N

N

Recursions and divisibility properties for combinatorial
Macdonald polynomials
Nicholas A. Loehr, Elizabeth Niese

» To cite this version:

Nicholas A. Loehr, Elizabeth Niese. Recursions and divisibility properties for combinatorial Macdonald
polynomials. Discrete Mathematics and Theoretical Computer Science, 2011, Vol. 13 no. 1 (1), pp.21—
42. 10.46298/dmtcs.541 . hal-00990490

HAL Id: hal-00990490
https://inria.hal.science/hal-00990490

Submitted on 13 May 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-00990490
https://hal.archives-ouvertes.fr

Discrete Mathematics and Theoretical Computer Science DMTCS vol. 13:1, 2011, 21-42

Recursions and divisibility properties for
combinatorial Macdonald polynomials

Nicholas A. Loehdf and Elizabeth Niesef

Virginia Tech Dept. of Mathematics

received 28" December 2009, revised 12 January 2011, accepted 29" January 2011.

For each integer partition y, let Z?H(q7 t) be the coefficient of x1 - - - x5, in the modified Macdonald polynomial H, e
The polynomial ﬁu(q, t) can be regarded as the Hilbert series of a certain doubly-graded S,,-module M,,, or as a
g, t-analogue of n! based on permutation statistics inv,, and maj, that generalize the classical inversion and major
index statistics. This paper uses the combinatorial definition of ﬁu to prove some recursions characterizing these
polynomials, and other related ones, when p is a two-column shape. Our result provides a complement to recent
work of Garsia and Haglund, who proved a different recursion for two-column shapes by representation-theoretical
methods. For all 1, we show that F, (g, t) is divisible by certain g-factorials and ¢-factorials depending on u. We use
our recursion and related tools to explain some of these factors bijectively. Finally, we present fermionic formulas
that express ﬁ@n) (g, t) as a sum of ¢, t-analogues of n!2™ indexed by perfect matchings.

Keywords: Macdonald polynomials, Garsia-Haiman modules, Hilbert series, bijections, recursions, g-analogues

1 Introduction

The Macdonald polynomials P,, [Mac&8| play a prominent role in algebraic combinatorics and the theory
of symmetric functions. The polynomials P,,, as u ranges over all integer partitions of n, form a basis
for the vector space of symmetric polynomials of degree n with coefficients in the field Q(q,t). By
specializing the parameters ¢ and ¢ in various ways, one can obtain many classical symmetric function
bases from the Macdonald basis. For instance, P,, 4= is the monomial symmetric polynomial m,,; P, |4=1
is the elementary symmetric polynomial e,/; P,|q—; is the Schur symmetric polynomial s,,; and P, |4—o
is a Hall-Littlewood polynomial [Mac93|.

Garsia, Haglund, and Haiman (among others) studied modified versions of Macdonald polynomials, de-
noted H,, that have remarkable connections to representation theory and combinatorics [[GH93, [Hag04,
HHIL05a). To compute the modified polynomials H . from the original polynomials P,,, one first mul-
tiplies each P, by a certain scalar in Q(g,t) to obtain the integral forms J,,, then applies a suitable
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plethystic transform to obtain H,,, and finally sets H w = () / w1 /¢~ See [GHO8, [HHLOSb] for
more details. One can also give a direct characterization of H 1 in terms of triangularity and normaliza-
tion axioms [HHLOS5a, HHLOSb], or one can define H . to be the eigenfunctions of the linear operator
A; [GHO96].

In [GHO93|, Garsia and Haiman defined doubly-graded S;,-modules M, and conjectured that the Frobe-
nius series for these modules were none other than the modified Macdonald polynomials H u- This
conjecture was ultimately proved by Haiman using deep results from commutative algebra and alge-
braic geometry [HaiO1l, [Hai02]]. Let F,, € Q(q,t) be the coefficient of x5 - - - x,, in H,; equivalently,
ﬁu = <I;f > Niny). It follows from Haiman’s result that ]5# is the Hilbert series of the doubly-graded
module M,; i.e.,

Fu(g,t) = > dim(M{)g't,

i>0 5>0

where M, l(f’j ) denotes the bihomogeneous component of M, of bidegree (3, j).
In a groundbreaking paper [[Hag04], Haglund conjectured a combinatorial formula for F), of the form

ﬁ,u: Z qinVu(w)tmaju(“’)7 (1)

weSy

where inv,,, maj, : S, — N are suitable permutation statistics parametrized by x. This formula leads

directly to a combinatorial prescription for the expansion of H . into fundamental quasisymmetric poly-
nomials. These formulas, which are described in more detail in below, were proved by Haglund,
Haiman, and Loehr [HHLOS5a, [HHLOSb]. Haglund’s formula opened the way to new explorations of the
combinatorial properties of Macdonald polynomials and the associated Hilbert series F),.

A problem of ongoing interest involves the search for recursions characterizing the polynomials E,,
as p ranges over all integer partitions. One such recursion follows from a version of the Pieri rules for
Macdonald polynomials [Mac935]. This recursion has the form

Fu(g,t) = > cuw(@)E(q.t),  Foylg.t) =1, @)

V=l

where we sum over all partitions v that can be obtained from p by removing a single corner box, and
cuw(q,t) € Q(g,t) is a complicated quotient of two polynomials built from the arm and leg numbers of
the cells in i and v [GH98]. While this recursion is very striking, the presence of rational coefficients
makes it difficult to use in combinatorial settings. For instance, there is presently no known combinatorial
proof of this recursion based on (), nor can one easily deduce the polynomiality of F), from (2)).

_In a very recent paper [GHar|, Garsia and Haglund found a new recursion valid for polynomials
I, indexed by shapes u with two columns. They proved this recursion using a multitude of clever
representation-theoretical manipulations. In related work, M. Yoo used (I) to derive a combinatorial
formula for polynomials F}, indexed by partitions u of hook shape [Yoo09]. Some results for two-row
shapes and rectangles appear in J. Bandlow’s doctoral dissertation [Ban07].

The Garsia-Haglund recursion builds up a given shape p from smaller shapes v obtained by remov-
ing one of the inner corners of p. In this paper, we shall present different recursions characterizing the
polynomials F}, (where 1 has two columns) that are based on removing the bottom row of . Our recur-
sions are stated in Theorem [6.10] and Theorem [6.16 below. We will give a fully combinatorial proof of



Recursions and divisibility properties for combinatorial Macdonald polynomials 23

our recursions using bijections and combinatorial operations on permutations weighted by the statistics
inv,, and maj,,. For our approach, it is more convenient to use F,(q,t) = t" W F,(q,1/t); this entails
replacing maj, by a related statistic comayj,,, which is defined in §24

Forn € N,let[n]; = 14+t+t*+---+t" ! and [n]l; = []/_, []:. Itis straightforward to deduce from
Haglund’s combinatorial formula (T) that F;»(q,t) = ﬁ(ln)(q, t) = [n]'s and F,,y(q,t) = ﬁ(n)(q, t) =
[n]!y. One consequence of our recursion is a combinatorial explanation of the fact that Fym)(q,1) is
divisible by [m]!;. We will prove the following more general divisibility property in

Theorem 1.1 Ler pp = (1™2272 .- k™) be an integer partition with p/ = (1"12™2 ... p™»),
(a) ﬁu( t) and F),(q,t) are divisible by [m1]!g[ma]lq - - - [mp]lg.
(b) ﬁ#(q7 t) and F),(q,t) are divisible by [nq]!s[na]ly - - - [ng]'s.

As we will see, (a) follows bijectively from a certain combinatorial move on permutations. Then
(b) follows algebraically from (a) using the known symmetry property H, w(X5q,t) = Hy(X5t,q) of
Macdonald polynomials [Mac95]]. One of our motivations for developing the recursions below is to obtain
a greater understanding of why (b) holds at the combinatorial level. Proving (b) bijectively for general
1 appears to be a difficult problem. We hope that the special cases considered here will yield some
clues to the even more challenging problem of giving a bijective proof of the general symmetry property

Fo(q.t) = Fu(t,q).

2 Combinatorial Formula for F),

This section reviews Haglund’s combinatorial formula for l?’u(q,t) and defines a related polynomial
Fo(a,1).

Definition 2.1 A partition of a positive integer n is a sequence . = (1, fia, - - . , k) With gy + po +- -+
wr =mnand py > po > -+ > ug > 0, for some k. Let Par(n) be the set of all partitions of n.

Definition 2.2 A standard filling T of shape . € Par(n) is a placement of the integers 1,2, ... n in the
Ferrers diagram of p with each integer used exactly once. A filling can be identified with a permutation
w € Sy, by reading the rows of the diagram from left to right, beginning with the shortest row. The column
words of a filling are obtained by reading the columns from top to bottom.

Example 2.3 For u = (5,3, 1), an example of a standard filling is:

T=3]1]|6

8[59[7]

rofeoi]

This filling is identified with the permutation w = 431628597 € Sy. The column words for this filling are
432, 18, 65, 9, and 7.

In order to define the statistics inv,, (") and comaj,(T'), we first recall some classical permutation
statistics defined for w € S,,.
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Definition 2.4 Fix w = wiws - --w, € Sy. Aninversion of w is a pair i < j such that w; > w;. Note
that i and j do not need to be consecutive. Let inv(w) be the number of inversions of w. A descent of
w is an index i < n with w; > w;11. The descent set of w is Des(w) = {i : w; > w;y1}. The major
index of w is maj(w) = >, cpeq(w) - Similarly, define the ascent set Asc(w) = {i : w; < wit1} and the
co-major index comaj(w) = 3=, age(u) -

Example 2.5 For w = 52341 € S5, inv(w) = 7, Des(w) = {1, 4}, maj(w) = 5, Asc(w) = {2, 3}, and
comaj(w) = 5.

Definition 2.6 For a standard filling T of 11 € Par(n), we define a triple to be three cells in T with entries

a, b, c, arranged as shown here:
[a]  [0]

where a is directly above c, and b is in the same row as a and to the right of a. If the cells containing a
and b are in the lowest row, take ¢ = oo. This triple is an inversion triple of T iffa < c < borc<b< a
orb < a < c. We define

inv,(T') = number of inversion triples of T.

Definition 2.7 For a standard filling T of n € Par(n), the u-major index of T is

maj, (T) = sum of the major indices of the column words of T.

Definition 2.8 For a partition pu = (u1, pa, ..., i) € Par(n), define n(p) = Zle(i — Dy
Example 2.9 For the filling T of 1 = (3,3,2,1) given by

6]
2|5
113(8)

71419

maj,,(7') = maj(6217) + maj(534) + maj(89) =3 +1+0 =4,

n(p) = 10, and inv,(T') = 3 since the inversion triples are 4 <7 < 00,1 <7 <8 and3 < 4 < 8.

T =

Definition 2.10 For all partitions p, let F,, be the set of all standard fillings of the shape yi.
Haglund’s combinatorial formula [Hag04] for ﬁu(q7 t) is

ﬁu(q,t) = Z qulVM(T)ttnaj“(T).
TeF,

Definition 2.11 For T' € F,, define comaj,(T) = n(u) — maj,(T). Note that comaj,,(T) can also be
written as the sum of the co-major indices of the column words of T.

In the following, we will use the specialization
Fu( t) — tn(,u)F q7 1/t Z qlnv“ T)tcomaj (T )
TEF,

r, (g,t) is the coefficient of xy x5 - - - ©;, in the (unmodified) Macdonald polynomial
H,u(xla X2,y...,Tn;q, t)'
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3 The Inversion Flip Operation

This section describes a combinatorial operation on fillings called the inversion flip that will allow us to
partially sort the bottom row of a filling 7' € F,,. A similar operation on fillings that may have repeated
symbols was studied by Bandlow [Ban07, Section 5.5].

Definition 3.1 Suppose 1. € Par(n) and i € N* satisfy pj = i . Define the inversion flip move
s; 1 Fu — F, as follows:

o Given'l' € F,, let a (resp. b) be the entry of T at the bottom of column i (resp. © + 1).

o Switch entries a and b in the bottom row as shown here:

cld cld|
alb bla

e Ifa,c,dand b, c,d are either both inversion triples or both not inversion triples, the move is com-
plete. Otherwise, apply s; recursively to the filling T' of (ua, i3, . . .) obtained by ignoring the
bottom row of T

Lemma 3.2 Given i € Par(n) and i,j € N* with pj =y, and piy = pif; ,
(a) 812 =85;08; = id]:“,'

(b) sios; =sj0s; when|i—j| > 2.
Proof: Both properties follow directly from the definition of s;. |

Remark 3.3 The s;’s do not satisfy the braid relations in general; i.e., when p; = ji; | = |1 5, we may
have s; © S;11 0 8; # Si41 © S; © S;4.1. This can be seen in Figure

113[5] so. [1[5]3] . [1][5]3] s=. [1]5]3
21614 — [204]6] — [4[2[6] — [4[6]2
11315] «. [3[1]5] s=. [3[1[5] . [3]1]5
21614 — [6[214] — [e6l4[2] — [4[6[2

Fig. 1: s; 0 5i41 0 §; # Si+1 0 S; © S;41 in general.
Proposition 3.4 Given i € Par(n) and i € N with i = pf .y, let T € F, have entries a and b in the
bottom row of columns i and i + 1, respectively. Then:
(a) comaj,(si(T)) = comaj,(T),

(b) maj,,(si(T)) = maj,(T);
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(c) invy(s;(T)) = inv,(T) + { 1—1 Z’CZES’

Proof: (cf. [Ban07, Section 5.5]) Since every column contributes independently to comaj, and maj,,, to
prove (a) and (b) it is sufficient to consider a filling 7" of shape p = (2") and ¢ = 1. By a) we may
also assume that the bottom row of 7" is increasing. We must show that comaj,(s1(7)) = comaj,(T),
which automatically yields maj,(s1(7")) = maj,(T'). This result is true when n = 1.

When n = 2, we can write

_leld

T*ab'
If

(1) = e

column words are preserved, so comaj,(s1(7')) = comaj,(7') and maj,(s1(7)) = maj,(T).
It is also possible that

cld
Sl(T) =plal
In this case, if a, ¢, d formed an inversion triple in 7, then b, ¢, d forms an inversion triple in s1 (7). If
a<b<d<ed<cec<a<bore<a<b<d, then the location and number of the ascents are
preserved, so comaj,(s1(7)) = comaj,(T). If a < d < ¢ < b, the number of ascents is preserved,
but the column in which the ascent is located changes. However, since the columns are of equal height,
comaj,(s1(T)) = comaj,(T'). Similarly, if a, ¢, d is not an inversion triple in 7', then b, ¢, d is not an
inversion triple in $1(7). f a < b < c < d,c < d < a <bord < a < b < c, the location
and number of ascents are preserved. If a < ¢ < d < b, the number of ascents are preserved, but
the column in which the ascent is located changes. As before, since the columns are of equal height,
comaj, (s1(7)) = comaj,(T'). By induction, this result holds for any number of rows.
To show that inv,(s;(T")) = inv,(T) + 1, we must show that the inversion flip does not affect the
total number of inversion triples, excluding the triple a, b, co. By the definition of the inversion flip, it is
sufficient to consider triples positioned as shown:

cld| |z
alb

since all other triples in 7" will be preserved. Once again, there are two possibilities. First, if

5i(T) = Cl A,

the inversion triples themselves are preserved. On the other hand, if

S; (T) =

to show that the total number of inversion triples is preserved requires a tedious case analysis. We present
several cases here and leave the remainder to the reader. First, suppose z < a < b < ¢ < d. Then none
of z<a<c,z<b<c z<a<d andz < b < d are inversion triples. Next, ifa < z < b < ¢ < d,
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then a < z < cis an inversion triple in 7', and z < b < ¢ is not an inversion triple in s;(7"). On the other
hand, z < b < d is not an inversion triple in 7', but ¢ < z < d is an inversion triple in s;(7"). Thus, the
total number of inversion triples is preserved. The remaining cases are similar. O

4 Divisibility Properties for £,

We now prove Theorem[I.1] Given p = (1272 ... k™) with p/ = (1™12™2 ... p™»), we must prove
that F},(¢,t) and Eb(q7 t) are divisible by (a) [m1]!g[ma]ly - - - [mp]lq and (b) [n1]le[na]ls - - - [ng]!s.

First we prove (a) bijectively by using the inversion flip. We begin by considering a filling 7" of shape
w = (m™). For 1 < i < m,let k; be the ith smallest entry in the bottom row of T', and let ¢y, ¢z, . . ., ¢y,
be the cells in the bottom row of u. If &, is in cell ¢;, applying S,,—1 © Sypp—2 © -+ - 0 s; Will move k&,
to cell ¢,,. Continue likewise to move each k; into cell ¢; in decreasing order. The sequence of inversion
flips used to sort the k;’s gives rise to a permutation w € S,,, by replacing each s; in the sequence by
the basic transposition (j, j + 1). Let 7” be the filling that results from sorting 7" in this way. By [3.4c),
inv,,(T) = inv,,(1") + inv(w) and comaj, (1) = comaj,,(1"). Hence,

F}Aq,t) _ Z qinvu(T)tcomaju(T)
TEF,

Z Z qinvu(T')+inv(w)tcomaju(T’)

T'€F, with wESy
increasing row 1

_ ( Z qinv(w)> ( Z qinvu(T')tcomajM(T')>

WESm, T'€F, with
increasing row 1

= [m]lq ( Z qian(T/)tcomaj“ (T/)> )

T’ €F,, with
increasing row 1

This result can be extended to p1 € Par(n) with g/ = (1™12™2 ... p™») by applying the above argument
to each set of m; columns of equal height. Thus F),(g, t) is divisible by [m]!g - - - [m,]!,. It follows that
ﬁu (g,t) = t"W F,(q,1/t) is divisible by the same factors. We remark that the divisibility property a)
for rectangles is also a consequence of [Ban07|], Corollary 3 in Section 5.5.

Part (b) of [1.1{follows algebraically from (a) and the fact that ﬁu(q, t) = fuz (t,q).

Example 4.1 For u = (5,5,2,2), consider the filling

4
9
13/8[5]1[14]
11
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Then s1(s4(s3(T))) = s4(s3(s1(T))), and

a2
92

s1(s4(5s(1))) = i3I
31116710

Considering the first two columns, the transposition associated with s is (1,2), so the permutation gen-
erated by the inversion flip is 12 € Sy. Considering the last three columns, the transpositions associated
with s3 and sy are (3,4) and (4, 5), respectively. This gives us the permutation 534 of {3,4,5}.

5 The Cyclic Shift Operation

We wish to obtain a combinatorial explanation for part (b) of Theorem |1.1} at least in the case where p is
a two-column rectangle. For this, we must first define another bijection on standard fillings.

Definition 5.1 Given i € Par(n) and T' € F,, define the cyclic shift of T, denoted cyc(T'), by replacing
each entry cin T by (¢ + 1) mod n. Here we use the convention that amod n € {1,2,...,n}.

Lemma 5.2 For all i € Par(n), cyc™ = cycocyco---ocyc = idr,.

Proof: Let T € F,,. Each entry ¢ € T will be replaced by the entry (¢ +n) mod n = cin cyc™(T'). Thus
cyc(T) =T. 0

Proposition 5.3 Ler i € Par(n). For T € F,,, where n is not in the bottom row,
(a) comaj,(cyc(T)) = comaj,(T) + 1;
(b) maju (CyC(T)) = ma‘-],u(T) -1

(c) invy(cyc(T)) = inv,(T).

Proof: This can be seen by considering what happens to the cell ¢ containing n in a filling.

cyc

n — 1

L] L]

The ascent between n and the cell above (if any) is shifted downward by a unit, while the descent between
n and the cell below are shifted up one unit. All other ascents and descents are unaffected. All triples in
T which do not involve n are preserved. Triples in 7" which include n have the form a < b < n. The
corresponding triple in 7”7 will be 1 < a + 1 < b+ 1. Thus, the status of the triple will be preserved. The
assumption that n is not in the bottom row is needed to ensure that no triple involving n also involves an
oo below the bottom row. O
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Example 5.4 For = (3,3,2) andn =38,

3|8 411
T =[5]2]1 and cye(T) =[6]3]2],
4|7]6 5|87
the statistics are:
inv,(T) = 3; inv, (cyc(T)) = 3;
comaj,(T) = 4; comayj,,(cyc(T)) = 5;
maj,(T) = 3; maj, (cyc(T)) = 2.

Lemma 5.5 Given ;1 € Par(n) and i € N* with i = i, s; o cyc = cycos;.

Proof: Since s; only modifies two adjacent columns in the partition, we are reduced to considering
T € F(any. We argue by induction on n. If 2n is not in the bottom row of T', then, since cyc preserves
both the number and location of inversion triples, (s1 o cyc)(T) = (cycosy)(T) follows by the recursive
definition of s; and induction.

If 2n is in the bottom row of T, we can assume the bottom row is increasing by [3.2](a). Then

T =[¢[d] and cye(T) = I
a Pn| a'|l

wherea' =a+1,d =c+1,andd =d+1.Ifc<a<dord < a < ¢, then

si(T) =[d[c|, si(eye(T)) =[], and cye(si(T)) = @],
2nl a 1la’ 1|a’

where the portions of the fillings above the bottom 2 rows agree by induction. Otherwise,

51(T) = cldl, s1(cye(T)) = I , and cyc(s:(T)) = J1d].
2nla 1la’ 1la’

Therefore, s1 o cyc = cycos. O

Proposition 5.6 Let T' € Fon for some n > 1 where 2n is in the bottom row of T. Let S = s1(cyc(T)).
Then comaj(gn)(S) = comajon)(T') — (n — 1) and inv 9n) (S) = inv(zn) (T).

Proof: First notice that when 2n is in the bottom row of T',

. . 1 if 2n is in column 2;
1nv(2n)(cyc(T)) = 1HV(2") (T) + { —1 if 2n is in column 1.

Since the entry 2n in T becomes 1 in cyc(7'),

comaj(ony(cyc(T)) = comajiony(T) — (n — 1)
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because the ascent which occurs in 7" between 2n and the entry above it is lost. It follows from 3.4] that
inv(gn) (S) = iHV(gn) (81 (CyC(T))) = iHV(gn) (T)

and
comaj gny () = comajony (s1(cyc(T))) = comajigny (1) — (n —1) .

Example 5.7 Forn = 4 and

61
1715
= 412
318
we have
712
eye(T) = [E151.
411
and
712
816
S = s1(cye(T)) = IEIE
114

Then comaj(o4)(T') = 5, comaj4)(S) = 2, and inv(94)(T) = inv(g4)(S) = 2.

6 Recursions for Two-Column Shapes

In this section, we consider what happens when we fix the bottom row of the fillings of (2") to be [1]a].
This will lead to a recursion characterizing the polynomials Fiony(q,t).

Definition 6.1 For n > 1and 2 < a < 2n, set Fiony o = {T € Fany : T has bottom row[1]a] }.
Define
Riany.a = Rianyalg,t) = Z g em (Mgeomaien (1)
TeF (any,a

6.1 Augmentation

Definition 6.2 Forn > 1, T € ]—'(Qn) and 2 < a < 2n + 2, we define the a-augmentation of T' fo be
the filling A (T) € F(an+1y,, which is obtained by first relabeling the entries of T as follows: ¢ € T is
replaced by c + 1 if c < a — 1 and by c 4+ 2 if c > a — 1; and then placing the relabeled filling over the

new bottom row

Example 6.3 Fora = 3 and T' € F o3y given by

T =

I k=2][CN)
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we have

As(T) =

—|ro]oo|an
ISEE

We consider next what A, does to inv;, and comaj, and how it interacts with cyc and s;. Here and
below, for any statement P, we write x(P) = 1 if P is true and x(P) = 0 if P is false.

Proposition 6.4 Foralln > 2, all a with2 < a < 2n, and all T € Fon-1) with bottom row [z]z],
(a) comaj(ony(Aa(T)) = comajion—1y(T) + (n —1)x(2 <a—1);
(b) inV(Qn)(Aa(T)) = inV(gn—l)(T).

Proof: Let T € F(5.-1y have bottom row [z[z], and let 2 < a < 2n. The bottom two rows of A, (T)
look like:

/|
1l|a

where 2’ isz+1lifr<a—lorz+2ifz >a—1,and2 isz+1ifz<a—1lorz+2ifz>a—1.
Now inv(sn)(A4(T)) = inv(gn-1)(T') since the two entries in the bottom row of A,(7") do not form
an inversion triple, and 1,2/, 2’ form an inversion triple in A,(T) iff oo, z, z form an inversion triple in
T. The ascents in the top n — 1 rows of A, (7)) are the same as the ascents in 7". There cannot be an
ascent between the two lowest cells in column 1 of A,(7") since the lowest cell in this column contains
1. If a is greater than the entry directly above it in A,(T), that entry is z 4 1, giving a new ascent, so
comaj(gyn)(Aa(T)) = comajgn—1y(T) +n — 1. If a is less than the entry directly above it in A, (1), that
entry must be z + 2, and thus comajyny (A4 (7)) = comajgn—1)(1"). O

Definition 6.5 For all n > 2 and all a with 2 < a < 2n, define TYC : F(an),q — F(2n),o by TYC =
Ag o cycoA; L. Similarly, define 5, : Fony,a = Fany,abysi = Agosyo AL

Proposition 6.6 Foralln,a,b,j, T withn >2,2<a<2n,2<b<2n—-2,0<j5<2n—2—b, and
T e .F(Qn—l)}b.'

(@) comajign) (@ (Aq(T))) = comajgns)(T) +j + (n — x(j < o = b—1);
(b) nv(2n)(€F (Aa(T))) = iV (2n-1)(T);
(6) comagm) (€7 (51 (Aa(T)))) = comajien—1(T) +j + (0 — Dx(j < a—2);
(d) ¥ (oo (€7 (51(Aa(T)))) = inv g1y (T) + 1.
Proof: Let T € F3n-1) ;. Then, by@and@
Comaj(zn)(ﬁj(Aa(T))) = comaj(yny(Aq (cy!(T))

= comaj(znfl)(cycj(T)) +(n-1)xMb+ji<a-1)
comajign-1y(T) +j+(n—1)x(j <a—b-1).
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Bynand L inv(on) (Cyc? (Aq(T))) = invgn-1y(T).
Similarly, usmg@@ and[5.3] we find that
comaj(yn) (6y¢ (51(Aa(T)))) = comaj(yn (Aa(cyc’ (s1(T))
= comaj@n)( a(s1(cyc? (T))
= comaj(Qn_l)(cyc](T)) +(n—-1)xQ+ji<a-1)
= comaj(gn-1y(T) +j+ (n—1)x(j < a—2).

By[6.4 53 and 3.4 invon (&5 (51(4a (1)) = inv(on1)(T) + L. 0
Proposition 6.7 Foralln > 1and 2 < a < 2n, Ran) on—qt2 = t" "' Riony 4.

Proof: It suffices to prove the result for 2 < a < n. Note that s; o cyc?? e +!

onto Fan) on—qt2. For T' € F(gn),a,@and@give

is a bijection from F2n) 4

comaj(Qn)(sl(cyczn_“H(T))) = comaj(yny (1) +2n —a — (n — 1) = comajomy(T) +n—a+1;

v (gn (51(cyc® *TH(T))) = inv(gn)(T).

6.2 Recursions for Two-Column Rectangles

We can compute R(zn)ya for 2 < a < n + 1 by the recursion below. A nicer version of this recursion
appears in [6.10] below.

Proposition 6.8 Foralin >2and2 < a <n+1,

n—1

a—b— + n— a— n—I1l— —a +
Ripny o =[n— 1] (Z(t( Tt gt 4 gt OO Ry,
b=2

+ (1 + qta_z)R(in)m)
where R(9) o = 1 and ™+ = max{x,0}.

Proof: To prove the theorem bijectively, we will decompose F(2n) , into a collection of disjoint sets
Xa, ..., Xn, Ya,...,Y,, such that the generating function for X3 is [n — 1]75(1f(“_b_1)+ " Rign-1)
when 2 < b < n, and [n — l]tR(anl)’n when b = n. Similarly, the generating function for Y}, is

[n — 1] (qt*2 + qt"’lf(bﬂ’“)Jr)R(znfl)’b when 2 < b < n,and [n — 1]tqt“’2R(2n71),n when b = n.
For 2 < b < n, define

Xy, ={T € Fany,q : forsome U € Fign-1y,, T =Tyc' (Aq(U)) where 0 < i <2n—2—b
or T = cyc (5, (Aa(U))) for2n — 1 —b < j < 2n — 3}
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and

Y, = {T € Fianyq : forsome U € Fign-1);,T =Tyc' (51(Aq(U))) where 0 <i <2n—2—b
or T = cyc (A, (U)) for2n — 1 — b < j < 2n — 3}.

Using and |5.5| one sees that each T € F(an), can be written as cyc” (55 (A4 (U))) for exactly
one choice of j € {0,1,...,2n — 3}, e € {0,1},b € {2,...,n},and U € Fon-1y,. To find j, €, b, and
U, delete the bottom row of T', renumber the remaining entries to be {1,2,...,2n — 2}, cyclically shift
down until 1 appears in the new bottom row, and then apply s; if needed to get 1 in the lower-left corner.
For example, if n = 5 and a = 4, the filling

N

I
R NEE
| oo|~1|S|w

can be written as ¢yc>(A4(U)) where

U =

— (=N Ot
| oSy 0o

It follows that F9n) , is the disjoint union of the sets X and Y}, just defined.

By [5.6|and[6.6] inv(zn) (7€' (A4 (U))) = inv(an) (@7¢ (51(Aa(U)))) = inv(ga—1)(U) forall 0 < i <
2n—2—bandall2n — 1 — b < j < 2n — 3. Similarly,

v (on) (€€’ (31(Aa(U)))) = invan) (ey¢ (Aa(U))) = inv(gn-1)(U) + 1

for all ¢, j in the indicated ranges. Before continuing the proof, we give an example that illustrates the
main ideas in the calculations that follow.

Example 6.9 Forn =4, a = 4, and b = 3, consider

2
U=|5[4] and A4(U) =
1

=Nl ~3|w
=[O S| 00

Notice that g™ @ U)geomaies () — 0241 1y Figyre EI the fillings in bold are elements of X3 derived
from U, while the rest are elements of Y3 derived from U. The generating functions for these elements in
X3 and Yz are [3];,(1 + t)g*t! and [3],(qt? + qt3)q?t, respectively.

Returning to the proof, we first consider the case where 2 < b < nanda < b+1. LetU € f(2n—l)’b. By
comajyn) (€€ (Aq(U))) = comajign1y(U)+ifor 0 < i < 2n—2—b. For2n—1—b <i < 2n—3,
comaj g (€yc' (51(Aq(U)))) = comajgn-1y(U) +i — (n — 1) by .and since 2n — b > a.
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3|8 5|2 6|3 715 816 217
76| <. |8|7| e, |2]|8| e |3|2| Tye 5(3| ¢ye 65
2|5 3|6 5|7 6|8 702 813
1|4 1|4 1|4 1|4 1[4 14
¢t q2t2 q2t3 q2t4 q3t5 q3t6
I3 15 15 15 3 I35
3|8 5|2 6|3 715 8|6 2|7
716 cyc 87| ¢gye 28| gyc 3|2 cyc 5|3 cyc 6|5
5|2 6|3 715 816 2|7 3|8
14 14 1|4 1[4 1(4 1(4
q t4 q3t5 q3t3 q3t4 q t2 q t3

Fig. 2: The elements of X3 and Y3 generated by U.

We now compute ZZQZE 3 oomajzn) (& (Aa(U))) by splitting the sum into the ranges 0 < ¢ < n — 2,

n—1<i<2n—2—b,and 2n — 1 — b < ¢ < 2n — 3. For i in the first range, we compute

n—2
Z tcomaj(zn)(ﬁi(Aa(U))) _ [TL N 1]ttcomaj(2n—1)(U) _ [TL i 1]tt(a7b71)+tcomaj(zn_l)(U) )
i=0

For the remaining values of ¢, we obtain

2n—2—b ) 2n—3 )
3 peomain @5 (Aa) 4§ geomain (6 (1 (Au(U)
1=n—1 i=2n—1-b

) 2n—2—b 2n—3 ) 2n—2—>b n—2
:tcomaj(an)(U)< Z tz_|_ Z ti—(n—1)> :tCOma_](znl)(U)< Z t1+ Z tz)

i=n—1 i=2n—1-—>b i=n—1 i=n—>b

— i — 1 O

Thus, the generating function for Xj, is [n — 1], (¢(@=0=1" 4 t" ") R(gn-1) 5. Similarly, we can use
and 3.6 to obtain:

comaj@n)(cyc’:(El(Aa(U)))) =comajon-1)(U) +i+n—1 if0<i<a—2
comajyn) (€yc' (51(Aa(U)))) = comajon-1y(U) + i ifa—2<i<2n-—2-1b
comajyn) (€yc' (Aa(U))) = comajgn-1,(U) + i if2n—1-b<i<a—24+(2n—1-1);
comaj yny (€y¢' (Aa(U))) = comajgn-1y(U) +i — (n — 1) ifa—2+(2n—-1-5)<i<2n-3.
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Then
2n—3 ) a—3 n—2
§ tcomaj(zn)(ﬁ‘(El(Aa(U)))) :E :tcomaj(w,l)(U)«HJrnfl_'_ 2 : tcomaj(zn,l)(U)Jrz
1=0 =0 i=a—2
2n—2—>b a+2n—b—4 2n—3
+ 2 : tcomaj(zn,l)(U)%»i_"_ § : tcomaj<2,,L,1)(U)+i+ 2 : tcomaj(Q,L,l)(U)Jrif(nfl)
i=n—1 1=2n—b—1 i=a+2n—b—3
a+n—4 a+2n—b—4 n—2
_ § ti+ § ti+ § : ti tcomaj(Qﬂ,_1>(U)
i=a—2 i=n—1 1=a+n—b—2

_ [TL _ 1]t(ta—2 + tn—l—(b—i—l—a))tcomaj@n,l)(U) )

So the generating function for Y}, in this case is [n — 1];q(t*2 + tnili(b+17d)+>R(2n71)’b.
Next we look at what happens when b+ 1 < a,2 < b <n,and2 <a<n+1. LetU € ]—'(2”_1)71,.

Then, by [6.6]and [5.6]

comajgny (€yc' (Aa(U))) = co maj(Qn nU)+i+n-—1 if0<i<a-—b-1;
comaj(gny (Cyc'(Aq(U))) = comajgn-—1y(U) + i ifa—b—-1<i<2n—>b-—2;
comaj@n)(@ (31(Aa(U)))) = comajgn-1)(U) +i—(n—1) if2n-b—-1<i<2n—3.

S|

Then
2n—3 a—b—2 n—2
Z tcomaj(2n> cyc Z tCOde(gn 1y (U)+i+n—1 + Z tcomaj(,‘,n_l)(U)-i-i
=0 i=a—b—1
2n—b—2 2n—3
+ Z tcomaj(2n,1)(U)+i+ Z tcomaj(zn,l)(U)Jrif(nfl)
i=n—1 i=2n—b—1
n+a—b—3 2n—b—2 n—2
( >+ Z DRSS ti> geomaizn1) (U)
i=n—1 i=a—b—1 i=n—1 i=n—>b

= [n— 1], (@707 4 gnbygeomaien (U)

Thus, the generating function for X, in this case is [n — 1], (¢(e=0=D" 4 " Rign-1) .
Similarly, for Y3, we have

comajyn (€yc' (51(Aq(U)))) = comajign-1y(U) +i+n—1 if0<i<a—2;
comaj@n)(ﬁi A (1)) —comaj@n Hy(U) +i ifa—2<i<2n—-2-1;
comaj(zn)(ﬁi Au(U))) = comajgn-1y(U) +1 if2n—1-b<i<2n-3.
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Then
2n—3
§ :tcomaj(Qn)(cyc (531 (AL (U)))) _ § :tCOIHaJ(Zn 1, (U)+itn— 1+ § £E0maj(on— 1y (U)+i
=0 =0 i=a—2
2n—2—b 2n—3
+ 2 : tcom‘”&” 1y U)+z_|_ 2 : tcomaj(Qn,_l)(U)—&-i
i=n—1 i=2n—1-b

= [n — 1],(t272 4 ¢ hypomdien-n (U)

So the generating function for Y} in this case is [n — 1];q(t* =2 + tnil)R(Qn—l)J). Combining all of the
above gives us that, for 2 < b < n, the generating function for Xj is [n — 1]t 0=D" 44" ") Riyn 1y,
and the generating function for Y; is [n — 1],q(t*~2 + t”flf(bﬂ’“ﬁ)R(gnq)yb.

When b =nand U € Fan-1)p,

Aa(U),e7e(Aa(U)),...,eye"*(Aa(U)) € X

and

81 (Aa(U))vﬁ(gl(Aa(U)))’ cee 7@n—2(§1 (Aa(U))) € Yn'

Sincea —n—1<0,

comaj(gn) (eyc’ (Aa(U))) = comajipn—1)(U) + i,

so the generating function for X, is [n — 1];R(gn-1) ,,. To obtain the generating function for Y,,, we note
that

comaJ(2n)(cyc (51(Aa(U)))) = comajgn-1)(U) +i+n—1 if0<i<a-—2
comajgny (€€’ (51(A4(U)))) = comajign-1y(U) + i ifa—2<i<n-—2.

Then, as above, the generating function for Y}, is [n — 1]t(qta’2)R(2n_1))n. O

We can use to obtain the following more streamlined version of the recursion for two-column
rectangles.

Theorem 6.10 Foralln > 2and2 < a < 2n,
2n—2 N .
Rinya = [n— 1]tz (t(aqu) 4 gtn1-(b+1-a) ) Riyay i,

b=2

where R(9) 5 = 1 and ™ = max(x,0).
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Proof: First, we useto rewrite the recursion from@fer 2 <a <n+ 1. We see that R(yn) , equals

n—1
[n— 1]t<Z(t(abl)+ g g2 +qtnflf(b+1fa)+)Rm_l))b el +qt“2)R(2n-1)7n)

b=2
n—1 N N n—1
= [n—l}t(Z(t“‘b‘” +at" T OO Ry + Y 8T 4 gt %) Rign 1) 20
b=2 b=2
+(1 + qtaZ)R(in)’n>
n n—1
a—b—1)" n—1— —a)t a+b—n—
= [n- Ut(Z(t( PO gt PO Ry + Y (14 gt 2)R(2"1),2nb)
b=2 b=2
n 2n—2
a—b—1)*" n—1-— —a)t n—1— —a
- [n—l}t(Z(t( b=1)T 4 ggn—1-(b+1-a) )Rgn-1) + Z (1+ qt"? (b+1 ))R(2"1),b)
b=2 b=n+1
2n—2
— [?’L _ 1}75 Z (t(a—b—l)Jr + qtn—l—(b+1—a)+)R(Qnil)b.
b=2

To see that this same recursion works for n+2 < a < 2n, apply[6.7]again. For a withn+2 < a < 2n,
note that 2 < 2n —a + 2 < n + 1. Then

Rianya =t""""'Rian) on—a+i2

2n—2
—n— n—a+2—b—1)F n—1— —(2n—a +
i 1[n_1}t Z(t@ +2-b—1) + gt (b+1—(2n—a+2)) )R(an-1)p
b=2
2n—2
a—n— n—a+2—b—1)" a—2— a—2n—1)T
=[n—1) Y (e a2t g gpam2m (a2 D Ry
b=2

One final application of this time to R(gn-1y for 2 < b < 2n — 2, leads to

2n—2
n— a—n— n—a+1—(2n—>b))* a—2—(2n—b4+a—2n—1)F
Rignyq = [n—1]pt"™0 Y (et @roati=@not) Ty ga=2=Cnobra=2n U R0y
b=2
2n—2 N N
_ [TL . 1]t Z (ta—b—1+(b+1—a) + qtn—b+a—2—(a—b—l) )R(2n_l),b

a—b—1)" n—1-— —a)t
= =1 Y @D g OO Ry,
b=2

Proposition 6.11 Forn > 1, Fian)(q,t) = Ran+1)2(q, 1).



38 Nicholas A. Loehr and Elizabeth Niese
Proof: Note Aj is a bijection from Fgn) onto Fiont1y . By for U € Fany,
comaj(gn+1)(A2(U)) = comajisny (U) and inv(gn+1y(A2(U)) = invgn (U).
O

Using the recursion and induction on n, we see that R(ony ,(g,t) is divisible by [n — 1}!; for
2 < a < 2n. Then shows that Fony(q,t) is indeed divisible by [n]!;. This gives the promised
combinatorial proof of Theorem[I.T[b) in the case of two-column rectangles.
6.3 Recursion for Two Unequal Columns

Next we discuss a recursion valid for shapes y with two unequal columns.

Definition 6.12 For m > 1 and n > 1, let i € Par(2n + m) with p = (1™2"). Let . o = {T € F, :
T has bottom row }, and define

R(1m2")7a(Qa t) _ R(l"”Z"),a — Z qianan)(T)tcomaj(lann,)(T).
T€~7:(1m2"),a,

To analyze R(jman) 4, we need a definition and proposition analogous to [6.2] and [6.4] for two equal
columns.

Definition 6.13 Form >1,n>0,T € .7-'(1m2n) and 2 < a < m+2n+2, we define the a-augmentation
of T to be the filling Ao (T') € F(1man+1),q which is obtained by first relabeling the entries of T as follows:
c € Tisreplacedbyc+ 1ifc <a—1andbyc+ 2ifc > a — 1; and then placing the relabeled filling

over the new bottom row
Proposition 6.14 Forallm > 1, n > 1, allawith2 < a < m+2n,andall T € .F(17n2n71) with bottom
row

(a) comaj(yngn)(A,,,(T)) = Comaj(lmzwl)(T) +(n=1)x(z <a-1);

(b) inv(1many(Aa(T)) = inv(gmon—1)(T).

Since the columns are not of equal height, the inversion flip is not available to sort. Instead, we use the
cyclic shift and careful accounting to obtain an increasing bottom row.

Proposition 6.15 Lerm > 1, n > 0 and T € F(ymany, where T has bottom row [z ]z | for some x > z.
Then cyc™2n=2T1(T) will have bottom row whereb=m+2n—x+ 1+ z,

comaj(lmgn)(cyc7"+2"_’”+1(T)) = comaj(ymon) (1) +n —x+1

and
inV(lmgn)(Cycm+2n_$+l(T)) = inV(lmgn)(T) — 1

Proof: Let T € F(1mony have bottom row with z > 2. By

comaj(l,wn)(cychrQ”"‘(T)) = comajymony(T) +m +2n — z.



Recursions and divisibility properties for combinatorial Macdonald polynomials 39

The bottom row of cyc™ 2" =2(T) is where 2 = m + 2n and 2/ = m + 2n — z + 2. Then
cyc™T2n=*+1(T') has bottom row with b = m 4 2n — z + 2 + 1. The ascent involving ' and the
entry directly above it in cyc™ 27~ (T') is lost when cyc is applied, so

coma (e (cye™ 21T+ (T)) = comayg (cye™ = (T)) = (m +n — 1)

and thus

m=+2n—x+1 (T))

comaj(jmon)(Cyc = comaj(ymon) (1) +n+ 1 —x.

By[5.3]

il’lV(lerQn) (Cy0m+2n_l (T)) = il’lV(lmgn) (T)
Since m + 2n is in the bottom row of cyc™+2"=%(T),
V(1 mony (cyc™ 2T Y(T)) = inv(gmgn) (cyc™ 2" *(T)) — 1,

SO
iIlV(lmgn)(Cycm+2n7x+1(T)) = inV(lan)(T) — 1

‘We can calculate R(lan)7a for 2 < a < m + 2n by the recursion below.
Theorem 6.16 Forallm >1,n> 2, and2 < a <m + 2n,
m+2n—2 m+2n—2—>

Rmany,e = Z Z (ti—‘r(n—1)X(i<a—b—l)R(1m2”71)7b
b=2 i=0

+qtb_n+i+(n_1)X(i<a_2)R(l’"Q"_1)7m+2n—b) :

The initial conditions are R(1mg) o = F(1my = [m]li form > 1and2 < a <m + 1.

Proof: Let T' € F(1mon) 4. Then there exists a unique U € F(1mon-1) such that T = Ag(cyct(U)) and
the bottom row of U is either or for some b with 2 < b < m + 2n — 2 and some 4 with

0 <i<m+2n—2—b. If the bottom row of U is[1[b], then byand
Comaj(lmzn)(T) = comaj(lmgn)(Aa (eyc'(U)))
comajymon—1y(U) +i+ (n—1)x(i <a—b—1)

and
il’lV(lmgn)(T) = inV(lanfl) (U)

If the bottom row of U is[b]1], then by and[5.3]

comaj(ymony (1) = Comaj(lmgn)(Aa(cyci(U)))
= comaj(ymon—1y(U) +i+ (n—1)x(i <a—2).
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Let U’ = cyc™+2"=1=5(1)), then, by|6.15]

comaj(mon) (1) = comajqmon—1y(U) +i+ (n — 1)x(i < a—2)
= comajymon-1y(U') +i+b—n+(n—1)x(i <a—2)

and

inV(lm,Qn)(T) = iHV(lan—l)(U/) + 1.
Thus the second term in the recursion accounts for fillings 7" arising from those U having a decreasing
bottom row. O

Remark 6.17 We saw earlier that Riman+1)2(q,t) = F(1maony(q,t) is divisible by [m]!;[n]';. The re-
cursion above easily yields that every Rman) o(q,t) is divisible by [m]!;. Computations suggest that
these polynomials are also divisible by [n — 1), but this fact does not seem to be evident from the form
of our recursion. In particular (in contrast to the situation for two equal columns), we have not given a
combinatorial explanation of the divisibility of F(yman)(q,t) by [n]';.

7 Fermionic Formula

In the case of two-column rectangles, we can use our earlier recursion to deduce some fermionic formulas
for Fiony(q,t) and Ran+1 4)(q,t). For each n > 1, define

P,=1{2,3,...,2n} x {2,3,...,2n — 2} x --- x {2,3,4} x {2}.

Recall from the recursion
2n

a—b-1)* n— —a)t
Regnryg = [n]e D Riom) p(t07077 gt OH=0T) - Ry p =1
b=2

Iteration of this recursion immediately yields the following fermionic formula for Ron-+1) 4.

Theorem 7.1 Foralln > 0and?2 < ag < 2n + 2,

R(2"+1),a0 = [n}'t Z H(t(aifl—ai—1)+ _’_qtn—&—l—i—(ai—&-l—ai,l)Jr)_

(a1,a2,...,an)EP, =1

Now let PM(K5,,) denote the set of perfect matchings of the complete graph K5, on 2n vertices. By
definition, an element M € PM(K5,,) is a set partition of {1,2,...,2n} into n blocks of size 2. There is
abijection f : P, — PM(Ks,,) that can be defined recursively as follows. Forn = 1, f((2)) = {{1, 2}}.
Givenn > 1 and (a4, ...,a,) € P,, recursively compute M’ = f(aq,...,a,) € PM(Ka,_2). Relabel
the perfect matching M to use the vertex set {1,2,...,2n} ~ {1, a; }, and add the edge {1, a1 } to obtain
the perfect matching M = f(aq,...,ay,). We can use this bijection to change the indexing set for the
summation in from P, to PM(K>,,). We thereby see that R(2n+1))a can be written in the form

R(2n+1)7a = [n]'t Z [QH]M’G,

MePM(Ka,,)
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where [2"],s,, denotes a ¢, t-analogue of 2" that depends on the matching M and the integer a. In par-
ticular, we have such an expression for Fion) = Ran+1) 2. This yields a g, t-analogue of the enumeration

formula | PM(K,,)| = 22,
It is also natural to incorporate a into the matching M by summing over perfect matchings on 2n + 2

vertices that contain the edge {1, a}. This viewpoint produces a formula of the form

Rignty 4 = [l > [27] as.

MePM(Kant2):
{1,0.0}6]»1

Example 7.2 Suppose n = 3, ag = 6, and

M = {{17 6}7 {27 4}7 {37 8}7 {57 7}}
We calculate (ag,ay,az,a3) = f~1(M) = (6,3,4,2). Referring to we see that

[2°]ar = (% + qt®) (1 + q) (t + qt).

8 Future Work

The computations in [NielO] suggest that the recursions considered here may extend to polynomials F},
indexed by partitions 1 with more than two columns. In particular, the case of a three-column rectangle
appears to be tractable, although the required combinatorial manipulations become substantially more
involved compared to two-column rectangles. These extensions of the current work, which are treated in
the latter part of [NielO]], will be the subject of future papers.
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