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A graph with degree seftr, » + 1} is said to be semiregulaA semiregular cagés a semiregular graph with given
girth g and the least possible order. First, an upper bound on theetkéa of semiregular graphs with gigtand order
close enough to the minimum possible value is given in thikkwés a consequence, these graphs are proved to be
maximally connected when the girth> 7 is odd. Moreover an upper bound for the order of semiregudges is
given and, as an application, every semiregular cage wighegesef{r, » + 1} is proved to be maximally connected
for g € {6,8}, and whery = 12 for » > 7 andr # 20. Finally it is also shown that everf{r,r + 1}; g)-cage is
3-connected.

Keywords: cage, degree set, girth, connectivity

1 Introduction

Throughout this work only undirected simple graphs withtmatps or multiple edges are considered.
Unless stated otherwise, we follow [13] for terminology al&dinitions not explicitly given here.

Let G be a graph with set of verticd8(G) and set of edgeB(G). Given a proper subséf of V(G),
let [X,V(G) \ X] denote the set of edges with one end\irand the other i/’ (G) \ X. We denote by
N (v) theneighborhoof a vertexv, thedegreeof a vertexv is | N (v)| = d(v), and theminimum degree
of G is denoted by(G). Theedge degreef uv € E(G) is equal tod(u) + d(v) — 2, and{(G) stands
for theminimum edge degree &f. Thedistanced(u,v) between two vertices andv is the length of a
shortest path between them. Téerentricityof a vertexu is the largest distance betweemnd any other
vertex of the graph. Thdiameterof G is denoted byliam(G) and is the maximum of the eccentricities
of the vertices of the graph. Tlw®nnectivityandedge connectivitpf G, denoted respectively by(G),
A@Q), are linked by the Whitney inequalit{ G) < A\(G) < 6(G). A graphG is maximally connecteif
k(GQ) = §(G), andmaximally edge connectéfd\(G) = §(G). A restricted edge cubf a graphG is a set
of edges whose deletion yields a honconnected graph witkolatted vertices. A grap8 is said to be
optimally restricted edge connectédhe minimum cardinality of a restricted edge cut is equed (G),
the minimum edge degree 6f.
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*rancisco.javier.marcote@upc.edu
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1365-80500) 2010 Discrete Mathematics and Theoretical Computer Sei@dMTCS), Nancy, France



126 Camino Balbuena, Xavier Marcote, Diego Gatez-Moreno

Thedegree seD of a graphG is the set of distinct degrees of the vertices®fA (D; g)-graphis a
graph with degree sd? and girthg. Thefrequencyof each degree i) is the number of vertices of the
graph having this degree. @D; g)-cageis a(D; g)-graph with the least possible orderbiegular cage
is a(D; g)-cage with degree sé? = {r,m}, m > r. A semiregular cagés a biregular cage with degree
setD = {r,r + 1}.

The concept of D; g)-cages was proposed by Chartrand, Gould, and Kapoor [12].4 {r}, (D; g)-
cages coincide witlr; g)-cages, which have been intensely studied since theidattion by Tutte [28].
See the survey by Wong [29] or the book by Holton and SheehHmoj2the recent survey by Exoo and
Jajcay [17]. The existence ¢f; g)-cages was proved by Erdds and Sachs in the early 1960sdié)],
using this result Chartrand, Gould and Kapoor [12] provedekistence of D; g)-cages.

Construction of( D; g)-cages is a challenging topic as well as a very difficult ta8kis goal has only
been achieved for a few paif®; g), and most of them correspond to the case- {r}. Even the problem
of determining the value of the order of ®; ¢g)-cage, denoted by(D; g), is a difficult one and is open
for most of degree sef® and girthsy. A natural approach is to try to estimate upper and lower de@s
close as possible fot(D; g) (writtenn(r; g) instead ofn({r}; g) whenD = {r}).

For the case ofr; g)-cages, Lazebnik, Ustimenko and Woldar [23], improving evfus result of
Sauer [26], obtained the following upper bound fdr; g):

Theorem 1.1 [23] Let » > 2 andg > 5 be integers, and ley denote the smallest odd prime power
verifyingr < ¢. Then
n(r;g) < 2rq ¥, 1)
wherea = 4,31 I 13 forg=0,1,2,3 (mod 4) respectively.
Recently, the above result has been improved/fer6, 8, 12 in several references listed in the follow-
ing theorem.

Theorem 1.2 Letg > 2 be a prime power angd = 6, 8, 12.
(i) [1,6] n(g;6) < 2(¢* —1);
(i) [6] n(q— 1;6) < 2(¢> — q — 2);
(iii) [2] n(k;6) < 2(qk —2)forall k < ¢ — 1;
(iv) [7] n(k;8) < 2¢(gk — 1) forall k < ¢;
(v) [18] n(q;8) < 2q(q? — 2) if ¢ is a square;
(vi) [3] n(k;12) < 2kq*(¢®> — 1) forall k < q.

As far as the lower bounding af{ D; g) is concerned, Downs, Gould, Mitchem and Saba [14] obtained
the following bound, by counting the vertices emerging framrertex with maximum degree.

Theorem 1.3 [14] Let D = {ay, as, ..., a;} be a set of positive integers with< a; < as < -+ < ag,
andg > 3. Then

ag(a; — 1)1 if g=2t+1,

-

Il
—

1+

n(D;g) > no(D; g) = : 4 )
1+ > ag(a; — 1)+ (ag — 1)L if g = 2.
i=1
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Expression (2) is easily seen to hold when= {r} by replacing both; anda; with r.

A (D; g)-cage satisfying.(D; g) = no(D; g) is called aminimal (D; g)-cage Kapoor, Polimeni and
Wall [22] proved that D; 3)-cages are minimal, i.en(D;3) = no(D;3) = 1 + ay.

Chartrand, Gould and Kapoor [12] proved ti{é2, m}; g)-cages are minimal. They also proved that
n({r,m};4) = no({r,m};4) = r + m for anyr > 2. Moreover, Downs, Gould, Mitchem and Saba [14]
proved that ({3, m}; 5) = no({3,m};5) = 1 + 3m andn({3,m};7) = no({3,m};7) = 1 + 7m, for
m > 4;andn({3,m};9) = no({3,m};9) = 1+ 15m, form > 6. Araujo, Balbuena, and Valenzuela [5]
provided some constructions @fr, m}; g)-cages in the casge {5,7,11}, whenr — 1 is a prime power,

k an even integer aneh = k(r — 1).

Yuansheng and Liang [30] proved that{r,m};6) > 2(rm — m + 1), and they conjectured that
n({r,m};6) = 2(rm —m+ 1). Moreover, they proved that the conjecture is true when 1 is a prime
power and also for any: andr = 3,4, 5. Constructions of minimal{r, m};6)-cages whem — 1 is a
prime power andn = k(r — 1) + 1 for k£ > 2 are also provided [4]. For the case where the girth is even
and greater tha6, no new results have been achieved.

In the Table 1 we present some of the known exact valueg{of m}; g).

[(ndrmpbg] 9=5 ] 9=6 | g=7 | 9=8 [ 939 | g=11 ]
r=3 3m + 1 4m + 2 ™m + 1 8m+%+5 1+ 15m
m >4 m >4 m >4 m = 3k m > 6
[14] [30] [14] [5] [14]
r=4 4m + 1 6m + 2
m>5 m >5
[19] [19]
5<r<m 2(rm — m + 1)
m—1=p®
[4, 30]

—1)5—
3<r<m 1+rm 2(rm —m+1) [1+m@r? —r+1) 1+m%
r—1=p% |lm=k(r—1)|m=k(r—1)+1 m =k(r—1) m = k(r —1)

k > 2even k > 2[4],or k > 2even k > 2even
[5] m = kr, k > 2[5] [5] [5]

Tab. 1: Exactvalues ofi({r,m}; g) (p® denotesa prime powey.

Concerning other structural properties of interest bf ¢g)-cages, some results for; g)-cages have
been extended by Balbuena and Marcote [10, 11].

Theorem 1.4 [11] Let D = {aj,a2,...,axt With2 < a1 < as < --- < ag, and letg;, g» be two
integers such thal < g; < g2. Thenn(D; g1) < n(D; g2) provided that any of the following conditions
hold:

M) g1=3;

(i) somea; € D is even and has frequency at least two;
(iii) everya; € Dis even;

(iv) someu; € Disoddandg; > k — 1;

(V) k<5

(vi) somea; € D is odd fori > |(k + 8)/3] and has frequency at least 3.
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Theorem 1.5 [10] Let D = {r,m} with2 < r < m, and letG be a(D; g)-cage. Then the diameter of
G is at mosty if one of the following assertions hold:

(i) ris even and the frequencywofs at least two;
@iy m=r—+1.
Apart from the order and the diameter, also the connecififyD; ¢g)-cages is a basic goal to approach.

In the following theorem we list some useful known sufficienhditions on the diameter of a graph in
terms of the girth to guarantee optimal results for somematars accounting for its connectivity.

Theorem 1.6 LetG be a graph with minimum degrée> 2, diameterdiam(G) and girthg. Then,
(i) [27]if diam(G) < 2[(g9 —1)/2] — 1, thenk(G) = 6;
(i) [27]if diam(G) < 2[(g9 —1)/2], thenA(G) = 6;
(iii) [8]if diam(G) < g — 2, thenG is optimally restricted edge connected.

Going back to the framework dfD; g)-cages, the connectivity of semiregular cages was studied b
Balbuena et al. [9]. They proved the following result.

Theorem 1.7 [9] Every ({r,r + 1}; g)-cage is maximally edge connected. And e\¢By4}; g)-cage is
maximally connected.

This paper is devoted to semiregular cages, and is orgaagéallows. In Section 2 we prove that the
diameter of ar{{r,  + 1}; g)-graph whose order is close enough to the (minimal) bowtdr, » +1}; g)
has diameter at mogt— 2. As an application everf{r,r + 1}; g)-graph with odd girth and order close
enough tow ({r,r + 1}; ¢) is shown to be maximally connected. In Section 3 we presenpger bound
on the order of a semiregular cage. Finally, Section 4 de#fstive connectivity of semiregular cages.
With the help of the aforementioned new upper bound.ofr, » + 1}; g), semiregular cages are proved
to be maximally connected when= 6, 8, and whery = 12 for » > 7 andr # 20. Furthermore, itis also
shown that every{r,r + 1}; g)-cage withr > 4 andg > 6 is 3-connected, extending a previous result
obtained by the authors in [9] fer= 3.

2 Diameter of ({r,r + 1}; g)-graphs with small order
In what follows an upper bound on the diameter of semiregyiaphs with small order is given.

Theorem 2.1 LetG be an({r,r+1}; g)-graph withr > 2 andg > 6 on at mostw ({r,r+1};9)+r—1
vertices. Then the diameter is at mdstm(G) < g — 2.

Proof: Let us first prove the following claim.
Claim: No two vertices of degree+ 1 are adjacent.
Suppose that there exists an edges F(G) such thati(x) = d(y) = r + 1, then ifg is odd it follows

(9—3)/2 (9-5)/2

V(@) Z14++1) > =1+ > (r—1)
1=0 =0
(9—5)/2

=no({r,r +1}9)+ Y (r—1)

i=0
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which is a contradiction to the hypothesis. And ifs even then

9/2-2
V(@) =242 > (r—1)
9/21‘fg g/2—2
=147 ) (=D +@-1""+2 > (r-1)
1=0 /22 1=0
=no({r,r +1};9) + Z (r—1)°
=0

which is again a contradiction to the hypothesis. Then amyvertices of degree + 1 are at distance at
least two. O

To continue the proof, first suppose tiiatontains two vertices andv of degree- such thati(u, v) >
g — 1. Let us consider the grap’ = G U {uwv}. If G’ contains a vertex of degree thenG’ is an
({r,r+ 1}; g)-graph having two vertices of degree- 1 at distance one, contradicting t@éaim. If there
are no vertices of degreen G’, thenG’ is an(r + 1; g)-graph and

V(G| = IV(G)| = n(r+1;9) > no({r,r + 1};9) + 7 — 1.

Therefored(u, v) < g — 2 for all two verticesu, v of degree-. Next let us see that any verte>of degree
7 + 1 has eccentricity at mostg + 1)/2].
Let us consider the subgraphinduced by the sets of vertices

(9—-1)/2 g/2-1
U MNi(w), ifgisodd, UJ Nie), if giseven,
1=0 =0

e being an edge incident witt. Then

(g-1)/2
1+(r+1) Z (r—1)""t =ng({r,r +1};9), if g is odd,
|V(H)| > g/2—1 = g/2—2
2 Z (r—1)" + Z (r—1)%"=no({r,r +1};9), if giseven.
i=0 i=0

Clearly if |V(G)| = |V(H)|, thenG = H and so for alke € V(G), d(u,z) < (g — 1)/2 wheng is odd,
andd(u,z) < g/2 for g even; hence the theorem is valid. Thus assume|th@®)| > |V (H)| and let
R =V(G)\ V(H). If some vertexss € R is not joined to some vertex iff, then|V(R)| > d(s) + 1 >
r 4+ 1, which means that (G)| > |V(H)| + |R| > no({r,7 + 1};g) + r + 1, a contradiction to the
hypothesis. Therefore, any vertex®fis joined to some vertex df yielding for allz € V(G):

(9+1)/2, forgodd,
d(u, ) < { g/2+1, forgeven,

hence the claimed eccentricity ofholds.
Therefore the diameter @f is at mosty — 2. O

The next result follows combining Theorem 1.6 and Theorelm 2.
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Theorem 2.2 LetG be an({r,r + 1}; g)-graph withr > 2. ThenG is maximally connected if > 7 is
odd and the order is at mos ({r,r + 1};g) +r — 1.

In [10] was proved that all minimal{r, m}; g)-cages are-connected. Hence Theorem 2.2 is an
improvement of this result whemn = r 4+ 1 and the order is close enough to the minimal bound.

3 Upper bounds on the order of ({r,r + 1}; g)-cages

Note thatn({r,r + 1};9) < n(r + 1;g) for everyg > 4. Indeed, ifG is an (r + 1; g)-cage with
g > 4, then for everyv € V(G) the graphG — v is an ({r,r + 1};¢’)-graph withg’ > g, hence
n({r,r+1}9) <n{r,r+1}%4) <|V(G)| -1 < n(r+ 1;g), the firstinequality due to Theorem 1.4.
Next an upper bound for({r,r 4+ 1}; g) is given.

Theorem 3.1 Letr > 2 andg > 6 be two integers. Then

(T471)T(g—3)/2472
n({r,r+1}ig) <n(r+1g) - { on(o=275 5

r—1

if g is odd,
if gis even andh(r +1;g) > no(r + 1; g).

Moreover ifg is even andi(r + 1; g) = no(r + 1; g), thenn({r,r + 1};6) = 2r? andn({r,r + 1}; g) <
1+2r0=6/2(42 _ 1) forg=8,12.

Proof: Let G be an(r + 1; g)-cage. Let us distinguish two cases.

Casel. g > 7odd. Inthis case note that is not a minimal cage, since minimal cages f§avdd only
exist whenr + 1 = 2 (cycles),g = 3 (complete graphs), angd= 5 andr + 1 = 3,7 (and possiblyp7;
see [20]. This means that the diametedism(G) > (g + 1)/2.

Letu € V(G) be a vertex of maximum eccentricity, and let us considerdlewing sets of neighbors:

Ni(u) ={z € V(G) : d(u,z) =i}, i=0,1,...,diam(G).

Note thatNo(u) = {u} andN;(u) = N(u). Now consider the induced subgraphspanned by the
vertices within distancg < (g — 3)/2 from u. SinceG has girthg, it is clear thafl” is a tree.

Observe thatly(z) = r + 1forall z € N;(u) withi < (g —5)/2,dr(z) = 1forall z € N¢y_3)/2(u),
and the order of " is

g—3 9—>5

— o ; (r+1)re=3/2 _2
V@) =3 N =14 (e 3o = D2
1=0

=0

LetG* = G — V(T). Notice that bothN(,_1)/2(u) and N4, 1)/2(u) are proper subsets of (G*).
Furthermoredg-(z) = rif z € N;(u) with i = (¢ — 1)/2 anddg-(2) = r + 1 if z € N;(u) with
i> (g —1)/2. ThenG* is an({r,r + 1}; g*)-graph withg* > ¢g and from Theorem 1.4 it follows

n({r,r+1};9) n({r,r+1};9%)

[V (G™)]

V(G| = [V(T)]

(r+1)rla=3)/2 _ 2
r—1

IA A

n(r+1;g9) —
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Case2.g > 6even. Lete=uv € E(G) and

Ni(e) = {z € V(G) : d({u,v},2) =i}, i = 0,1,...,1, with [ > g ~1.
Consider the subgraphinduced by the vertices within distange< (¢ — 4)/2 frome. SinceG has girth

g, thenT is a tree. Notice thaly(z) = r + 1 forall z € N;(e) with i < (g — 6)/2 anddr(z) = 1 for all
2 € N(g—4)/2(e). The order ofl" is

I

[

> . ople=2)/2 _9
V(T =2(1 . (9=)/2y = 2 =
V(D) =20 +r+r° 4. 002 =23 7y —

1=

(=)

We need to distinguish two subcases.

Subcase 2.1: Suppose tl@is not a minimal cage of even girth, henee + 1; g) > no(r + 1;9).
Let G* = G — V(T'). Note that in this cas&V(,_s)/2(¢) and N, ,(e) are proper subsets @f*.
Furthermoredg- (z) = rif z € N(y_s)/2(e) anddg-(z) = r + 1if z € N;(e) fori > (g — 2)/2. Hence

G*isan({r,r + 1}, g*)-graph with girthg* > ¢ and from Theorem 1.4 it follows

n({r,r+1}9) < n({rr+1}g")
< VI(GY)]
= V(@)= [V(T)
2r(9=2)/2 _ 9
= n(r+1g) - -1

Subcase 2.2: Suppose ti@is a minimal cage of even girth.

Note that in this caséiam(G) = g/2 with g = 6,8,12 andn(r + 1;g) = no(r + 1; g).

If g = 6, G is the incidence graph of a projective pldre= (P, £) of orderr, then all the lined. € £
haver + 1 points and every point € P is incident withr 4 1 lines. LetL, be the set of lines incident
with the pointp, and letA be aline suchthat ¢ A. Let B € £, and denote by the point{q} = AN B.

Let us remove from the projective plah¢ the pointp and all the lines of the sef, — B, and also
remove the lined and all its points except the point Denote by[[* the obtained incidence structure,
e, [T = P\({ptU(A—1q), L\ (L, — B)U{A})). Hence[[" hasr? +r +1 — (r + 1) = r?
points and-? +r + 1 — (r + 1) = r? lines.

Observe thaf " has exactly- — 1 lines of cardinalityr 4 1, which are all the lines through point
except lineB, which has cardinality because3 has lost the poing. The rest of the lines have cardinality
r since they have lost the point that shared witl{different fromq). Moreover,[T* has exactlyr — 1
points incident withr + 1 lines, which are all the points dB different fromg. Each of the remaining
pointsp’ is incident withr lines because it has lost the line through pgiandy’.

Therefore the incidence graph correspondinftois an({r, r+1}; 6)-graph with2r2 vertices. Taking
into account the lower bound({r,r + 1};6) > 2r? proved by Yuansheng and Liang [30] we get that
n({r,r +1};6) = 2r%.

Forg = 8,12, we proceed as in the paper [3]. LEt, be the induced subgraph spanned by the vertices
within distanceu < (g — 6)/2 from the edge = uv. Letuy; € N(u) —v andv; € N(v) — u. Let Hy, o,
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<

e

Kﬁm N ] KARAAL

Fig. 1. The deleted vertices in the, 8)-cage are shown in the box. The resulting graph(i§3a4}; 8)-graph on 49
vertices.

be the following subset of vertices
%
Hypoo = |J Nj(€) N (Njo1(ur) U N1 (0)).
. g—4
J="2

Letz* € Ny_g)/2(e) — (Ng—g)/2(u1) U N(y_g)/2(v1)), which can be chosen because- 1 > 3. Let
G*=G— (V(Tyw) — 2*) — V(Hy,, ), See Figure 1.

Note thatdg- (2*) = r anddg-(z;) = r + 1 for everyz; € Ng«(z*). Every other vertex ofs* has
degreer, since each remaining vertexc N(,_4)/2(e) has lost exactly one neighbor i,,, and each
vertexw € N(,_2)/2(e) has lost exactly one neighbor belonging to eithgy_) /2 (u1) or Ng_4)/2(v1).
HenceG* is an({r,r + 1}; g*)-graph with girthg* > ¢. Moreover, the order of'* is:

(e-9/2 _ 1
VEN = mlrlig) = (25— = 1) 209 o)
r_
= 9p(9=2)/2 _9,.(9-6)/2 L | _ 9,.(9-6)/2 (r* —1) + 1.
In either case the theorem is valid. O

In [4, 30] was obtained that({r,m};6) = 2(rm —m + 1) for all m > r > 3 with m — 1 a prime
power. Whenn = r + 1 we haven({r,r + 1};6) = 2r2. In the above Theorem 3.1, this result has been
extended for every for which there exists a projective plane.
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4 \ertex connectivity

Every ({r,r + 1}; g)-cage withr > 2 has been shown to be 2-connected [9]. The main objectiva®f th
section is to contribute to answer this question by furthpgraaching the connectedness of semiregular
cages. To do that we will use the following known result.

Theorem 4.1 [25] Let G be a connected graph with minimum degéee 3, girth g, and ordern. Letk
be an integer such th&t < k£ < §. Then,G is k-connected if

20D DP-2 _k if gis odd
n<N(,g,k)= o2

_1y9/2_ L
R if g is even

We also use the following result due to Dusart [15] on theterise of prime powers in short intervals
of integers.

Theorem 4.2 [15] Let r be a positive integer.

(i) If r > 3275 then the intervalr, (1 + 5—— )] contains a prime number.
2in2(r)

(i) If 6 <r < 3276 then the intervalr, %] contains a prime power.
Using Theorem 4.1 and Theorem 4.2 we obtain the next theorem.

Theorem 4.3 Let G be an({r,r + 1}; g)-cage withr > 3 andg > 6. ThenG is maximally connected
provided that any of the following conditions hold.

i) g=6,8.

(i) g =12andr > 7,1 # 20.

Proof: By Theorem 4.1, it is enough to show tH&t(G)| < N (r, g, r). Let us distinguish the following
cases.

Case (a): Suppose thatr + 1;g) = no(r + 1; g).

Theng = 6,8,12. For everyr > 3if ¢ = 6,8, and for everyr > 7 if g = 12 it follows from
Theorem 3.1 that:

—1)9/2 _
}SN(r,g,r) :4(T1)71—r.

2r2 if g==6
1 r—2

n({r, T+1}7g) < { + 27”(976)/2(7”2 _ 1) if g=238,12

Then the result follows from Theorem 4.1. Note that case ¢&jdhif » is a prime power.

Case (b): Suppose(r + 1;g) > no(r + 1;9) with r € {¢ — 1, ¢ — 2}, whereg denotes a prime power, and
g=06,8,12.
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Observe that > 6. First suppose that+ 1 = ¢ whereq > 7 is a prime power. Both Theorem
3.1 and Theorem 1.2 yield

(q—1)9=2/2 1

n({q—1,q};9) <nlgg)—2

1 e-ay
_ 9—-2)/2 _
< 2q(g—6)/2(q2 _ 1) _ 2(q 1) 5 1
q—
2¢% —2q — 2 ifg==6
=<¢ 2¢°—2¢* -2 ifg=38

2¢° —2¢* +4¢> —8¢> + 49— 2 if g=12.

Now, it is easy to verify than({q — 1,q};9) < NM(q —1,9,q— 1) if ¢ > 7 for g = 6,8, and if
q > 13 wheng = 12.

Second, suppose thatt- 1 = ¢ — 1 wheregq is a prime power; hence> 14 andq > 16 can be
assumed. Again from Theorem 3.1 and Theorem 1.2 it follows

2¢° —4q -2 if g = 6;
n({g—2,g—1}9) << 2¢°—4¢>+49—6 it g — 8:
2¢° — 4g* + 12¢ — 364> + 469 — 22 if g = 12.

Now, it is easy to verify that({qg —2,q—1};9) < N(¢—2,9,9—2) if ¢ > 16 forg = 6,8, and
if ¢ > 23forg=12.

Case (c): Suppose(r + 1;g) > no(r + 1;g), withr + 1 < ¢ — 2, whereq denotes a prime power, and
g=06,8,12.

Note that we may assume that- 1 & {¢' — 1,¢,¢' + 1} for every prime powey’, (otherwise

Caseqa) or (b) hold). Thenr + 1 > 21 and hencd + m < % thus by Theorem 4.2 we

may assume that< | Z(r + 1)|. Again from Theorem 3.1 and Theorem 1.2 it follows that

(r+D](r+1)—4-2(r+1) if g = 6;

[N (BN

2[
n({r,r+1};9) << 220+ DJ([Zr+D)(r+1)—1) = 2(r? +r+1) if g=28.

202+ D) (Zr+ D)) = D)(r+1) =20 + 78 412 41 41)  if g =12.

[eEN]

As in the above cases, it is very easy to verify thefr, r + 1}; g) < N (r, g,7) for g = 6,8; and
forg = 12if r # 20.

As a consequence of the above three cases, the result is valid O

4.1 Semiregular cages are 3-connected
In this section we prove that most @ffr, » + 1}; g)-cages ar@-connected.

Theorem 4.4 Every({r,r + 1}; g)-cage withr > 3 andg > 6 is 3-connected.
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Fig. 2: Construction ofG™ .

Proof: The results holds for = 3 by [9], hence asssume > 4 for the rest of the proof. Ler be an
({r,r + 1}; g)-cage satisfying the hypothesis. We can supposehat2-connected following [9]. Let
S = {z,y} be a cutset of7 that minimizes the order of the smallest component of thplycbtained by
deleting fromG a 2-cutset. LetH be a smallest component 6f — S, notice thai N (z) N V(H)| > 2
and |[N(y) N V(H)| > 2, otherwise if N(z) N V(H) = {z} the set{z,y} would be a cut set that
leaves a component with fewer vertices thidncontradicting the choice aof, and the same occurs if
[N(y) N V(H)| = 1. Furthermore, sincg > 6 it follows that|N(z) N N(y)| < 1. Let us denote
N(z)NV(H) = {x1,22,...,2o} andN(y) NV (H) = {y1,92,-..,ys}, and suppose < j without
loss of generality. LetH’ be a copy off with V(H)NV (H’) = (), and for everw € V(H) letv’ denote
its copy inH'. Let G* be a new graph obtained from the unionféfand H’ and by adding the following
edges:
E' = {x12), 220, ..., 20X, Y1, YoUss - - - YsYL}-

Observe that itV (z) N N(y) N V(H) = {z}, then the vertices andz’ are both incident with two new
added edges (see Figure 2). Hence, each vertéXihas the same degree it hadGhand |V (G*)| =
2V (H)| < |V(G)| - 2.

Now, let us show thay(G*) = g* > ¢. LetC be a cycle ofG*. SinceE’ is an edge cut of* then
|E(C) N E’'|is an even number.

(@) If|E(C) N E'| =0, thenC corresponds with a cycle @f, thereforeC' has length at leagt

(b) SupposeE(C) N E'| = 2. If ;2] andz;z} are in£(C) for some distinct, j, then the length(C)
of Cis:

UC) > du(z, ) + dp (@), 2%) + 2 = 2d g (2, 25) +2>2(9g—2)+2=29g -2 > g.

R}

And the same occurs ifiy;, , andy;y}, , are inE(C) for some different, j. Finally, if z;2; and
y;yj., areink(C), then

1(C) A (i, ;) + de (@), 541) +2
du(zi,y;) + du (i, yj+1) +2
du (Yj,Yj+1) + 2

(9—2)+2

g.

AV



136 Camino Balbuena, Xavier Marcote, Diego Gatez-Moreno
(c) SupposeE(C)NE'| > 4. If C contains ar{z;, z;)-path or an(y,, y:)-path, then analogously (),
(C) > (g—2)+4>g.

The unique remaining case to consider is widénontains neither afz;, z;)-path nor an(ys, y:)-
path. Let us consider ax;, y;)-path inH and an(z’,, y;)-path in H’. Observe that we can assume
that at most one of the conditions= s, j = ¢ holds; otherwise we consider oth@r, , y, )-path in i’
instead of the patfx’, y;), ass # h andt # p. Wheni = s (j # t) we have

(&)

\%

du(z,y5) + du (), y;) + 4
dr (i, y;) + du (i, ye) +4
du(y;,ye) +4

(9—2)+4

g.

VoIV IV

Analogously in casg = ¢ (i # s). Wheni # s andj # t, since the union of afz;, y;)-path, an
(xs, y¢)-path and the edgesz, xz,, y;v, yy: contains a cycle that corresponds with a cyclé&int
follows that

HC)z(g—4)+4=g
We have already seen thgiG*) = g* > g stands for the girth of7*. Next we consider the degree set of
G*.
If G* contains some vertex with degre@nd some vertex with degreet 1, thenG* is an({r,r +
1}; g*)-graph with fewer vertices thaf¥, contradicting Theorem 1.4. Hence the graphmay be as-
sumed to be a regular graph.df* is an(r + 1; g*)-graph, then the grap* — v wherev € V(G*) is an

({r,r + 1}; g*)-graph with fewer vertices tha@, yielding a contradiction to Theorem 1.4. Her@é is
an(r; g*)-graph. Let us show thai* hasdiam(G*) > g — 1. We distinguish three cases.

Case L.N(x)NN(y)NV(H) # 0, > 2ands > 3.
Sinceg > 4 thenN(x) " N(y) NV (H) = {zo} = {ys} may be assumed. Note that
dp(zi,y;) = g — 4, foreveryr; # y;

since, when # « andj # f, an(x;, y;)-path in H joint with the edges;z, zxq, zay, yy; of G
contains a cycle iigr of length at leasy; and when = a orj = 5, du(z;, ;) > g — 2.

Then (for somey;. # y1):

de+(y1,y1) = min{da(y1,z;) + 1 +de (2, 91), da (v, ye) + 1+ de (Yes1, ¥1), 1+ dpr (y5,y1) }
Z min{2(9—4)+172(9—2)+171+g—2}
= g — 17

sinceg > 6,2(g—4)+1>g—1.
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Case2.N(z)NN(y) NV (H) =0,a >2andj > 3.
Then (for somey, & {y1,ys}):

de+(ys,yy) = min{dy(ys,v1) +1,du(ys, zi) + 1+ du (@), y5), du(ys, yr) + 1 + da (Y1, Y5)}
= g-—1.

Case 3.a = =2.
Hence\(G*) < |E’| = 4. If r > 5then\(G*) < r and by Theorem 1(&:),

. " g—1 if giseven,
diam(G") 2 {g if ¢ is odd.

The same occurs K(G*) < r = 4. If r = 4 = A(G*), since the seF’ is a restricted edge cut
becausg > 4, then Theorem 1(&ii) impliesdiam(G*) > g — 1 as the minimum edge degree@f
is equal t@2(r — 1) = 6.

ThereforeGG* contains two vertices; andz, such thatig- (21, 22) > g — 1. By joining the edge; 2, to
G*, the graphG* U {z122} is an({r, r + 1}; g*)-graph with fewer vertices tha@ andg* > g, yielding a
contradiction. O
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