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For any fixed integer R > 2 we characterise the typical structure of undirected graphs with vertices 1,...,n and
maximum degree R, as n tends to infinity. The information is used to prove that such graphs satisfy a labelled limit
law for first-order logic. If R > 5 then also an unlabelled limit law holds.
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1 Introduction

This article is concerned with finite graphs with n vertices labelled 1, ..., n such that every vertex has
degree at most R, where R will be a fixed non-negative integer. By graph we always mean finite undi-
rected graph. The asymptotic structure of such graphs have been studied before, in numerous articles, in
the case when a degree sequence is associated and one considers (only) graphs with this degree sequence.
Two variants of degree sequences have been considered. In one variant a sequence d = (dy,...,d,)
of non-negative integers is given and one studies the graphs with vertices 1,...,n such that, for every
i =1,...,n, the vertex i has degree d;. In the other variant we are given a sequence d = (do,d1,...,dR)
and study the graphs with vertices 1,...,n such that exactly d; vertices have degree . Early work on
graphs with prescribed degree sequence include [2, 3L 117, [18} [13]. In particular one can consider degree
sequences (d1, . ..,d,) in which all entries are the same, say r, in which case one gets r-regular graphs.
This special case has also been studied extensively, for instance as a special case in the mentioned articles.
See [[19] for a survey about random regular graphs. Suppose that for all sufficiently large integers n, G,
is a set of graphs with vertices 1, ..., n. We say that G,, satisfies a labelled logical limit law if for every
property which can be expressed with a first-order sentence in the language of graphs, the proportion of
graphs in G,, which have this property converges as n — oo. If convergence holds in the case when we
count graphs only up to non-isomorphism, then we say that G,, satisfies an unlabelled limit law. If the
number to which the mentioned proportion converges is always 0 or 1, then one says that a zero-one law
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holds. Lynch [12] has proved that a labelled logical limit law holds if we consider an infinite sequence of
degree sequences (d,, )22, (of the first kind mentioned above) which satisfies certain properties and for
each n the graphs with vertices 1, ..., n that have the degree sequence d,, = (dni,---,dny). Inparticu-
lar, the main result in [[12]] implies that r-regular graphs satisfy a labelled limit law, but not a zero-one law.
One of the assumed properties of the sequence of degree sequences in [12] fails in the instances that turn
out to be of interest in this article, so we cannot use [12]]. Haber and Krivelevich [7]] have proved zero-one
laws, and the absence of a limit law, for 7(n)-regular graphs when r(n) is a function of the form an or
n® where 0 < o < 1; in the latter case it matters whether « is rational or not.

The case of random graphs with a fixed bound on the maximum degree, but no other constraint, has
received less attention than the cases discussed so far. However, papers by Kennedy and Quintas [9] and
Rucinski and Wormald [[14] [15] are exceptions from this neglect and study the set of graphs with vertices
1,...,n such that every vertex has degree at most R, which we denote G, r. They do this from the point
of view of a random process which generates members of G, g by randomly adding new edges as long
as it is possible without violating the condition that the maximum degree is R. Kennedy and Quintas
[9]] stresses the importance of graphs with degree limitations from the perspective of models of physical
and chemical systems and gives several references to work concerned with these aspects. Rucinski and
Wormald [[14]] prove that with probability approaching 1 as n tends to infinity, the random process ends up
with a graph with |nR/2] edges. In [13] they prove that if R = 2, then the number of k-cycles (k > 3)
in a graph produced by the random process has a Poisson distribution.

However, the main motivation of this article for studying G, r comes from logic and from understand-
ing the fine structure of H-free graphs for certain types of 7. From the point of view of model theory
in logic, a restriction on the maximum degree is natural and can be generalised to arbitrary relational
structures via the so-called Gaifman graph (e.g. [6]) of the structure. Finite relational structures and first-
order logic correspond closely to relational databases and the standard query language SQL, respectively
(e.g. [11]], Chapter 1.1). Within the subfield of model theory which studies logical limit laws one may be
interested in better understanding which classes of structures (e.g. graphs) have a logical limit (or even
zero-one) law and which do not. When a logical limit law exists for a given logical language and collec-
tion C of finite structures it follows that, for every property P which can be expressed in that language,
the proportion of structures which satisfy P stabilises as the number of elements in the structure tends to
infinity. Such information may be of help when understanding the average performance of algorithms that
take random members of C as input.

Another type of restriction on graphs, studied in graph theory and interesting from a model theoretic
point of view, is to forbid the occurrence of subgraphs which are isomorphic to some specified graph H (or
to a member of a specified set of graphs). The results of this paper are relevant for understanding -free
graphs for certain types of graphs . Let us call a vertex v of the graph H colour critical if the removal of
v from H leaves a graph with lower chromatic number than H. The criticality of v is the minimal number
of edges containing v which have to be removed in order to reduce the chromatic number. Hundack,
Promel and Steger [8] have proved that if 7 is a graph with chromatic number [ + 1 (I > 2) and a colour
critical vertex v of criticality R + 1 and Forb,,(H) is the set of H-free graphs with vertices 1,...,n,
then the proportion of G € Forb,, () which have the following property approaches 1 as n — oco: the
vertex set can be partitioned into parts V1,..., V; such that for every ¢ the induced subgraph with vertex
set V; has maximum degree R. Hence, understanding of the asymptotic fine structure of graphs with
maximum degree IR helps us to understand the asymptotic fine structure of H-free graphs, for certain H.
This connection is used in [[10] to prove a logical limit law (but not zero-one law) for #-free graphs, when
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H is a complete (I 4 1)-partite graph (I > 2) in which one part is a singleton.

If nothing else is said then we assume that R > 2 is an integer. We always consider the uniform
probability distribution on G, g. In Section [2| we study the typical degree distribution of a random
G € Gy, g asn — oo. We find that, as n — oo, a random G € G,, r almost surely has no vertices
with degree less than R — 2 and, for every ¢ > 0, the number of vertices with degree R — 1 is almost
surely between /(R — )n and /(R + €)n, where almost surely means that the probability of the event
approaches 1 as n — oo. The number of vertices with degree R — 2 has, asymptotically, a Poisson
distribution. These results are summarised in Theorem To prove it we consider multigraphs and the
configuration model of Bollobds [3} 4].

SectionE]deals with the typical structure of members of G, r as n — 0o. The results are summarised
in Theorem[3.1] Intuitively speaking, there are three types of “rare” events, which are vertices with degree
R — 2, short cycles and short paths with endpoints of degree R — 1. They are, asymptotically, Poisson
distributed and independent of each other. Moreover, these rare events typically occur far from each other.
For example, the distance between any vertex with degree R — 2 and any path of length 3 (say) with both
endpoints of degree R — 1 will almost surely be large. Also, the “semi-rare” event of being a vertex with
degree R — 1 almost surely occurs far from any rare event. The proofs use the configuration model of
Bollobds [3l 4] and the fact, given by Theorem [2.1] that we can restrict attention to degree sequences with
certain properties.

In Section E], we use Theorems andto prove a labelled logical limit law for G, g. In the cases
R = 0and R = 1 the result is known (and trivial), in both the labelled and unlabelled context, so we need
only consider the case R > 2. If R > 5 then we can also conclude that G, r satisfies an unlabelled limit
law, by applying a result of McKay and Wormald [13]], saying that in both the labelled and unlabelled
cases a random member of G,, r almost surely has no non-trivial automorphism, and a general model
theoretic result concerning labelled and unlabelled probabilities. We cannot apply the main result of [12]]
to get the limit laws of this paper, because the degree sequences that are typical of members of G € G, g
do not satisfy condition (1)(b) of [12]. Moreover, the structural results of Sections and are needed for
understanding logical limit laws of #-free graphs in [10].

Preliminaries, terminology and notation. See for example [6| [11} [16] for definitions of first-order
logic, By the language of graphs we mean the first-order formulas which can be built from the vocabulary
(also called signature) which consists of a binary relation symbol E (denoting the edge relation) and the

identity symbol ‘=". More generally, a finite relational vocabulary consists of a list of relation symbols
Ry, ..., Ry (and we can assume that R, is ‘=") each with an associated arity. A structure for the language
associated with this vocabulary is a tuple S = (S, Ry, ..., R{) such that S is a set and R C S™ where

r; is the arity of R;. From this point of view a graph is a structure for the language of graphs, so it has
the form G = (V, E9) where (a,b) € EY implies (b,a) € EY since we consider undirected graphs
here. Alternatively we may, as in graph theory, view EY as the set of edges (2-subsets of V') of G. For a
first-order sentence (a formula with no free variables) ¢ in the language of graphs and a graph G, G = ¢
is shorthand for “G satisfies . See for example [0, [11] for a formal definition of ‘|=’.

The degree of a vertex v in a graph G is denoted degg(v), and the notation v ~g w means that
vertices v and w are adjacent in G (which is equivalent with G = FE (v, w)). By distg(v, w) we mean the
distance from v to w in G. For functions f and g we say that f is asymptotic with g, denoted f ~ g, if
lim, o f(x)/g(x) = 1. For positive integers n we sometimes use the notation [n] = {1,...,n}. To
make notation simpler we sometimes omit explicit use of the floor function | |. For a set S, | S| denotes
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its cardinality, Ny is the set of non-negative integers.

2 Distribution of degrees

For positive integers n and R, G, r denotes the set of graphs with vertices 1, ..., n in which the degree
of every vertex is at most .

Theorem 2.1 Suppose that R > 2.

(i) The proportion of G € Gy, r which have no vertex with degree less than R — 2 approaches 1 as
n — oo.

(ii) For every € > 0, the proportion of G € Gy, r which have between \/(R — ¢)n and /(R + €)n
vertices with degree R — 1 approaches 1 as n — oo.

(iii) For every k € Ny, the proportion of G € Gy, r which have exactly k vertices with degree R — 2
approaches

(R— 1)k e~ (B-1)
k!

In other words, the number of vertices with degree R — 2 has, asymptotically, a Poisson distribution
with mean R — 1.

as n — oo.

If3<r<Randd= (d,,...,dg) is a sequence of non-negative integers summing to 7, then let G, q
be the set of all graphs G with vertices 1, ..., n such that, fori = r,..., R, G has exactly d; vertices with
degree 7. Wormald (Theorem 1 in [17]) and McKay and Wormald (Corollaries 3.8 and 3.10 in [[L3]]) have
proved the following:

Theorem 2.2 ([17,13]]) If 3 < r < R and d = (dr,...,dR) is a sequence of non-negative integers
summing to n, then

(i) the number of r-connected G € G,, ;is |G,, 4/(1—O(n*"")) where O( ) denotes a bound depend-
ing only on R, and

(ii) the expected number of nontrivial automorphisms of a random G € G,, 7 is O(n*~") where O( )
denotes a bound depending only on R.

Statement (E]) is true also if we count graphs in G,, ; only up to isomorphism, or in other words, if we
consider unlabelled graphs with n vertices and degree sequence d.

Let us call a graph rigid if it has only one automorphism, the trivial one. Theorem 4.3.4 in [6], if stated in
the context of graphs, says the following.

Theorem 2.3 ([6]) For every positive integer n, let H,, C G, be sets of graphs with vertices 1,... n.
Suppose that, for every n, if G € H,,, H has vertices 1, ... ,n and is isomorphic to G, then H € H,,; and
if G € G, H has vertices 1, ...,n and is isomorphic to G, then H € G,,. For every n and G € G, let
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[G] denote the equivalence class to which G belongs with respect to the isomorphism relation on G,,. Let
RIG(G,,) be the set of G € G, which are rigid.

. |{[G]: G € RIG(G,)}|
rlm = mergeay b e
HIG]:GeH,}|

n—oo [{[G]: G € G}  nooo |Gn|’

if any one of the last two limits exist.

We say that a graph has connectivity k if it is k-connected but not (k + 1)-connected. (By k-connected we
mean k-vertex connected.) By combining Theorems and [2.3] we get the following information
about typical members of G, g for large n.

Corollary 2.4 Suppose that R > 5. The proportion of graphs G € Gy, g (or of isomorphism classes [G]
where G € Gy, r) which have the following two properties approaches 1 as n approaches infinity:

(i) The connectivity of Gis R—2or R — 1.
(ii) G is rigid.
Corollary [2.4] will be used to derive an unlabelled logical limit law in Section 4]

2.1 Multigraphs and configurations

Theorem [2.1] will be proved via the use of multigraphs and so-called configurations (defined below). The
corresponding statements (of Theorem [2.1)) for multigraphs are given by Lemmas 2.11] [2.12] and 2.13|
below. In Section [2.2] we explain how Theorem [2.1] follows from these lemmas and from asymptotic
estimates, of Bollobds [3| 4], of probabilities of small cycles in configurations. We fix an arbitrary integer
R>1.

Definition 2.5 A multigraph is an object of the form (V) f) where f : U — {0,1,2,...} and U =
{WCV:1<|W| <2} IfM = (V,f)is a multigraph and v € V then we define dega(v) =
2f({v}) + Z f({v,w}) and call degq(v) the degree of v (in M).

weV

wH#v
Suppose that (V, f) is a multigraph, {v,w} € U = {W CV : 1 < |W| < 2} and f({v,w}) = k.
Intuitively this means that there are exactly k different edges between v and w. If v = w then it means
that there are exactly k different loops which begin and end in v. If f(W) < 1 for all W € U and
f(W) = 0 whenever |W| = 1, then (V, f) corresponds to the graph (V, E) where, for all distinct
v,w €V, {v,w} € Fifand only if f({v,w}) = 1.

Definition 2.6

(i) Let MG, r be the set of multigraphs with vertices 1,...,n such that every vertex has degree at
most R.

(ii) Forevery sequence d = (do, .. ., dg) of non-negative integers such that Zio d; =nwelet MG, 5
denote the set of multigraphs with vertices 1, . . ., n such that there are exactly d; vertices with degree
ifort=0,...,R.
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(i) Let N(do,...,dR) = IMG,, 4l-

Definition 2.7 Let £ and F' be binary relation symbols and let L. be the first-order language with vo-
cabulary {=, E, F'}. A configuration is an L.-structure C = (C, E€, F°) such that F is an equivalence
relation on C' and E€ is an equivalence relation on C such that every EC-class has cardinality 2. The later
condition implies that |C| must be even (or infinite). An E°-class of a configuration C will often be called
an edge (of C). We say that C = (C, E€, F©) is an n-configuration if F€ has exactly n nonempty classes.

Observe that if C = (C, E€, FC) is a configuration, then (C, E€) is a graph which is a complete matching
(also called perfect matching), i.e. every ¢ € C is adjacent to exactly one member of C'.

Definition 2.8 If m > 0 is an integer then let M(2m) denote the number of complete matchings, i.e.
equivalence relations such that every class has cardinality 2, on a set with cardinality 2m.

- (3) (7))o -

By Stirling’s approximation,

It is easy to see that

Bt~ () (a+o). 8

ml2m

Also note that for any fixed integer p we have m!/(m — p)! ~ mP which gives

M@2m) _ (2m)! / Qon=p)' g0, )

M(2m — 2p) ml2m (m — p)l2m—r
Definition 2.9 We will always assume that Wy, ..., W, is a sequence of disjoint sets such that
S |Wi| = 2m for some integer m > 0. By C(Wi,...,W,,) we denote the set of configurations

C = (C, E®, FC) such that C = |J_, W; and W1, ..., W,, enumerates all the F'-classes (so if some set
W; other than an FC-class appears in the sequence then TV; is empty).

Observe that if 2m = >, |[W;], then

(2m)!
ml2m’

IC(Wh,.... Wa)| = M(2m) =

3)

Definition 2.10 Let C € C(W1,...,W,,). The multigraph image of C, denoted Graph(C), is the multi-
graph with vertices 1, ..., n such that, forall 7, j € {1, ..., n}, the number of edges between ¢ and j is the
same as the number of E°-classes which have non-empty intersection with both W; and Wj. (EC-classes
which are included in a single W, if they exist, give rise to loops in Graph(C).)

Observe that for every C € C(Wy,...,W,,) and every i = 1,...,n, the degree of ¢ in Graph(C) is
|W;|. Moreover, if G is a multigraph with vertices 1,...,n such that, fori = 1,...,n, i has degree |W;],
then there are exactly [, |[W;|! configurations C € C(W7, ..., W,,) such that Graph(C) = G, because
Graph(C’) = Graph(C) if and only if there is an isomorphism from C’ to C which preserves every W;
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setwise. It follows that if d = (d, . . ., dR) is a sequence of non-negative integers such that ZZE:O di=n
and Zio td; = 2m, then, using , we have
N(do, ..., dg) no)em)! ]R—[(")d @
. = i)
O O do,...,dg) mi2m / 11
From now on assume that d = (dy, . .., dR) is a sequence of non-negative integers such that Zio d; =

n and Zf;o id; = 2m for some integer m > 0. We are interested in the probability that a random
G € MG, g (drawn uniformly) has this degree sequence. In other words, we consider the proportion

N(do,.,dr) _ N(do,...,dr)
do,...,dr) = =
Plor ) = NG Al T SNy dy)
where the sum ranges over all sequences (dj, . . ., d) of non-negative integers such that Zf:o d; =n.

If n is even and all vertices have degree R, thatis, if d; = Ofort =0,..., R — 1, we get 2m = Rn
and, by (@) and (T),
Rn

fin/2 1 n, Rn/2
N(0,...,0,n) = (6> R (V2+o(1)) > Cin 5)

for some constant C'; > 0. If n is odd, then, withdy = 1,d; =0fori=1,..., R—landdr =n — 1,
we have 2m = R(n — 1) and get in a similar way

N(1,0,....0,n —1) > Cgn"/? ©)

for some constant Cy > 0.
Let € > 0. We now estimate the proportion of G € M G,, g for which 2m < (R — ¢)n. Summing over

all (dy, . ..,dg) for which Zio id; = 2m < (R — &)n gives, for large enough n and using (5) and @),

n (2m)! R‘di
S Neod) <Y (do,...,de!zm/g“‘)

2m<(R—e)n 2m<(R—e)n
. (R—e)n/2 . Rn/2 B —en/2
< (R+1)"<(R 66)"> 2 = 2R+ 1)"<(R 68)"> <(R 65)”)

< (an*/?)nN, where N = N(0,...,0,n) or N = N(1,0,...,0,n — 1)

depending on whether 7 is even or odd and C5 > 0 is a constant.

It follows that

ZQmS(R—E)n N(d()? ) dR)
|MGn,R|

n
< (an—e/z) — 0 asn — oco.

Therefore we will assume that 2m > (R — ¢)n. Since € > 0 is arbitrary we may in fact assume that
2m > (R — o(1))n. Since
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and 2m > (R — o(1))n now implies Rn — 2m < o(n) we get

S o(R —i)d;

< o1
SIS <o)
which in turn implies that
d; = o(n) foralli=0,...,R— 1. @)
Next, we aim at showing that in the typical case we have d; = 0 foralli = 0, ..., R — 3. So until further

notice we assume that R > 3 since otherwise there is nothing to prove. Fix any ¢ < R — 3 and suppose
that d; > 1. Now let

d; =d; — 1,
d;+2 = di+2 +1 and
d; = dj forall j ¢ {i,i+ 2}
With 2m/ = Z?:o jd’; we have 2m’ = 2m + 2 (where 2m = Zf:o jd;). Now we get, by (4) and ,

N(do,....dg)
N(dy, .. dy,)

: <d0"?’dR> e (Jﬁ)(ﬂ)dj)l / (dg,.ﬁ,dg) et (ﬁo<ﬂ>d3>l

AV 1 B dige+1 1 .
~ SR TG = SRS (4 2)(0+ 1),

As we assume that 2m > (R — o(1))n we may assume that 2m > n. If i < R — 3 then, by (7),
di+2 = o(n) so we may assume that d; 1o + 1 < f(n) where f(n) = o(n), which gives

N(dOa"'adR) < f(n)R2

N(dy,...,dg) — n
Hence, for: < R — 3,
pdon-dn) < By, ap),
and if we sum over all (dy, . .., dg) for which d; > 1, d;12 < f(n) and 2m > n, we get
S pldor o) < LS iy
< RQ‘Z(n) = o(1) (since f(n) = o(n)).

This implies that the proportion of G € MG, rp which have a vertex with degree less than R — 2 ap-
proaches 0 as n — oo. Therefore we assume, from now on, that

d; =0foralli =0,...,R— 3. (8)

We also state this conclusion as:
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Lemma 2.11 The proportion of G € MG,, g such that G has a vertex with degree less than R — 2
approaches 0 as n — o0.

The next step is to find a lower upper bound (than in (7)) for dz_5 in the typical case, so we assume
that R > 2 until further notice. Suppose that g(n) — oo as n — oo and suppose that dg_o > g(n). We
argue as before, withi = R—2,s0dy_, =dr—2—1,d = dr+1and d;- =d;ifj ¢ {R—2,R}. Just
as before, and as 2m > (R — o(1))n where R > 2, we get

N(do,...,dg) dp+1 1 R2 R2

~ — R(R-1) < .
N(dg, ey d;%) dR,Q 2m ( ) dR,Q g(n)

Hence p(dy, . ..,dr) < R?p(dy,...,d%s)/g(n) and if we sum over all (do,...,dr) such that dg_o >
g(n) we get

R2
Zp(do,...,d]:g) § .

g(n)
Therefore we may assume that
dr—_2 < g(n) for every g such that lim g(n) = co. )
n—oo

The next step is to show that in the typical case dgr—; = O(y/n). Assume that R > 1 and that
dr_1 > 2. Let
le,1 = dR*l - 27
= =dr+2 and
dj=d;ifj ¢ {R—1,R}.
Then 2m' = 2m + 2 where 2m’ = Z?:o id} and
N(dy,...,dr) N (dr+1)(dr+2) 1 e
N(dé,...,d’R) dp_1(dr_1 —1) 2m

(dr+1)n 1 _, _ 4Rn
< R* < 0.
dr_1(dr—1 — 1) Rdg &,

It follows that
4Rn

Pldo,. - dr) < S pldh, ., d).
R—1
Let P(dg—1 > k) denote the proportion of G € MG, g which have at least & vertices with degree R — 1.
Then for every k > 2, by summation over all (do, ...,dg) such that dg_1 > k, we get
4Rn
P(dr—1 > k) < e P(dp—1 > k —2). (10)

If C > 2V/R then, by iterating \/n times, we get that the proportion of G € MG, g which have at
least (C' + 2)[+/n] vertices with degree R — 1 is

v m
IP’(dR—l 2(C+2)R/ﬂ) < ((045%2> = <Zg;{>f — 0 asn — oo.
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Therefore we may assume, in addition to the previous assumptions (8) and (9), that

dr-1 = O0(V/n). (11)
We use the notation (n); = n(n — 1) --- (n — k + 1). By equation (3.8) in [1]], for example, we have:

2
If k = O(y/n), then (n), = n*exp ( - ;in + o(l)). (12)

To make the argument here self contained we prove . If k = O(y/n) then

k—1 .
(52 = i 0 ()
k—1 : Al )
u(I(-1)) - Sm(i-)

7=

and for large n and ¢ < k = O(y/n), i/n is close to 0, so by Taylor’s approximation we get

Su(i-1) - 3 (-5 +o((2)))

=0

 k(k—1) B\ Kk &
__27L+O(712)__2n+2n+0712

2
= —f—n + o(1), since k = O(y/n).

Hence, In (%) = —% + o(1) which immediately gives .

Recall the exact formula (@) for N(dy,...,dr) and remember the assumptions (8), (9) and (LT).
Hence dl = 0fori = 0, .. .,R — 3, dR_2 = 0(\/5), dR—l = O(\/ﬁ), dR =n— dR—l — dR_2 and
2m = Rn — dr_1 — 2dr_2 (since, by definition, 2m = ZZR:O id;). By also using we get

N(dOa"'adR) = (13)

B (dR—27dR—1,dR> “mizm (R — 2)1)r—2 (R — 1)!)drn—1 (R!)dr
_ (n)dR_2+dR_1 . (2m)! . (R(R— 1))dR—2 Rir-1

dr_s!dr_1! ml2m (R')"
2
B ndr—2+dr-1 exp(— % + 0(1)) (@m)! (R(R— 1))dn-2 Rins
- dr_2!dr_1! ml2m (Rl)n

From 2m = Rn — dr_1 — 2dp—_o and it follows that

Cm) (rap o (R 4 o)

mlom [Rn/2)128n/2 (Rn)(dn—1+2dr—2)/2 (14)
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By combining (T3) and (T4) we get

N ) =y 0 (VR

15)

dr—o! dr—1!
(drp—1+dr—2)? (dr_1 +2dp_2)?
exp( 2n + 4Rn +o(1) ),
where
C, = (Rn)! 1

| Rn/2]12Bn/2 " (RI)"

depends only on n. Note that since dr_» = o(y/n) and dgr—1; = O(y/n) it follows that the expression
‘exp(...)" in (15)) is bounded as n — oo.

Lemma 2.12 (i) For every ¢ < R the proportion of G € MG, r with less than +/cn vertices with
degree R — 1 approaches 0 as n — oc.

(ii) For every ¢ > R the proportion of G € MG,, r with more than +/cn vertices with degree R — 1
approaches 0 as n — oo.

Proof: Let ¢ < R. Since there are not more than n possibilities for dz_1, it suffices to prove that for

all large enough n,

2\_”1/4J
N(O,...,0,dr_2, |\/cn|,dR) B <. |
N(0,...,0,dr_o, |\/en] +2|nt/4|,dg) (\/;-f- (1)> O(1).

We may assume that dgr_o = o(y/n) so by and (|15)) the above quotient equals

(\/E)fzml/q . (LMJLJ%JLTUH)! 0(1) = (@)72@1/“ ) (b/chJ +2L”1/4J)2Ln1/4j

L 2|nt/4]
— (VRm)2n " (e + 20nt AR og1) = <L\@J + 20 4J> o)

VERn
2|nt/4]
= <\/;+ 0(1)) -0(1).

Part (i), where ¢ > R, is proved in a similar way by considering the quotient

N(0,...,0,dr—2, [\/cn],dR)
N(07...707d3727|_\/%J—2|_n1/4j,d3)- O

Lemma 2.13 For every fixed dr_o, the proportion of G € MG, r which have exactly dr_o vertices
with degree R — 2 approaches

(R —1)dr-2 ¢=(R-1)

dp_s!
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Proof: Let dr_s be fixed and let ¢ > R. We know, by (9) and Lemma [2.12] that the proportion of
G € MG, g such that G has more than [n'/4] vertices with degree R — 2 or more than \/cn vertices
with degree R — 1, approaches 0 as n — oco. Therefore it suffices to prove that whenever dg_1 < /cn,

N(O,...,0,dp—2,dr—1,dR) (R —1)%r-2 ¢~ (R-1)

= (I£0(1))
SN, .0,k droy, dR) dp—o!
By (T3), the above quotient equals
(R—1)?R—2 (R—1)%r—2 4 Chd
e el e (R~ 1)tn-2 ~(R=)
(1:|:o(1))Z]£110/4J (R;})k = (140(1)) = (140(1)) P )

2.2 Configurations and graphs

In this section we explain why Lemmas [2.11] 2.12] and [2.13] also apply to graphs without multiple edges
or loops.

Definition 2.14 LetC = (C, E€, F°) be a configuration and let p > 1 be an integer. By a path (of C) from
a € Ctob e C oflength p, or p-path from a to b, we mean sequence of p distinct edges (i.e. E€-classes)
e1, ..., ep such that there are FC_classes W1, ..., Wptisucha € es N Wi, b € e, N Wy, Wi # W;
ifi #jandi # lorifi # jand j # p + 1 (but we allow that Wy = W, 1) and, fori = 1,...,p, ¢;
contains a member of W; and a member of W, ;. In the described situation we call a and b the endpoints
of the path. By a p-cycle (of C) we mean a p-path from a to b for some a and b such that (a,b) € F€; or
in other words, a p-path from a to b where a, b € W for some FC-class W.

Recall Definition 2.9)of C(W4, ..., W,,) and Definition about the multigraph image Graph(C) of a
configuration C. It is easy to see that that if C € C(W71,...,W,,) and C has no p-cycle for p = 1, 2, then
Graph(C) has no loops or multiple edges.

Definition 2.15 By C'(WW, ..., W,,) we denote the set of configurations
C € C(W4,...,W,) which have no p-cycle for p = 1, 2.

The proof of Theorem 1 in [3] (or Theorem 2.16 in [4]]) shows the following:
Fact 2.16 ([3,4]]) Let W1,..., W, be disjoint sets and for¢ = 1,..., R, let

di = {j - [Wj| = i}].
Suppose that forall i < R — 2,d; = 0and dgr_s + dgr_1 = O(y/n).
(i) Then

, _ _1)\2
|C(W15aWTL)| _exp<—R 1_(R 1)> :0(1) asn—>oo,

ICOWL, ..., W) 2 1

where the bound ‘o( )’ depends only on R.
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(i) From (3) and @) it follows that if we let d = (do, ..., dR) (with d; as above fori = 1,..., R and
do = 0), then

| G, a

B eXp(_ R—1 (R-1)?
MG, 4

_ — of1
5 1 >| o(l) asn — oo,

where the bound ‘o( )” depends only on R.

From part ([ii) of the fact it immediately follows that Lemmas and apply to graphs as well, that
is, they remain true if we replace MG, g by G, . To see why Lemma([2.13]also holds with G, r in the
place of MG, r consider its proof. There we showed that

N(07 R aO,dR—Q; dR—la dR)

(R—1)dr-2 ¢=(R=1)
nl/4 .
IN(, .0,k dr 1, dR)

dr—2!

= (1+0(1))

By Fact (i1), ifd= (0,...,0,dr—2,dr-1,dR), dp—2 + dr—1 = O(\/ﬁ), then

R-1 (R-1)
2 4

Gl = (14 0(1))exp ( - )N(O, o Oudrn.dry,dp).

In the same way, for each d’ = (0,...,0,k,dr_1,dg), we also get (assuming k + dr_1 = O(\/n))

R-1 (R-1)
2 4

|G, #l = (1£o(1))exp < — )N(O7 ..,0,k,dr_1,dr — k).
Therefore, the proof of Lemma@] implies that, for any fixed dr_2, the proportion of G € G, r such
that G has exactly dr_o vertices with degree R — 2 approaches

(R — 1)4r-2¢=(B=1) /dp_ 5l as n — oco. In other words, Lemma holds if MG, r is replaced by
G, g. This completes the proof of Theorem 2.1

3 The typical asymptotic structure

In this section we study the typical structure of large graphs with maximum degree R, where R > 2 is a
fixed integer. The following theorem summarises the results that will be proved.

Theorem 3.1 Let R > 2 be an integer:

(i) For every integer k > O the proportion of graphs G € G, r which have properties (a)—(d) below
approaches 1 as n — oco:

(a) If p < k then G has no subgraph H with exactly p vertices and more than p edges. It follows
that whenever p1,pa > 3 and p1 +p2 +p3 < k, then G does not have a p1-cycle and a py-cycle
such that there is a ps-path from a vertex in the first cycle to a vertex in the second cycle.

(b) If p, q < k then there is no vertex v with degree less than R and p-path from v to a vertex that
belongs to a q-cycle. In particular, no q-cycle contains a vertex of degree less than R.
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(c) There do not exist distinct vertices v1,vs, v3 all of which have degree at most R — 1 such that
for all distinct i, j € {1,2,3} there is a path of length at most k from v; to v;.

(d) There do not exist distinct vertices v and w such that degg(v) < R—1, degg(w) < R—2 and
there is a path of length at most k from v to w.

(ii) Let k > 3 be an integer. There are positive s, ..., Ak, 41, -, tx € Q such that forall rs, ..., rg,
51,...,5k € Ng the proportion of G € G, gr Which, for p =3, ..., k, have exactly r, p-cycles and,
forp=1,... k, have exactly s, p-paths with both endpoints of degree R — 1, approaches

k Tp e~ Ap k Sp e Hp
(H()\p)r! A)(1—[(%) ' ) as T — oo,

sp!
p=3 p=1 P

Moreover, the mentioned proportion approaches this value independently of the number of vertices
with degree R — 2.

(iii) If R > 3 then for every k € Ny the proportion of G € G, g such that G has a connected component
with at most k vertices approaches 0 as n — oo.

Note that part of the theorem states that if X, is the number of p-cycles, for p = 3,...,k, and
Y, is the number of p-paths with endpoints of degree R — 1, for p = 1,...,k, then the random vari-
ables X3, ..., X,,Y1,...,Y, are, asymptotically, independent Poisson variables with means Az, ..., Ag,
1, - - -, Hk, Tespectively, which are described in detail by Lemma[3.7] If one omits the consideration of
short paths with endpoints of degree R — 1 in part (ii), then the resulting statement is a straightforward
consequence of Theorem and either one of Theorem 1 in [3], (the proof of) Theorem 2.16 in [4]], or
Corollary 1 in [18]. However, knowing the distribution of short paths with endpoints of degree R — 1 is
necessary in the proof of the limit law in Section 4}

3.1 Graphs with a given degree sequence
Fix an integer R > 2. By Theorem 2.1}

e the proportion of G € G,, r without vertices with degree less than R — 2 approaches 1 as n — oo,

o the number of vertices of G € G,, r with degree R — 2 has a Poisson distribution, asymptotically,
and

e for every € > 0, the proportion of G € G, r which have between /(R — ¢)n and \/(R + €)n
vertices with degree R — 1 approaches 1 as n — oo.

Therefore, there are €, and §,, such that lim,,_, €, = limy,_, 6, = 0, the proportion of G € G, r
without vertices of degree 0, with at most n'/* vertices with degree R — 2 and with between /(R — 9,,)n
and /(R + 0, )n vertices with degree R — 1 is at least 1 — &,,. Let G;,R be the set of all G € G, r
such that G has no vertices of degree less than R — 2, at most nt/4 vertices of degree R — 2 and between
V/(R—08,)n and /(R + 6,)n vertices with degree R — 1. It follows that |G/, |/|Gn r| — 1 as
n — oo.

Since the number of edges of G = (V,EY) equals £ 3, ./ degg(v) it follows that )y degg(v)
must be even. For every positive n € Ny and sequence of integers d = (di,ds,...,d,) such that




Random graphs with bounded maximum degree 243

0<d; <Rforalli=1,...,nand ZZ 1 d; is even, let G, R(d) be the set of graphs G with vertices
1,...,nsuch that degg (i) = d fori =1,...,n. (G, r(d) is different from G, q4in Sectlon l) A priori
we do not know if G, r(d) is non-empty for every d such that >, d; is even. But for such degree
sequences d as we will consider (satisfying ( . below) it follows from Fact above that G, r(d)
is indeed non-empty if, in addition, > ; d; is even and n is sufficiently large. Bollobas [3, 4] gives
asymptotic estimates of |G, r(d)|.

Now suppose that o, are positive numbers such that lim,,_,, 0,, = 0, that P is a property of graphs
and that 0 < ¢ < 1. Moreover, assume that whenever n is large enough and d= (d1,da, ..., d,) satisfies
that

R—2<d; <R forall i=1,...,n, |{i:d; =R—2} < n'/* and (16)

VR—=0)n < {i:di=R—-1} < /(R+d,)n

and G, r(d) # (), then the proportion of G € G, r(d) which have property P is at least ¢ — o, and at
most ¢ + o,,. If P, isthe setof all G € G/, _r Which have property P and, for every d satisfying (1
P,,(d) is the set of G € G, r(d) which have property P, then we get

P,| = Z|P N > (c—o, Z\GnR = (c—0,)|G], &l

and in a 51m11ar way |P,| < (¢+ an)\Gn,RL

where the sums range over all d which satisfy , soc—o, < |Py, / |G;L, rl < c¢+oy,. It follows that the
proportion of G € G;;,, r Which have property P approaches c as n — oo and hence also the proportion
of G € G,, r which have property P approaches c as n — oco. To summarise the argument, we have:
Conclusion. To prove that the proportion of G € G, r which have a property P approaches c as n — oo,
independently of the number of vertices with degree R — 2 in G, it suffices to prove that for every degree
sequence d which 9atl sfies @ and such that Y, d; is even the prOportlon of G € Gy, r(d) which has
(d)|/|Gn,r(d)|, approaches c as n — oo and ||Pn k()| — | is bounded by a function
whlch tends to zero and depends only on P and R.

3.2 Proof of Theorem

The lemmas of this section prove the different parts of Theorem 3.1} Let R > 2 be an integer. Until the
proof of Lemmais finished, we assume that W7, ... W, are disjoint sets, d; = 7:1 d; =2m
and that (T6) holds. This implies that

2m ~ Rn.
As we observed in Sections2.1]and[2.2] if d = (d1, ..., d,,), then G, r(d) can be identified with

{Graph(C) : C € C'(Wy,...,W,)}.
By Fact and the discussion in Section it follows that in order to prove that the proportion of
G € G, g with property P approaches c as n — 00, it now suffices to prove that
[{C € C'(Wy,...,W,) : Graph(C) has P}|
|C' (W, ..., W)

—c¢| = o(l) asn— oo,

where the bound o( ) depends only on P and R.
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Lemma 3.2 For all integers p > 1 and q > 3, the proportion of G € G,, r wWhich have a vertex v of
degree less than R and a p-path from v to a vertex in a q-cycle approaches 0 as n — oo. It follows that
the proportion of G € Gy, g which have a vertex v of degree less than R such that v belongs to a q-cycle
approaches 0 as n — oo.

Proof: Letp > land ¢ > 3. If C € C'(Wy,...,W,,) and Graph(C) has a vertex W; with degree less
than R and a p-path from W; to a vertex in a g-cycle, then |W;| < R and there are W, ap-patheq,. .., ¢,
(of C) and a g-cycle €], . . ., e; (of C) such that ey NW; # 0, e, "W, # () and ) "W # (). If ; belongs
to a g-cycle of Graph(C), then let W; = W, and note that a p-path as e4, ..., e, of C as above need not
exist, but the argument below (with p = 0 and finding at most ¢ — 1 other F'-classes than W;) shows that
the corresponding quotient (below) still approaches 0 as n — oco; this will prove the second statement of
the lemma. Therefore it suffices to prove that the proportion of C € C(W71,...,W,,) such that for some
W; with |[W;| < R there are Wj, a p-path ey, ..., e, and a g-cycle e}, ..., e, such that e; N W; # 0,
ep NW; # 0 and e) N W, # () approaches 0 as n — oo.

By assumption we can choose WW; with cardinality less than R in at most n'/4 + /(R + 0(n))n
ways, where §(n) — 0 as n — oo. A p-path ey, ..., e, and a g-cycle e}, ..., e} such that e, N W; # ()
and €} N W, # () for some j can intersect at most p — 1 + ¢ different F-classes other than W;. Hence the
at most p 4+ ¢ — 1 F'-classes other than W; which are going to include the union of the p-path and g-cycle
as above can be chosen in at most n?74~! ways. Then the 2(p + ¢) elements which are going to form the

union of the edges e1,...,¢ep, €7, ..., e, can be chosen in no more than ((p + q)R)Q(p+q) ways. Then a
complete matching on these 2(p + ¢) elements (that is, non-intersecting edges e1, .. ., €p, €}, ..., €;) can
be chosen in M(2(p + ¢)) ways. Finally, a complete matching on the remaining 2m — (2p + 2¢) elements
can be chosen in M(2m — (2p + 2q)) ways. Therefore, there is a constant o > 0 depending only on p,
¢ and R such that, for all sufficiently large n, the proportion of C € C(W7, ..., W,,) for which there are
Wi with [W;| < R, Wj,ap-pathes, ..., e, andag-cycleey, ..., e, suchthate; NW; # 0, e, NW; # 0
and e) N W; #  is at most

a/n Pt M©2m —2(p+q)) anpta=1/2 o nPta—1/2
M(2m) (2m)pta (Rn)pta
an-1/2 .
= — = as n — oo
Rp+a ’
where @) was used in the first asymptotic identity. O

The next lemma is a well known result in the case of R-regular graphs [19]], and can be proved in a similar
way in that case.

Lemma 3.3 If H is a graph with more edges than vertices, then the proportion of G € G, r which have
a subgraph that is isomorphic to H approaches 0 as n — oo.

Proof: Let M be a graph with p > 0 vertices and ¢ > p edges. If C € C(W7,...,W,,) (so in particular
if C € C'(Wy,...,W,)) and Graph(C) has a subgraph H’ which is isomorphic to H, then there are
Wiy, ...,W;, and p + 1 edges of C (i.e. E-classes) e1,...,epy1 such thate; € W, U... U W, for
j=1,...,p+1. Hence it is sufficient to prove that the proportion of C € C(W7, ..., W,,) such that there
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are Wi, ,...,W; andp+1ledgesofC,ei,...,ep11,suchthate; CW; U...UW; forj=1,...,p+1
approaches 0 as n — oo.
We can choose W;, , ..., W;  in at most n? ways, and then choose p+ 1 disjoint 2-subsets of U§:1 Wi,

in at most o = (Rzp) (R”2_2) e (RPQ_ZP) ways. The remaining 2m — 2(p + 1) elements can be completely

matched in M(2m —2(p+ 1)) ways. Consequently, the proportion of C € C(W1, ..., W,,) such that there
are Wi, ,...,W; andp+1ledgesofC,e1,...,epr1,suchthate; CW; U.. .UW; forj=1,...,p+1
is at most

an? M(2m —2(p+1)) an? an? o«
M(2m) (2m)pt1 (Rn)ptl — Rrtlp

— 0 as n — oo.
O

Remark 3.4 Observe that Lemma implies the following: For all integers p > 0 and ¢ > 3, the
proportion of G € Gy, r for which there are 3 < 7,5 < ¢, an i-cycle and a different j-cycle within
distance p of each other, approaches 0 as n — oo.

Lemma 3.5 For every integer p > 0, the proportion of G € Gy, g that have three distinct vertices
v1, Vg, U3 With degree less than R such that for all distinct i,j € {1,2,3} there is a path of length at most
p from v; to v, approaches 0 as n — oo.

Proof: Let p be a positive integer. It suffices to prove that, for every choice of positive integers p;, p2 < p,
the proportion of C € C(W1, ..., W,,) with the following property approaches 0 as n — oo:

(x) There are W;,, W,,, W;, with |W;, |, |W,,|, |W;,| < R such that there is a p;-path with endpoints
in W;, and W;, and a p,-path with endpoints in W;, and W;,.

Let ¢ > R. By Assumption , for all large enough n there are at most y/cn F'-classes W,; with
cardinality less than R, so W;,, W;,, W;, can be chosen in at most (cn)3/ 2 ways. The other p; + ps — 2
F-classes which the p;-path and p,-path are going to intersect can be chosen in at most n?*T72~2 ways.

The union of all edges in the two paths will contain 2(p; + p2) elements, which can be chosen in no more

than ((p1 + p2 + 1)R)2<p1+p 2) ways, since they belong to the already chosen F'-classes. A complete
matching (forming two paths) on these elements can be chosen in no more than M(2(p; + p2)) ways, and
a complete matching on the remaining 2m — 2(p; + p2) elements can be chosen in M(2m — 2(p1 + p2))
ways. Hence, for some constant o depending only on p1, ps and R, the proportion of C € C(W7q,...,W,,)
that satisfy (x) is at most

an®/2pP1tr2=2M(2m — 2(p; + p2)) anpitr2—1/2 anP1Fp2—1/2
M(2m) (2m)P1tp2 (Rn)P1tp2
an-1/2

:W—)O as n — oQ.

d

Lemma 3.6 For every integer p > 0, the proportion of G € Gy, g which have vertices v and w such that
degg(v) < R — 2, degg(w) < R — 1 and a p-path from v to w approaches 0 as n. — 0.



246 Vera Koponen

Proof: Let p > 0. It suffices to prove that the proportion of C € C(W7, ..., W,,) which have F-classes
W;,, W;, such that [W,;,| < R — 2 and |W,,| < R — 1 and a p-path starting in W;, and ending in W,
approaches 0 as n — oo. By Assumption (16), one can choose W;, and W;, such that [W;,| < R —2 and
|W;,| < R—Tlinatmostn'/*- (\/(R+d(n))n+n'*) = /R + §(n)-n3*+/n ways. Thep— 1 F-
classes other than W;, and W;, which the p-path is going to intersect can be chosen in at most n?~! ways.
The number of ways in which 2p elements from W, , W,, and the other chosen F'-classes can be chosen
is bounded by a constant depending only on p and R; the same is true for the number of ways of choosing
a p-path from these elements. Finally, a complete matching on the remaining 2m — 2p elements can be
chosen in M(2m — 2p) ways. So the proportion of C € C(W71, ..., W,,) with the described property is,
for some constant « depending only on p and R, at most

an®/* nP=1 M(2m — 2p) anP~—1/4 anP~1/4 an~1/4 0
~ ~ = — — 0.
M(2m) (2m)? (Rn)? R e 5
Lemma 3.7 Let k > 3 be an integer and let 3, ..., Ty, S1,...,8: € Ng. Then the proportion of G €

G, r which, for p = 3,...,k, have exactly v, p-cycles and, for p = 1,...,k, have exactly s, p-paths
with both endpoints of degree R — 1, approaches

k Tp o~ Ap k Sp o~ Hp
(H()\p)r !ek><H(up) 'e > as m — oo,

Sp-
p=3 p=1 P

where \, = (R2—p1)P and i . In other words, if X, is the number of p-cycles and Y, is the

number of p-paths with both endpoints of degree R — 1, then the random variables X, p =3, ...,k and
Yy, p = 1,...,k, are asymptotically independent Poisson variables with mean X\, and |1, respectively.
Moreover, the random variables X, p = 3,...,k, andY),, p = 1,.. .k, are asymptotically independent
of the (asymptotically Poisson distributed) number of vertices with degree R — 2.

_ (R—pP*!
= 2

Proof: Let £ > 3. The last statement of the lemma will follow from the argument below, because the
only thing regarding the number of vertices with degree R — 2, or in the context of configurations, the
number of F'-classes of cardinality R — 2, is that this number is at most nt/4; so the limit to be proved
is independent of the number of vertices (F'-classes) with degree (cardinality) R — 2. Forp = 1,...,k,
let the random variable X, be the number of p-cycles of a configuration C € C(W4, ..., W,,) and let the
random variable Y}, be the number of p-paths (of C) with both endpoints in F'-classes of cardinality 2 — 1.

Forp=1,...,k,let

R—-1)P R —1)pt!
WL U Vi
2p 2
We will prove:
Claim. X1,..., Xy, Y1,..., Yy are asymptotically independent Poisson variables with mean Aq, ..., Az,

W1y -, Lk, TESpectively.

By Fact[2.16 , the probability that X; = X5 = 0 approaches exp(—\; — A2) as n — 00, and therefore
(using part ([u)) of the same fact) the lemma follows from the claim. Actually the argument that follows
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proves Fact 2.16] ([i), but also considers the random variables Y7, ..., Y} of the lemma, which we must
take into account when proving a logical limit law.

Recall the notation (z); = z(x — 1) ... (z — i + 1). Note that the random variable

Z = (Xl)ﬁ (X2)7”2 s (Xk)rk (Yl)sl (Y2)82 s (Yk)sk

is the number of ordered 2k-tuples without repetition consisting of (from left to right) r; 1-cycles,
2-cycles, ..., ri k-cycles, s; 1-paths with both endpoints in F'-classes of cardinality R — 1, ... and s
k-paths with both endpoints in F'-classes of cardinality R — 1. By Theorem 1.23 in [4]], to prove the claim
it suffices to prove that

k
E(Z) — [JOw)™(up)| = o(1) asn — oo, (17)
p=1
where E( ) denotes the expected value and the bound ‘o( )’ depends only on k, R, ri,...,r; and
$1,...,5,. Indeed, in the argument we never use any other properties of the degree sequence d =
(di,...,d,) than those stated in , which hold for all degree sequences that we consider. Let Z’ be the
number of ordered 2k-tuples (Aq, ..., Agx) without repetition as counted by Z above, but with the extra

condition that there is no W; such that for two distinct entries A;, A; (j' # j) and edges e; € A; and
ejr€Ajr,e;NW; #Qande;, "W, £ 0. Let 2" = Z—27',s0Z = Z'+Z" andE(Z) = E(Z")+E(Z").
Let C,(n) be the number of ways to choose a p-cycle (a matching on a 2p-subset of W7 U. ..U W,, which
forms a p-cycle), so we have

(R(R — 1)n)”.

Cp(n) < %

(18)

Then let P,(n) be the number of ways to choose a p-path with both endpoints in F-classes with cardinality
R — 1, so by assumption (16),

1

P(n) < (R—1)*(R+ 5n);z (R(R—1)n)"
(R—1)(R(R—1)n)"

~ as n — oo.
2

19)

For every A C (J;—_, W;, let Cp(n, A) and P,(n, A) be defined as Cy(n) and P,(n) but with the extra

condition that no chosen edge (E-class) has non-empty intersection with A. Let ¢t = ZI;:l(prp + psp)
and let

Cp(n,t) = min{Cy(n, A): AC U Wi, |A| =2t}, and
i=1

Py(n,t) = min {Cp(n,A): AC | JW;, |A] = 2t}.

i=1
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Let f(n) = n — \/(R+0,)n — n'/* — 2t. From (16) we get
Cont) > (R(R 2;)f(n))p N (R(R2p1>n)” ind o)
Py(n,t) > (R = D (RQ_ = 2)° (R(R—1)f(n))"" @
_(B- 1)(R2(R —1)n)” s

We have

::»

L(n, 0)P Py(n, 1) < Z' < HC )'? Py(n)®,

p=1

s0 by (1. (1) @ban*@weget
k P\ "p P\ °»
7~ 1] <(R(R—1)n) ) ((R—l)(R;R— 1)n) ) | )

p=1 2p

For every tuple (A1, ..., Ag) that is being counted by Z’, we have ’ Uiil Ap‘ = 2t and for every

A C U, W; with |A| = 2t and every complete matching on A, the proportion of configurations in
C(W1y,...,W,) which have this matching on A is

M(2m — 2t)

Moy~ Gm)™ ~ (B

From this and 1} and recalling that ¢t = Z’;zl (prp + psp), we get

B(Z) ~ (Rn)- S ] <<R<R2—pl>n>”>” ((R - 1>(R§R - 1>n)”>s"
p=1

k p pt1 Sp k
U( ) <(R e ) = TTow
By and

Z') — Hk, (Ap)TP (up)sp| = o(1) asm — oo where the bound depends

p=1
OHyOIl ’1"1,.. rkan 81,...,Sk.
Since Z Z' + Z" it now suffices to prove that lim, ., E(Z"”) = o(1), where the bound depends
only on R, k, r1,...,7 and s1, ..., Sk, because this together with the conclusion above implies the

statement of . But Z” > 0 means that at least one of the following conditions holds:

(a) For some q < ¢ there are W;,,...,W;_ and edgesey,...,eq1 suchthate; C Wy U... UW; for
ji=1,...,q+ 1

(b) For some ¢,q' < t and some W; with |W;| < R there are W;, a g-path es,...,e, and ¢’-cycle
€1y, eq such thate; N Wi # 0, e, N W; # 0 and ef N W; # 0.
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(c) There are distinct W;,, W,,, W;, with |[W;, |, [W,,|, [W;,| < R and for every pair 7,5’ € {1,2,3}
such that j # j a path of length at most ¢ from some a € W;, to some b € Wi,

From the proofs of Lemmas and it follows that the proportion of C € C(Wy,...,W,,)
satisfying any of (a)), (b) or (c) approaches 0 as n — oo, and in each case the convergence is bounded by
a function depending only on R, k, r1,...,7 and sy, ..., sg. Hence E(Z”) = o(1) as n — oo, where
the bound depends only on R, k, r1,...,7; and sq, ..., Sk. O

Lemma 3.8 Suppose that R > 3. For every integer p, the proportion of G € Gy, r such that every
connected component of G has at least p vertices approaches 1 as n — oo.

Proof: Let p be any positive integer. By Lemmas and Theorem [2.1] almost all G € Ggr
have the following properties:

e There is no subgraph with p vertices and more than p edges.

e There do not exist distinct vertices v;, ¢ = 1,2, 3, all three with degree R — 1 such that for all
distinct 4, j € {1,2, 3} there is a path of length at most p from v; to v;.

e There do not exist distinct vertices v and w both of degree R — 2 and a path of length at most p
from v to w.

e No vertex has degree less than R — 2.

Therefore it suffices to show that if G € G has a connected component with exactly p vertices, then
one of the above properties fail for G. Recall the assumption that R > 3 and suppose that H C G is a
connected component with exactly p vertices. If p = 1 then the unique vertex in H has degree 0 < R — 2,
so G does not have the last property above. If p = 2 then the two vertices of H have degree 1 < R — 2in
G, so the third or fourth property fails. If p = 3 then the three vertices of 7 have degree at most2 < R—1
in G, so G does not have the second property. Now suppose that p > 4. If the last three properties hold,
then the number of edges in H is at least

(R—2) + (R—1) + p—2)R  pR—3 3 3
p— > - —
2 7  =PyT3 P

where the last inequality holds for all p > 4 (by induction or differentiation). Hence H has more than p
edges, so G does not have the first property. O

Note that Lemma [3.] is false for R = 2, because if R = 2 then every 3-cycle (say) is a connected
component and the proportion of G € G, » with at least one 3-cycle converges to a positive number, by
Lemma[3.7] as n — oo. In the case R > 5 Lemma 3.8]is a consequence of Corollary [2.4]

4 First-order limit laws

Recall that G, r denotes the set of undirected graphs with vertices 1, ...,n such that every vertex has
degree at most R. For every n and G € G, r we let [G] denote the equivalence class to which it belongs
with respect to the isomorphism relation on G,, r. Note that for every first-order sentence ¢ and every
G € G, g, we have G |= ¢ if and only if H = ¢ for every H € [G].
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Theorem 4.1 Let R be a non-negative integer.

(i) Suppose that R > 0. For every first order sentence o in the language of graphs, there is ¢ € [0, 1]

such that
i {G € G r: G = ¢} .
n— o0 |Gn,R|

(ii) Suppose that 0 < R < 1 or R > 5. For every first-order sentence  in the language of graphs, there
is ¢ € [0,1] such that

i {G):GeGrrandG =} = |HGeGur:GE@Y
1m = lim =c

n— o0 ‘{[g] : g (= Gn,R}‘ n—o00 ‘Gn,R‘

In other words, for every R > 0, finite graphs with maximum degree R satisfy a labelled limit law for
first-order logic. If 0 < R < 1 or R > 5 then we also have an unlabelled limit law. f R =0or R =1
then we have a zero-one law in both the labelled an unlabelled case (as the proof below will show), that
is, the number c in the theorem is either O or 1 for every . If R > 2 then we do not have a zero-one law,
because (for example) the non-existence of a vertex with degree R — 2, which can be expressed with a
sentence in first-order logic, holds with asymptotic probability e~ (%=1, by Theorem This paper does
not settle the question of whether or not G, g has an unlabelled limit law for R = 2, 3, 4.

4.1 Proof of Theorem

If R = 0 then |Gy, r| = 1 for every n, so the theorem is trivial in this case. If R = 1 then there are only
two isomorphism types of connected components, singletons and two vertices connected to each other, so
by Example 7.15 in [5] the theorem follows, both in the labelled and unlabelled case. (In this simple case
one can of course also argue directly, without reference to [3] which has much wider applicability.)

For the rest of the proof we assume that R > 2. We will prove that for every first-order sentence ¢, the
proportion [{G € Gy, g : G |= ¢}|/|Gn g| converges as n — oo; so we get part (i) of the theorem for all
R > 2. By Corollary 2.4 and Theorem [2.3| we then get part (i) for R > 5, because in Theorem [2.3] we
can, for any sentence ¢, let H,, be the set of G € G, g such that G |= ¢.

Every first-order sentence has a quantifier rank (also called quantifier depth) (see [6, [11} [16] for ex-
ample) which is a non-negative integer. Therefore it suffices to show that for every £k > 0 and every
first-order sentence ¢ with quantifier rank at most k, the quotient [{G € G, r : G = ¢}|/|Gy &l
converges as n — 00. So we fix an arbitrary integer k£ > 3.

Definition 4.2 Let m = 581, Forall ¢,73,...,7m,51,...,5m € {0,1,...,k}, define
Xon(q T3y oo 3Ty S15 -+ Sm)
to be the set of all G € G, g such that the following holds:
1. There are no vertices with degree less that R — 2,

2. If ¢ < k then there are exactly g vertices with degree R — 2 and if ¢ = k then there are at least k
vertices with degree R — 2.
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3. There are at least m vertices with degree 7 fori = R — 1, R.

4. Forp = 3,...,m, if r, < k then there are exactly 7, p-cycles and if r,, = k then there are at least
k p-cycles.

5. Forp=1,...,m,if s, < k then there are exactly s, p-paths with both endpoints of degree R — 1
and if s, = k then there are at least k p-paths with both endpoints of degree R — 1.

6. The distance is at least 5*2 between
(a) any vertex with degree R — 2 and any (other) vertex of degree at most R — 1,
(b) any vertex with degree at most R — 1 and any cycle of length at most m,

(c) any two different cycles of length at most m, and

(d) any two different paths of length at most m such that both endpoints of both paths have degree
R—1.

7. If R > 3 then every connected component has at least m vertices.

Let

Pk?('rhu) =

wel if @ <k,
1 — Y5 S ifa >k,

il

and let \, = % and p, = %. By Theoremsandand Lemma ,

lim ‘Xn<Qa T3yeeeyTmyS1y. -+, 5m)|
n—oo |G’I’L,R|
= Pk(qa R - 1) ( H Pk(r;lh A;D)) < H Pk(spnup)) .
p=3 p=1
Hence it is enough to prove that for all ¢, 73, ..., 7, S1,...,8m € {0,1,... k}, if

gvHEXn(qul’n"'7Tma817"‘7sm)a

then G and H satisfies exactly the same sentences of quantifier rank at most k. To show that G and ‘H
satisfies exactly the same sentences of quantifier rank at most k it suffices to prove that Duplicator has
a winning strategy for the Ehrenfeucht-Fraissé game in k steps on G and H (e.g. [6], Theorem 2.2.8, or
similar results in [[L1} [16]).

Sowe fiX ¢,73, ..., "m, 81, -+, 8m €{0,1,...,k} and let

G, H € Xu(q,7r3y - s TimyS1s- -y Sm)-

For any vertex v of G and I € Ny we let Bg(v,1) be the set of vertices w such that distg (v, w) < [; and
similarly for H. Let a Poisson object of G or ‘H denote any one of

e avertex with degree R — 2, or
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e ap-cycle where p < m, or
e a p-path with both endpoints of degree R — 1 where p < m.

Observation 4.3 Tt follows from the definition of X,,(q, 73, ..., m,S1,--.,8m) thatifv € {1,...,n},
B = Bg(v,1), or B = By(v,1),and | < 5*, then B contains at most one Poisson object.

To prove that Duplicator has a winning strategy for the Ehrenfeucht-Fraissé game in & steps on G and ‘H
it suffices to prove the following result.

Lemma 4.4 Suppose that i < k, v1,...,v;,w1,...,w; € {1,...,n}, viy1 € {1,...,n} (or w11 €
{1,...,n}) and that

j=1
is an isomorphism such that f;(v;) = w; for j = 1,...,i. Then there is w;11 € {1,...,n} (or vi11 €
{1,...,n}) such that the same statement holds with ‘i + 1" in place of ‘i’.
Proof: Suppose thati < k, v1,...,v;,w1,...,w; € {1,...,n} and that

i i
fi g[ U Bg (Ui75kz)} - H { U BH(wi,5k1)}
j=1 j=1

is an isomorphism such that f;(v;) = w; for j = 1,...,i. By symmetry it is enough to consider the case

when Spoiler chooses v;41 in G.
If Bg (vi41,5" 1) C U;zl Bg(vj,5" 1) thenletw; 1 = fi(v;41) andlet f; 1, be the restriction

of f; to Ui~+1 Bg (’Uj, 5k_i_1).

Jj=1 , )
Now suppose that Bg (vi41,5%7"~") is not included in J;_, Bg (v;,5*~* — 1). Then there is u €
Bg (vi41,5%7*~1) such that the distance (in G) from u to v; is at least 5*~* forall j = 1,... 4. It follows
that for every a € Bg (v;+1,5" ") and every j = 1,..., 1, the distance from a to v; is at least

st _ distg(a,u) > gk—i _ 9. gk—i=1 _ 3 gk—i-1
Consequently, for every a € Bg (v;41,5°7"~1) and every b € U;:1 Bg (v;, 55171),
distg(a,b) > 3-5F7171 — sFiml — 9. 5kmiml > o

because @ < k. Since G,H € X, (q,73,. -, m,S1,---,Sm) and f; is an isomorphism it follows from
Observation [4.3] for large enough n, that there are w;; and an isomorphism

fiir: Q{Bg(vi+1,5k7i71)} — H{By(wiﬂjk*i*l)}

such that f/,;(vi41) = wit1 and disty (wiy1,u) > 2 for every u € U;Zl By (wi, 577). Then the
desired isomorphism f;; is obtained by letting f;+1(v) = fi(v) if
v e U;:1 Bg (vi,57") and fi11(v) = fl,1(v) if v € Bg(vi41,57 77 1). O
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