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We study a leader election protocol that we call the Swedish leader election protocol. This name comes from a
protocol presented by L. Bondesson, T. Nilsson, and G. Wikstrand (2007). The goal is to select one among n > 0
players, by proceeding through a number of rounds. If there is only one player remaining, the protocol stops and
the player is declared the leader. Otherwise, all remaining players flip a biased coin; with probability ¢ the player
survives to the next round, with probability p = 1 — ¢ the player loses (is killed) and plays no further ... unless all
players lose in a given round (null round), so all of them play again. In the classical leader election protocol, any
number of null rounds may take place, and with probability 1 some player will ultimately be elected. In the Swedish
leader election protocol there is a maximum number 7 of consecutive null rounds, and if the threshold is attained the
protocol fails without declaring a leader.

In this paper, several parameters are asymptotically analyzed, among them: Success Probability, Number of rounds
‘R, Number of null rounds 7,.

This paper is a companion paper to Louchard, Martinez and Prodinger (2011) where De-Poissonization was used,
together with the Mellin transform. While this works fine as far as it goes, there are limitations, in particular of
a computational nature. The approach chosen here is similar to earlier efforts of the same authors - Louchard and
Prodinger (2004,2005,2009). Identifying some underlying distributions as Gumbel (type) distributions, one can start
with approximations at a very early stage and compute (at least in principle) all moments asymptotically. This is
in contrast to the companion work, where only expected values were considered. In an appendix, it is shown that,
whereever results are given in both papers, they coincide, although they are presented in different ways.

Keywords: asymmetric leader election, probabilistic analysis, urn models, limiting distributions

1 Introduction

We present a probabilistic analysis, based on an urn model, of a leader election protocol that we call
the Swedish leader election protocol. This name comes from a protocol presented by L. Bondesson, T.
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Nilsson, and G. Wikstrand in [1]. The goal is to select one among n > 0 players, by proceeding through
a number of rounds. If there is only one player remaining, the protocol stops and the player is declared
the leader. Otherwise, all remaining players flip a biased coin; with probability ¢ the player survives to
the next round, with probability p = 1 — ¢ the player loses (is killed) and plays no further ... unless
all players lose in a given round (null round), so all of them play again. We say that a round is null if
every active player tosses tails (all killed). In the classical leader election protocol, any number of null
rounds may take place, and with probability 1 some player will ultimately be elected. In the Swedish
leader election protocol there is a maximum number 7 of consecutive null rounds, and if the threshold is
attained the protocol fails without declaring a leader.

In this paper, several parameters are asymptotically analyzed, starting with n players, n large@] success
probability S;,, number of rounds R,,, number of null rounds 7,,, number L,,, in case of failure, of players
that were active at the last non-null round, the so-called left-overs, and the total number C,, of coins flipped.
As suggested by one referee, other RV of interest could be considered, for instance the number of useless
coin flips (i.e. coin flips that lead to null rounds or rounds where every player goes forward to the next
round). These RVs can indeed be analyzed with the same techniques, but due to length constraints, we
refrain to do this here. Such considerations would make an excellent project for research students.

This work is a companion paper to [7]] where De-Poissonization was used, together with the Mellin
transform. Here, we approximate the relevant quantities at an early stage; the loss in accuracy results in
a gain when it comes to the complexity of the necessary computations. Indeed, we can deal here with all
moments, whereas in [7]] only expected values could be computed.

2 Urn model

In this section we show how to proceed from the leader election algorithm to an urn model. Then, within
this model, we explain how to derive the asymptotic distributions of our random variables (RVs). Finally
we obtain (via Laplace transforms) all asymptotic distributions and moments we need.

By the definition of the protocol each player does have a life duration, being independent of all other
players, given by a geometrically distributed random variable X, with probability mass function P(X =
j) = pg’~1, where p denotes the killing probability, and ¢ the probability of survival. Proceeding as
in [[10] the leader election protocol can be considered as an urn model in the following way: we have urns
numbered 1,2, ..., and n balls are thrown into the urns. The probability of each out of the n balls falling
into an urn numbered j is being given by pg’ ~!. The balls contained in the urn numbered j represent the
candidates who are killed at level j of the leader election protocol. The advantage of the viewpoint is that
the parameters of interest can be interpreted in terms of statistics on the urn model. In order to do so, we
will introduce several additional parameters. Let I denote the number of balls contained in the maximal
(highest numbered) non-empty urn. If it contains only a single ball, then the leader election protocol has
succeeded, and a single player has survived. If it contains more than one ball, say ¢ > 2, this implies that
a null round has taken place, and the process has to be restarted with 7 balls (all remaining ¢ players have
been killed and play again in the next round). A restarted process does not necessarily lead to a successful
election, additional null rounds may happen. Note that no null rounds have occurred if the maximal non-
empty urn contains only a single ball. We will use another random variable J denoting either the position
of the maximal non-empty urn, if it contains ¢ > 1 balls, or the position of the last non-empty urn before

® We use the same notations as in [7], to ease further comparisons, with the exception of Iy, replaced here by T,
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the maximal non-empty urn if the latter contains ¢ = 1 balls. Moreover, in the case ¢ = 1 we denote with
K the number of balls in the urn j.

Instead of directly analyzing the parameters of interest (compare with [7]]), we can analyze suitable
statistics on the urn model, avoiding more cumbersome calculations. For example, for the analysis of the
success probability .S,, we will study the joint distribution P(J = j,I = i) of I and J, distinguishing
between the cases s = 1 and 7 > 2.

2.1 Asymptotic analysis

We state, for later use, the following properties, for large n, which are crucial for our approach - early
stage approximation of the relevant quantities defined on the urn model.

* ASYMPTOTIC INDEPENDENCE. We have asymptotic independence of urns, for all events related
to urn j containing (1) balls. This means, for instance that

Plurn j; contains ¢; balls ; urn j, contains iy balls ;.. . ; urn ji contains i balls,
where i1, ia, ..., = O(1)]
~ Plurn j; contains 41 balls | x P[urn j5 contains i3 balls | x - -+ x P[urn jj, contains i, balls |.

This is proved, by Poissonization-De-Poissonization, in [9]], [11]] and [4] (in this paper for p = 1/2,
but the proof is easily adapted). The error term is O(n~¢) where C is a positive constant.

* ASYMPTOTIC DISTRIBUTIONS. We obtain asymptotic distributions of the interesting RVs as fol-
lows. The number of balls in each urn is asymptotically Poisson-distributed with parameter npg’~!
in urn j containing O(1) balls (this is the classical asymptotic for the Binomial distribution). This
means that the asymptotic number ¢ of balls in urn j is given by

_ i-1)¢
exp (—npg’ ) 7(npq£! ) :

and with Q := 1/¢,L := InQ,n = j — lognp/q, this is equivalent to P (e’L",E), where
P(A\,u) := e \*/ul. The asymptotic distributions are related to Gumbel distribution functions
(given by exp (—e™%)) or convergent series of such. The error term is O(n~1).

* EXTENDED SUMMATIONS. Some summations now go to oo. This is justified, for example, in [9].

* UNIFORM INTEGRABILITY. We have uniform integrability for the moments of our RVs. To show
that the limiting moments are equivalent to the moments of the limiting distributions, we need a
suitable rate of convergence. This is related to a uniform integrability condition (see Loeve [6,
Section 11.4]). For the kind of limiting distributions we consider here, the rate of convergence is
analyzed in detail in [8] and [[I1]]. The error term is O(n~%).

* MELLIN TRANSFORM. Asymptotic expressions for the moments are obtained by Mellin trans-
forms. The error term is O(n~¢). We proceed as follows (see [8] for detailed proofs): from
the asymptotic properties of the urns, we have obtained the asymptotic distributions of our RV of
interest. Next we compute the Laplace transform ¢(a) of these distributions, from which we can
derive the dominant part of probabilities and moments as well as the (tiny) periodic part in the form
of a Fourier series. This connection will be detailed in the next sections. Note that we will also
need the first values of probabilities and moments, obtained via some recurrences.
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* SLOW INCREASE PROPERTY. I'(s) decreases exponentially in the direction ioo:
IT(o + it)| ~ V2r|t|7 =/ 2e~7IH/2,

Also, we this property is true for all other functions we encounter. So inverting the Mellin trans-
forms is easily justified.

If we compare the approach in this paper with other ones that appeared previously, then we can notice
the following. Traditionally, one would stay with exact enumerations as long as possible, and only at a
late stage move to asymptotics. Doing this, one would, in terms of asymptotics, carry many unimportant
contributions around, which makes the computations quite heavy, especially when it comes to higher mo-
ments. Here, however, approximations are carried out as early as possible, and this allows for streamlined
(and often automatic) computations of asymptotic distributions and higher moments.

The present paper falls into the paradigm of combinatorics of geometrically distributed words; many
papers have been written on that since the mid-nineties. We cite only the first one in this series: [12]

3 Notation and Plan of the paper
3.1 Notation

We will use several abbreviations for probabilities and moments in order to derive more compact expres-
sions. Throughout this work we denote with n the number of initial players; we assume that n is large,
we derive asymptotic expansions with respect to n — oo. Moreover, let n* = n - %’. Since the Poisson
distribution is crucial for our approach - early stage asymptotic analysis - we use the shorthand notation
P(A\ u) := e~ *X\*/ul. For the asymptotic analysis we use 7 := j — logn* or  := s — logn*. The
fractional part of « is denoted by {z}.

In the context of combinatorics of geometrically distributed words the following notation is frequently
used: @ := 1/g, log := logg,, and L := In Q. Moreover, M := logp, and x; := 2le’ where i denotes
the imaginary unit. The expected values of the parameters of interest number of rounds R,,, number of
null rounds 7, number £, in case of failure, of players that were active at the last non-null round, the

so-called left-overs, and the total number C,, of coins flipped, will be denoted with

R, =E(R,), T.=E(T,), L,=E(L,), C,:=E(,).
Moreover, the second moments will be denoted with
R =E(R2), T =E(T}), LY =E(L}), CP :=E(C).

Note that the “/”” notation will always be used, in the sequel, in relation with the failure case, and the tilde
will denote that the players were obtained in a null round; for example TZ’ denotes the average number of
null rounds, starting with ¢ players, with failure at the end, given that the ¢ players were obtained in a null
round, not preceded by another null round.

In our analysis we will encounter certain sums: X1 (i, 7) := E;;é(pi)”, Yo(i,7) = Ez;é(pi)”(v +
1), B3(i,7) == ST () (v 4+ 1)2, B4, 7) == Y00 (p%)v and 54, 7) == ST_L (p*)*v2. Closed
form expressions can readily be obtained and are given in the Appendix. We will first analyze Model I:
we fail if we have 7 consecutive null records. The Model 2: we fail if we have 7 null records, consecutive
or not, will be briefly considered in Appendix |G|
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3.2 Plan of the paper

The paper is organized as follows: Section [d]is devoted to the success probability, Section [3] to [§] give
the asymptotic distribution and first two moments of the RVs of interest (all moments can be derived by
the same technique): we compute the dominant and periodic part, both in the success and failure case.
Appendices[A| summarizes some definitions and identities. In [7], was presented an analytic treatment of
the Swedish leader election protocol. In particular, the success probability and the dominant part of the
mean of the following RV was computed: total number of rounds, total number of null rounds, number
of left-overs. We prove, in Appendices [B|to[E] the equivalence with the results given in this paper. Some
matrix expressions are presented in Appendix [Fland Appendix [G]briefly presents the second model where
we fail if we have 7 null records, consecutive or not. Appendix [H| gives the proof of Theorem[8.2]

4 Success probability

In order to analyze the success probability .S,, we proceed in three steps. First, we deduce basic recurrence
relations for the success probability based on the leader election algorithm. Second, we reformulate the
problem in terms of the urn model. Third, we carry out the asymptotic analysis: we compute the Laplace
transform of the asymptotic distributions, and finally derive the asymptotic expressions for them. It is
beneficial to distinguish between starting with ¢ players (used in the recurrences and the asymptotics) and
n which denotes the initial number of players. Moreover, for stating the recurrence relations we use the
notation P(i) = S;, and P(i) for the probability that, starting with i players, we succeed given that the
1 players were obtained in a null round, not preceded by another null round. We will first show how to
compute the basic probabilities, which will be used in the sequel. Next, as explained in Section [2} we
proceed to some asymptotic distributions.

Since we can have up to 7 — 1 or 7 — 2 null rounds (all killed), followed by ¢ survivors, we readily
obtain

P(z‘)zTZ_l(pﬂszi(z)quf—fm) A (2)“”3 )iz,

s=0 =1
P(i) =T_2( "’ ~ (e EP(l) = Z pIP(l) = LT._I)P(Z%
2y () R e =S

i > 2. Note that £ = i in the right-hand side leads to P(i).

4.1  Urn model correspondance

Instead of working with the basic recurrence relations, compare with [7]], we use the fact that the leader
election algorithm succeeds if in the corresponding urn model the maximal nonempty urn I = 1 has a
single entry, or if it succeeds after a restart (null round) (I > 1). We consider the joint distribution of
and J. Recall that we have asymptotic independence of urns, for all events related to urn j containing
O(1) balls. Also the number of balls in each such urn is now Poisson-distributed with parameter npg? —!
in urn j. The asymptotic number ¢ of balls in urn j is given by

j—1)¢
exp (—npg’ ') 7(7”)(2, ) =P (efL”,E) )
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with n = j — log n*. The asymptotic probability that urns j + 1,7 4+ 2, ... are empty is given by
ax £—1
H e P = ’P(gefL”,O).
f=j+1 p

Similar simple calculations lead to
P(J = j,1 =i) ~ P(%e*“, 0)P (e 570), i =2,
P =5 I =1)~P(Te 1) 1= P (7,0)].

Note that the case ¢ > 2 does not necessarily lead to a success: urn J corresponds to the first null round,
hence the multiplication by the success probability 15(1) On the other hand, the case ¢+ = 1 does lead to
a success: urn J corresponds to a round with one single player alive, which is immediately declared as
the leader (there are no null rounds before). We have from [[10], (here and in the sequel ~ always denotes

~p—oo), With n := j — log n*,

—Lni
P(J = j, I =i)~ exp(—%e*“i) % i > 2, (1)
> 1 —Lni _
NOES z;exp(—pe—m) P,
Faln) = exp (=T 7) e H (1 exp (7)) @)

4.2 Asymptotic analysis

We now compute the Laplace transform. This gives
o e (1 D —it+a ] o~
o) = [ empinan =3 M0 - a)po),
oo p 7!
From [8] the corresponding dominant part of S,, is given by

=y 27—1)
g— P(7).
:2L 21 (4,7) (@)

The corresponding periodic part is given by
wia =Y pr1(x)e 2miloenTd
170

with
p11(x1) = ¢1(a)’a:,LXl-
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We obtain
X pitxip _
P z—i—xl)E(z,T 1) .
P(q).
e1,1(x1) Z 17 (1)
Also,
oo 17/q & 1\ @
i) = [ emstnin=g|(5) ~o(5) Jro-a
)= [ e pmdn= | (7 o) fra-a
Hence
$2(0) = % = Probability that the maximal non-empty urn contains one ball, 3)
W21 = Z%J(Xl)e_m”i{log”*},
170
1 q —X1 1 —Xi pl—‘,-xl
—_ 1 _ = (1 = I'(1 .
p21(0) = 7 Kp) q (p) (1+x) = =T +x)

And finally, with notations provided in the Appendix [A]l we have the following result.

Theorem 4.1 The success probability S,, of the asymmetric leader election algorithm with swedish stop-
ping satisfies the asymptotic expansion

= p (it —=1) _, p _alri{logn® i
n ™~ —7P — miqglogn } 71'1{ ogn }
S, ; Ti 3 (.7) (i) + 17 +Zs01,1(xl)e +Z§02,1(Xl)€

1#£0 1#0

=V + % + §¢171(Xl)6*21ﬂi{10gn*} + #Zogoll(xl)efﬂﬂi{logn*}.

It might look paradoxical at first sight, that the asymptotic formula involves the quantities P(i) on the
right site. However, that happens often, and convergence is quite good, so that with only a few terms
(obtained directly from the recursion) a good approximation of the numerical values can be obtained.
This phenomenon will appear in all our subsequent analyses.

Of course, the failure probability F;, = 1 — S,,. Note also that as 7 — oo, the dominant part gives

Sr.r
Li L
i=2
as expected. For further use, we denote
II; := (one ball in the maximal non-empty urn),

(3

HQ(Z) =

o= s

27
Pd(S) =V + % (dominant part of S,,).
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5 Asymptotic distribution and moments of R,, — logn*

5.1 Asymptotic distribution and moments of R,, — log n* success case

We denote with Pr(i, k) the probability that, starting with ¢ players, we succeed after k rounds, and with
PR(i, k) the probability that, starting with ¢ players, we succeed after k rounds, given that the 4 players
were obtained in a null round. Furthermore, let R; denote the average number of rounds, starting with
i players, with success at the end, and R; the average number of rounds, starting with i players, with
success at the end, given that the ¢ players were obtained in a null round, not preceded by another null
round. We will first compute some asymptotic distributions, then the recurrences for the moments and
finally the asymptotics for distributions and moments. In case of success, the moments of R,, — logn*
are computed as in [10]], and expressed with some Ri, RZ@, instead of z; g, xgzg used in [10]. They are
computed as described in the sequel. Here and in the sequel, we give the first two moments. All moments
could be computed, only with more (algebraic and Maple) efforts.
We use f1(n) as given by (4) of [10], with Pr(i, k) instead of P(i, k) and  := k — logn*, i.e

—L'r]i LEi
Z o ( 1 oLk _L")Teﬁfz(i, k).
k=11i=2
Above we deal here with the case I > 2. The probability that R = « is given by the probability that,
at some time x — k, all ¢ players are dead multiplied by the probability that, starting with ¢ players, we
succeed after k£ rounds.
The quantity fo(n) is given by . Indeed, in the case I = 1, R is identical to J.
The first few exact values of the probabilities will be needed in the asymptotic formule. We can have
up to 7 — 1 or 7 — 2 null rounds (all killed), followed by ¢ survivors. This takes s+ 1 rounds already. This
leads to the following recurrences.

Pr(1,0) =1, Pg(1,0)=1,

. AV i i— -
PR(ka):Z(p) Z(é)qép ZPR(&k_l_S)v’LZ27
s=0 /=1
~ T—2 . i i ,
Pr(i k) = Z(pz)s Z (6) ¢'p T Pr(LE—1—5),i>2.
s=0 /=1

Concerning the first two moments we obtain the following results.

R; = ZPRZ kk—zz Z() (P PRk —1—s)k—1—s+s5+1],

k s=0 (=1

T—1 i . i .
=> ) (2) R+ Z (s+1)Y (2) ¢'p PRk —1—s)
s=0 (=1 (=1

k s=0

=34 (i,7) <£> ¢ 'R, + Yo(i, 7)P(i)/%1(i,7), Ry =0,
(=1
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R; = ZPRZk‘k‘ ZZ Z()epi_ePR(&k—1—3)[k—1—s+s+1],
k s=0 £=1

K2

T2 i .
=> ) (Z) R+ Z (s+1)) (2) ¢'p T Pr(l,k — 1~ s)
s=0 (=1 {=1

k s=0

=Si(i, T -1 (Z) ¢ Ry 4+ Sa(iy 7 — 1) P(i)/%1(5,7), Ry =0,

T—1
R§2>:ZPR(i,k)k2:Z ) (Z) D Prlk —1—s)k—1—s+s+1)%
k
1

k s=0 =1
T—1 1 . T— [
. 7 - i
=303 (4) o R+ 0+ 0P (e a1 )
s=0 /=1 k s=0 =1
7—1 1 .
2 _
23 s+ )Y (g)qul ‘R,
s=0 =1
=Si(i7) Y <e> oD R + Sy (i, 1) P(0) [T (1, 7) + 25(i,7) (z) a'p R B =0,
=1 =1
T—2 7 .
p(2) _ D (: 2 i\s Y\ 0 i—t 2
R =" Prli,k)k* =YY (0" Z@qp Pr(lk—1—8)k—1—s+s+1]?
k k s=0 =1
T—2 7 . T—2 7 .
_ i\s VY 0 i—tp(2) i\s 2 U\ 0 i
=303 () A S s+ 0P Y () oo Ptk -1
s=0 =1 k s=0 =1
T—2 7 .
1 _
23 DY @W ‘R,
s=0 (=1
=% (i, T 1)2@& i~ R® 4 S5(i, 7 — 1)P() /21 (i, 7)
/=1
+ 222(i’7 - 1) Z (Z> qepiiéRlv R%Q) =0
=1

Note that, in previous expressions, we could replace
i

Z@Q%MR@ by (R~ %a(i,7)P(i)/S1 (0. 7)] /(i 7).

=1

As the details of the Laplace transforms are given in [10]], we will not repeat them here. Let us however
summarize the general connection between ¢ () and the moments of the corresponding RV. From [8]], we

have A
E(R,, —logn™)" ~ my + wg,
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g = ¢™(0),
wy, = Z TZ (Xl)e—2l7ri{log n*}7
140

Tils) = oM@ .

=—Ls ~ ~
To obtain the moments of R,, —log n*, we plug, mutNatis mutandis, R;, RZ(-Q) into the moments given in

[10]. Note that to each value I = i > 2 corresponds P(i) as explained in Section @ Also Ag(x1) is no
more null here and P(1) = 1 by convention. This leads, with the quantities defined in the Appendix to
the next result.

Theorem 5.1 The asymptotic distribution and moments of the number of rounds R, — logn* in the
asymmetric leader election algorithm with swedish stopping, the success case, satisfies

P(R, = &) ~ fi(n) + fa(n),
Voo v 1+4+pM

R, —logn® =E(R, —logn*) ~ Uy — MV — T T
Ailx)  TA+x0)] —atriflogn}
+Z [Bl(Xl)_MAU(Xl)_ 7 T 1 e ,
1£0
U. \% Vs +V,
E(Ry — logn")? ~ Up = 2MUy — 2% + M2V +2M 2 + 3; 1
N p(m?/6+7%)  2v(pM +1) N pM? +2M +1
L3 L2 L
Bs(xi1) 2 A1) | A2(a) + As0a)
B —2MB —2—=~2 4+ M*A 2M
‘*‘%{ 2(X1) 1(x1) 7 o(xt) + 7T 73
v(l+x) 1 M —2ri{l
(1 g A" AV - 2= i ogn}'
+(+Xz)[ Tt T2 e

Note that the periodic component contains {logn} in the exponent (and not {logn*}). Note also that,
again, the asymptotics depend on R; on the right-side.

To obtain the moments of R,, —log n*, given success, we simply divide the moments given in the theorem
by Sp,.

5.2 Asymptotic distribution and moments of R,, — logn*, failure case

The analysis of this RV (as well as the next ones, with the exception of the number of flipped coins)
follows the same pattern as the previous ones. We will only present the necessary expressions. In the
following we denote with Py, (4, k) the probability that, starting with i players, we fail after k£ rounds, and
with 151’%(1‘, k) the probability that, starting with 7 players, we fail after k£ rounds, given that the 4 players
were obtained in a null round. Moreover, let P’(i) denote the probability that, starting with ¢ players, we
fail, such that P’(i) = 1 — P(i), and let P’ (i) denote the probability that, starting with i players, we fail,
given that the i players were obtained in a null round, such that P’(i) = 1 — P(i). Finally, the mean
number of rounds, starting with ¢ players, with failure at the end is denoted by R, and the mean number
of rounds, starting with ¢ players, with failure at the end, given that the ¢ players were obtained in a null
round, is denoted by R; Note that the “’”” notation will always be used, in the sequel, in relation with the
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failure case. In case of failure, the moments of R,, —logn* are computed as in [[10], with some f%g, REZ)’,

computed as follows. First we have

P'(i) =1~ T+ Z ; <2> g‘'p" =t P(f)

= ()" + S1(i,7) Z @q ptP(0), i > 2, P'(1) = 0.

£=1

Next the recurrences: we can have 7 or 7 — 1 null rounds (all killed) at start, leading to failure. We readily
obtain.

Pg(1,0) =0, Pg(1,0) =0,
Pp(1,>1)=0, Pp(1,>1)=0,

T—1
Pp(ik) = (") [k =7+ > (") Z(Z) P PRk —1—5), 0> 2,
s=0 =1

T—2 i

PR(i.k) = () =7~ 1] + Z() PPk —1—5), 12 2.

s:O (=1

= 07+ 2300.7) 3 ()9 RS20 P) = @)Y/, R =0,
=1
Ri= 0 -0+ mr -0 Y ())ar R,
=1
3, DI — ()7 ]/DaG7), By =0,

and similar equations for RZ(-Q)/, RZ@)'. To obtain the moments of R,, — logn*, we plug R’ R( ) into the
moments given in [[10], based only on f1(n) as given by (4) of [10], with PR(z, k) instead of P(z k), and
againn := k — logn*, i.e.,

x© 1 3 —LmigLki _
= ZZeXp( elre L") f Pp(i, k).
k=1 1i=2

Indeed, a maximal non-empty urn with only 1 ball leads to a success. Note that to each value [ =7 > 2
corresponds P’(4). Also Ag(x;) is no more null here and P’(1) = 0 by convention. This gives

Theorem 5.2 The asymptotic distribution and moments of the shifted number of rounds R,, — logn™ in
the asymmetric leader election algorithm with swedish stopping, failure case, satisfies

P'(Rn = k) ~ f1(n),
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V:
R —logn* =E(R, —logn®) ~ Uy — MV; — f
A .
+ 3 [Bul) = Mag(g) - 2P0 | et
140
U Vo Va4V
E(R, —logn*)? ~ Uy — 2MU, — 274 + M?Vi +2M — 2 4 3; 4
B

+y {Bz(xo —2M By (x1) — 2 32 ) + M?Ao(x1)

10
+2M

Ay (Xl) + A2(Xl) + A3(Xl) e—2l7ri{logn}
L L2 .

To obtain the moments of R,, — logn*, given failure, we simply divide the moments given in the theorem
by F,.

6 Asymptotic distribution and moments of 7, (null rounds)

6.1 Asymptotic distribution and moments of T,, (null rounds), with success

Let Pr(i,t) denote the probability that, starting with i players, we succeed with ¢ null rounds, and Py (i, t)
the probability that, starting with ¢ players, we succeed with ¢ null rounds, given that the ¢ players were
obtained in a null round. Furthermore, we denote with Pr(t) the probability that, starting with n players,
we succeed with ¢ null rounds, with 7; the average number of null rounds, starting with ¢ players, with
success at the end, and with T} the average number of null rounds, starting with ¢ players, with success at
the end, given that the 7 players were obtained in a null round.

The analysis is similar to that of R,,. Concerning the basic recurrence relations we use the following
considerations: we can have up to 7 — 1 or 7 — 2 null rounds (all killed), followed by £ survivors. This
leads to s or s + 1 null rounds already. Hence, we obtain:

Pr(1,0)=1, Pp(1,0
Pr(1,>1)=0, Pr(1,>1)

i

Pr(i,t) = Z 2.
=0 =1

Pr(i.t) = Z D>
(=1

Moreover, the first two moments satisfy

T—1
Ti:ZPT(i,t)t:ZZ s
t s=0
SDIUDNHIIETES 93
=1 t s

=1,

~—

/-\

) P Pr(0t —s), 0> 2,

7

14

/\

) ZZPTét—l—S) 7> 2.

i
1

q“p T Pr(0,t — s)[t — s+ 5],

/\
~

{=1

—

i

O(I?i)ss > @) q‘pPr(l,t — )

{=1
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i

= 5160) 30 (4) o9 + 2P Ea07), T =

{=1

Ti:ZﬁT(i,t)t:ZT_ (p*)® 1 (Z =t Pr(t —1—s)[t—1— s+ s+ 1],

T—2 %

- TZ_Z(pi)S ; (Z) ¢'p T + Zt: VANCESNDY (2) ¢'p" Pr(lt—1-s)

s=0 {=1

t s=0 =1
T—1 i T—1 i
t - 2\S 2
=) ) (6 dp T 30y <£> CPr(t,t—1—s)
s=0 =1 t s=0 =1

T—2 i .
TP =3 Prin) =33 )" ) (;)qu”PTw,t —1-s)t-1-s+s+1)%
t 5 — =

?

T—2 A . -
_ iys U\ ¢ i—em(2) 2 v\ ¢ i—g
=30 <£>qp 7Y+ E “(s+1) ;:1 (E)qp Pr(l,t—1—s)

s=0 (=1 t s=0

+2 Z (s+1) Z <2> qui’zTg
=1

—Sy(ir -1 <2> TP + So(isr — 1)PG)/La(i, )

=1
i

+ 222(i, T — 1) Z <Z> qépiieTg7 TI(Q) =0.

=1
Again, as in previous expressions, we could replace
i

Z (z) ¢ Pty by [Ty — 24(i,7)P(i)/S1(i, 7)) /21 (0, 7).

{=1

103
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Next, with (T)) and n := j — log n*,

]P)(J :]77;l = t) ~ f3(nat)7
—Lni

oo
1 ni
= Z exp(—fefL”) LPT(Z', t).
s D 7!

Hence
oo oo 1 H—a ) .
sstnt) = [ emptnnan =3 W0 - @) Pro),
- =2

Note that there are no null rounds if the maximal non-empty urn contains only 1 ball.
The dominant component of Pr(t) is given by

= (1
:Z(/p)

1=2

—1 i

h"ﬁ

i=2
and the periodic component by

wis(t) = Z w3 (x1, t)e—2l7ri{10gn*}’

10
with
803(Xl7 t) = ¢3 (057 t) |a:*LXL'

We obtain

> pitxi

p (i +x1)
e3(xi,t) = TPT(Z t).
=2 :

Hence, we have the following theorem.

Theorem 6.1 The asymptotic distribution of the number T,, of null rounds, with success, in the asymmet-
ric leader election algorithm with swedish stopping is given by

Prt)=P(T, =t) ~ Z L priyt) + Z% X1, t)e2imiflosn”}

i=2 1£0
The moments are given by
[e'e) 7 B oo Z’J’,XL]-—‘(‘ + ) B . X
~S P f P Lt X)) 5 —2lmi{logn®}
Lo~ T+ ) = T :
i=2 1#£0 =2
+
T2 ~ Z P T(z) + ZZ P’ XT (i "’ XI)T(2) ~2imi{logn"}
1#0 1=2

Note that 7, = O(1).
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6.2 Asymptotic distribution and moments of T,, (null rounds), with failure

Let PJ.(i,t) denote the probability that, starting with i players, we fail with ¢ null rounds, and Pj.(i, ) the
probability that, starting with ¢ players, we fail with ¢ null rounds, given that the ¢ players were obtained
in a null round. We denote with P7.(¢) the probability that, starting with n players, we fail with ¢ null
rounds, with Ti’ the average number of null rounds, starting with ¢ players, with failure at the end, and
with Tl’ the average number of null rounds, starting with ¢ players, with failure at the end, given that the ¢
players were obtained in a null round.

Since we can have 7 or 7—1 null rounds (all killed) at start, leading to failure, we obtain the recurrences:

Pi/“(lvo) =0, pll“(
quw(l, > 1) =0, quw( , > 1) = 0,

7

ZPtht— T—|—ZZ 527:<2>“1ZPT (6t —s)[t — s+ 3]

= /=1
- <pi>ff+§<pi>s;l () v +Z_ Z ()t rriee—s

=074 3100 3 ()T S P - Y, T =

T—2 [
T) =Y Pp(i,tit =)'+ ) (0)° (Z) DTEPL(t—1—s)[t—1—s+s+1]
t t s=0 =1
i T—2 [ .
=)~ T*Z SZ()“ZTNZ s+1)2(2)quiZP{p(€,tls)
/=1 t s=0 =1

K2

=0 Salir = 030 (§ )as T+ el = DIP) - )Y, T =

{=1

Next, with (I, again with 1 := j — log n*,
P/(J :j77;l = t) ~ f4(7’],t>,
—Lui

= I _pNe ",
t):Zexp(—ge L”) Al Pr(it).
i=2
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Hence
s z+a

¢4(a,t):/oo e f4(n, t)d Z 1/p L(i — &) Py (i, t).

— 00 i=

Note that there are no null rounds if the maximal non-empty urn contains only 1 ball.
The dominant component of Py (¢) is given by
i=2

(i,1),

.“\“3

and the periodic component by

wia(t) =Y @alxi, t)e mitlosnh,

170
with
palxi t) = oalast)|,__, .
We obtain -
=3 PTG ),
Hence

Theorem 6.2 The asymptotic distribution of the number T,, of null rounds, with failure, is given by

oo

p —2lri *
PYC( ) ]P)/(,];L = ) f Z t +ZSD4 Xl7 2lwi{log n }
=2 140

The moments are given by

SR
Z p T/ + Z Z p X 'L + XZ)T/672l7ri{logn*}’
1#0 =2
oo 0 i
T ~ Z % "+ Z Z p XT + Xl)T(2)/ —~2lmi{logn’}
=2 1#0 i=2

Note that 7,, = O(1).

7 Asymptotic distribution and moments of £,, (leftovers), with fail-
ure

Let Pj (i,7) denote the probability that, starting with ¢ players, we fail, with r players remaining at the end
(leftovers), and P (i,r) the probability that, starting with i players, we fail, with  players remaining at
the end (leftovers), given that the 7 players were obtained in a null round. Moreover, let P; () denote the
probability that, starting with n players, we fail, with r players remaining at the end (leftovers). Concern
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the average numbers we use the notation, L} for the average number of leftovers, starting with 4 players,
with failure at the end, and i; for the average number of leftovers, starting with ¢ players, with failure at
the end, given that the 7 players were obtained in a null round. Since we have r players alive at start or r
players alive before the starting null round, we obtain the following recurrences:

P (r,r)=(p")" + Z1(r,7)q" PL(r,7), hence

T 1 _ ‘s
Pi(rr)= — 2 =P
1 — pT — qT + quTT
Bl(rr) = ()" + Sa(r — 1)q" Pl (1),

We can have up to 7 — 1 or 7 — 2 null rounds (all killed), followed by ¢ survivors.

%

7—1 [ . .
. iys ¢ i—f . ? ip . .
Pl ) = 3 () Z(g)qep ’PL(é,wzzl(z,T)Z(g)q@p PLlr), i iz,

s=0 l=r l=r
T—2 1 . i .
Dl (2 i\s ¢ i— ; ? i— ] .
i) =3 () Z(g)qep epiw,r):zl(m—wz(ﬁ)qu PLlr), i iz,
s=0 l=r l=r

= 21(Z‘a7— - 1)/El(i37)Pi(i7T)a i> T, { Z 2.

Moreover, we get

i—1

iT 1— 7
L, = p,( .p), , iJrZPi(i,r)r

—mnt — g 2914
L=p'—q¢' +q¢p" =

iT(1 _ i izl ¢ )
p‘ (1 : p)l Z T ZZ (Z) z—ﬁpi(z,,r)r,

17p17q2+qp’b7'

r=0 f=r
P —p) — i
— z 0
= - . . PL(l,r)r + q' Py (i,r)r
1 _pZ _q’l _A'_qlp’LT [ = ( Z L Z L ]
; ; -1 .
p"(1—p') 0, it / pr(i-p) .
= - - ——j + 31 (i, 7) ¢p L, + ¢ L; — - . —| |,
1 —_ p’L —_ q'L + qlp’LT [ et Z 1 — p'L —_ ql + q’LpZT

~ (i, 7 —1)
L;:Z(;I(H_ZPizrr—F[( N+ 8436, T — )" Py (G, i) i,
—0

and similar equations for L§2)/, £§2)'.

Next, with (T) and n := j — log n*,

]P/(J = j7 ['n = T) ~ f5(777r)a
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Hence

0 e —ita _
bs(a,r) = / e f5(n,r)dn = Z %P(z — &) Py (i,r).

- =2
Note that there are no leftovers if the maximal non-empty urn contains only 1 ball.
The dominant component of P; (r) is given by

¢5(0,7) = Z (1/Lpz)' (i) Py (i,7) Z pl T
' i=2

=2

N \

and the periodic component by

wis(r) = s (xi,r)e2millosn ),

140
with
905<le T) = ¢5(a) }QZ—LXI.
We obtain
> pz+xz 2 _|_ X1
s(xi, T Z >PL(27 ).
Hence

Theorem 7.1 The asymptotic distribution of the number L,, of leftovers, with failure, is given by

> ixl(ivT_ 1)

Pr(r) =P(Ln=1)~ ) 7; (i, 7)

PL(iT) + 3 s, r)e 208,

i=2 140

The moments are given by

~ Z p L/ + ZiphLXlF Z+XI)L/ —2lri{logn™ }

1#0 i=2

%) erXII‘ + )~ . "

(2) N p 7 (2) p X1 (2)/ —2lwi{logn™}

L § L +3°) e Bm
1£0 i=2

Note that £,, = O(1).

8 Asymptotic distribution and moments of C,, (coins flipped)
8.1 Asymptotic distribution and moments of C,, (coins flipped), with success

This RV is more delicate to analyze. In previous cases, all interesting RV were related to urns (at high
level) containing O(1) balls. Here ail urns contribute to C,,, so we must include the contribution of urns
before J, which actually lead to the dominant part of C,,. Also some correlations must be taken into
account. We obtain the dominant and corrected terms of the moments as well as a central limit theorem.

Let C; denote the Average number of coins flipped, starting with ¢ players, with success at the end, and
C; the average number of coins flipped, starting with 7 players, with success at the end, given that the ¢
players were obtained in a null round.
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8.1.1 Casel =1

Note that, as explained in Section [] this case entails a success. We will only deal here with the non-
periodic part of our expressions. The maximal non-empty urn contains 1 ball and the position of the last
non-empty urn before this maximal non-empty urn is denoted by .J. Let us also denote by K the number
of balls in urn J.

P(J =j, K = k) ~ f(n, k), k > 1,

—Lnk
— _ 9 —1n\4 _-Ln _—Lm\ €
oo ) o= exp(~ L)L (i) 7
B 1 _Ln qean(lH*l)
=exp(— e )T
because
P(J=j K =Fk)~ P(ge_”’, 1)7> (=L k).
p
We have
oo(ab) = [ e ot b = 7L (1)&_kr<1 G+ k)
9 . ) LI{/" p )
— _ 4k
(k) = 9(0,k) = Lp
Note that

ARES Z Iy (k) = % =1II; (one ball in the maximal non-empty urn)
k=1

which conforms to (3).
Let us denote by A the difference between the maximal non-empty urn (containing 1 ball) and J. We
have

P(J = j, 1 =1,A =0) ~ fr(n,0),
fr(n,d) := exp(_%e—Lﬂ)e—L(fH-é) (1 — exp (_e—Ln)) :

= exp(—Ld) eXp(—%€_Ln>6_Ln (1 — exp (—e_L")) ,

which shows that A is asymptotically independent of .J.
This can readily be seen as follows:

P(J=j,I=1,A=8)~P (e*LW“), 0) P (e*LW?), 0) o
P (e_L("J”S), 1) P (e_L("+‘5+1), 0) . [1 -P (e_L",O)} .

We have

br(a,6) = / e £ (n, 8)di
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LIG) —o(G) Jra-s
=exp(—Lé)— |- —ql - I'(l-a),
p( )Lq[ p) q<p ( )
L5p2 5172
II5(6) := ¢7(0,0) = e *°—— = ¢° —.
5(0) := ¢7(0,9) "I
Note that -
ZH5(5)=%EH1
5=1

E(A) = — and E(N):l%pq.

However, note carefully that the player corresponding to I = 1 is actually related to a flipped coin in urn
J. So we must use a new RV G, denoting the number of flipped coins atstep J: G = K + 1, G > 2, with
distribution

and

We will also need

2= B(G) = 3 Thlo)s - wird

Later on, we will use the following variants:

e Ffs(n,g), e fs(n,g), nfs(n.g), e mfs(n.g), e *mfs(n.g).

These variants lead respectively to ¢ (0, g):

a9
L )
ap?*g(g +1)

L )
- allg = DIn(p) + (9 — Dip(g — 1) +1]

L (g—1) ’

= [ap°[2(9 = 1) + (9 — 1)*In(p) + (9 — 1)*¢(g — 1) + (9 — 1) In(p)
+g =g - 1) +1]] /[L*(g - )],
Q15(g) is too long to be displayed here.

This leads to Zv, Zg, Z11, Z12, Z10, Z13, Z15 as given in Appendix we simply sum on g > 2. Indeed,
the case I = 1 immediately leads to a success.

Now we will separate the contribution of urn J (containing GG balls) from that of urns < J.
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Let us denote by Sr(j, 7) the sum of (n — i) iid RV I'(j), and I'() is a truncated geometric RV < j.
As Yo =0 pg1 =1 — ¢/, we have (we give only the terms needed in the sequel)

j—1
) . _ 1 i i (i _
E(j) :=ETG) =Y pd" /S0 ~ o7 Y=g =3PV + 0PV ),
=1
-1
. . _ 1+4+g¢ i1 1+q 2q ;_
E®)(j) :=E(T()*) =Y pd ' P/So~ —5 + ¢ —— — =g
i p p p
_ 2P 1 O(2¢20).

Note that, with j = n + logn*,
qj — e—Lni*_
n
This leads, by carefully taking into account the correlation between J and G (we expand the mean up
to the logn* /n* term and the square mean up to the log n* term) to (there are n — G dead players before

attaining step J)

Cn,l ~ SF(J, G) +JG, (4)
E(Cp1) ~ E(Sp(J,G) + JG),
—Ln _ —Ln
NE(n—G)l_f_ﬁe ” _TL Ge ” (10gn*+7;)
p q n
n 672L77 . .
- ?Wlogn + (logn +77)G
L Z Z 12
LT LT
n n qn
Z A4
Lz IAu logn* + Zslogn™ + Zi3,
q n* q2 *2
(%)
E(C2 1) ~ E((Sr(J,G) + JG)?)
~E[E® (J) + (n — G)(n — G — 1)(E(J))?
+ 2E[(n — G)E(J)JG] + E[(log n* + 1)*G?].
(6)

812 Casel >1

First of all, we must compute the moments of C; and éi. This gives

T—1 7 .
P 1 . . .
Ci=> )Y <£>q€p’ ‘lsi+i+Cy), C1 =0,
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e =30 () v el + i )

s=0 /=1
T—1 7 .
) 7 . . .
=306 Y ()ata s+ 102 + 205+ )i + €L
s=0 =1

and similar expressions for C’Z C’i@).
Next, with (T),

]P(J =j,1= Z) ~ f9(7777;)7

1 —Lni
foltn,i) 1= exp (e 1)
p

P(J = j) ~ fio(n),
Lni

frolm) = ;exp(—;e‘“) S o) fexp (<) =1 = e h),

ooty = [ et ian =S G- a),

oo Li!
i

TLy(i) := g (0,7) = %,
Py:= (i) =1—p/L.
1=2

Later on, we will use the following variants:

eiLT,fQ(nvi)v 672Lnf9(777i)7 77f9(777'4)7 eiLnan(nai)a eianan(nai)'
These variants lead respectively to ¢ (0, 4):
p'p
L b
ppP(i+1)

3

L
_ p'ln(p) + ()]
L2 ’
p'pliln(p) + ip(z) + 1]
a L% ’
PP’ In(p) + 24 (i) + 2i + iln(p) + it () + 1]
B L% '
Multiplying by ]3(1) and summing on ¢ > 2, this leads to V7, Vi, Vg, Vi1, Via, Vig, Vi3, Vi5. Indeed, the
case I > 1 does not immediately lead to a success. Again we expand the mean up to the log n* /n* term
and the square mean up to the log n* term. We have (there are n — I dead players before attaining step .J)

Cno~ Sp(J, 1)+ JI +Cj, (7)
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E(Cpn2) ~ E(Sp(J, 1)+ JI + C)

~E(Sp(J, 1)+ JI)+ U,

1 netm n—TeIn
~El(n—I)=-+-——— —(logn™ +n)
p g n q n

n 6—2L’r/ . .
_?Tlogn + (logn +77)I}+U1
1 V; \%
~E%—7%+E—I—E—Ilogn*+f—ilogn*
P n n n
Vi 1%
R0 B M ogn® + Vs logn® + Vis + UL,

®)

E(CE,) ~E((Sr(J, 1) + JI)?) + 2E((Sr(J, I) + JI)Cy]

n —Ln

~ E((Sp(J, 1) + JI)?) + 2E Hp - %e

— logn™ + Ilogn*} C’I]
n

~E((Sp(J, 1)+ JI)?) +2 [ZUl — g%logn* +Us logn*}
~ERE® () + (n = I)(n — I —1)(E(J))? + 2E[(n — 1) E(J)JI]
+ E[(logn* + n)*I?] + 2 [ZUl - g% logn* + Us log n*} :

8.1.3 General case.

The fotal mean is given by (we provide here only two terms)

Cn =E(Cpn) ~ ]E(Cn,l) + E(Cnﬂ)
1 Z \%
~n (L) =+ (=254 25— =L 4 V5 ) log .
L p p p
Recall that £ 4V is equal to P;(S) as defined before. But the first term amounts to the mean of a sum of
n GEOM pg'~! RVs. (Indeed, the GEOM pg'~! RV has mean %, second moment 1;;q and variance % ).
This is easy to explain: from (EI) and , the correction C 1,5 is asymptotically O(1) and the correction
—A is also asymptotically O(1). Similarly

E(C) ~E(C 1) +E(Cr )

2 (P 1 2(Z7 —pZs)  2(Vz—pVs) *
N

and the variance is finally given by (we must adequately condition on the dominant success probability
Pd(S) = £+ V1)

V(Cy) ~ Pd(S) [ﬁflf’%)) _ (%fg)))g] N Pd(S)nz%.
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So we obtain

Theorem 8.1 The moments of C,, in case of success, are given by (with Maple, more terms could be
provided, in particular the 1og2 n* and logn* terms of the variance)

Cp =E(Cp) ~n (%

V(Cp) ~ Pd(S)n

+V1)%+(—&+Z5—K+V5)logn
<

Note again that the dominant term of the variance corresponds to a sum of n iid GEOM pq'~* RVs.
Intuitively, the asymptotic distribution should be Gaussian: again from and (7), the correction C; s 1s
asymptotically O(1), but not independent of the dominant term and the correctlon —A is also asymptoti-
cally O(1), but independent of the dominant term. Actually we have the following theorem.

Theorem 8.2 Conditioned on a success,
C, —E(C,
) <] s o)
where ¢(z) denotes the Gaussian distribution function.

The proof is given in Appendix
See also Kalpathy et al. [5], for a leader election scheme which stops if I > 1. In this model, C,, is
shown to be asymptotically Gaussian.

8.2 Distribution of C,, (number coins flipped), with failure
Only the case I > 1 matters here. Proceeding as before (we omit the details), we finally derive

Theorem 8.3 The moments of C,, in case of failure, are given by
1 \%
E(Ca) ~nVi— + (==L + V5 ) logn”,
p p
q
\% Cn ~ Vln—.
(Cn) e
Again, the distribution should be asymptotically Gaussian, but we did not check the details.
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Appendix
A Some definitions and identities
Here, £ € {R,T,L,C}. & must be replaced by &; or & depending on the case we consider. Also I:’(z) must be

replaced by P (i) or P’ (i , respectively. Note that, compared with [[L0O], we use here II5(7) =
p y p y p

%1. instead of %, for
Vi,...,Vs. Also we have P(1) =1, P'(1) = 0.

Vi :ipiip(z), vy :iplgl)ﬁ(z), Vi :i”iﬁ(ﬁzﬁ(z), v, 7i”lw§”)ﬁ(), v :ip—ifﬁ(z),
Vi = i p;pf’(z) =pV1, VWs:= S pZ)zP(Z) =pVs, Vio:= Z Ppliln(p +le( Ul 1]P(z),
i=2 =2
Via :Zi%ﬁi) = Vs +p*Vi, Vig:i= Z Gl ln Pln() + ¥ 5 P(i), Vis ::i—% P(i),
i=2 =2
Voo e i p'p? = In(p) —iQw(i)L—zfi—i—iln(p) — (i) + }15 Vi i Z p'pli L—’;W() ]ip(i)’

L@ +x)P(i), Ai(x) Z

Z T+ x0)9(i +xi) P),
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7! Li!
i=1 1=1
— P s o~ P’ z@)p — P . .
Bi(xi) =Y aslli+xi), Blx) = > Li'fl@r(l +x1), Bs(xi) =) &YXl +x),
i=2 7 i MV — Li!
[ iz [ i ~(2) oo iz oo i oo e
PG ' PP p'&iy(i P
Ul_z Li’ U2_Z Li U3_Z L Ua Z F US_Z Li '
1=2 1=2 1=2 1=2 =2
g, = PR2=3p 40 plag’ _pPA-3p+p7] 20" —3p+3)
q2L b . 9:2 L qu b Lq2 b

= P lllg—DIn(p) + (g - V(g —1) + 1]
Za=d - 12(g 1) ’

g=2
Z1o = i _ap’l2(g—1) + (g = 1)*In(p) + (g — 1)’ ((g —D)+(g-Dh@p)+(¢-1¢(g-1)+1]
: _— ,
P’ lallg = Dn(p) + (g - Dp((g = 1)) +
Z13 = Zi5 = Q
13 ¢ Z 2(g—1) ) 15 Z 15(
The quantities 3 (¢, 7) can be expressed in the following way:

71 . l_pz‘r

Si(h,7) =y ()" = T
v=0
T—1 i i

i 1T —1 i 1

22(27):Z(p)(1}+1):p ( +Tp1'27-)+ )
=0 (1 —-Pp )
=y pT(pt +1 = 2mpt 421+ TP — 27t 47 —pi 41

Sa(i,7) = () (0 + 1) = et :
v=0
-1 piT(Tpi_T_pi)+pi

YaliyT) = ) = . ,

(07 = 30 T
-1 i i i 2 2i 2 i 2 2i 2i 2i i
, iy +2rp' + 7™ =277 T p™ = 27p7) —p 4 p
Ys(t,7) = =2 (p . .
s(i:7) = 20" e

B  Success Probability

We show here that, where the results are given both, here, and in [7], they coincide. First, we look at Theorem 4.1.
The constant is given by

and it should coincide with

P+ DR - )

k>1
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We use the notation S,, from [[7] as in this paper. We have the recursion

k
].—pk k k—j j

=1

Therefore

(r—1)k p('rfl)k

ZSkp 1_

k>2

Z k& ka +ka _
_ k
k>2 k 1 p

—Zsk——ZS p?l p

k>2 k>2 p
Tk K o
sl -y (Vs
k>2 k>2
qS e F—1\ k_j
D i i vl ()
E>1 i>1 E>j
k I
_ P s, p?
*ZS’“Z_Z"" -2 i (1—p+h)i’
k>1 j>1

which is the desired formula after trivial modifications.
For the Fourier coefficients, we have to prove that

1— (r—1)k . S, k
pI(x1 +1) + ZSkp ﬁﬁf(m +Ek)=¢gp T(xi+1)+ Z 7l F(Xz + k)( %),

k>2 k>1

which is done in a similar way:

(r— l)k T Tk (r—1)k
p* 1— p 1-p™"+p" —p
Zsk — T(x: + k) Z Sk T—pF C(x:+k)
k>2 k>2
p" = (& i
:ZSkHF(XL-i-k)— (i +1) Z (x1+ k) Z<j>pk7q35j
E>1 k>2 j=1
pk qJSJ Tk 1 k—j T
= ZSkHF(Xl +B) =pLOa+1) = D552 D> p™ T a + k) G _j)!p +ap Tu+1)
E>1 j>1 k>j
¢’S; F Ca+a)p”
—ZSk Toa+k) —plla+ 1) +ap TOa+1) = i T+1)X7+k7
k>1 i>1

which is the formula.

C  Total number of rounds
Notations:

Pr(i, k) := Probability that, starting with ¢ players, we end after k rounds,

Pr(i, k) := Probability that, starting with ¢ players, we end after k rounds,
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given that the 7 players were obtained in a null round, not preceded by another null round.

Next we turn to the nonfluctuating part of R,,. We must use the total number of rounds: R; = R; + R,. Now from
Theorems[5.1]and 5.2} we have

. - _ ¥ 14 pM
R, —logn” = E(Ry — logn®) ~ Uy — M 1—%+%_ te
R A AI(XZ) F(l +Xl) —2lri{log n}
+ E {Bl(XL) — MAo(x1) — 7 T

1#£0

where, now,

Li!
=2
_ - > plﬁz
U _; Li’
Ao(x1) =0,
Ai(x) ==T(a),
_ L —
Vi - P
- _ L ~(L-p
Ve i= 2 L

We have the following recurrences, with P r now combining S and F,

Pr(1,0)=1,Pr(1,0) =1,

Pr(i,k) = () Tk =]+ (7)Y @ PTPR(LE—1—5),i>2,

s=0 =1
T—2 1 .
Pr(ik) =) ‘[k=7—1]+ (pi)sz (2) DTPR(LE—1—5), i > 2.
s=0
. < v\ e it
R, =Y Pg(i,k) )T+;S:O <€> Prlk—1—s)[k—1—s+s+1],
) T—1 ) [ i T—1 [ i
_(pZ)TT+Z(pl)SZ<£> PRy +ZZ *(s+1) Z(é> ‘D PR(GE—1 - 5)
s=0 =1 =1
= ()7 + Ta(i,7) @ PR+ Tali7) [1 - 0] /216 7),
=1
_1=p7 AR —p"7 _
_1piz<£> R+ 5 R; =0,
=1

Ri=) Pr(ih)k=()""(r—1)+Si6,7 1) (z)qépl e
k
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(i, — 1) [1 - (pi)f] /13, 7)

= () =D+ Tu(i,m = 1) [Ri = Dalir) [1= (0] /21 7) = ()] /Zu(ii )

(i — 1) [1 - (pi)*] /S0, 7)

1 _ pi _ pi(T—l) +pi7'

=R, . :
(1=p7)(1-p?)
1— i(t—1) _
—R—Y — R,=o0
1_pz7'

In [[7], the following recursion is derived:
Ra(1) =) (?)p”"’quj(r) TP Ra(r =1 +1, 7
and the interest is in R,, = R, (7). We write

R, (7) = Dyn(1) + p"Rin(7 — 1) = Dy (1) + p" (Rn(7) + Rpn(7 — 2))

We find the recursion

Tn

1—p™ = (n\ i 1-p
R, = ) IR, + .

This coincides with the recursion given here. Now

= ~ Voo py 1+4+pM
Ur= MV =7+ T L

PR mplop 1L ollopy, e 1 phy
= L L L L\2 L L2 L L?
IS R w1y 1

L= i l—p7 L 2 L L
:liPZ(l_pir+pir_pz(r 1)) R, _lnp 1_’_1_1
L& i 1—pi™ L 2 L L
L gapRi 1o p " Ri(1—p) 1 !
_ Ly R I A-p) lp L o 1
L1:2 v Ll:2 i 1=pT L 2 L L

1=2 =1 Jj= =1
1 =pR; 1 R, i fi—1\ i 1 o pT Inp 1
- = 2 (1 — p._mp_ -
L,Z i L& L Rl Ut Py
=2 j>1 2]
I PR 1Ry  pr n, P Imp 1 4y 1
S - In(1 — p_mp_-,7_
I "I G p7'+1)7+Ln( PITT T TITI

>0, n>2,

1-p

1-p

TN

7L

Dy (7).

119
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Thus the constant term in the asymptotic expansion of R,, — logn is

lnp = R, p'7 1 - p’ Inp 1 ~ 1
=F “n(1 — L A S A
Tl 23 opmy tphU=p)+ - =5+ 7 -7
= J=z
1 < P'Rs 7R, p" 1 N
- Zn(1 - P2y =
L;i L; ;i (1- T+1)+Ln( P+ st
12 J=z

This is the expansion that was also obtained in [7].

D Total number of null rounds

Notations:

Pr(i,t) := Probability that, starting with ¢ players, we end with ¢ null rounds,
13T(i7 t) := Probability that, starting with 4 players, we end with ¢ null rounds,
given that the ¢ players were obtained in a null round.

We have the recurrences:

Pr(1,0) =1, Pr(1,1)=1,

Pr(i,t) = () [[t—T]]+Z y <;>q‘p”PT<e,t—s>,

Pr(i,t) = (p")"~ lﬂt—T]]JrZ ) <)qépMPT(13»t18)-

T—1 i
L\ T 1\S 7 7—
TlePT(z,t)tf(p) T—|—ZZ(p) ¢ ¢'p T Pr(Lt — s)[t — s+ 5]
t t s=0 =1
) T—1 ] A i ) T—1 ) i i
=) T+ > ) <€> S VRSN O <£> P (6t — s),
s=0 =1 t s=0 =1

.

= () T+ 51 7) @“‘Tewm L= () 1/E1G,7)

=

,1_17” : 1\ o i pi(l—PiT) .
= 'Z(()qp T(Z"‘ﬁa T, =0.

’i‘i:Zf’T(i,t)tz(pi)T_lr—i—ZTi:(pi)s Z z> DT Pt —1—8)t—1—s+s+1]

t t s=0 =1
T—2 i . T—2 2 .
G0 S0 o (IS 9) SRt of H ORI E
s=0 =1 t s=0 =1

= ()T + Dalir = 1) [T = )7 = Za(i D)L= () 1/B(7) | /(i)
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+ 526, 7 = DL~ (p)7]/E1 (i, 7)

:1_pz+pb(‘r+1)_p'ﬂ'+1_pz Z(T 1)+p T,
(I =p7)(1—p') (I=p7)(A—-p")
1— i(t—1) N
=1+ pi.Ti, T, = 1.
17])“—

The mean is given by

p p i X1 2lmi{log n™ }
THNZLZTHF;E Li! Tie
01

Indeed, I,, from the paper [7] satisfies the same recursion as here, after unwinding it as shown in the previous example.
And now we look at the nonfluctuating part in the asymptotic expansion of the mean:

X 1 n(r—1)

ZLN p
—y T LZ ( — pnT T”)
1=2
71(_11/1(1_ )_ )+izp71—pn‘r+pn-r pn<771)
T L p)—p Ln>2n 1—pn7 "
p 1 p 1 p”lTl_pn
=1—- = — —T, — — n
L+L L n 1—pn7
>2 n>2
:17£+l P _1 p_ Z n PP T +p
L L "L : j
n>1 n>2 1<j<n
P, lp" Lop' p 1= p” n\ jon-j
=1—=4 = —T, — — _ - = — T,
DRI D iy LZan‘”’ .
n>1 n>1 n>1 1<j<n
1 T T 1 5 T nr _n—j
:1—%+fln(1—p“)+pT+EZ%T ——Zq Z( _1>p P
n>1 j>1 n>j ‘]
.. p 1 1y P L qT A
1R e p Y S O
n>1 j>1

This is the expression given in [7]].

E  Total number of leftovers

We have here only the failure case. This gives

Y M S : i\ o it / pT(A-p) .
Li= 1—p _qi+qipi72+21(la7_) [; <€> Ly +q [Li - 1—pi _qi+qip'iTZ
i | L —p'"V . pT(—pY) ]i+ 1—p' Y [U . pT(=p) Z}

l_pz l_pz_qz+quz7' l_p z 1_pz_qz+q7,pzr
1— pi(T—l) , pi(‘r—l)(l _ pz)l

1—p7 + 1—p

o
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The mean is given by

° > itXx
Z Py Z p F (a + PN+ x1) 7/ —2imif{logn*)
i=2 1#0 i=2

The recursion derived in [7] is

Here, we have

n—1
! nT 1— T 1— nT D m—d n , nTt 1_ n
PR ol 1 N pn[ (?>qu i +q (Ln— p"T(1—p") n)]

B pnr(l _pn) 1 _pn-r n n S, " pnr(l _pn)
=1 n+ — i ¢dp" 7L —q n
1

_qn_l,_qinLT 1_p 1_pn_qn+qnpn7
pnT(l _ pn) |: 1— p’ﬂT n:| _ pnT n n PR
= n|l— q |+ cd'p L
L—p"—q"+q"p"™ 1—pn 1—pn ; j !

=p""n+ 1_ — ()qun ]L

and hence we do have the same recursion.
Now we turn to the nonfluctuating part of the mean:

st pi -, pi 1— pi(r—l) , pi(‘r—l)(l _ pi) )
DDA — .
2 Li" Lz{ T—pir ot 1o "

i>2
L~p l—p " +p7 —p'" Y, 1 —p7(1-p)
i>2 i>2
1 P 1 p”|: . —j G 1 i 1 p”(l_pl)
= — Lz N L pl JqJL + szr 4= v
Lz>2l L¢>2 L R olpT L; L=p7
ISV AR R R AR Ly~ 19 o pT
SN A ifL :
Lz>2 it Lz>2 [ J P Li>21_p” L;
1 pt ., 1 L o fi—1\ ,_; 1
. Lpr_ = J T i—j + iT (] i
PPN P Sl V) A P P
i> i> i>j i>
:lZiL'._l oL ¢ 11 11 o
L4 ‘ Lj>1 j (I—p 1)  L1—p7 L1—ptl ’

which is the same expression as in [7].

F  Matrix expressions.

We will give a few explicit matrix expressions for several quantities computed before. We will not use these expres-
sions, but we only wanted to show that some compact relations can be written down in some cases, showing an unified
view of our different RV.
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F.1 Success probability

Let
H[zu]:—2117<> “odu > 2,

and
Then we have the expression

Note that, to get some precision in Sy, only ﬁnlte matrices are necessary.

F.2 Number of rounds
Let

Then we have the expression

F.3 Number of null rounds
Let

Then we have the expression

F.4 Number of leftovers
Fix r. Let

Iy [, u] := 31(4,7) <;> P, du >,

p3(i) == 21(2',7')( )quZ "Pr(r, 7).

Then we have the expression
PL(r) = [ —Th] s

G  Model 2

We will only briefly mention the modifications related to the main expressions. A supplementary last index will
indicate how many null rounds are allowed before failure. Only the mean in the success case will be given, all other
cases can be similarly computed; we leave the details for any research student who is interested.

Plir) =) S <2) Pl —8), i > 2,
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qépi%P(&T —s—1)=P@,7—1),

s=0 =1 s=0 =1
~ =2 ¢ i T—2
=S 0)° (@Y T s =)+ D00 s+1)2<>“’~’Per—s—1)
s=0 =1 s=0
PL(T7 Ty 7_) = (pT)T + 21(7", T)qTPL(T7 Ty T)7

T—1 i .
PiGirm) = Y ()" @ PP T =) i 22,
s=0 L=r
T—2 7 .
Prii,rr)=> ()Y (2) Yt P T — s — 1) = Pp(iyr, T — 1),
s=0 L=r
T—1 1 . i—1
? i— iNT i .. .
L =3 () ¢'p S Pt T — )+ [(0) + ¢ Ph iy, T
s=0 l=r r=0
Li=Li(r = 1)

One can now proceed as in Model 1.

H Proof of Theorem[8.2

We start from
Cn,s =[I =1][Sr1(J,G) + JG] + [I > 1][Sr,2(J,I) + JI + Cy,5].
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Here, St,1,m are related to the case = 1 and St,2, 72 are related to the case I > 1. In the sequel, with some abuse
of notation, Oy (1) will denote a RV, asymptotically independent of n, with finite moments. Rewriting,

Cn.s = Z (]P’[J = 4,1 =1[Sr1(j,G) + jG] + Z]P’[J =j,1=1i [[Sm(j, i) + jil P(i) + Cy,s]).

We have, conditioned on a success, (we use the dominant success probability Pd(S))

Cn,S IT; ]P[J = j, I = 1] i )
Pd(S) ~ Pd(S) ; 10, [Sr.1(j, G) + jG]

ZZ LR =0 51 0(5,4) + 4

Fits L e
_ Pg(ls) > Pl :141] = Uise.,.6) + i@
7]’172]]3( )[Sr 2(4,1) + ji] + Ov (1).

Again we will separate the contribution of urn J from that of urns < J. So, conditioning on J = j and I'y(j)
denoting a sequence of iid truncated geometric RV < j,

Sr.1(j, G) + G = Sr.1(4,0) Zrk +jG
=5r,1(7,0) + Ov(l) (logn® +m)G
= 8r,1(4,0) + Ov (1) +logn™ - Oy (1),

and similarly for Sr 2(j,¢) + ji. So

Cn,S Hl P[J :]71 = 1] -
Pd(S) ~ Pd(s) ; I, 51107, 0)

P[J = 4,1 = i]P(3)

v Sr‘,g(j7 0) +(’)v(1)+logn* -Ov(l).

Now we must show that Sr(7,0) is asymptotically Gaussian. We could simply use Feller [2, example IX,/,a on
triangular arrays], but we want an error estimation. We will provide the first terms of our expansions, but Maple
“knows” more. The standard deviation of I'(5) will be denoted by o(j). We have

—Ln
Zozl_enp )
. 1 e f1Gi—1
E(])Nf_ ( )7
p np
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Now the probability generating function (PGF) of I'(j) is given by

- .
1 % -1 1 1 pz e Lnzi
F = — [ _
(2) 20;’”] TS 1z nl-g2)]

and the PGF of Sr(j,0) is given by [F'(z)]". We will now use the Saddle point method (for a good introduction to
this method, see Flajolet and Sedgewick [3| chapter VIII]). By Cauchy’s theorem,

P(Sr(j,0) = k) = L/Q [Zi?l]ndz _ i/nef“z)dz,

2mi T oni

where ) is inside the domain of analyticity of the integrand and encircles the origin and

—Ln,j

H(z)=n (m{ Pz ° )} fln(20)> — (k+1)In(2).

1—qz n(l-gz

Set ]
; d'H
HY .= ==
dz?
First we must find the solution of
HY () =0 (H.1)

with smallest modulus.
Set Z := 2" — ¢, where 2* = lim;,_,c Z. Here, it is easy to check that 2 = 1. Set k = nE(j) + /no(j)z, x
fixed. We will soon see that e = O( =), so we can expand z” in F(z) as

_ —
zjzl—ja+J7(]2 Je2 4

Also j = logn™ + 7. This leads, to first order (keeping only the & term in ), to

e:= \‘/—Ziq" +o(1°i”*).

This shows that, asymptotically, ¢ is given by a series of powers of n~1/2, where each coefficient is given by a series

of powers of log n*. To obtain more precision, we set again k = nE(j) + /no(j)z, expand in powers of n~ /2,
and equate each coefficient to 0. We have, with Z := 2" —e =1 — ¢,
P(Sr(4,0) = k) = ﬁ /Q exp [H(Z) + HP () (z — 2)?/2! + 2 HY(3)(z - z)l/u] dz.
Note that the linear term vanishes. Set z = Z + ir. This gives
P(Sr(4,0) = k) ~ % exp[H(3)] / " exp [H@)(z)(ir)? /2! 4 i HY (3)(ir)" /u} dr. (H2)
o0 =3

Let us first analyze H (Z). We obtain

H(Z) = —a?/2 + 0(%)
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Also,
HP(2) =nL + 0(vn)
p? ’
HW(2) = O(n).
We can now compute , for instance by using the classical trick of setting
SP () (ir)? /204> 8V () (i) /1t = —u? /2.
1=3

Computing 7 as a truncated series in u, this gives, by inversion,

\/nl;/]?2 " u20(%).

Setting d7 = %du, and integrating on —oo < u < 00, this gives

I {1 . @(L)}
v/ 27ng/p? vn/l’
Finally leads to

P(Sr(j,0) = k) ~ ——e~2"/2 [1+0( ! )]

\/2mngq/p? NG

Now we consider
Cns M
p(w - x)
nq/p
b PIdT(ls> Zj P[J:ri‘,llzl] [Sr,1(4,0) — nE1(5)] + #(15) Zj 2122 W[SFﬂ(ﬁ 0) = nEs(j)]
Vna/p?
Ov(1) +logn" - Ov(1) _ .
Vna/p? -
Plc_l[(IS) Zj P[J:rff:l] [Sr,1(4,0) — nE1(j)]
~P .
Vnoi(j)

PlJ=4,I=i]P(i . .
Fatsy 20 Liza v [Sr2(,0) = nBa(9)] x)

Vnoa(j)
as
a(4)
Valp
Now
V(Cn)

which concludes the proof.
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