❧✲❦♥♦✇♥ s❡♣❛r❛t✐♦♥ t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t t❤❡ ♥♦r♠❛❧ ❝♦♥❡ ❛t ❛♥② v ∈ ∂K
❝♦♥t❛✐♥s ❛ ❤❛❧❢ ❧✐♥❡✳ ▼♦r❡♦✈❡r✱ ✐❢ K ✐s ♥♦t ❛ s✐♥❣❧❡t♦♥ ❛♥❞ ❤❛s ❛ C1 ❜♦✉♥❞❛r②
✇❤❡♥ n > 1✱ t❤❡♥ ❛❧❧ ♥♦r♠❛❧ ❝♦♥❡s ❛t t❤❡ ❜♦✉♥❞❛r② ♣♦✐♥ts ♦❢ K ❛r❡ ❤❛❧❢ ❧✐♥❡s✳
❋✐♥❛❧❧②✱ r❡❝❛❧❧ t❤❛t ❛ s❡t✲✈❛❧✉❡❞ ♠❛♣ F : X ⇒ Y ✐s str♦♥❣❧② ✐♥❥❡❝t✐✈❡ ✐❢ F (x) ∩
F (y) = ∅ ❢♦r ❛♥② t✇♦ ❞✐st✐♥❝t ♣♦✐♥ts x, y ∈ X✳

✷✳✷ ▲♦❝❛❧❧② s❡♠✐❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s

❍❡r❡✱ ✇❡ r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ s❡♠✐❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ✐♥ R
n ❛♥❞ ❧✐st s♦♠❡ r❡s✉❧ts

✉s❡❢✉❧ ✐♥ t❤✐s ♣❛♣❡r✳ ❋✉rt❤❡r ❞❡t❛✐❧s ♠❛② ❜❡ ❢♦✉♥❞✱ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✼❪✳

❲❡ ✇r✐t❡ [x, y] t♦ ❞❡♥♦t❡ t❤❡ s❡❣♠❡♥t ✇✐t❤ ❡♥❞♣♦✐♥ts x, y ❢♦r ❛♥② x, y ∈ R
n✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ▲❡t A ⊂ R
n ❜❡ ❛♥ ♦♣❡♥ s❡t✳ ❲❡ s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥ u : A → R

✐s ✭❧✐♥❡❛r❧②✮ s❡♠✐❝♦♥❝❛✈❡ ✐❢ ✐t ✐s ❝♦♥t✐♥✉♦✉s ✐♥ A ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c
s✉❝❤ t❤❛t

u(x+ h) + u(x− h)− 2u(x) ≤ c|h|2,
❢♦r ❛❧❧ x, h ∈ R

n s✉❝❤ t❤❛t [x − h, x + h] ⊂ A✳ ❚❤❡ ❝♦♥st❛♥t c ❛❜♦✈❡ ✐s ❝❛❧❧❡❞
❛ s❡♠✐❝♦♥❝❛✈✐t② ❝♦♥st❛♥t ❢♦r u ✐♥ A✳ ❲❡ ❞❡♥♦t❡ ❜② SC(A) t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s
✇❤✐❝❤ ❛r❡ s❡♠✐❝♦♥❝❛✈❡ ✐♥ A✳ ❲❡ s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥ u ✐s s❡♠✐❝♦♥✈❡① ♦♥ A ✐❢
❛♥❞ ♦♥❧② ✐❢ −u ✐s s❡♠✐❝♦♥❝❛✈❡ ♦♥ A✳

❋✐♥❛❧❧② r❡❝❛❧❧ t❤❛t u ✐s ❧♦❝❛❧❧② s❡♠✐❝♦♥❝❛✈❡ ✐♥ A ✐❢ ❢♦r ❡❛❝❤ x ∈ A t❤❡r❡ ❡①✐sts
❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ x ✇❤❡r❡ u ✐s s❡♠✐❝♦♥❝❛✈❡✳
■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ s❡♠✐❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s ❛r❡ s♦♠❡t✐♠❡s ❞❡✜♥❡❞ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧
✇❛②✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ s❡q✉❡❧ ✇❡ ✇✐❧❧ ♠❛✐♥❧② ✉s❡ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥ ❛♥❞
♣r♦♣❡rt✐❡s r❡❝❛❧❧❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ▲❡t A ⊂ R
n ❜❡ ❛♥ ♦♣❡♥ s❡t✱ ❧❡t u : A → R ❜❡ ❛ s❡♠✐❝♦♥❝❛✈❡

❢✉♥❝t✐♦♥ ✇✐t❤ ❛ ❝♦♥st❛♥t ♦❢ s❡♠✐❝♦♥❝❛✈✐t② c✱ ❛♥❞ ❧❡t x ∈ A✳ ❚❤❡♥✱

✶✳ ❛ ✈❡❝t♦r p ∈ R
n ❜❡❧♦♥❣s t♦ ∂u(x) ✐❢ ❛♥❞ ♦♥❧② ✐❢

u(y)− u(x)− 〈p, y − x〉 ≤ c|y − x|2 ✭✷✳✷✮

❢♦r ❛♥② ♣♦✐♥t y ∈ A s✉❝❤ t❤❛t [y, x] ⊂ A✳ ❈♦♥s❡q✉❡♥t❧②✱ ∂+u(x) =
∂+,pru(x)✳

✷✳ ∂u(x) = ∂+u(x) = co(∂∗u(x))✳

✻



✸✳ ■❢ ∂+u(x) ✐s ❛ s✐♥❣❧❡t♦♥✱ t❤❡♥ u ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t x✳

■❢ u ✐s s❡♠✐❝♦♥✈❡①✱ t❤❡♥ ✭✷✳✷✮ ❤♦❧❞s r❡✈❡rs✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ s✐❣♥ ♦❢
t❤❡ q✉❛❞r❛t✐❝ t❡r♠ ❛♥❞ t❤❡ ♦t❤❡r t✇♦ st❛t❡♠❡♥ts ❛r❡ tr✉❡ ✇✐t❤ t❤❡ ❋ré❝❤❡t✴♣r♦①✐♠❛❧
s✉❜❞✐✛❡r❡♥t✐❛❧ ✐♥st❡❛❞ ♦❢ t❤❡ ❋r❡➣❤❡t✴♣r♦①✐♠❛❧ s✉♣❡r❞✐✛❡r❡♥t✐❛❧✳
■♥ ♣r♦✈✐♥❣ ♦✉r ♠❛✐♥ r❡s✉❧ts ✇❡ s❤❛❧❧ r❡q✉✐r❡ t❤❡ s❡♠✐❝♦♥✈❡①✐t② ♦♥ t❤❡ ♠❛♣
x 7→ H(x, p)✳ ▲❡t ✉s r❡❝❛❧❧ ❛ ❝♦♥s❡q✉❡♥❝❡ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ✉s❡ ❧❛t❡r ♦♥✳

▲❡♠♠❛ ✷✳✸ ✭❬✽✱ ❈♦r♦❧❧❛r② ✶❪✮✳ ❙✉♣♣♦s❡ t❤❛t H ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❛♥❞ t❤❡ ♠❛♣
x 7→ H(x, p) ✐s ❧♦❝❛❧❧② s❡♠✐❝♦♥✈❡①✱ ✇❤❡r❡ H ✐s ❛s ✐♥ ✭✶✳✶✹✮✳ ❚❤❡♥✱

∂H(x, p) ⊂ ∂−
x H(x, p)× ∂pH(x, p), ∀x ∈ R

n, p ∈ R
n \ {0}.

✷✳✸ ❉✐✛❡r❡♥t✐❛❧ ■♥❝❧✉s✐♦♥s ❛♥❞ ❙t❛♥❞✐♥❣ ❆ss✉♠♣t✐♦♥s

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❝♦♠♣❛❝t s❡ts Ai ⊂ R
n, i =

1, 2✱ ✐s
distH(A1, A2) = max{dist+H(A1, A2), dist

+
H(A2, A1)},

✇❤❡r❡ dist+H(A1, A2) = inf{ǫ : A1 ⊂ A2 + B(0, ǫ)} ✐s t❤❡ s❡♠✐❞✐st❛♥❝❡✳ ❲❡ s❛②
t❤❛t ❛ ♠✉❧t✐❢✉♥❝t✐♦♥ F : Rn

⇒ R
n ✇✐t❤ ♥♦♥❡♠♣t② ❛♥❞ ❝♦♠♣❛❝t ✈❛❧✉❡s ✐s ❧♦❝❛❧❧②

▲✐♣s❝❤✐t③ ✐❢ ❢♦r ❡❛❝❤ x ∈ R
n t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ K ♦❢ x ❛♥❞ ❛ ❝♦♥st❛♥t

c > 0 ❞❡♣❡♥❞✐♥❣ ♦♥ K s♦ t❤❛t distH(F (z), F (y)) ≤ c | z − y | ❢♦r ❛❧❧ z, y ∈ K✳

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠✉❧t✐❢✉♥❝t✐♦♥ F s❛t✐s✜❡s ❛ ❝♦❧✲
❧❡❝t✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ t❤❡♦r② ♦❢ ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥s✱ t❤❡ s♦✲❝❛❧❧❡❞
❙t❛♥❞✐♥❣ ❍②♣♦t❤❡s❡s✿

✭❙❍✮







(i) F (x) ✐s ♥♦♥❡♠♣t②✱ ❝♦♥✈❡①✱ ❝♦♠♣❛❝t ❢♦r ❡❛❝❤ x ∈ R
n,

(ii) F ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❍❛✉s❞♦r✛ ♠❡tr✐❝,
(iii) ∃r > 0 s♦ t❤❛t max{|v| : v ∈ F (x)} ≤ r(1 + |x|) ∀x ∈ R

n.

❆ss✉♠♣t✐♦♥s ✭❙❍✮✭✐✮✲✭✐✐✮ ❣✉❛r❛♥t❡❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❧♦❝❛❧ s♦❧✉t✐♦♥s ♦❢ ✭✶✳✶✶✮✲
✭✶✳✶✷✮ ❛♥❞ ✭❙❍✮✭✐✐✐✮ ❣✉❛r❛♥t❡❡s t❤❛t s♦❧✉t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ♦♥ [t0, T ]✳

❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✱ ✇❡ ✉s✉❛❧❧② r❡❢❡r t♦ t❤❡ ▼❛②❡r ♣r♦❜❧❡♠ ✭✶✳✶✶✮✲
✭✶✳✶✷✮✲✭✶✳✶✸✮ ❛s P(t0, x0)✳ ❆ss✉♠✐♥❣ ✭❙❍✮ ❛♥❞ φ ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉♦✉s ✐♠✲
♣❧✐❡s t❤❛t P(t0, x0) ❤❛s ❛t ❧❡❛st ♦♥❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ t❤❛t ♠❡❛♥s ❛ s♦❧✉t✐♦♥
x(·) ∈ W 1,1 ([t0, T ];R

n) ♦❢ ✭✶✳✶✶✮ s❛t✐s❢②✐♥❣ ✭✶✳✶✷✮ s✉❝❤ t❤❛t

φ(x(T )) ≤ φ(x(T )),

❢♦r ❛♥② tr❛❥❡❝t♦r② x(·) ∈ W 1,1 ([t0, T ];R
n) ♦❢ ✭✶✳✶✶✮ s❛t✐s❢②✐♥❣ ✭✶✳✶✷✮✳ ❆❝t✉❛❧❧②✱

t❤❡ ❙t❛♥❞✐♥❣ ❍②♣♦t❤❡s❡s ✇❡r❡ ✜rst ✐♥tr♦❞✉❝❡❞ ✇✐t❤ t❤❡ ♦♥❧② ♣r♦♣❡rt② ♦❢ ✉♣♣❡r
s❡♠✐❝♦♥t✐♥✉✐t② ♦❢ F ✐♥st❡❛❞ ♦❢ ✭❙❍✮✭✐✐✮ ❛♥❞ t❤❛t ✇♦✉❧❞ ❜❡ ❡♥♦✉❣❤ t♦ ❞❡❞✉❝❡ t❤❡
❡①✐st❡♥❝❡ ♦❢ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r✐❡s✱ ❜✉t ✐♥ t❤✐s ♣❛♣❡r ✇❡ ✇✐❧❧ ♦❢t❡♥ t❛❦❡ ❛❞✈❛♥t❛❣❡
♦❢ t❤❡ ❧♦❝❛❧ ▲✐♣s❝❤✐t③✐❛♥✐t② ♦❢ F ✳ ❋♦r t❤❡ ❜❛s✐❝s ♦❢ t❤❡ t❤❡♦r② ♦❢ ❞✐✛❡r❡♥t✐❛❧
✐♥❝❧✉s✐♦♥s ✇❡ r❡❢❡r✱ ❡✳❣✳✱ t♦ ❬✶❪✳

❯♥❞❡r ❛ss✉♠♣t✐♦♥ ✭❙❍✮ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛ss♦❝✐❛t❡ ✇✐t❤
❡❛❝❤ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② x(·) ❢♦r P(t0, x0) ❛♥ ❛r❝ p(·) s✉❝❤ t❤❛t t❤❡ ♣❛✐r (x(·), p(·))
s❛t✐s✜❡s ❛ ❍❛♠✐❧t♦♥✐❛♥ ✐♥❝❧✉s✐♦♥✳ ❙❡❡✱ ❡✳❣✳✱ ❬✾✱ ❚❤❡♦r❡♠ ✸✳✷✳✻❪✳

✼



❚❤❡♦r❡♠ ✷✳✹✳ ❆ss✉♠❡ ✭❙❍✮ ❛♥❞ t❤❛t φ : Rn → R ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✳ ■❢ x(·)
✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r P(t0, x0)✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❛r❝ p : [t0, T ] → R

n

✇❤✐❝❤✱ t♦❣❤❡t❡r ✇✐t❤ x(·)✱ s❛t✐s✜❡s

(−ṗ(s), ẋ(s)) ∈ ∂H(x(s), p(s)), ❛✳❡✳ s ∈ [t0, T ] , ✭✷✳✸✮

❛♥❞
− p(T ) ∈ ∂φ(x(T )). ✭✷✳✹✮

●✐✈❡♥ ❛♥ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② x(·)✱ ❛♥② ❛r❝ p(·) s❛t✐s❢②✐♥❣ t❤❡ ❛❞❥♦✐♥t s②st❡♠
✭✷✳✸✮ ❛♥❞ t❤❡ tr❛♥✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✹✮ ✐s ❝❛❧❧❡❞ ❛ ❞✉❛❧ ❛r❝ ❛ss♦❝✐❛t❡❞ ✇✐t❤
x(·)✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ (q, v) ❜❡❧♦♥❣s t♦ ∂H(x, p)✱ t❤❡♥ v ∈ F (x) ❛♥❞ 〈p, v〉 =
H(x, p)✳ ❚❤✉s t❤❡ s②st❡♠ ✭✷✳✸✮ ❡♥❝♦❞❡s t❤❡ ❡q✉❛❧✐t②

H(x(t), p(t)) = 〈p(t), ẋ(t)〉 ❢♦r ❛✳❡✳ t ∈ [t0, T ]. ✭✷✳✺✮

❚❤✐s ❡q✉❛❧✐t② s❤♦✇s t❤❛t t❤❡ s❝❛❧❛r ♣r♦❞✉❝t 〈v, p(t)〉 ✐s ♠❛①✐♠✐③❡❞ ♦✈❡r F (x(t))
❜② v = ẋ(t)✳ ❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t ✐s ❦♥♦✇♥ ❛s t❤❡ ♠❛①✐♠✉♠
♣r✐♥❝✐♣❧❡ ✭✐♥ ❍❛♠✐❧t♦♥✐❛♥ ❢♦r♠✮✳

❘❡♠❛r❦ ✷✳✺✳ ■❢ t❤❡ ❞✉❛❧ ❛r❝ ✐♥tr♦❞✉❝❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✹ ✐s ❡q✉❛❧ t♦ ③❡r♦ ❛t s♦♠❡
t✐♠❡ t ∈ [t0, T ]✱ t❤❡♥ ✐t ✐s ❡q✉❛❧ t♦ ③❡r♦ ❛t ❡✈❡r② t✐♠❡✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r ❛ ❝♦♠♣❛❝t
s❡t K ⊂ R

n ❝♦♥t❛✐♥✐♥❣ x([t0, T ])✳ ■❢ ✇❡ ❞❡♥♦t❡ ❜② cK t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ♦❢
F ♦♥ K✱ ✐t ❢♦❧❧♦✇s t❤❛t cK |p| ✐s t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ❢♦r H(·, p) ♦♥ t❤❡ s❛♠❡
s❡t✳ ■♥❞❡❡❞✱ ❧❡t x, y ∈ K ❛♥❞ vx ❜❡ s✉❝❤ t❤❛t H(x, p) = 〈vx, p〉✳ ❇② ✭❙❍✮✱ t❤❡r❡
❡①✐sts vy ∈ F (y) s✉❝❤ t❤❛t

H(x, p)−H(y, p) ≤ 〈vx − vy, p〉 ≤ cK |p||x− y|. ✭✷✳✻✮

❘❡❝❛❧❧✐♥❣ ✭✷✳✶✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

|ζ| ≤ cK |p|, ∀ζ ∈ ∂xH(x, p), ∀x ∈ K, ∀p ∈ R
n. ✭✷✳✼✮

❍❡♥❝❡✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥ ✈❡r✐✜❡❞ ❜② p(·)✱

|ṗ(s)| ≤ cK |p(s)|, ❢♦r ❛✳❡✳ s ∈ [t0, T ]. ✭✷✳✽✮

❇② ●r♦♥✇❛❧❧✬s ▲❡♠♠❛✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❡✐t❤❡r p(s) 6= 0 ❢♦r ❡✈❡r② s ∈ [t0, T ]✱ ♦r
p(s) = 0 ❢♦r ❡✈❡r② s ∈ [t0, T ]✳

❘❡❝❛❧❧ ♥♦✇ t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ V : [0, T ] × R
n → R ❛ss♦❝✐❛t❡❞ t♦ t❤❡

▼❛②❡r ♣r♦❜❧❡♠ ✐s ❞❡✜♥❡❞ ❜②✿ ❢♦r ❛❧❧ (t0, x0) ∈ [0, T ]× R
n

V (t0, x0) = inf
{

φ(x(T )) : x ∈ W 1,1 ([t0, T ];R
n) s❛t✐s✜❡s (1.11) ❛♥❞ (1.12)

}

.
✭✷✳✾✮

❆s ❢❛r ❛s V ✐s ❝♦♥❝❡r♥❡❞✱ r❡❝❛❧❧ t❤❛t✱ ✉♥❞❡r ❛ss✉♠♣t✐♦♥s ✭❙❍✮✱ V ✐s ❧♦❝❛❧❧②
▲✐♣s❝❤✐t③ ❛♥❞ s♦❧✈❡s ✐♥ t❤❡ ✈✐s❝♦s✐t② s❡♥s❡ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥

{

−∂tu(t, x) +H(x,−ux(t, x)) = 0 ✐♥ (0, T )× R
n,

u(T, x) = φ(x), x ∈ R
n,

✭✷✳✶✵✮

✇❤❡r❡ H ✐s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛ss♦❝✐❛t❡❞ t♦ F ✳ ■♥❞❡❡❞✱ ✐❢ t❤❡ ♠✉❧t✐❢✉♥❝t✐♦♥ F
s❛t✐s✜❡s ❛ss✉♠♣t✐♦♥ ✭❙❍✮✱ t❤❡♥ ✐t ❛❧✇❛②s ❛❞♠✐ts ❛ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ❜② ❧♦❝❛❧❧②
▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ ✭s❡❡✱ ❡✳❣✳✱ ❬✷✱ ❚❤❡♦r❡♠ ✼✳✾✳✷❪✮ ❛♥❞ t❤❡ r❡s✉❧t ✐s ✇❡❧❧✲❦♥♦✇♥ ❢♦r
t❤❡ ▲✐♣s❝❤✐t③✲♣❛r❛♠❡tr✐❝ ❝❛s❡ ✭s❡❡✱ ❡✳❣✳✱ ❬✼❪✮✳

✽



Pr♦♣♦s✐t✐♦♥ ✷✳✻✳ ❆ss✉♠❡ ✭❙❍✮ ❛♥❞ t❤❛t φ : Rn → R ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✳ ❚❤❡♥
t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ▼❛②❡r ♣r♦❜❧❡♠ ✐s t❤❡ ✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤❡
♣r♦❜❧❡♠ ✭✷✳✶✵✮✱ ✇❤❡r❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ H ✐s ❣✐✈❡♥ ❜② ✭✶✳✶✹✮✳

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s ♣❛rt r❡❝❛❧❧✐♥❣ t❤❛t V s❛t✐s✜❡s t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣
♣r✐♥❝✐♣❧❡✳ ❍❡♥❝❡✱ ✐❢ y(·) ✐s ❛♥② tr❛❥❡❝t♦r② ♦❢ t❤❡ s②st❡♠ ✭✶✳✶✶✮✲✭✶✳✶✷✮✱ t❤❡♥ t❤❡
❢✉♥❝t✐♦♥ s → V (s, y(s)) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✱ ❛♥❞ ✐t ✐s ❝♦♥st❛♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ y(·) ✐s
♦♣t✐♠❛❧✳

✷✳✹ ❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ♦♣t✐♠❛❧✐t②

■♥ t❤❡ ❝♦♥tr♦❧ ❧✐t❡r❛t✉r❡✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ❢✉❧❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥ ✐♥✈♦❧✈✲
✐♥❣ t❤❡ ❋ré❝❤❡t s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ♦❢ V ✱ ❝♦✉♣❧❡❞ ✇✐t❤ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱ ✐s ❛
s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ♦♣t✐♠❛❧✐t②✳ ❋♦r r❡❛❞❡r✬s ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ s❤❛❧❧ r❡❝❛❧❧ t❤✐s
r❡s✉❧t ✐♥ ♦✉r ❝♦♥t❡①t✳ ❚❤❡ ♣r♦♦❢ ✉s❡s t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ♦❢ ❚❤❡♦r❡♠ 4.1. ✐♥ ❬✹❪
❛♥❞ ✐t ✐s ♦♠✐tt❡❞ ❤❡r❡✳ ■♥ ❬✹❪✱ t❤❡ ❛✉t❤♦rs ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t ✭s❡❡✱ ❡✳❣✳✱ ❬✷❪✮

∂+V (t, x(t)) = {(p′, p′′) ∈ R× R
n :

∀(θ′, θ′′) ∈ R× R
n, D↓V (t, x(t))(θ′, θ′′) ≤ p′θ′ + 〈p′′, θ′′〉} , ✭✷✳✶✶✮

✇❤❡r❡ t❤❡ ✉♣♣❡r ❉✐♥✐ ❞❡r✐✈❛t✐✈❡ ♦❢ V ❛t (t, x(t)) ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ (θ′, θ′′) ✐s ❣✐✈❡♥
❜②

D↓V (t, x(t))(θ′, θ′′) := lim sup
τ→0+

V (t+ τθ′, x(t) + τθ′′)− V (t, x(t))

τ
. ✭✷✳✶✷✮

❚❤❡♦r❡♠ ✷✳✼✳ ❆ss✉♠❡ ✭❙❍✮ ❛♥❞ ❧❡t x : [t0, T ] → R
n ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠

✭✶✳✶✶✮✲✭✶✳✶✷✮✳ ■❢✱ ❢♦r ❛❧♠♦st ❡✈❡r② t ∈ [t0, T ]✱ t❤❡r❡ ❡①✐sts p(t) ∈ R
n s✉❝❤ t❤❛t

〈p(t), ẋ(t)〉 = H(x(t), p(t)),
(H(x(t), p(t)),−p(t)) ∈ ∂+V (t, x(t)),

✭✷✳✶✸✮

t❤❡♥ x ✐s ♦♣t✐♠❛❧ ❢♦r ♣r♦❜❧❡♠ P(t0, x0)✳

✷✳✺ ▼❛✐♥ ❛ss✉♠♣t✐♦♥s

❲❡ ✐♠♣♦s❡ ❢✉rt❤❡r ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛ss♦❝✐❛t❡❞ t♦ F ✳ ❋♦r ❡❛❝❤
♥♦♥❡♠♣t②✱ ❝♦♥✈❡① ❛♥❞ ❝♦♠♣❛❝t s✉❜s❡t K ⊆ R

n✱

✭❍✶✮















(i) ∃ c ≥ 0 s♦ t❤❛t x 7→ H(x, p) ✐s s❡♠✐❝♦♥✈❡① ♦♥ ❑ ✇✐t❤ ❝♦♥st❛♥t
c | p |,

(ii) t❤❡ ❣r❛❞✐❡♥t ∇pH(x, p) ❡①✐sts ❛♥❞ ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ✐♥ x ♦♥
K, ✉♥✐❢♦r♠❧② ♦✈❡r p ✐♥ ❛♥② ❝♦♠♣❛❝t s✉❜s❡t ♦❢ Rn

r {0}.

❙♦♠❡ ❡①❛♠♣❧❡s ♦❢ ♠✉❧t✐❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ ✭❙❍✮ ❛♥❞ ✭❍✶✮ ❛r❡ ❣✐✈❡♥ ✐♥ ❬✽❪✳

▲❡t ✉s st❛rt ❜② ❛♥❛❧②③✐♥❣ t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥ ✭❍✶✮✭✐✮✳ ❚❤❡ s❡♠✐✲
❝♦♥✈❡①✐t② ♦❢ t❤❡ ♠❛♣ x 7→ H(x, p) ♦♥ ❛ ❝♦♥✈❡① ❝♦♠♣❛❝t s✉❜s❡t K ♦❢ Rn ✇✐t❤
❝♦♥st❛♥t c | p | ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♠✐❞✲♣♦✐♥t ♣r♦♣❡rt② ♦❢ t❤❡ ♠✉❧t✐❢✉♥❝t✐♦♥ F
♦♥ K✱ t❤❛t ✐s

dist+H (2F (x), F (x+ z) + F (x− z)) ≤ c | z |2,

✾



❢♦r ❛❧❧ x, z s♦ t❤❛t x, x ± z ∈ K✳ ❆ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛❜♦✈❡ ❤②♣♦t❤❡s❡s ✐s
t❤❛t t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❣r❛❞✐❡♥t ♦❢ H s♣❧✐ts ✐♥t♦ t✇♦ ❝♦♠♣♦♥❡♥ts✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥
▲❡♠♠❛ ✷✳✸✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❛❞❥♦✐♥t s②st❡♠ ✭✷✳✸✮ t❛❦❡s t❤❡ ❢♦r♠ ✭✷✳✶✹✮
❜❡❧♦✇✳

❚❤❡♦r❡♠ ✷✳✽ ✭❬✽✱ ❈♦r♦❧❧❛r② ✷❪✮✳ ❆ss✉♠❡ t❤❛t ✭❙❍✮ ❛♥❞ ✭❍✶✮✭✐✮ ❤♦❧❞ ❛♥❞ φ :
R

n → R ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✳ ■❢ x(·) ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r P(t0, x0)✱ t❤❡♥
t❤❡r❡ ❡①✐sts ❛♥ ❛r❝ p : [t0, T ] → R

n ✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤ x(·)✱ s❛t✐s✜❡s
{

−ṗ(s) ∈ ∂−
x H(x(s), p(s)),

ẋ(s) ∈ ∂pH(x(s), p(s)),
❛✳❡✳ s ∈ [t0, T ] ✭✷✳✶✹✮

❛♥❞
− p(T ) ∈ ∂φ(x(T )). ✭✷✳✶✺✮

❈♦♥❝❡r♥✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ ✭❍✶✮✭✐✐✮✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ H ✇✐t❤
r❡s♣❡❝t t♦ p ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❛r❣♠❛① s❡t ♦❢ 〈v, p〉 ♦✈❡r v ∈ F (x)
✐s t❤❡ s✐♥❣❧❡t♦♥ {∇pH(x, p)}✱ ❢♦r ❡❛❝❤ p 6= 0✳ ❚❤✉s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❤♦❧❞s✿

H(x, p) = 〈∇pH(x, p), p〉, ∀p 6= 0. ✭✷✳✶✻✮

▼♦r❡♦✈❡r✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱ ❢♦r ❡✈❡r② x✱ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡ts F (x)
❝♦♥t❛✐♥s ♥♦ ❧✐♥❡ s❡❣♠❡♥t✳
❚❤❡ ♠❛✐♥ ✐♠♣❛❝t ♦❢ t❤❡ ❧♦❝❛❧ ▲✐♣s❝❤✐t③✐❛♥✐t② ♦❢ t❤❡ ♠❛♣ x 7→ ∇pH(x, p) ✐s t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❤♦s❡ ♣r♦♦❢ ✐s str❛✐❣❤t❢♦r✇❛r❞✳

▲❡♠♠❛ ✷✳✾ ✭❬✽✱ Pr♦♣♦s✐t✐♦♥ ✸❪✮✳ ❆ss✉♠❡ ✭❙❍✮ ❛♥❞ ✭❍✶✮✳ ▲❡t p : [t, T ] → R
n

❜❡ ❛♥ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❛r❝ ✇✐t❤ p(s) 6= 0 ❢♦r ❛❧❧ s ∈ [t, T ]✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤
x ∈ R

n✱ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠
{

ẏ(s) = ∇pH(y(s), p(s)) ❢♦r ❛❧❧ s ∈ [t, T ] ,
y(t) = x,

✭✷✳✶✼✮

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ y(·; t, x)✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t k s✉❝❤ t❤❛t

|y(s; t, x)− y(s; t, z)| ≤ ek(T−t)|z − x|, ∀z, x ∈ R
n, ∀s ∈ [t, T ]. ✭✷✳✶✽✮

❘❡♠❛r❦ ✷✳✶✵✳ ◆♦t❡ t❤❛t t❤❡ ♠❛♣ p 7→ ∇pH(x, p) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r p 6= 0✳ ❚❤✉s✱
t❤❡ ▲✐♣s❝❤✐t③✐❛♥✐t② ♦❢ t❤❡ ♠❛♣ x 7→ ∇pH(x, p) ✐♠♣❧✐❡s t❤❛t (x, p) 7→ ∇pH(x, p)
✐s ❛ ❝♦♥t✐♥✉♦✉s ♠❛♣✱ ❢♦r p 6= 0✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② t❤❡ s②st❡♠ ♦❢ ❖❉❊s
✭✷✳✶✼✮ ✐s ✈❡r✐✜❡❞ ❡✈❡r②✇❤❡r❡ ♦♥ [t, T ]✱ ♥♦t ❥✉st ❛❧♠♦st ❡✈❡r②✇❤❡r❡✳ ❙✉♣♣♦s❡ ♥♦✇
x(·) ✐s ♦♣t✐♠❛❧ ❢♦r P(t0, x0) ❛♥❞ p(·) ✐s ❛♥② ♥♦♥✈❛♥✐s❤✐♥❣ ❞✉❛❧ ❛r❝ ❛ss♦❝✐❛t❡❞
✇✐t❤ x(·)✖✐❢ t❤❡② ❞♦ ❡①✐st✳ ❚❤❡♥✱ ▲❡♠♠❛ ✷✳✾ ✐♠♣❧✐❡s t❤❛t x(·) ✐s t❤❡ ✉♥✐q✉❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✭✷✳✶✼✮ ✇✐t❤ t = t0✱ x(t0) = x0✱ ❛♥❞ p(·) ❡q✉❛❧ t♦
s✉❝❤ ❛ ❞✉❛❧ ❛r❝✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ t❤✐s ❝❛s❡✱ x(·) ✐s ♦❢ ❝❧❛ss C1 ❛♥❞ t❤❡ ♠❛①✐♠✉♠
♣r✐♥❝✐♣❧❡ ✭✷✳✺✮ ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ t ∈ [t0, T ]✳

✷✳✻ R✲❝♦♥✈❡① s❡ts

▲❡t A ❜❡ ❛ ❝♦♠♣❛❝t ❛♥❞ ❝♦♥✈❡① s✉❜s❡t ♦❢ Rn ❛♥❞ R > 0✳

❉❡✜♥✐t✐♦♥ ✷✳✶✶✳ ❚❤❡ s❡t A ✐s R−❝♦♥✈❡① ✐❢✱ ❢♦r ❡❛❝❤ z, y ∈ ∂A ❛♥❞ ❛♥② ✈❡❝t♦rs
n ∈ NA(z),m ∈ NA(y) ✇✐t❤ | n |=| m |= 1✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s tr✉❡

| z − y |≤ R | n−m | . ✭✷✳✶✾✮

✶✵



❚❤❡ ❝♦♥❝❡♣t ♦❢ R−❝♦♥✈❡① s❡t ✐s ♥♦t ♥❡✇✳ ■t ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❤②♣❡r❝♦♥✈❡①
s❡ts ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s ❘ ❛♥❞ ❝❡♥t❡r ③❡r♦✮ ✐♥tr♦❞✉❝❡❞ ❜② ▼❛②❡r
✐♥ ❬✶✸❪✳ ❆ st✉❞② ♦❢ ❤②♣❡r❝♦♥✈❡①✐t② ❛♣♣❡❛rs ❛❧s♦ ✐♥ ❬✶✻✱ ✶✹❪✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ R✲
❝♦♥✈❡①✐t② ✇❛s ❝♦♥s✐❞❡r❡❞✱ ❛♠♦♥❣ ♦t❤❡rs✱ ❜② ▲❡✈✐t✐♥✱ P♦❧❥❛❦✱ ❋r❛♥❦♦✇s❦❛✱ ❖❧❡❝❤✱
P❧✐➧✱ ▲♦❥❛s✐❡✇✐❝③✱ ❛♥❞ ❱✐❛♥ ✭t❤❡② ❝❛❧❧❡❞ t❤❡s❡ s❡ts R✲r❡❣✉❧❛r✱ R✲❝♦♥✈❡①✱ ❛s ✇❡❧❧
str♦♥❣❧② ❝♦♥✈❡①✮✳ ❲❡ ✜rst r❡❝❛❧❧ s♦♠❡ ✐♥t❡r❡st✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ R−❝♦♥✈❡①
s❡ts✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✷ ✭❬✶✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶❪✮✳ ▲❡t A ❜❡ ❛ ❝♦♠♣❛❝t ❛♥❞ ❝♦♥✈❡① s✉❜s❡t
♦❢ Rn✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t

✶✳ A ✐s R−❝♦♥✈❡①✱

✷✳ A ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛ ❢❛♠✐❧② ♦❢ ❝❧♦s❡❞ ❜❛❧❧s ♦❢ r❛❞✐✉s R✱

✸✳ ❢♦r ❛♥② t✇♦ ♣♦✐♥ts x, y ∈ ∂A s✉❝❤ t❤❛t |x − y| ≤ 2R✱ ❡❛❝❤ ❛r❝ ♦❢ ❛ ❝✐r❝❧❡
♦❢ r❛❞✐✉s R ✇❤✐❝❤ ❥♦✐♥s x ❛♥❞ y ❛♥❞ ✇❤♦s❡ ❧❡♥❣❤t ✐s ♥♦t ❣r❡❛t❡r t❤❛t πR
✐s ❝♦♥t❛✐♥❡❞ ✐♥ A✱

✹✳ ❢♦r ❡❛❝❤ z ∈ ∂A ❛♥❞ ❛♥② n ∈ NA(z), | n |= 1✱ t❤❡ ❜❛❧❧ ♦❢ ❝❡♥t❡r z − Rn
❛♥❞ r❛❞✐✉s R ❝♦♥t❛✐♥s A✱ t❤❛t ✐s | z −Rn− x |≤ R ❢♦r ❡❛❝❤ x ∈ A✱

✺✳ ❢♦r ❡❛❝❤ z ∈ ∂A ❛♥❞ ❛♥② ✈❡❝t♦r n ∈ NA(z) ✇✐t❤ |n| = 1✱ ✇❡ ❤❛✈❡ t❤❡
✐♥❡q✉❛❧✐t②

|z − x| ≤
√
2R〈z − x, n〉 1

2 , ∀x ∈ A. ✭✷✳✷✵✮

R✲❝♦♥✈❡① s❡ts ❛r❡ ♦❜✈✐♦✉s❧② ❝♦♥✈❡①✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛♥ R✲❝♦♥✈❡①
s❡t A s❛t✐s✜❡s ❛ ❣❡♥❡r❛❧✐③❡❞ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ❝✉r✈❛t✉r❡✱ ❡✈❡♥ t❤♦✉❣❤ ∂A ♠❛②
❜❡ ❛ ♥♦♥s♠♦♦t❤ s❡t✳ ■♥❞❡❡❞✱ ❢♦r ❡✈❡r② ♣♦✐♥t x ∈ ∂A t❤❡r❡ ❡①✐sts ❛ ❝❧♦s❡❞ ❜❛❧❧
Bx ♦❢ r❛❞✐✉s R s✉❝❤ t❤❛t x ∈ ∂Bx ❛♥❞ A ⊂ Bx✳ ❚❤✐s ❢❛❝t s✉❣❣❡sts t❤❛t✱ ✐♥ s♦♠❡
s❡♥s❡✱ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ ∂A ✐s ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② 1/R✳

❉❡✜♥✐t✐♦♥ ✷✳✶✸✳ ❆ ♠✉❧t✐❢✉♥❝t✐♦♥ F : Rn
⇒ R

n ✐s ❧♦❝❛❧❧② str♦♥❣❧② ❝♦♥✈❡① ✐❢ ❢♦r
❡❛❝❤ ❝♦♠♣❛❝t s❡t K ⊂ R

n t❤❡r❡ ❡①✐sts R > 0 s✉❝❤ t❤❛t F (x) ✐s R✲❝♦♥✈❡① ❢♦r
❡✈❡r② x ∈ K✳

❲❡ ❝❛♥ r❡❢♦r♠✉❧❛t❡ t❤❡ ❛❜♦✈❡ ♣r♦♣❡rt② ♦❢ F ✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t ❍❛♠✐❧t♦♥✐❛♥
❢♦r♠✳ ❍❡r❡✱ ✇❡ ❞❡♥♦t❡ ❜② Fp(x) t❤❡ ❛r❣♠❛① s❡t ♦❢ 〈v, p〉 ♦✈❡r v ∈ F (x)✳ ❚❤❡
❡①✐st❡♥❝❡ ♦❢∇pH(x, p) ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ s❡t Fp(x) ✐s t❤❡ s✐♥❣❧❡t♦♥
{∇pH(x, p)}✳

✭❍✷✮







❋♦r ❡✈❡r② ❝♦♠♣❛❝t K ⊂ R
n, t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t

c′ = c′(K) > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ K, p ∈ R
n, ✇❡ ❤❛✈❡ :

vp ∈ Fp(x) ⇒ 〈v − vp, p〉 ≤ −c′|p||v − vp|2, ∀v ∈ F (x).

■♥ t❤❡ ♥❡①t ❧❡♠♠❛ ✇❡ s❤♦✇ t❤❛t t❤❡ ❧♦❝❛❧ str♦♥❣ ❝♦♥✈❡①✐t② ♦❢ F ✐s ❡q✉✐✈❛❧❡♥t t♦
❛ss✉♠♣t✐♦♥ ✭❍✷✮ ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ ❍❛♠✐❧t♦♥✐❛♥✱ ❣✐✈✐♥❣ ❛❧s♦ ❛ r❡s✉❧t ❝♦♥♥❡❝t✐♥❣
✭❍✷✮ ✇✐t❤ t❤❡ r❡❣✉❧❛r✐t② ♦❢ H✳

▲❡♠♠❛ ✷✳✶✹✳ ❙✉♣♣♦s❡ F : Rn
⇒ R

n ✐s ❛ ♠✉❧t✐❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ ✭❙❍✮✳ ▲❡t K
❜❡ ❛♥② ❝♦♥✈❡① ❛♥❞ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ Rn✳ ❚❤❡♥

✶✳ ✭❍✷✮ ❤♦❧❞s ✇✐t❤ ❛ ❝♦♥st❛♥t c′ ♦♥ K ✐❢ ❛♥❞ ♦♥❧② ✐❢ F (x) s❛t✐s✜❡s t❤❡ R✲
❝♦♥✈❡①✐t② ♣r♦♣❡rt② ❢♦r ❛❧❧ x ∈ K ✇✐t❤ r❛❞✐✉s R = (2c′)−1✳

✶✶



✷✳ ■❢ ✭❍✷✮ ❤♦❧❞s✱ t❤❡♥ ∇pH(x, p) ❡①✐sts ❢♦r ❛❧❧ x ∈ K ❛♥❞ p ∈ R
n
r {0} ❛♥❞

✐s ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ✐♥ x ♦♥ K ✇✐t❤ ❡①♣♦♥❡♥t 1/2✱ ✉♥✐❢♦r♠❧② ❢♦r p ✐♥ ❛♥②
❝♦♠♣❛❝t s✉❜s❡t ♦❢ Rn

r {0}✳
Pr♦♦❢✳ ❋♦r ❛❧❧ x ∈ K ❛♥❞ v ∈ ∂F (x)✱ ✇❡ ❤❛✈❡ v ∈ Fyv

(x) ❢♦r ❛❧❧ yv ∈ NF (x)(v)✳
❚❤❡r❡❢♦r❡✱ ✭❍✷✮ ❤♦❧❞s ✇✐t❤ ❝♦♥st❛♥t c′ ♦♥ K ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❛♥② yv ∈ NF (x)(v)
✇✐t❤ | yv |= 1 ✇❡ ❤❛✈❡

〈v − v, yv〉 ≥ c′|v − v|2, ∀v ∈ F (x),

♦r ❡q✉✐✈❛❧❡♥t❧②✱

| v − v |≤
√

2
1

2c′
〈v − v, yv〉

1
2 , ∀v ∈ F (x),

❢♦r ❛❧❧ yv ∈ NF (x)(v) ✇✐t❤ | yv |= 1✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ (2c′)−1−❝♦♥✈❡①✐t② ♦❢ F (x) ❢♦r ❡❛❝❤ x ∈ K✳ ❋♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞
st❛t❡♠❡♥t ✇❡ r❡❢❡r t♦ ❬✽✱ Pr♦♣♦s✐t✐♦♥ ✹❪✳

❚❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ♦❢ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛ ✐s ♥♦t ❛♥ ❡q✉✐✈❛❧❡♥❝❡✱ ✐♥ ❣❡♥❡r❛❧✱
❛s ✐s s❤♦✇♥ ❜② t❤❡ ❡①❛♠♣❧❡ ❜❡❧♦✇✳ ▼♦r❡♦✈❡r✱ ❛ss✉♠♣t✐♦♥ ✭❍✶✮ ❞♦❡s ♥♦t ❢♦❧❧♦✇
❢r♦♠ ✭❍✷✮✳

❊①❛♠♣❧❡ ✷✳✶✺✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② M ⊂ R
2 t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ❡♣✐❣r❛♣❤ ♦❢ t❤❡

❢✉♥❝t✐♦♥ f : R → R, f(x) = x4✱ ❛♥❞ t❤❡ ❝❧♦s❡❞ ❜❛❧❧ B(0, R), R > 0✳ ▲❡t ✉s
❝♦♥s✐❞❡r t❤❡ ♠✉❧t✐❢✉♥❝t✐♦♥ F : R2

⇒ R
2 t❤❛t ❛ss♦❝✐❛t❡s s❡t M ✇✐t❤ ❛♥② x ∈ R

2✳
❖❜s❡r✈❡ t❤❛t M ❢❛✐❧s t♦ ❜❡ str♦♥❣❧② ❝♦♥✈❡①✱ s✐♥❝❡ t❤❡ ❝✉r✈❛t✉r❡ ❛t x = 0 ✐s ❡q✉❛❧
t♦ ③❡r♦✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ M ✐s ❛ ❝❧♦s❡❞ ❝♦♥✈❡① s❡t ❛♥❞ ✐ts ❜♦✉♥❞❛r② ❝♦♥t❛✐♥s
♥♦ ❧✐♥❡✱ t❤❡ ❛r❣♠❛① ♦❢ 〈v, p〉 ♦✈❡r v ∈ M ✐s ❛ s✐♥❣❧❡t♦♥ ❢♦r ❡❛❝❤ p 6= 0✳ ❙♦✱ t❤❡
❍❛♠✐❧t♦♥✐❛♥ H(p) = supv∈M 〈v, p〉 ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❢♦r ❡❛❝❤ p 6= 0✳ ◆♦t❡ t❤❛t
t❤❡ ❣r❛❞✐❡♥t ∇pH ✐s ❝♦♥st❛♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ x ✈❛r✐❛❜❧❡✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡
❍❛♠✐❧t♦♥✐❛♥ s❛t✐s✜❡s ✭❍✶✮ ❛♥❞ ♥♦t ✭❍✷✮✳

✸ ❙❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞✐s❝✉ss s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s✳ ❋✐rst ✇❡ ♣r♦✈❡✱ ✉♥❞❡r s✉✐t❛❜❧❡
❛ss✉♠♣t✐♦♥s✱ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♣❛rt✐❛❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s ❛♥❞ t❤❡♥ t❤❡ ❢✉❧❧
s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s✱ ✐♥✈♦❧✈✐♥❣ ❜♦t❤ ❋ré❝❤❡t ❛♥❞ ♣r♦①✐♠❛❧ s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ♦❢
t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳

❚❤❡♦r❡♠ ✸✳✶✳ ❆ss✉♠❡ ✭❙❍✮✱ ✭❍✶✮ ❛♥❞ ❧❡t φ : Rn → R ❜❡ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✳
▲❡t x : [t0, T ] → R

n ❜❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r P(t0, x0) ❛♥❞ p : [t0, T ] → R
n ❜❡

❛♥② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥
{

−ṗ(t) ∈ ∂−
x H(x(t), p(t))

ẋ(t) ∈ ∂pH(x(t), p(t))
❛✳❡✳ ✐♥ [t0, T ] , ✭✸✳✶✮

✇✐t❤ t❤❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥

− p(T ) ∈ ∂+,prφ(x(T )). ✭✸✳✷✮

❚❤❡♥✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts c0, r > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ t ∈ [t0, T ] ❛♥❞ ❛❧❧ h ∈
B(0, r)✱

V (t, x(t) + h)− V (t, x(t)) ≤ 〈−p(t), h〉+ c0 | h |2 . ✭✸✳✸✮

✶✷



❈♦♥s❡q✉❡♥t❧②✱ p(·) s❛t✐s✜❡s t❤❡ ♣r♦①✐♠❛❧ ♣❛rt✐❛❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥

− p(t) ∈ ∂+,pr
x V (t, x(t)) ❢♦r ❛❧❧ t ∈ [t0, T ]. ✭✸✳✹✮

❚♦ ♣r♦✈❡ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✷✳ ❆ss✉♠❡ p(T ) 6= 0 ❛♥❞ ✜① t ∈ [t0, T )✳ ❋♦r ❡❛❝❤ h ∈ B(0, 1)✱ ❧❡t
xh : [t, T ] → R

n ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠

{

ẋ(s) = ∇pH(x(s), p(s)), s ∈ [t, T ] ,
x(t) = x(t) + h.

✭✸✳✺✮

❚❤❡♥✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts c1,K1✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ∈ [t0, T )✱ s✉❝❤ t❤❛t

‖ xh − x ‖∞≤ eK1T | h |, ✭✸✳✻✮

❛♥❞
〈p(t), h〉+ 〈−p(T ), xh(T )− x(T )〉 ≤ c1 | h |2 . ✭✸✳✼✮

Pr♦♦❢✳ ❚❤❛♥❦s t♦ ❘❡♠❛r❦ ✷✳✺✱ ✇❡ ❤❛✈❡ t❤❛t p(t) 6= 0 ❢♦r ❛❧❧ t ∈ [t0, T ]✳ ❍❡♥❝❡✱
x(·) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠

{

ẋ(s) = ∇pH(x(s), p(s)) ❢♦r ❛❧❧ s ∈ [t, T ] ,
x(t) = x(t).

✭✸✳✽✮

❙✐♥❝❡ F ❤❛s s✉❜❧✐♥❡❛r ❣r♦✇t❤ ❛♥❞ ∇pH(·, p) ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✱ ❜② st❛♥❞❛r❞
❛r❣✉♠❡♥ts ❜❛s❡❞ ♦♥ ●r♦♥✇❛❧❧✬s ▲❡♠♠❛ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
K1✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ∈ [t0, T )✱ s✉❝❤ ✭✸✳✻✮ ❤♦❧❞s tr✉❡✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✸✳✼✮✱
♥♦t❡ t❤❛t

〈p(t), h〉+ 〈−p(T ), xh(T )− x(T )〉 =
∫ T

t

d

ds
〈−p(s), xh(s)− x(s)〉ds

=

∫ T

t

〈−ṗ(s), xh(s)− x(s)〉ds +

∫ T

t

〈−p(s), ẋh(s)− ẋ(s)〉 ds := (I) + (II).

❙✐♥❝❡ −ṗ(s) ∈ ∂−
x H(x(s), p(s)) ❛✳❡✳ ✐♥ [t0, T ]✱ ✇❡ ♦❜t❛✐♥

(I) ≤
∫ T

t

(

c | p(s) | · | xh(s)− x(s) |2 +H(xh(s), p(s))−H(x(s), p(s))
)

ds

≤
∫ T

t

(

c | p(s) | · | h |2 e2K1T +H(xh(s), p(s))−H(x(s), p(s))
)

ds,

❢♦r s♦♠❡ ♥♦♥♥❡❣❛t✐✈❡ ❝♦♥st❛♥t c✳ ◆♦✇ r❡❝❛❧❧✐♥❣ ✭✷✳✶✻✮✱ ✭✸✳✺✮ ❛♥❞ ✭✸✳✽✮✱ ✇❡ ❣❡t

(II) =

∫ T

t

〈−p(s),∇pH(xh(s), p(s))−∇pH(x(s), p(s))〉ds

=

∫ T

t

(−H(xh(s), p(s)) +H(x(s), p(s))) ds.

❆❞❞✐♥❣ ✉♣ t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥s✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c1✱
✐♥❞❡♣❡♥❞❡♥t ♦❢ t ∈ [t0, T )✱ s✉❝❤ t❤❛t ✭✸✳✼✮ ❤♦❧❞s tr✉❡✳ ❚❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳

✶✸



Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳ ❋✐rst ♥♦t❡ t❤❛t t❤❡ ❡st✐♠❛t❡ ✭✸✳✸✮ ✐s ✐♠♠❡❞✐❛t❡ ❢♦r t = T ✳
▲❡t ✉s ♦❜s❡r✈❡ t❤❛t ✐♥ ✈✐❡✇ ♦❢ ❘❡♠❛r❦ ✷✳✺ t❤❡ ❛❜♦✈❡ ❞✉❛❧ ❛r❝ p(·) s❛t✐s✜❡s t❤❡
❢♦❧❧♦✇✐♥❣✿

✭✐✮ ❡✐t❤❡r p(t) 6= 0 ❢♦r ❛❧❧ t ∈ [t0, T ]✱

✭✐✐✮ ♦r p(t) = 0 ❢♦r ❛❧❧ t ∈ [t0, T ]✳

❲❡ s❤❛❧❧ ❛♥❛❧②③❡ ❡❛❝❤ ♦❢ t❤❡ ❛❜♦✈❡ ❝❛s❡s s❡♣❛r❛t❡❧②✳ ❙✉♣♣♦s❡✱ ✜rst✱ t❤❛t p(t) 6= 0
❢♦r ❛❧❧ t ∈ [t0, T ] ❛♥❞ ✜① t ∈ [t0, T )✳ ❚❤❡♥ x(·) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
❈❛✉❝❤② ♣r♦❜❧❡♠

{

ẋ(s) = ∇pH(x(s), p(s)) ❢♦r ❛❧❧ s ∈ [t, T ] ,
x(t) = x(t).

✭✸✳✾✮

❋♦r ❡❛❝❤ h ∈ B(0, 1)✱ ❧❡t xh(·) ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✸✳✺✮✳ ❇② t❤❡
♦♣t✐♠❛❧✐t② ♦❢ x(·)✱ t❤❡ ✈❡r② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ t❤❡ ❞②♥❛♠✐❝
♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡✱ ✇❡ ❤❛✈❡ t❤❛t✱ ❢♦r ❛❧❧ h ∈ B(0, 1)✱

V (t, x(t) + h)− V (t, x(t)) + 〈p(t), h〉 ≤ φ(xh(T ))− φ(x(T )) + 〈p(t), h〉. ✭✸✳✶✵✮

▼♦r❡♦✈❡r✱ ♦✇✐♥❣ t♦ ✭✸✳✷✮✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts c, R > 0 s♦ t❤❛t✱ ❢♦r ❛❧❧ z ∈
B(0, R)✱

φ(x(T ) + z)− φ(x(T )) ≤ 〈−p(T ), z〉+ c|z|2. ✭✸✳✶✶✮

❖❜s❡r✈❡ t❤❛t✱ ❜② ✭✸✳✻✮✱

‖ xh − x ‖∞< R, ∀ h ∈ R
n s✉❝❤ t❤❛t | h |< r1 := min{1, Re−K1T }. ✭✸✳✶✷✮

❚❤❡♥✱ ♦♥ ❛❝❝♦✉♥t ♦❢ ✭✸✳✶✵✮✱ ✭✸✳✶✶✮ ❛♥❞ ✭✸✳✶✷✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❢♦r ❡❛❝❤ h ∈
B(0, r1)✱

V (t,x(t) + h)− V (t, x(t)) + 〈p(t), h〉
≤ 〈p(t), h〉+ 〈−p(T ), xh(T )− x(T )〉+ c | xh(T )− x(T ) |2 .

✭✸✳✶✸✮

❚❤❡r❡❢♦r❡✱ ✐♥ ✈✐❡✇ ♦❢ ✭✸✳✶✸✮ ❛♥❞ ▲❡♠♠❛ ✸✳✷✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c2✱ ✐♥❞❡✲
♣❡♥❞❡♥t ♦❢ t✱ s♦ t❤❛t ❢♦r ❛❧❧ h ∈ B(0, r1) ❛♥❞ t ∈ [t0, T )✱

V (t, x(t) + h)− V (t, x(t)) + 〈p(t), h〉 ≤ c2 | h |2 . ✭✸✳✶✹✮

❚❤❡ ♣r♦♦❢ ♦❢ ✭✸✳✸✮ ✐♥ t❤❡ ❝❛s❡ ✭✐✮ ✐s ❝♦♠♣❧❡t❡✳
◆❡①t✱ s✉♣♣♦s❡ ✇❡ ❛r❡ ✐♥ ❝❛s❡ ✭✐✐✮✱ t❤❛t ✐s p(t) = 0 ❢♦r ❛❧❧ t ∈ [t0, T ]✳ ▲❡t t ∈ [t0, T )
❜❡ ✜①❡❞✳ ❚❤❡♥✱ ❜② ❋✐❧✐♣♣♦✈✬s ❚❤❡♦r❡♠ ✭s❡❡✱ ❡✳❣✳✱ ❚❤❡♦r❡♠ ✶✵✳✹✳✶ ✐♥ ❬✷❪✮✱ t❤❡r❡
❡①✐st ❝♦♥st❛♥ts r2,K2✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ∈ [t0, T ]✱ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② h ∈ R

n ✇✐t❤
| h |≤ r2✱ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠

{

ẋ(s) ∈ F (x(s)) ❛✳❡✳ ✐♥ [t, T ],
x(t) = x(t) + h.

✭✸✳✶✺✮

❤❛s ❛ s♦❧✉t✐♦♥✱ xh(·)✱ t❤❛t s❛t✐s✜❡s t❤❡ ✐♥❡q✉❛❧✐t②

‖ xh − x ‖∞≤ eK2T | h | . ✭✸✳✶✻✮

✶✹



❇② t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ x(·)✱ t❤❡ ✈❡r② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ t❤❡
❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ ✐t ❢♦❧❧♦✇s t❤❛t

V (t, x(t) + h)− V (t, x(t))〉 ≤ φ(xh(T ))− φ(x(T )). ✭✸✳✶✼✮

▼♦r❡♦✈❡r✱ ♦✇✐♥❣ t♦ ✭✸✳✷✮ ❛♥ r❡❝❛❧❧✐♥❣ t❤❛t p(·) ✐s ❡q✉❛❧ t♦ ③❡r♦ ❛t ❡❛❝❤ ♣♦✐♥t✱
t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts c, R > 0 s♦ t❤❛t✱ ❢♦r ❛❧❧ z ∈ B(0, R)✱

φ(x(T ) + z)− φ(x(T )) ≤ c|z|2. ✭✸✳✶✽✮

■♥ ✈✐❡✇ ♦❢ ✭✸✳✶✻✮✱ ✭✸✳✶✼✮ ❛♥❞ ✭✸✳✶✽✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥ts c4
s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ t ∈ [t0, T ] ❛♥❞ h ∈ B(0, r3) ✇❤✐t r3 := min{r2, Re−K2T }✱ ✐t
❤♦❧❞s t❤❛t

V (t, x(t) + h)− V (t, x(t)) ≤ c4 | h |2 . ✭✸✳✶✾✮

❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡ ❛❧s♦ ✐♥ ❝❛s❡ ✭✐✐✮✳

❘❡♠❛r❦ ✸✳✸✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ❛❞❛♣t t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢ t♦ s❤♦✇ t❤❛t t❤❡ ❛❜♦✈❡
✐♥❝❧✉s✐♦♥ ❤♦❧❞s tr✉❡ ✇✐t❤ t❤❡ ❋ré❝❤❡t s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ❛s ✇❡❧❧✱ t❤❛t ✐s ✐❢ −p(T ) ∈
∂+φ(x(T ))✱ t❤❡♥

−p(t) ∈ ∂+
x V (t, x(t)) ❢♦r ❛❧❧ t ∈ [t0, T ].

■♥ t❤✐s ❝❛s❡✱ t❤❡ t❡r♠ c0 | h |2 ✐♥ ✭✸✳✸✮ ✐s r❡♣❧❛❝❡❞ ❜② o(| xh(T )− x(T ) |)✳
❚❤❡♦r❡♠ ✸✳✹✳ ❆ss✉♠❡ ✭❙❍✮✱ ✭❍✶✮ ❛♥❞ ❧❡t φ : Rn → R ❜❡ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✳
▲❡t x : [t0, T ] → R

n ❜❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣r♦❜❧❡♠ P(t0, x0) ❛♥❞ p :
[t0, T ] → R

n ❜❡ ❛♥② s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥

{

−ṗ(t) ∈ ∂−
x H(x(t), p(t))

ẋ(t) ∈ ∂pH(x(t), p(t))
❛✳❡✳ ✐♥ [t0, T ] , ✭✸✳✷✵✮

s❛t✐s❢②✐♥❣ t❤❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥

− p(T ) ∈ ∂+φ(x(T )). ✭✸✳✷✶✮

❚❤❡♥✱ p(·) s❛t✐s✜❡s t❤❡ ❢✉❧❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥

(H(x(t), p(t)),−p(t)) ∈ ∂+V (t, x(t)) ❢♦r ❛❧❧ t ∈ (t0, T ). ✭✸✳✷✷✮

Pr♦♦❢✳ ■♥ ✈✐❡✇ ♦❢ ❘❡♠❛r❦ ✷✳✺✱ t❤❡ ❛❜♦✈❡ ❞✉❛❧ ❛r❝ p(·) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿
✭✐✮ ❡✐t❤❡r p(t) 6= 0 ❢♦r ❛❧❧ t ∈ [t0, T ]✱

✭✐✐✮ ♦r p(t) = 0 ❢♦r ❛❧❧ t ∈ [t0, T ]✳

❙✉♣♣♦s❡ t♦ ❜❡ ✐♥ ❝❛s❡ ✭✐✮✱ t❤❛t ✐s p(t) 6= 0 ❢♦r ❛❧❧ t ∈ [t0, T ]✳ ▲❡t t ∈ (t0, T ) ❜❡
✜①❡❞✳ ❍❡♥❝❡✱ x(·) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠

{

ẋ(s) = ∇pH(x(s), p(s)) ❢♦r ❛❧❧ s ∈ [t, T ] ,
x(t) = x(t).

✭✸✳✷✸✮

❈♦♥s✐❞❡r ♥♦✇ ❛♥② (α, θ) ∈ R × R
n ❛♥❞✱ ❢♦r ❡✈❡r② τ > 0✱ ❧❡t xτ ❜❡ t❤❡ s♦❧✉t✐♦♥

♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥
{

ẋ(s) = ∇pH(x(s), p(s)) ❢♦r ❛❧❧ s ∈ [t, T ] ,
x(t) = x(t) + τθ.

✭✸✳✷✹✮

✶✺



❇② ✭✷✳✶✷✮ ❛♥❞ ✭✸✳✷✹✮✱ ✇❡ ❤❛✈❡ t❤❛t

D↓V (t, x(t))(α, αẋ(t) + θ) = lim sup
τ→0+

V (t+ ατ, xτ (t) + ταẋ(t))− V (t, x(t))

τ
.

✭✸✳✷✺✮
▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✸✳✷✸✮ ❛♥❞ ✭✸✳✷✹✮✱

| xτ (t+ ατ)− xτ (t)− ταẋ(t) |≤
∫ t+ατ

t

|∇pH(xτ (s), p(s))−∇pH(x(t), p(t))| ds

≤
∫ t+ατ

t

|∇pH(xτ (s), p(s))−∇pH(x(s), p(s))| ds

+

∫ t+ατ

t

|∇pH(x(s), p(s))−∇pH(x(t), p(t))| ds.

✭✸✳✷✻✮

❇② ✭✸✳✻✮✱ ✭✸✳✷✻✮✱ ✉s✐♥❣ ❛❧s♦ t❤❛t t❤❡ ♠❛♣ x 7→ ∇pH(x, p) ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❛♥❞
t❤❡ ♠❛♣ s 7→ ∇pH(x(s), p(s)) ✐s ❝♦♥t✐♥✉♦✉s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

| xτ (t+ ατ)− xτ (t)− ταẋ(t) |= o(τ). ✭✸✳✷✼✮

❍❡♥❝❡✱ ❢r♦♠ ✭✸✳✷✺✮✱ ✭✸✳✷✼✮✱ ✉s✐♥❣ t❤❛t V ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✱ t❤❡ ❞②♥❛♠✐❝ ♣r♦✲
❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡✱ ❛♥❞ t❤❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✷✶✮ ✇❡ ❞❡❞✉❝❡ t❤❛t

D↓V (t, x(t))(α, αẋ(t) + θ) ≤ lim sup
τ→0+

V (t+ ατ, xτ (t+ ατ))− V (t, x(t))

τ

≤ lim sup
τ→0+

φ(xτ (T ))− φ(x(T ))

τ
≤ lim sup

τ→0+

〈−p(T ), xτ (T )− x(T )〉
τ

.

✭✸✳✷✽✮

■♥ ✈✐❡✇ ♦❢ ✭✸✳✼✮✱ t❤❡ ❛❜♦✈❡ ✉♣♣❡r ❧✐♠✐t ❞♦❡s ♥♦t ❡①❝❡❡❞❡ 〈−p(t), θ〉✳ ❘❡❝❛❧❧✐♥❣
t❤❛t H(x(t), p(t)) = 〈ẋ(t), p(t)〉 ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥

D↓V (t, x(t))(α, αẋ(t) + θ) ≤ αH(x(t), p(t)) + 〈−p(t), αẋ(t) + θ〉. ✭✸✳✷✾✮

❍❡♥❝❡✱ ❢♦r ❛❧❧ α ∈ R ❛♥❞ θ1 ∈ R
n✱

D↓V (t, x(t))(α, θ1) ≤ αH(x(t), p(t)) + 〈−p(t), θ1〉. ✭✸✳✸✵✮

❚❤❡ ♣r♦♦❢ ♦❢ ✭✸✳✷✷✮✱ ✐♥ t❤❡ ❝❛s❡ ✭✐✮✱ ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✶✶✮✱ ✭✷✳✶✷✮✱ ❛♥❞ ✭✸✳✸✵✮✳
◆♦✇ s✉♣♣♦s❡ t♦ ❜❡ ✐♥ ❝❛s❡ ✭✐✐✮✱ t❤❛t ✐s p(s) = 0 ❢♦r ❛❧❧ s ∈ [t0, T ]✳ ❚❤❛♥❦s t♦
✭✷✳✶✶✮✱ ✭✷✳✶✷✮✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t H(x, 0) = 0 t❤❡ ✐♥❝❧✉s✐♦♥ ✭✸✳✷✷✮ ❤♦❧❞s tr✉❡ ✐❢
❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❛❧❧ (α, θ) ∈ R× R

n✱

D↓V (t, x(t))(α, θ) ≤ 0 ❢♦r ❛❧❧ t ∈ (t0, T ). ✭✸✳✸✶✮

▲❡t t ∈ (t0, T ) ❜❡ ✜①❡❞✳ ❚❤❡♥✱ ❜② ❋✐❧✐♣♣♦✈✬s ❚❤❡♦r❡♠ ✭s❡❡✱ ❡✳❣✳✱ ❚❤❡♦r❡♠ ✶✵✳✹✳✶
✐♥ ❬✷❪✮✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts r,K1,K2 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② 0 < τ < K1✱ t❤❡ ✐♥✐t✐❛❧
✈❛❧✉❡ ♣r♦❜❧❡♠

{

ẋ(s) ∈ F (x(s)) ❛✳❡✳ ✐♥ [t+ ατ, T ],
x(t+ ατ) = x(t) + τθ,

✭✸✳✸✷✮

❤❛s ❛ s♦❧✉t✐♦♥✱ xτ (·)✱ t❤❛t s❛t✐s✜❡s t❤❡ ✐♥❡q✉❛❧✐t②

‖ xτ − x ‖∞≤ K2τ. ✭✸✳✸✸✮

✶✻



❍❡♥❝❡✱ ❢r♦♠ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡✱ ✭✸✳✻✮✱ ✭✸✳✷✶✮✱ ❛♥❞ ✭✷✳✶✷✮ ✇❡
❞❡❞✉❝❡ t❤❛t

D↓V (t, x(t))(α, θ) = lim sup
τ→0+

V (t+ ατ, xτ (t+ ατ))− V (t, x(t))

τ

≤ lim sup
τ→0+

φ(xτ (T ))− φ(x(T ))

τ
≤ 0.

✭✸✳✸✹✮

❚❤❡♥✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❤♦❧❞s tr✉❡ ❛❧s♦ ✐♥ ❝❛s❡ ✭✐✐✮✳

❘❡♠❛r❦ ✸✳✺✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ t❤❡ ♠❛♣ ∇pH(·, ·) ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✱ ♦♥❡ ❝❛♥ s❤♦✇
t❤❛t t❤❡ ♣r♦①✐♠❛❧ ❢✉❧❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥

(H(x(t), p(t)),−p(t)) ∈ ∂+,prV (t, x(t)) ❢♦r ❛❧❧ t ∈ [t0, T ] ✭✸✳✸✺✮

❤♦❧❞s tr✉❡ ✇❤❡♥ −p(T ) ∈ ∂+,prφ(x(T ))✳ ◆♦t❡ t❤❛t t❤❡ ❢✉❧❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥
✭✸✳✸✺✮ ✐♠♣❧✐❡s t❤❡ ♣❛rt✐❛❧ ✈❡rs✐♦♥ ✭✸✳✹✮✳ ❍♦✇❡✈❡r✱ ✐♥ ❚❤❡♦r❡♠ ✸✳✶ ✇❡ ❤❛✈❡ ♣r♦✈❡❞
✭✸✳✸✺✮ ✇✐t❤♦✉t ❛ss✉♠✐♥❣ t❤❡ ❧♦❝❛❧ ▲✐♣s❝❤✐t③✐❛♥✐t② ♦❢ ∇pH(·, ·)✳

✹ ◆❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ♦♣t✐♠❛❧✲

✐t②

❚❤❡ ✜rst r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ str❡♥❣t❤❡♥✐♥❣ ♦❢ t❤❡ ♠❛①✐♠✉♠
♣r✐♥❝✐♣❧❡✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞✉❛❧ ❛r❝ t❤❛t
✈❡r✐✜❡s t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥ −p(T ) = q ❢♦r ❛♥② q ✐♥ t❤❡ ♣r♦①✐♠❛❧ s✉♣❡r❞✐✛❡r❡♥t✐❛❧
♦❢ t❤❡ ✜♥❛❧ ❝♦st✳ ■♥ ♣r♦✈✐♥❣ ❛ r❡s✉❧t ♦❢ t❤✐s ❦✐♥❞ ❢♦r s♠♦♦t❤ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜✲
❧❡♠s ✭s❡❡✱ ❡✳❣✳✱ ❬✼✱ ❚❤❡♦r❡♠ ✐♥ ✼✳✸✳✶✳❪✮✱ ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐s ♣❧❛②❡❞ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥
♦❢ ❛ ✈❛r✐❛t✐♦♥ ♦❢ ❝♦♥tr♦❧ ❛♥❞ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♦♣t✐♠❛❧ tr❛❥❡❝✲
t♦r②✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ✈❛r✐❛t✐♦♥✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ♥♦t ✈❛❧✐❞
✐♥ ❣❡♥❡r❛❧ ❢♦r ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥s✳ ❍❡r❡✱ ✐♥ ♦r❞❡r t♦ r❡♣❧❛❝❡ t❤❡ ✈❛r✐❛t✐♦♥❛❧
❡q✉❛t✐♦♥✱ ✇❡ s❤❛❧❧ ✐♥tr♦❞✉❝❡ ❛ ❢✉rt❤❡r ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ♠✉❧t✐❢✉♥❝t✐♦♥ F ❛♥❞
♠❛❦❡ ✉s❡ ♦❢ t❤❡ ♣❛rt✐❛❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥s ♣r♦✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✹✳✶✳ ❆ss✉♠❡ ✭❙❍✮✱ ✭❍✶✮✱ t❤❛t F : R
n

⇒ R
n ✐s ❧♦❝❛❧❧② str♦♥❣❧②

❝♦♥✈❡①✱ ❛♥❞ φ : Rn → R ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✳ ▲❡t x : [t0, T ] → R
n ❜❡ ❛♥ ♦♣t✐♠❛❧

s♦❧✉t✐♦♥ ❢♦r P(t0, x0)✳ ❚❤❡♥✱ ❢♦r ❛♥② q ∈ ∂+,prφ(x(T ))✱ t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥
p : [t0, T ] → R

n ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥

{

−ṗ(s) ∈ ∂−
x H(x(s), p(s)) ❛✳❡✳ ✐♥ s ∈ [t0, T ] ,

−p(T ) = q.
✭✹✳✶✮

❋✉rt❤❡r♠♦r❡✱ ❡✈❡r② s✉❝❤ s♦❧✉t✐♦♥ p(·) s❛t✐s✜❡s t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡

H(x(t), p(t)) = 〈ẋ(t), p(t)〉 ❛✳❡✳ ✐♥ [t0, T ]. ✭✹✳✷✮

■❢ q 6= 0✱ t❤❡♥ ✭✹✳✷✮ ❤♦❧❞s tr✉❡ ❡✈❡r②✇❤❡r❡ ✐♥ [t0, T ]✳

Pr♦♦❢✳ ▲❡t x(·) ❜❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r P(t0, x0)✳ ❉❡✜♥❡ t❤❡ ♠✉❧t✐❢✉♥❝t✐♦♥
G : [t0, T ]× R

n
⇒ R

n ❜② G(s, p) = ∂−
x H(x(s), p)✳ ❖❜s❡r✈❡ t❤❛t✿

• ❢♦r ❡❛❝❤ (t, p) ∈ [t0, T ]×R
n✱ G(t, p) ✐s ♥♦♥❡♠♣t② ❝♦♠♣❛❝t ❛♥❞ ❝♦♥✈❡① s❡t❀

✶✼



• ❜② ❛ ❦♥♦✇♥ ♣r♦♣❡rt② ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❣r❛❞✐❡♥t✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
k > 0 s✉❝❤ t❤❛t✱ ∀(s, p) ∈ [t0, T ] × R

n ❛♥❞ ∀v ∈ G(s, p)✱ ✐t ❤♦❧❞s t❤❛t
|v| ≤ k|p|❀

• G ✐s ✉♣♣❡r s❡♠✐❝♦♥t✐♥✉♦✉s✳

■♥ ♦r❞❡r t♦ ✈❡r✐❢② t❤❡ ❧❛st ♣r♦♣❡rt②✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t G ❤❛s ❛ ❝❧♦s❡❞ ❣r❛♣❤ ✐♥
[t0, T ]×R

n ×R
n✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❜❡❝❛✉s❡ ❛ ♠✉❧t✐❢✉♥❝t✐♦♥ t❛❦✐♥❣ ✈❛❧✉❡s

✐♥ ❛ ❝♦♠♣❛❝t s❡t ❛♥❞ ❤❛✈✐♥❣ ❛ ❝❧♦s❡❞ ❣r❛♣❤ ✐s ✉♣♣❡r s❡♠✐❝♦♥t✐♥✉♦✉s ✭s❡❡ ❡✳❣✳
❈♦r♦❧❧❛r② ✶ ♣✳ ✹✶ ✐♥ ❬✶❪✮✳ ❚❤❡ ❣r❛♣❤ ♦❢ G ✐s

●r❛♣❤(G) = {((t, p), q) , (t, p) ∈ [t0, T ]× R
n : q ∈ ∂xH(x(t), p)}.

▲❡t ((ti, pi), qi) ❜❡ ❛ s❡q✉❡♥❝❡ ✐♥ Graph(G) ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ((t, p), q)✳
❚❤✉s✱ ❜② qi ∈ ∂−

x H(x(ti), pi)✱ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ s❡t A ❝♦♥t❛✐♥✐♥❣ x([t0, T ])
❛♥❞ ❛ ❝♦♥st❛♥t c = c(A) s♦ t❤❛t

H(y, pi)−H(x(ti), pi)− 〈qi, y − x(ti)〉 ≥ −c|pi||y − x(ti)|2 ✭✹✳✸✮

❢♦r ❛♥② ♣♦✐♥t y ∈ A ❛♥❞ i ❧❛r❣❡ ❡♥♦✉❣❤✳ P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ ✭✹✳✸✮✱ ✇❡ s❡❡
t❤❛t q ∈ ∂−

x H(x(t), p)✳ ❚❤✐s ♣r♦✈❡s t❤❛t t❤❡ ❣r❛♣❤ ♦❢ G ✐s ❝❧♦s❡❞✳

❲❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❛❜♦✈❡ t❤r❡❡ ♣r♦♣❡rt✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st ♦♥❡
s♦❧✉t✐♦♥ p(·) ♦❢ ✭✹✳✶✮ ♦♥ [t0, T ]✳
◆♦✇ ❧❡t ✉s ✐♥✈❡st✐❣❛t❡ t❤❡ ❡q✉❛❧✐t② ✭✹✳✷✮✳ ❈♦♥s✐❞❡r✱ ✜rst✱ t❤❡ ❝❛s❡ ✇❤❡r❡ q = 0✳
❚❤❡♥✱ t❤❛♥❦s t♦ ❘❡♠❛r❦ ✷✳✺✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✮ ✈❛♥✐s❤❡s ♦♥
[t0, T ] ❛♥❞ s♦ t❤❡ ❡q✉❛❧✐t② ✭✹✳✷✮ ✐s ♦❜✈✐♦✉s✳ ▲❡t ♥♦✇ p(·) ❜❡ ❛♥② s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✮
❢♦r s♦♠❡ q ∈ ∂+,prφ(x(T )) r {0}✳ ■♥ t❤✐s ❝❛s❡✱ s✐♥❝❡ ❘❡♠❛r❦ ✷✳✺ ❡♥s✉r❡s t❤❛t
p(·) ♥❡✈❡r ✈❛♥✐s❤❡s ♦♥ [t0, T ]✱ r❡❝❛❧❧✐♥❣ ❘❡♠❛r❦ ✷✳✶✵✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ♦✉r ❝❧❛✐♠
✭✹✳✷✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✐❞❡♥t✐t②

ẋ(t) = ∇pH(x(t), p(t)) ❢♦r ❛❧❧ t ∈ [t0, T ]. ✭✹✳✹✮

◆♦✇ ❧❡t τ ❜❡ s✉❝❤ t❤❛t 0 < τ < T − t0 ❛♥❞ ❞❡✜♥❡ ❛♥ ❛❞♠✐ss✐❜❧❡ tr❛❥❡❝t♦r②
x : [t0, T ] → R

n ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

• ♦♥ t❤❡ ✐♥t❡r✈❛❧ [t0, T − τ)✱ x(·) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② x(·)✱
• ♦♥ t❤❡ ✐♥t❡r✈❛❧ [T − τ, T ]✱ x(·) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠✿

{

ẋ(t) = ∇pH(x(t), p(t)) ❢♦r ❛❧❧ t ∈ [T − τ, T ],
x(T − τ) = x(T − τ).

✭✹✳✺✮

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❣✐✈❡ ❛ ✜rst ❡st✐♠❛t❡ ♦❢ ‖x − x‖∞✳ ❇② ✭✹✳✺✮ ❛♥❞ t❤❡ ❧♦❝❛❧
▲✐♣s❝❤✐t③✐❛♥✐t② ♦❢ t❤❡ ♠❛♣ ∇pH(·, p)✱ t❤❡r❡ ❡①✐st 0 < τ1 < T − t0 ❛♥❞ c ≥ 0 s✉❝❤
t❤❛t✱ ❢♦r ❡✈❡r② τ < τ1 ❛♥❞ t ∈ [T − τ, T ]✱

|x(t)− x(t)| ≤
∫ t

T−τ

|ẋ(s)−∇pH(x(s), p(s))| ds

≤
∫ t

T−τ

(

|∇pH(x(s), p(s))−∇pH(x(s), p(s))|+ |ẋ(s)−∇pH(x(s), p(s))|
)

ds

≤ c

∫ t

T−τ

|x(s)− x(s)|ds+
∫ t

T−τ

|ẋ(s)−∇pH(x(s), p(s))|ds.

✭✹✳✻✮

✶✽



❇② t❤❡ ●r♦♥✇❛❧❧ ✐♥❡q✉❛❧✐t②✱ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ ②✐❡❧❞s t❤❛t✱ ❢♦r ❡✈❡r② t ∈ [T −
τ, T ]✱

|x(t)− x(t)| ≤ ecτ
∫ T

T−τ

|ẋ(s)−∇pH(x(s), p(s))|ds. ✭✹✳✼✮

❚❤❡ ♥❡①t ♣♦✐♥t ✐s t♦ ✜♥❞ ❛ ❣♦♦❞ ❡st✐♠❛t❡ ❢♦r t❤❡ ✐♥t❡❣r❛❧ ♦♥ t❤❡ r✐❣❤t s✐❞❡
♦❢ ✭✹✳✼✮✳ ❙✐♥❝❡ −p(T ) ∈ ∂+,prφ(x(T ))✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥t c1, r s✉❝❤ t❤❛t✱ ✐❢
x(T ) ∈ B(x(T ), r)✱ ✐t ❤♦❧❞s t❤❛t

φ(x(T ))− φ(x(T )) + 〈p(T ), x(T )− x(T )〉 ≤ c1|x(T )− x(T )|2. ✭✹✳✽✮

❋r♦♠ ✭✹✳✼✮ ✇❡ ❞❡❞✉❝❡ t❤❛t ✐❢ τ < min{τ2, τ1}✱ ✇❤❡r❡

τ2 :=
1

c
ln

(

r

‖ ẋ ‖L1([t0,T ]) + ‖ ∇pH(x, p) ‖L1([t0,T ])

)

,

t❤❡♥ x(T ) ∈ B(x(T ), r) ❛♥❞ s♦ ✭✹✳✽✮ ✐s tr✉❡✳ ❍❡♥❝❡✱ ❜② t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ x(·)
❛♥❞ ✭✹✳✽✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

〈p(T ), x(T )− x(T )〉 ≤ c1|x(T )− x(T )|2. ✭✹✳✾✮

❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ x(T − τ) = x(T − τ)✱ ✇❡ ❤❛✈❡ t❤❛t

〈p(T ), x(T )− x(T )〉 =
∫ T

T−τ

〈ṗ(s), x(s)− x(s)〉 ds+
∫ T

T−τ

〈p(s), ẋ(s)− ẋ(s)〉 ds

= (I) + (II)

✭✹✳✶✵✮

❲❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ✜rst t❡r♠ ✉s✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ ✭❍✶✮✭✐✮✿

(I) ≥
∫ T

T−τ

(

H(x(s), p(s))−H(x(s), p(s))− c2|x(s)− x(s)|2
)

ds, ✭✹✳✶✶✮

✇❤❡r❡ c2 ✐s ❛ s✉✐t❛❜❧❡ ❝♦♥st❛♥t✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ Pr♦♣♦✲
s✐t✐♦♥ ✷✳✶✷✱ ✺✳ ❛♥❞ t❤❡ ✐❞❡♥t✐t② ✭✷✳✶✻✮✱ t♦ ♦❜t❛✐♥

(II) =

∫ T

T−τ

(

H(x(s), p(s))−H(x(s), p(s)) + 〈p(s),∇pH(x(s), p(s))− ẋ(s)〉
)

≥
∫ T

T−τ

(

H(x(s), p(s))−H(x(s), p(s)) + c3|p(s)||∇pH(x(s), p(s))− ẋ(s)|2
)

ds,

✭✹✳✶✷✮

❢♦r s♦♠❡ ❝♦♥st❛♥t c3✳ ❚❤❡ ❢♦✉r ♣r❡✈✐♦✉s ❡st✐♠❛t❡s t♦❣❡t❤❡r ✐♠♣❧② t❤❛t t❤❡r❡
❡①✐st ❝♦♥st❛♥ts c4, c5 ≥ 0 s✉❝❤ t❤❛t

∫ T

T−τ

|∇pH(x(s), p(s))− ẋ(s)|2 ds ≤ c4

∫ T

T−τ

|x(s)− x(s)|2 ds+ c5|x(T )− x(T )|2

≤ (c4τ + c5) ‖ x− x ‖2∞ .

✭✹✳✶✸✮

✶✾



◆♦✇ ✇❡ ❝❛♥ ❣♦ ❜❛❝❦ t♦ ✭✹✳✼✮ ❛♥❞ ❡st✐♠❛t❡ t❤❡ ✐♥t❡❣r❛❧ ♦♥ t❤❡ r✐❣❤t s✐❞❡ ✉s✐♥❣
✭✹✳✶✸✮ ❛♥❞ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✳ ❲❡ ♦❜t❛✐♥ t❤❛t

‖ x− x ‖∞≤ ecτ τ
1
2 (c4τ + c5)

1
2 ‖ x− x ‖∞ . ✭✹✳✶✹✮

▲❡t τ3 ❜❡ s✉❝❤ t❤❛t e2cτ3τ3(c4τ3 + c5) = 1✳ ❚❤❡♥✱ ❝❤♦♦s✐♥❣ τ < mini=1,2,3{τi}✱
✐t ❢♦❧❧♦✇s t❤❛t ‖ x− x ‖∞= 0 ❛♥❞ s♦✱ ❜② ✭✹✳✶✸✮✱ ✇❡ ✜♥❛❧❧② ❝♦♥❝❧✉❞❡ t❤❛t

ẋ(t) = ∇pH(x(t), p(t)) ❛✳❡✳ ✐♥ t ∈ [T − τ, T ]. ✭✹✳✶✺✮

❙✐♥❝❡ t❤❡ ❛r❝ p(·) ♥❡✈❡r ✈❛♥✐s❤❡s✱ t❤❡ ♣❛✐r (x(·), p(·)) st❛②s ✐♥ t❤❡ s❡t ✇❤❡r❡ H
✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ p✳ ❙♦✱ ✭✹✳✶✺✮ ✐s tr✉❡ ❢♦r ❛❧❧ t ∈ [T − τ, T ]✳ ■♥
♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡ ❡q✉❛❧✐t② ✐♥ ✭✹✳✶✺✮ ❤♦❧❞s ♦♥ t❤❡ ✇❤♦❧❡ ✐♥t❡r✈❛❧ [t0, T ]✱
♦♥❡ ❝❛♥ ✐t❡r❛t❡ t❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥t✱ ♠❛❦✐♥❣ ✉s❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✱ ❛♥❞ r❡❛❝❤
t❤❡ ❝♦♥❝❧✉s✐♦♥ ✐♥ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❡♣s✳ ▲❡t ✉s ♦♥❧② s❦❡t❝❤ t❤❡ s❡❝♦♥❞ st❡♣✳
❘❡❝❛❧❧ t❤❛t t❤❡ tr❛❥❡❝t♦r② x|[T−τ,T ] : [T − τ, T ] → R

n ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ ▼❛②❡r
♣r♦❜❧❡♠ P(T − τ, x(T − τ)) ❛♥❞ ✇❡ ❤❛✈❡ ❥✉st s❤♦✇♥ t❤❛t x(·) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢
t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠

{

ẋ(t) = ∇pH(x(t), p(t)), t ∈ [T − τ, T ],
x(T − τ) = x(T − τ).

✭✹✳✶✻✮

❍❡♥❝❡✱ ❜② ❚❤❡♦r❡♠ ✸✳✶✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts k, r1 > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ h ∈
B(0, r1)✱ ✐t ❤♦❧❞s t❤❛t

V (T − τ, x(T − τ) + h)− V (T − τ, x(T − τ)) + 〈p(T − τ), h〉 ≤ k|h|2. ✭✹✳✶✼✮

❲❡ ❞❡✜♥❡ ❛ tr❛❥❡❝t♦r② x : [t0, T − β] → R
n✱ ✇✐t❤ τ < β < T − t0✱ ✇❤✐❝❤ ♦♥ t❤❡

✐♥t❡r✈❛❧ [t0, T − β) ❝♦✐♥❝✐❞❡s ✇✐t❤ x(·)✱ ❛♥❞ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [T − β, T − τ ] ✐s t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠

{

ẋ(t) = ∇pH(x(t), p(t)), t ∈ [T − β, T − τ ],
x(T − β) = x(T − β).

✭✹✳✶✽✮

❈❤♦♦s✐♥❣ β s✉❝❤ t❤❛t x(T − τ) ∈ B(x(T − τ), r1)✱ ❡st✐♠❛t❡ ✭✹✳✶✼✮ ②✐❡❧❞s

V (T−τ, x(T − τ))− V (T − τ, x(T − τ)) + 〈p(T − τ), x(T − τ)− x(T − τ)〉
≤ k|x(T − τ)− x(T − τ)|2.

✭✹✳✶✾✮

❚❤✉s✱ ✉s✐♥❣ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t

V (T − τ,x(T − τ))− V (T − τ, x(T − τ))

≥ V (T − β, x(T − β))− V (T − β, x(T − β)) = 0.
✭✹✳✷✵✮

❚❤❡♥✱ ❢r♦♠ ✭✹✳✶✾✮ ❛♥❞ ✭✹✳✷✵✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

〈p(T − τ), x(T − τ)− x(T − τ)〉 ≤ k|x(T − τ)− x(T − τ)|2, ✭✹✳✷✶✮

✇❤✐❝❤ r❡♣❧❛❝❡s ✭✹✳✾✮✳ ❚❤❡ ❡st✐♠❛t❡s r✐❣❤t ❛❢t❡r ✭✹✳✾✮ ❝❛♥ ❜❡ ❡❛s✐❧② ❛❞❛♣t❡❞ t♦
✐♠♣❧②✱ ✜♥❛❧❧②✱ t❤❛t t❤❡ ❡q✉❛❧✐t② ✐♥ ✭✹✳✶✺✮ ❤♦❧❞s ♦♥ t❤❡ ✐♥t❡r✈❛❧ [T − β, T ]✱ ❢♦r
s♦♠❡ s✉✐t❛❜❧❡ τ < β ≤ T − t0✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ♦♥ [t0, T ] ❝❛♥ ❜❡ r❡❛❝❤❡❞ ✐♥ ❛
✜♥✐t❡ ♥✉♠❜❡r ♦❢ st❡♣s✱ s✐♥❝❡ t❤❡ ❝♦♥st❛♥t r s✉❝❤ t❤❛t ✭✸✳✸✮ ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧
h ∈ B(0, r) ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t ∈ [t0, T ]✳

✷✵



❘❡♠❛r❦ ✹✳✷✳ ❚❤❡ ❛❜♦✈❡ t❤❡♦r❡♠ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✶ ❣✐✈❡ t♦❣❡t❤❡r t❤❛t ❢♦r ❛♥② q ∈
∂+,prφ(x(T )) ❛♥❞ ❢♦r ❛♥② s♦❧✉t✐♦♥ p ♦❢ ✭✹✳✶✮ ❜♦t❤ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❛♥❞
t❤❡ ❢✉❧❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥ ✭✸✳✷✷✮ ❤♦❧❞ tr✉❡✳ ❚❤✐s ✐s ❛ ❧❡ss r❡str✐❝t✐✈❡ ❝♦♥❝❧✉s✐♦♥
t❤❛t t❤❡ ♦♥❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✽✱ ✇❤✐❝❤ ♦♥❧② ❛✣r♠s t❤❛t ❢♦r s♦♠❡ q ∈ ∂φ(x(T )) ❛♥❞
s♦♠❡ s♦❧✉t✐♦♥ p(·) t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✭✷✳✺✮ ❤♦❧❞s tr✉❡✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✉s✐♥❣
t❤❡ ♣r♦①✐♠❛❧ s✉♣❡r❞✐✛❡r❡♥t✐❛❧ ♦❢ φ ✐♥st❡❛❞ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❣r❛❞✐❡♥t s❡❡♠s t♦
❜❡ ♠♦r❡ ❛♣♣r♦♣r✐❛t❡ ✇❤❡♥❡✈❡r ✭❍✶✮ ✐s s❛t✐s✜❡❞ ❛♥❞ F ✐s ❧♦❝❛❧❧② str♦♥❣❧② ❝♦♥✈❡①✳

◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ❣✐✈❡ ❛ s❡t ♦❢ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r
♦♣t✐♠❛❧✐t②✳

❚❤❡♦r❡♠ ✹✳✸✳ ❆ss✉♠❡ ✭❙❍✮ ❛♥❞ ✭❍✶✮✳ ▲❡t φ : Rn → R ❜❡ ❧♦❝❛❧❧② s❡♠✐❝♦♥❝❛✈❡
❛♥❞ F : R

n
⇒ R

n ❧♦❝❛❧❧② str♦♥❣❧② ❝♦♥✈❡①✳ ❆ s♦❧✉t✐♦♥ x : [t0, T ] → R
n ♦❢

t❤❡ s②st❡♠ ✭✶✳✶✶✮✲✭✶✳✶✷✮ ✐s ♦♣t✐♠❛❧ ❢♦r P(t0, x0) ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❡✈❡r② q ∈
∂+φ(x(T ))✱ ❛♥② s♦❧✉t✐♦♥ p : [t0, T ] → R

n ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐♥❝❧✉s✐♦♥

− ṗ(t) ∈ ∂−
x H(x(t), p(t)) ❛✳❡✳ ✐♥ [t0, T ] ✭✹✳✷✷✮

✇✐t❤ t❤❡ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥

− p(T ) = q, ✭✹✳✷✸✮

s❛t✐s✜❡s t❤❡ ❢✉❧❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥

(H(x(t), p(t)),−p(t)) ∈ ∂+V (t, x(t)) ❢♦r ❛❧❧ t ∈ (t0, T ), ✭✹✳✷✹✮

❛♥❞ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡

H(x(t), p(t)) = 〈p(t), ẋ(t)〉 ❛✳❡✳ ✐♥ [t0, T ]. ✭✹✳✷✺✮

Pr♦♦❢✳ ❚❤❡ s✉✣❝✐❡♥❝② ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✼✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢
❛♥ ❛r❝ p(·) s❛t✐s❢②✐♥❣ ✭✹✳✷✸✮ ❛♥❞ ✭✹✳✷✺✮ ✐s ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ♦♣t✐♠❛❧✐t②
❝♦♥s✐sts ✐♥ ❚❤❡♦r❡♠ ✹✳✶✳ ❲❡ ♥❡❡❞ ❥✉st t♦ r❡❝❛❧❧ t❤❛t ✐❢ φ ✐s ❛ ❧♦❝❛❧❧② s❡♠✐❝♦♥❝❛✈❡
❢✉♥❝t✐♦♥✱ t❤❡♥ ∂+,prφ(x(T )) = ∂+φ(x(T )) ❛♥❞ t❤✐s s❡t ✐s ♥♦♥❡♠♣t②✳ ❋✐♥❛❧❧②✱ t❤❡
❢✉❧❧ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥ ✭✹✳✷✹✮ ❝♦♠❡s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✹✳

✺ ❘❡❧❛t✐♦♥s ❜❡t✇❡❡♥ r❡❛❝❤❛❜❧❡ ❣r❛❞✐❡♥ts ♦❢ t❤❡

✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r✐❡s

■♥ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡✲
t✇❡❡♥ t❤❡ s❡t ♦❢ ♠✐♥✐♠✐③❡rs st❛rt✐♥❣ ❢r♦♠ ❛ ♣♦✐♥t (t, x) ❛♥❞ t❤❡ r❡❛❝❤❛❜❧❡ ❣r❛❞✐✲
❡♥t ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛t (t, x) ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ❢❛❝t✳ ❚❤✐s ❛❧❧♦✇s✱ ❛♠♦♥❣ ♦t❤❡r
t❤✐♥❣s✱ t♦ ✐❞❡♥t✐❢② t❤❡ s❡t ♦❢ s✐♥❣✉❧❛r ♣♦✐♥ts ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛s t❤❡ s❡t ♦❢
st❛rt✐♥❣ ♣♦✐♥ts ❢♦r ♠♦r❡ t❤❛♥ ♦♥❡ ♠✐♥✐♠✐③❡r✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ❧❛st s❡❝t✐♦♥ ✐s t♦
✐♥✈❡st✐❣❛t❡ t❤❡ r❡❧❛t✐♦♥s t❤❛t ♦❝❝✉r ✐♥ ♦✉r ❝♦♥t❡①t✳ ❍❡r❡✱ ❛ ❞✐✣❝✉❧t② ❝♦♥s✐sts ✐♥
t❤❡ s✐♥❣✉❧❛r✐t② ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛t p = 0✱ t❤❛t ❢♦r❝❡s ✉s t♦ st✉❞② s❡♣❛r❛t❡❧②
t❤❡ ❝❛s❡ ✇❤❡r❡ 0 ∈ ∂∗V (t, x)✳ ❲❤❡♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ t❤❡ ❡♥❞♣♦✐♥t ❝♦st
❛r❡ ✐♥ t❤❡ ❝❧❛ss C1,1

loc (R
n × (Rn

r {0})) ❛♥❞ C1(Rn)✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡r❡ ✐s ❛♥
✐♥❥❡❝t✐✈❡ ♠❛♣ ❢r♦♠ ∂∗V (t, x)r {0} t♦ t❤❡ s❡t ♦❢ ❛❧❧ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r✐❡s st❛rt✐♥❣
❢r♦♠ (t, x)✳ ❙❡❡ ❢♦r ✐♥st❛♥❝❡ ❚❤❡♦r❡♠ ✼✳✸✳✶✵ ✐♥ ❬✼❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ❣✐✈❡ t❤❡
♣r♦♦❢ ❢♦r ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✇✐t❤ s♠♦♦t❤ ❞❛t❛✳ ❍♦✇❡✈❡r✱ ✇❡ ❛ss✉♠❡ ❤❡r❡

✷✶



♥❡✐t❤❡r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♠♦♦t❤ ♣❛r❛♠❡t❡r✐③❛t✐♦♥✱ ♥♦r s✉❝❤ ❛ r❡❣✉❧❛r✐t② ♦❢ t❤❡
❍❛♠✐❧t♦♥✐❛♥✳ ■t ✐s ♣r❡❝✐s❡❧② t❤❡ ❧❛❝❦ ♦❢ r❡❣✉❧❛r✐t② ♦❢ H t❤❛t r❡♣r❡s❡♥ts t❤❡ ♠❛✐♥
❞✐✣❝✉❧t②✱ s✐♥❝❡ ✐t ❞♦❡s ♥♦t ❣✉❛r❛♥t❡❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠
✭✺✳✶✮ ❜❡❧♦✇✳ ❲❡ s❤❛❧❧ ♣r♦✈❡ t❤❛t ✐♥ ♦✉r ❝❛s❡✱ ✉♥❞❡r s✉✐t❛❜❧❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡r❡
❡①✐sts ❛♥ ✐♥❥❡❝t✐✈❡ s❡t✲✈❛❧✉❡❞ ♠❛♣ ❢r♦♠ ∂∗V (t, x) r {0} ✐♥t♦ t❤❡ s❡t ♦❢ ♦♣t✐♠❛❧
tr❛❥❡❝t♦r✐❡s st❛rt✐♥❣ ❢r♦♠ (t, x)✳

▲❡♠♠❛ ✺✳✶✳ ▲❡t ✭❙❍✮✱ ✭❍✶✮ ❤♦❧❞ ❛♥❞ φ ∈ C1(Rn)✳ ●✐✈❡♥ ❛ ♣♦✐♥t (t, x) ∈
[0, T ]×R

n ❛♥❞ ❛ ✈❡❝t♦r p = (pt, px) ∈ ∂∗V (t, x)r {0}✱ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡
♣❛✐r (y(·), p(·)) t❤❛t s❛t✐s✜❡s t❤❡ s②st❡♠

{

ẏ(s) = ∇pH(y(s), p(s)) ❢♦r ❛❧❧ s ∈ [t, T ],
−ṗ(s) ∈ ∂−

x H(y(s), p(s)) ❛✳❡✳ ✐♥ [t, T ],
✭✺✳✶✮

❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s
{

y(t) = x,
p(t) = −px,

✭✺✳✷✮

s✉❝❤ t❤❛t y(·) ✐s ♦♣t✐♠❛❧ ❢♦r P(t, x)✳

Pr♦♦❢✳ ❖❜s❡r✈❡✱ ✜rst✱ t❤❛t ✐❢ (pt, px) ∈ ∂∗V (t, x) r {0}✱ t❤❡♥ px 6= 0✳ ■♥❞❡❡❞✱
❡✈❡r② ♣♦✐♥t (pt, px) ∈ ∂∗V (t, x) s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥ −pt + H(x,−px) = 0✳
❋✉rt❤❡r♠♦r❡✱ H(x, 0) = 0✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐❢ (pt, px) 6= 0✱ t❤❡♥ px 6= 0✳
❙✐♥❝❡ (pt, px) ∈ ∂∗V (t, x)✱ ✇❡ ❝❛♥ ✜♥❞ ❛ s❡q✉❡♥❝❡ {(tk, xk)} s✉❝❤ t❤❛t V ✐s
❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (tk, xk) ❛♥❞

lim
k→∞

(tk, xk) = (t, x), lim
k→∞

∇xV (tk, xk) = −px.

▲❡t yk(·) ❜❡ ❛♥ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② ❢♦r P(tk, xk)✳ ▲❡t ✉s ♣r♦✈❡✱ ✜rst✱ t❤❛t
∇φ(yk(T )) 6= 0 ❢♦r k ❧❛r❣❡ ❡♥♦✉❣❤✳ ❙✐♥❝❡ px 6= 0✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡r❡ ❡①✐sts
k > 0 s✉❝❤ t❤❛t ∇xV (tk, xk) 6= 0 ❢♦r k > k✳ ◆♦✇ ✜① k > k✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts
θ ∈ R

n s✉❝❤ t❤❛t 〈∇xV (tk, xk), θ〉 > 0✳ ❚❛❦❡ ❛ s❡q✉❡♥❝❡ si → 0+ ❛♥❞ ❝♦♥s✐❞❡r
t❤❡ ♣r♦❜❧❡♠

{

żi(s) ∈ F (zi(s)) ❛✳❡✳ ✐♥ [tk, T ] ,
zi(tk) = yk(tk) + siθ.

✭✺✳✸✮

❇② ❋✐❧✐♣♣♦✈✬s ❚❤❡♦r❡♠ ✭s❡❡✱ ❡✳❣✳✱ ❬✷✱ ❚❤❡♦r❡♠ ✶✵✳✹✳✶❪✮✱ t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥
zi(·) ♦❢ ✭✺✳✸✮ s✉❝❤ t❤❛t ‖ zi − yk ‖∞≤ csi✱ ❢♦r s♦♠❡ c > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ i✳
❍❡♥❝❡✱ ✇❤❡♥ i → ∞✱

V (tk, yk(tk) + siθ)− V (tk, yk(tk))

si
→ 〈∇xV (tk, xk), θ〉 > 0. ✭✺✳✹✮

▼♦r❡♦✈❡r✱ ❜② t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡✱ ✭✺✳✸✮✱ ❛♥❞ ✭✺✳✹✮ ✇❡ ♦❜t❛✐♥
t❤❛t

lim sup
i→∞

φ(zi(T ))− φ(yk(T ))

si
≥ lim

i→∞

V (tk, zi(tk))− V (tk, yk(tk))

si

= lim
i→∞

V (tk, yk(tk) + siθ)− V (tk, yk(tk))

si
= 〈∇xV (tk, xk), θ〉 > 0.

✭✺✳✺✮

◆♦✇ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ s✉❜s❡q✉❡♥❝❡ {zij} ❛♥❞ ❛ γ ∈ R
n s✉❝❤ t❤❛t

zij (T )− yk(T )

sij
→ γ.

✷✷



❚❤❡♥✱ ❜② ✭✺✳✺✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

〈∇φ(yk(T )), γ〉 > 0.

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ∇φ(yk(T )) 6= 0✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ❛❧❧♦✇s t♦ s❛② t❤❛t t❤❡r❡
❡①✐sts ❛ ♥♦♥✈❛♥✐s❤✐♥❣ ❛r❝ pk(·) s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ k ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ♣❛✐r
(yk(·), pk(·)) s♦❧✈❡s t❤❡ s②st❡♠ ✭✺✳✶✮ ❛♥❞ −pk(T ) = ∇φ(yk(T ))✳ ❲❡ ♥♦t❡ t❤❛t
−pk(T ) ✐s ❛♥ ❡❧❡♠❡♥t ✐♥ t❤❡ s❡t ∂+φ(yk(T )) ❛♥❞ s♦ t❤❡ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥
❞❡s❝r✐❜❡❞ ✐♥ ❘❡♠❛r❦ ✸✳✸ ❤♦❧❞s✳ ❚❤✐s ♠❡❛♥s t❤❛t

− pk(s) ∈ ∂+
x V (s, yk(s)) ∀s ∈ [tk, T ]. ✭✺✳✻✮

▼♦r❡♦✈❡r✱ r❡❝❛❧❧✐♥❣ t❤❛t V ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (tk, xk)✱ ✐t ❤♦❧❞s t❤❛t −pk(tk) =
∇xV (tk, xk) ❛♥❞ s♦ t❤❡ ♣❛✐r (yk(·), pk(·)) s❛t✐s✜❡s t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s yk(tk) =
xk,−pk(tk) = ∇xV (tk, xk)✳
❚❤❡ ❧❛st ❛r❣✉♠❡♥t ❝♦♥s✐sts ✐♥ ♣r♦✈✐♥❣ t❤❛t t❤❡ s❡q✉❡♥❝❡ (yk(·), pk(·))✱ ❛❢t❡r
♣♦ss✐❜❧② ♣❛ss✐♥❣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ❝♦♥✈❡r❣❡s t♦ ❛ ♣❛✐r (y(·), p(·)) t❤❛t ✈❡r✐✲
✜❡s ♦✉r ❝❧❛✐♠s✳ ■t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡s ♦❢ ❢✉♥❝t✐♦♥s {pk}k ❛♥❞
{yk}k ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛♥❞ ✉♥✐❢♦r♠❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✐♥ [t, T ]✱ ✉s✲
✐♥❣ ●r♦♥✇❛❧❧✬s ✐♥❡q✉❛❧✐t② t♦❣❡t❤❡r ✇✐t❤ ❡st✐♠❛t❡s ✭✷✳✽✮ ❛♥❞ ✭❙❍✮✭✐✐✐✮✱ r❡s♣❡❝✲
t✐✈❡❧②✳ ❍❡♥❝❡✱ ❛❢t❡r ♣♦ss✐❜❧② ♣❛ss✐♥❣ t♦ s✉❜s❡q✉❡♥❝❡s✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡
s❡q✉❡♥❝❡ (yk(·), pk(·)) ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② ✐♥ [t, T ] t♦ s♦♠❡ ♣❛✐r ♦❢ ▲✐♣s❝❤✐t③
❢✉♥❝t✐♦♥s (y(·), p(·))✳ ▼♦r❡♦✈❡r✱ ṗk(·) ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ ṗ(·) ✐♥ L1([t, T ];Rn)✳
❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❛♥ s❛② t❤❛t

((yk(s), pk(s)),−ṗk(s)) ∈ Graph(M) ❛✳❡✳ ✐♥ [tk, T ],

✇❤❡r❡ M ✐s ❣✐✈❡♥ ❜② M(x, p) = ∂−
x H(x, p)✳ ❚❤❡ ♠✉❧t✐❢✉♥❝t✐♦♥ M ✐s ✉♣♣❡r

s❡♠✐❝♦♥t✐♥✉♦✉s ♦♥ ✐ts ❞♦♠❛✐♥❀ t❤✐s ❝❛♥ ❜❡ ❡❛s✐❧② ❞❡r✐✈❡❞ ❛s ❞♦♥❡ ❢♦r G ✐♥ t❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳ ❍❡♥❝❡✱ ❢r♦♠ ❚❤❡♦r❡♠ ✼✳✷✳✷✳ ✐♥ ❬✷❪ ✐t ❢♦❧❧♦✇s t❤❛t −ṗ(s) ∈
∂−
x H(y(s), p(s)) ❢♦r ❛✳❡✳ s ∈ [t, T ]✳ ❇② t❤❡ ❝♦♥t✐♥✉♦✉s ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ φ✱

✇❡ ❣❡t t❤❛t −p(T ) = ∇φ(y(T )) 6= 0 ❛♥❞ s♦✱ r❡❝❛❧❧✐♥❣ ❘❡♠❛r❦ ✷✳✺✱ t❤❡ ❛r❝
p(·) ♥❡✈❡r ✈❛♥✐s❤❡s✳ ❍❡♥❝❡✱ r❡❝❛❧❧✐♥❣ ❛❧s♦ t❤❛t t❤❡ ♠❛♣ (x, p) 7→ ∇pH(x, p) ✐s
❝♦♥t✐♥✉♦✉s ❢♦r p 6= 0✱ ✇❡ ❡❛s✐❧② ❣❡t t❤❛t ẏ(s) = ∇pH(y(s), p(s)) ❢♦r ❛❧❧ s ∈ [t, T ]✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ (y(·), p(·)) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t s②st❡♠ ✭✺✳✶✮ ✇✐t❤ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥s y(t) = x, p(t) = −px 6= 0✳ ❚❤✐s ✐♠♣❧✐❡s ♦❢ ❝♦✉rs❡ t❤❛t ẏ(s) ∈ F (y(s))
❢♦r ❛❧❧ s ∈ [t, T ]✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ V ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ yk(·) ❛r❡ ♦♣t✐♠❛❧✱ ✇❡ ❤❛✈❡

φ(y(T )) = lim
k→∞

φ(yk(T )) = lim
k→∞

V (t, yk(t)) = V (t, y(t)),

✇❤✐❝❤ ♠❡❛♥s t❤❛t y(·) ✐s ♦♣t✐♠❛❧ ❢♦r P(t, x)✳

❋♦r ❛♥② p = (pt, px) ∈ ∂∗V (t, x) r {0}✱ ✇❡ ❞❡♥♦t❡ ❜② R(p) t❤❡ s❡t ♦❢ ❛❧❧
tr❛❥❡❝t♦r✐❡s y(·) t❤❛t ❛r❡ s♦❧✉t✐♦♥ ♦❢ ✭✺✳✶✮✲✭✺✳✷✮✱ ❛♥❞ ♦♣t✐♠❛❧ ❢♦r P(t, x)✳ ❚❤❡
❛❜♦✈❡ t❤❡♦r❡♠ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ s❡t✲✈❛❧✉❡❞ ♠❛♣ R t❤❛t ❛ss♦❝✐❛t❡s ✇✐t❤ ❛♥②
p ∈ ∂∗V (t, x) r {0} t❤❡ s❡t R(p) ❤❛s ♥♦♥❡♠♣t② ✈❛❧✉❡s✳ ◆♦✇ ❧❡t ✉s ♣r♦✈❡ t❤❛t
R ✐s str♦♥❣❧② ✐♥❥❡❝t✐✈❡✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ✏❞✐✛❡r❡♥❝❡ s❡t✑✿

∂−
x H(x, p)− ∂−

x H(x, p) := {a− b : a, b ∈ ∂−
x H(x, p)}.

❚❤❡♦r❡♠ ✺✳✷✳ ❯♥❞❡r ❛❧❧ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ▲❡♠♠❛ ✺✳✶✱ ✐❢ ✇❡ ❛ss✉♠❡ ✐♥ ❛❞❞✐t✐♦♥
t❤❛t

✷✸



✭❍✸✮ ❢♦r ❡❛❝❤ x ∈ R
n✱ F (x) ✐s ♥♦t ❛ s✐♥❣❧❡t♦♥ ❛♥❞✱ ✐❢ n > 1✱ ✐t ❤❛s ❛ C1

❜♦✉♥❞❛r②✱

✭❍✹✮ R
+p ∩ (∂−

x H(x, p)− ∂−
x H(x, p)) = ∅ ∀p 6= 0,

t❤❡♥ ❢♦r ❛♥② p1, p2 ∈ ∂∗V (t, x)r{0} ✇✐t❤ p1 6= p2✱ ✇❡ ❤❛✈❡ t❤❛t R(p1)∩R(p2) =
∅✳ ❊q✉✐✈❛❧❡♥t❧②✱ t❤❡ s❡t✲✈❛❧✉❡❞ ♠❛♣ R ✐s str♦♥❣❧② ✐♥❥❡❝t✐✈❡✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t♦ ❤❛✈❡ t✇♦ ❡❧❡♠❡♥ts pi = (pi,t, pi,x) ∈ ∂∗V (t, x)r{0}, i = 1, 2✱
✇✐t❤ p1 6= p2✳ ◆♦t❡ t❤❛t t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t p1,x 6=
p2,x ✐❢ ❛♥❞ ♦♥❧② p1 6= p2✳ ❋✉rt❤❡r♠♦r❡✱ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐st t✇♦ ♣❛✐rs
(y(·), pi(·)), i = 1, 2 t❤❛t ❛r❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮ ✇✐t❤ pi(t) = pi,x ❛♥❞
y(·) ✐s ♦♣t✐♠❛❧ ❢♦r P(t, x)✳ ❚❤❡♥✱ ✇❡ ❣❡t

ẏ(s) = ∇pH(y(s), p1(s)) = ∇pH(y(s), p2(s)) ❢♦r ❛❧❧ s ∈ [t, T ].

❚❤✐s ✐♠♣❧✐❡s t❤❛t

pi(s) ∈ NF (y(s)) (ẏ(s)) , i = 1, 2 ❢♦r ❛❧❧ s ∈ [t, T ].

❇② ✭❍✸✮✱ t❤❡ ♥♦r♠❛❧ ❝♦♥❡ NF (y(s)) (ẏ(s)) ✐s ❛ ❤❛❧❢✲❧✐♥❡✳ ❘❡❝❛❧❧✐♥❣ ❛❧s♦ t❤❛t
pi, i = 1, 2 ♥❡✈❡r ✈❛♥✐s❤✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts λ(s) > 0 s✉❝❤ t❤❛t p2(s) =
λ(s)p1(s)✱ ❢♦r ❡✈❡r② s ∈ [t, T ]✳ ❚❤❡ ❢✉♥❝t✐♦♥ λ(·) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛✳❡✳ ♦♥ [t, T ]
❜❡❝❛✉s❡

λ(s) =
| p2(s) |
| p1(s) |

.

❇② ✭✺✳✶✮ ❛♥❞ s✐♥❝❡ β∂−
x H(x, p) = ∂−

x H(x, βp) ❢♦r ❡❛❝❤ β > 0✱ ✐t ❢♦❧❧♦✇s t❤❛t

−ṗ2(s) = −λ(s)ṗ1(s)− λ̇(s)p1(s) ∈ λ(s)∂−
x H(y(s), p1(s)) ❢♦r ❛✳❡✳ s ∈ [t, T ].

❉✐✈✐❞✐♥❣ ❜② λ(s)✱

− λ̇(s)

λ(s)
p1(s) ∈ ∂−

x H(y(s), p1(s))− ∂−
x H(y(s), p1(s)) ❢♦r ❛✳❡✳ s ∈ [t, T ]. ✭✺✳✼✮

❙✐♥❝❡ t❤❡ ✏❞✐✛❡r❡♥❝❡ s❡t✑ ✐♥ ✭❍✹✮ ✐s s②♠♠❡tr✐❝✱ ✭❍✹✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥❞✐t✐♦♥

(Rr {0}) p ∩
(

∂−
x H(x, p)− ∂−

x H(x, p)
)

= ∅ ∀p 6= 0. ✭✺✳✽✮

❋r♦♠ ✭✺✳✼✮ ❛♥❞ ✭✺✳✽✮ ✇❡ ♦❜t❛✐♥ t❤❛t λ̇(s) = 0 ❛✳❡✳ ✐♥ [t, T ]✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t λ
✐s ❝♦♥st❛♥t ❛♥❞ s✐♥❝❡ ∇φ(y(T )) = −pi(T ), i = 1, 2✱ t❤✐s ❝♦♥st❛♥t ♠✉st ❜❡ λ = 1✳
❇✉t t❤✐s ②❡❧❞s p1,x = p2,x✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ✐♥❡q✉❛❧✐t② p1 6= p2✳ ❍❡♥❝❡✱ ✇❡
❝❛♥ ❛ss❡rt t❤❛t t❤❡ ❢✉♥❝t✐♦♥s yi(·)✱ i = 1, 2, ❛r❡ ❞✐✛❡r❡♥t✳

❘❡♠❛r❦ ✺✳✸✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ φ ∈ C1(Rn) ✐s ❡ss❡♥t✐❛❧❀ s❡❡✱ ❡✳❣✳✱
❊①❛♠♣❧❡ ✼✳✷✳✶✵ ✐♥ ❬✼❪ ✇❤❡r❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s s✐♥❣✉❧❛r ❛t ♣♦✐♥ts ❢r♦♠ ✇❤✐❝❤
❛♥ ✉♥✐q✉❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ st❛rts✳ ❈♦♥❝❡r♥✐♥❣ ✭❍✹✮✱ ♥♦t❡ t❤❛t ✐t ✐s ✈❡r✐✜❡❞✱ ❢♦r
✐♥st❛♥❝❡✱ ✇❤❡♥ x 7→ H(x, p) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡✱ ✇✐t❤♦✉t ❛♥② ▲✐♣s❝❤✐t③ r❡❣✉❧❛r✐t②
♦❢ t❤❡ ♠❛♣ x 7→ ∇pH(x, p)✳

◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ p = 0 ∈ ∂∗V (t, x)✳

❚❤❡♦r❡♠ ✺✳✹✳ ❆ss✉♠❡ ✭❙❍✮✱ ✭❍✶✮ ❛♥❞ t❤❛t φ ∈ C1(Rn)✱ ❛♥❞ ❧❡t (t, x) ∈
[t0, T [×R

n ❜❡ s✉❝❤ t❤❛t 0 ∈ ∂∗V (t, x)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r②
y : [t, T ] → R

n ❢♦r P(t, x) s✉❝❤ t❤❛t ∇φ(y(T )) = 0✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✉♥✐q✉❡
❝♦rr❡s♣♦♥❞✐♥❣ ❞✉❛❧ ❛r❝ ✐s ❡q✉❛❧ t♦ ③❡r♦✳

✷✹



Pr♦♦❢✳ ❙✐♥❝❡ 0 ∈ ∂∗V (t, x)✱ ✇❡ ❝❛♥ ✜♥❞ ❛ s❡q✉❡♥❝❡ {(tk, xk)} s✉❝❤ t❤❛t V ✐s
❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (tk, xk) ❛♥❞

lim
k→∞

(tk, xk) = (t, x), lim
k→∞

∇V (tk, xk) = 0.

▲❡t yk(·) ❜❡ ❛♥ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② ❢♦r P(tk, xk) ❛♥❞ pk(·) ❜❡ ❛ ❞✉❛❧ ❛r❝✳ ❇②
❚❤❡♦r❡♠ 7.2.2 ✐♥ ❬✷❪✱ ✇❡ ❝❛♥ ❛ss✉♠❡✱ ❛❢t❡r ♣♦ss✐❜❧② ♣❛ss✐♥❣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱
t❤❛t yk(·) ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② t♦ y(·) ✇❤✐❝❤ ✐s ❛ tr❛❥❡❝t♦r② ♦❢ ♦✉r s②st❡♠✳ ❙✐♥❝❡

φ(y(T )) = lim
k→∞

φ(yk(T )) = lim
k→∞

V (tk, xk) = V (t, x),

✐t ❢♦❧❧♦✇s t❤❛t y ✐s ♦♣t✐♠❛❧ ❢♦r P(t, x)✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s❡♥s✐t✐✈✐t② r❡❧❛t✐♦♥ ✐♥
❘❡♠❛r❦ ✸✳✸ ❤♦❧❞s tr✉❡ ❛♥❞ s♦✱ r❡❝❛❧❧✐♥❣ t❤❛t V ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (tk, xk)✱ ✇❡
❤❛✈❡

− pk(tk) = ∇xV (tk, xk) → 0. ✭✺✳✾✮

❇② ✭✺✳✾✮✱ ✭✷✳✽✮ ❛♥❞ t❤❡ ●r♦♥✇❛❧❧✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t t❤❛t pk(T ) → 0 ✇❤❡♥
k → ∞✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

∇φ(y(T )) = lim
k→∞

∇φ(yk(T )) = lim
k→∞

−pk(T ) = 0.

❘❡♠❛r❦ ✺✳✺✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s t❤❡♦r❡♠ ✐s ✇❡❛❦❡r t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ♦♥❡❀
✐t ❣✐✈❡s ♦♥❧② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② ✇✐t❤♦✉t s❛②✐♥❣ t❤❛t y(·) ✐s
t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ s②st❡♠ ❧✐❦❡ ✭✺✳✶✮✱ ❜❡❝❛✉s❡ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❞✉❛❧ ❛r❝ ❛ss♦❝✐❛t❡❞
t♦ y(·) ♠✉st ❜❡ ♥✉❧❧ ❡✈❡r②✇❤❡r❡✳

❈♦r♦❧❧❛r② ✺✳✻✳ ❆ss✉♠❡ ✭❙❍✮✱ ✭❍✶✮✱ φ ∈ C1(Rn) ❛♥❞ s✉♣♣♦s❡ ❛❧s♦ t❤❛t ∇φ(x) 6=
0 ❢♦r ❛❧❧ x ∈ R

n✳ ❚❤❡♥ 0 6∈ ∂∗V (t, x) ❢♦r ❛❧❧ (t, x) ∈ [t0, T ]× R
n✳

❚❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠s ✐♠♣❧② t❤❛t✱ ✐❢ (t, x) ✐s ❛ s✐♥❣✉❧❛r ♣♦✐♥t ♦❢ V ✱ t❤❡♥
P(t, x) ❛❞♠✐ts ♠♦r❡ t❤❛♥ ♦♥❡ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r②✱ ❛s ♣r♦✈❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✼✳ ❆ss✉♠❡ ✭❙❍✮✱ ✭❍✶✮✱ ✭❍✸✮✱ ✭❍✹✮ ❛♥❞ ❧❡t φ ∈ C1(Rn) ∩
SC(Rn)✳ ■❢ V ❢❛✐❧s t♦ ❜❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ❛ ♣♦✐♥t (t, x)✱ t❤❡♥ t❤❡r❡ ❡①✐st t✇♦
♦r ♠♦r❡ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② st❛rt✐♥❣ ❢r♦♠ (t, x)✳

Pr♦♦❢✳ ❙✐♥❝❡ V ✐s s❡♠✐❝♦♥❝❛✈❡ ✭s❡❡ ❬✽❪✮✱ ✐❢ ✐t ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ❛ ♣♦✐♥t
(t, x) ∈ [t0, T ]×R

n✱ t❤❡♥ ✇❡ ❝❛♥ ✜♥❞ t✇♦ ❞✐st✐♥❝t ❡❧❡♠❡♥ts p1, p2 ∈ ∂∗V (t, x)✳ ■❢
p1, p2 ❛r❡ ❜♦t❤ ♥♦♥③❡r♦✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✺✳✷ t♦ ✜♥❞ t✇♦ ❞✐st✐♥❝t ♦♣t✐♠❛❧
tr❛❥❡❝t♦r✐❡s✳ ■❢ ♦♥❡ ♦❢ t❤❡ t✇♦ ✈❡❝t♦rs ✐s ③❡r♦✱ ❢♦r ✐♥st❛♥❝❡ p1✱ t❤❡♥ t❤❡r❡ ❡①✐sts
❛t ❧❡❛st ❛♥ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② y1(·) s✉❝❤ t❤❛t ∇φ(y1(T )) = 0 ❜②
❚❤❡♦r❡♠ ✺✳✹✱ ❜✉t ❢♦r ❛♥② ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② y2(·) ❛ss♦❝✐❛t❡❞ t♦ p2 ✐t ❤♦❧❞s t❤❛t
∇φ(y2(T )) 6= 0 ❜② ❚❤❡♦r❡♠ ✺✳✷✳

■t ♠✐❣❤t ❤❛♣♣❡♥ t❤❛t t✇♦ ♦r ♠♦r❡ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r✐❡s ❛❝t✉❛❧❧② st❛rt ❢r♦♠ ❛
♣♦✐♥t (t, x) ❛t ✇❤✐❝❤ V ✐s ❞✐✛❡r❡♥t✐❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✐❢ H ∈ C1,1

loc (R
n× (Rn

r{0}))✱
t❤❡♥ ✐t ✐s ✇❡❧❧✲❦♥♦✇ t❤❛t s✉❝❤ ❛ ❜❡❤❛✈✐♦✉r ❝❛♥ ♦♥❧② ♦❝❝✉r ✇❤❡♥ t❤❡ ❣r❛❞✐❡♥t
♦❢ V ❛t (t, x) ✈❛♥✐s❤❡s ✭s❡❡ ❡✳❣✳ ❚❤❡♦r❡♠ ✼✳✸✳✶✹ ❛♥❞ ❊①❛♠♣❧❡ ✼✳✷✳✶✵✭✐✐✐✮ ✐♥ ❬✼❪✮✳
▼♦r❡ ✐s tr✉❡ ✐♥ ♦♥❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ ❛s ✇❡ ❡①♣❧❛✐♥ ❜❡❧♦✇✳

✷✺



❊①❛♠♣❧❡ ✺✳✽✳ ■♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t✱ ✐❢ V ✐s ❞✐✛❡r❡♥✲
t✐❛❜❧❡ ❛t s♦♠❡ ♣♦✐♥t (t0, x0) ✇✐t❤ Vx(t0, x0) 6= 0✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♦♣✲
t✐♠❛❧ tr❛❥❡❝t♦r② st❛rt✐♥❣ ❢r♦♠ (t0, x0)✳ ■♥❞❡❡❞✱ ✐♥ t❤✐s ❝❛s❡✱ F (x) = [f(x), g(x)]
❢♦r s✉✐t❛❜❧❡ ❢✉♥❝t✐♦♥s f, g : R → R✱ ✇✐t❤ f ≤ g✱ s✉❝❤ t❤❛t −f ❛♥❞ g ❛r❡ ❧♦❝❛❧❧②
s❡♠✐❝♦♥✈❡①✳ ❙♦✱

H(x, p) =

{

f(x)p, p < 0,
g(x)p, p ≥ 0.

✭✺✳✶✵✮

■❢ x0(·) ✐s ❛♥ ♦♣t✐♠❛❧ tr❛❥❡❝t♦r② ❛t (t0, x0) ❛♥❞ p0(·) ✐s ❛ ❞✉❛❧ ❛r❝ ❛ss♦❝✐❛t❡❞ ✇✐t❤
x0(·)✱ t❤❡♥ ❜② ❘❡♠❛r❦ ✸✳✸ ✇❡ ❤❛✈❡ t❤❛t 0 6= Vx(t0, x0) = −p0(t0)✳ ❚❤❡r❡❢♦r❡✱
0 6= p0(t) ❢♦r ❛❧❧ t ∈ [t0, T ] ❜② ❘❡♠❛r❦ ✷✳✺✳ ❚❤✉s✱ ✭✺✳✶✵✮ ❛♥❞ t❤❡ ▼❛①✐♠✉♠
Pr✐♥❝✐♣❧❡ ②✐❡❧❞

ẋ0(t) =

{

f(x0(t)), ✐❢ Vx(t0, x0) > 0,
g(x0(t)), ✐❢ Vx(t0, x0) < 0.

✭✺✳✶✶✮

❙✐♥❝❡ f ❛♥❞ g ❛r❡ ❜♦t❤ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✱ x0(·) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ✭✺✳✶✶✮
s❛t✐s❢②✐♥❣ x(t0) = x0✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

P❛rt✐❛❧ s✉♣♣♦rt ♦❢ t❤✐s r❡s❡❛r❝❤ ❜② t❤❡ ❊✉r♦♣❡❛♥ ❈♦♠♠✐ss✐♦♥ ✭❋P✼✲P❊❖P▲❊✲
✷✵✶✵✲■❚◆✱ ●r❛♥t ❆❣r❡❡♠❡♥t ♥♦✳ ✷✻✹✼✸✺✲❙❆❉❈❖✮✱ ❛♥❞ ❜② t❤❡ ■◆❞❆▼ ◆❛t✐♦♥❛❧
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