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A graph with degree set{r, r + 1} is said to be semiregular.A semiregular cageis a semiregular graph with given
girth g and the least possible order. First, an upper bound on the diameter of semiregular graphs with girthg and order
close enough to the minimum possible value is given in this work. As a consequence, these graphs are proved to be
maximally connected when the girthg ≥ 7 is odd. Moreover an upper bound for the order of semiregular cages is
given and, as an application, every semiregular cage with degree set{r, r + 1} is proved to be maximally connected
for g ∈ {6, 8}, and wheng = 12 for r ≥ 7 andr 6= 20. Finally it is also shown that every({r, r + 1}; g)-cage is
3-connected.
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1 Introduction
Throughout this work only undirected simple graphs withoutloops or multiple edges are considered.
Unless stated otherwise, we follow [13] for terminology anddefinitions not explicitly given here.

Let G be a graph with set of verticesV (G) and set of edgesE(G). Given a proper subsetX of V (G),
let [X,V (G) \X ] denote the set of edges with one end inX and the other inV (G) \X . We denote by
N(v) theneighborhoodof a vertexv, thedegreeof a vertexv is |N(v)| = d(v), and theminimum degree
of G is denoted byδ(G). Theedge degreeof uv ∈ E(G) is equal tod(u) + d(v) − 2, andξ(G) stands
for theminimum edge degree ofG. Thedistanced(u, v) between two verticesu andv is the length of a
shortest path between them. Theeccentricityof a vertexu is the largest distance betweenu and any other
vertex of the graph. Thediameterof G is denoted bydiam(G) and is the maximum of the eccentricities
of the vertices of the graph. Theconnectivityandedge connectivityof G, denoted respectively byκ(G),
λ(G), are linked by the Whitney inequalityκ(G) ≤ λ(G) ≤ δ(G). A graphG is maximally connectedif
κ(G) = δ(G), andmaximally edge connectedif λ(G) = δ(G). A restricted edge cutof a graphG is a set
of edges whose deletion yields a nonconnected graph withoutisolated vertices. A graphG is said to be
optimally restricted edge connectedif the minimum cardinality of a restricted edge cut is equal to ξ(G),
the minimum edge degree ofG.
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Thedegree setD of a graphG is the set of distinct degrees of the vertices ofG. A (D; g)-graph is a
graph with degree setD and girthg. Thefrequencyof each degree inD is the number of vertices of the
graph having this degree. A(D; g)-cageis a(D; g)-graph with the least possible order. Abiregular cage
is a(D; g)-cage with degree setD = {r,m}, m > r. A semiregular cageis a biregular cage with degree
setD = {r, r + 1}.

The concept of(D; g)-cages was proposed by Chartrand, Gould, and Kapoor [12]. IfD = {r}, (D; g)-
cages coincide with(r; g)-cages, which have been intensely studied since their introduction by Tutte [28].
See the survey by Wong [29] or the book by Holton and Sheehan [21] or the recent survey by Exoo and
Jajcay [17]. The existence of(r; g)-cages was proved by Erdős and Sachs in the early 1960s [16],and
using this result Chartrand, Gould and Kapoor [12] proved the existence of(D; g)-cages.

Construction of(D; g)-cages is a challenging topic as well as a very difficult task.This goal has only
been achieved for a few pairs(D; g), and most of them correspond to the caseD = {r}. Even the problem
of determining the value of the order of a(D; g)-cage, denoted byn(D; g), is a difficult one and is open
for most of degree setsD and girthsg. A natural approach is to try to estimate upper and lower bounds as
close as possible forn(D; g) (writtenn(r; g) instead ofn({r}; g) whenD = {r}).

For the case of(r; g)-cages, Lazebnik, Ustimenko and Woldar [23], improving a previous result of
Sauer [26], obtained the following upper bound forn(r; g):

Theorem 1.1 [23] Let r ≥ 2 and g ≥ 5 be integers, and letq denote the smallest odd prime power
verifyingr ≤ q. Then

n(r; g) ≤ 2rq
3g
4 −a, (1)

wherea = 4, 11
4 , 7

2 ,
13
4 for g ≡ 0, 1, 2, 3 (mod 4) respectively.

Recently, the above result has been improved forg = 6, 8, 12 in several references listed in the follow-
ing theorem.

Theorem 1.2 Let q ≥ 2 be a prime power andg = 6, 8, 12.

(i) [1, 6] n(q; 6) ≤ 2(q2 − 1);

(ii) [6] n(q − 1; 6) ≤ 2(q2 − q − 2);

(iii) [2] n(k; 6) ≤ 2(qk − 2) for all k ≤ q − 1;

(iv) [7] n(k; 8) ≤ 2q(qk − 1) for all k ≤ q;

(v) [18] n(q; 8) ≤ 2q(q2 − 2) if q is a square;

(vi) [3] n(k; 12) ≤ 2kq2(q2 − 1) for all k ≤ q.

As far as the lower bounding ofn(D; g) is concerned, Downs, Gould, Mitchem and Saba [14] obtained
the following bound, by counting the vertices emerging froma vertex with maximum degree.

Theorem 1.3 [14] Let D = {a1, a2, . . . , ak} be a set of positive integers with2 ≤ a1 < a2 < · · · < ak,
andg ≥ 3. Then

n(D; g) ≥ n0(D; g) =















1 +
t
∑

i=1

ak(a1 − 1)i−1 if g = 2t+ 1,

1 +
t−1
∑

i=1

ak(a1 − 1)i−1 + (a1 − 1)t−1 if g = 2t.
(2)
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Expression (2) is easily seen to hold whenD = {r} by replacing bothak anda1 with r.
A (D; g)-cage satisfyingn(D; g) = n0(D; g) is called aminimal(D; g)-cage. Kapoor, Polimeni and

Wall [22] proved that(D; 3)-cages are minimal, i.e.,n(D; 3) = n0(D; 3) = 1 + ak.
Chartrand, Gould and Kapoor [12] proved that({2,m}; g)-cages are minimal. They also proved that

n({r,m}; 4) = n0({r,m}; 4) = r+m for anyr ≥ 2. Moreover, Downs, Gould, Mitchem and Saba [14]
proved thatn({3,m}; 5) = n0({3,m}; 5) = 1 + 3m andn({3,m}; 7) = n0({3,m}; 7) = 1 + 7m, for
m ≥ 4; andn({3,m}; 9) = n0({3,m}; 9) = 1+ 15m, for m ≥ 6. Araujo, Balbuena, and Valenzuela [5]
provided some constructions of({r,m}; g)-cages in the caseg ∈ {5, 7, 11}, whenr− 1 is a prime power,
k an even integer andm = k(r − 1).

Yuansheng and Liang [30] proved thatn({r,m}; 6) ≥ 2(rm − m + 1), and they conjectured that
n({r,m}; 6) = 2(rm−m+ 1). Moreover, they proved that the conjecture is true whenm− 1 is a prime
power and also for anym andr = 3, 4, 5. Constructions of minimal({r,m}; 6)-cages whenr − 1 is a
prime power andm = k(r − 1) + 1 for k ≥ 2 are also provided [4]. For the case where the girth is even
and greater than6, no new results have been achieved.

In the Table 1 we present some of the known exact values ofn({r,m}; g).

n({r,m}; g) g = 5 g = 6 g = 7 g = 8 g=9 g = 11

r = 3 3m + 1 4m + 2 7m + 1 8m + m
3 + 5 1 + 15m

m ≥ 4 m ≥ 4 m ≥ 4 m = 3k m ≥ 6
[14] [30] [14] [5] [14]

r = 4 4m + 1 6m + 2
m ≥ 5 m ≥ 5

[19] [19]
5 ≤ r < m 2(rm − m + 1)

m − 1 = pα

[4, 30]

3 ≤ r < m 1 + rm 2(rm − m + 1) 1 + m(r2 − r + 1) 1 + m (r−1)5−1
r−2

r − 1 = pα m = k(r − 1) m = k(r − 1) + 1 m = k(r − 1) m = k(r − 1)
k ≥ 2 even k ≥ 2 [4], or k ≥ 2 even k ≥ 2 even

[5] m = kr, k ≥ 2 [5] [5] [5]

Tab. 1: Exact values ofn({r,m}; g) ( pα denotesa prime power).

Concerning other structural properties of interest of(D; g)-cages, some results for(r; g)-cages have
been extended by Balbuena and Marcote [10, 11].

Theorem 1.4 [11] Let D = {a1, a2, . . . , ak} with 2 ≤ a1 < a2 < · · · < ak, and letg1, g2 be two
integers such that3 ≤ g1 < g2. Thenn(D; g1) < n(D; g2) provided that any of the following conditions
hold:

(i) g1 = 3;

(ii) someai ∈ D is even and has frequency at least two;

(iii) everyai ∈ D is even;

(iv) someai ∈ D is odd andg1 ≥ k − 1;

(v) k ≤ 5;

(vi) someai ∈ D is odd fori ≥ ⌊(k + 8)/3⌋ and has frequency at least 3.
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Theorem 1.5 [10] Let D = {r,m} with 2 ≤ r < m, and letG be a(D; g)-cage. Then the diameter of
G is at mostg if one of the following assertions hold:

(i) r is even and the frequency ofr is at least two;

(ii) m = r + 1.

Apart from the order and the diameter, also the connectivityof (D; g)-cages is a basic goal to approach.
In the following theorem we list some useful known sufficientconditions on the diameter of a graph in
terms of the girth to guarantee optimal results for some parameters accounting for its connectivity.

Theorem 1.6 LetG be a graph with minimum degreeδ ≥ 2, diameterdiam(G) and girthg. Then,

(i) [27] if diam(G) ≤ 2⌊(g − 1)/2⌋ − 1, thenκ(G) = δ;

(ii) [27] if diam(G) ≤ 2⌊(g − 1)/2⌋, thenλ(G) = δ;

(iii) [8] if diam(G) ≤ g − 2, thenG is optimally restricted edge connected.

Going back to the framework of(D; g)-cages, the connectivity of semiregular cages was studied by
Balbuena et al. [9]. They proved the following result.

Theorem 1.7 [9] Every ({r, r + 1}; g)-cage is maximally edge connected. And every({3, 4}; g)-cage is
maximally connected.

This paper is devoted to semiregular cages, and is organizedas follows. In Section 2 we prove that the
diameter of an({r, r+1}; g)-graph whose order is close enough to the (minimal) boundn0({r, r+1}; g)
has diameter at mostg − 2. As an application every({r, r + 1}; g)-graph with odd girth and order close
enough ton0({r, r+1}; g) is shown to be maximally connected. In Section 3 we present anupper bound
on the order of a semiregular cage. Finally, Section 4 deals with the connectivity of semiregular cages.
With the help of the aforementioned new upper bound onn({r, r + 1}; g), semiregular cages are proved
to be maximally connected wheng = 6, 8, and wheng = 12 for r ≥ 7 andr 6= 20. Furthermore, it is also
shown that every({r, r + 1}; g)-cage withr ≥ 4 andg ≥ 6 is 3-connected, extending a previous result
obtained by the authors in [9] forr = 3.

2 Diameter of ({r, r + 1}; g)-graphs with small order
In what follows an upper bound on the diameter of semiregulargraphs with small order is given.

Theorem 2.1 LetG be an({r, r+1}; g)-graph withr ≥ 2 andg ≥ 6 on at mostn0({r, r+1}; g)+r−1
vertices. Then the diameter is at mostdiam(G) ≤ g − 2.

Proof: Let us first prove the following claim.
Claim: No two vertices of degreer + 1 are adjacent.
Suppose that there exists an edgexy ∈ E(G) such thatd(x) = d(y) = r+1, then ifg is odd it follows

|V (G)| ≥ 1 + (r + 1)

(g−3)/2
∑

i=0

(r − 1)i +

(g−5)/2
∑

i=0

(r − 1)i

= n0({r, r + 1}; g) +

(g−5)/2
∑

i=0

(r − 1)i
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which is a contradiction to the hypothesis. And ifg is even then

|V (G)| ≥ 2 + 2r

g/2−2
∑

i=0

(r − 1)i

= 1 + r

g/2−2
∑

i=0

(r − 1)i + (r − 1)g/2−1 + 2

g/2−2
∑

i=0

(r − 1)i

= n0({r, r + 1}; g) +

g/2−2
∑

i=0

(r − 1)i

which is again a contradiction to the hypothesis. Then any two vertices of degreer + 1 are at distance at
least two. 2

To continue the proof, first suppose thatG contains two verticesu andv of degreer such thatd(u, v) ≥
g − 1. Let us consider the graphG′ = G ∪ {uv}. If G′ contains a vertex of degreer, thenG′ is an
({r, r+1}; g)-graph having two vertices of degreer+1 at distance one, contradicting theClaim. If there
are no vertices of degreer in G′, thenG′ is an(r + 1; g)-graph and

|V (G′)| = |V (G)| ≥ n(r + 1; g) > n0({r, r + 1}; g) + r − 1.

Therefored(u, v) ≤ g− 2 for all two verticesu, v of degreer. Next let us see that any vertexu of degree
r + 1 has eccentricity at most⌈(g + 1)/2⌉.

Let us consider the subgraphH induced by the sets of vertices

(g−1)/2
⋃

i=0

Ni(u), if g is odd,
g/2−1
⋃

i=0

Ni(e), if g is even,

e being an edge incident withu. Then

|V (H)| ≥























1 + (r + 1)

(g−1)/2
∑

i=1

(r − 1)i−1 = n0({r, r + 1}; g), if g is odd,

2

g/2−1
∑

i=0

(r − 1)i +

g/2−2
∑

i=0

(r − 1)i = n0({r, r + 1}; g), if g is even.

Clearly if |V (G)| = |V (H)|, thenG = H and so for allx ∈ V (G), d(u, x) ≤ (g − 1)/2 wheng is odd,
andd(u, x) ≤ g/2 for g even; hence the theorem is valid. Thus assume that|V (G)| > |V (H)| and let
R = V (G) \ V (H). If some vertexs ∈ R is not joined to some vertex inH , then|V (R)| ≥ d(s) + 1 ≥
r + 1, which means that|V (G)| ≥ |V (H)| + |R| ≥ n0({r, r + 1}; g) + r + 1, a contradiction to the
hypothesis. Therefore, any vertex ofR is joined to some vertex ofH yielding for allx ∈ V (G):

d(u, x) ≤

{

(g + 1)/2, for g odd,
g/2 + 1, for g even,

hence the claimed eccentricity ofu holds.
Therefore the diameter ofG is at mostg − 2. 2

The next result follows combining Theorem 1.6 and Theorem 2.1.



130 Camino Balbuena, Xavier Marcote, Diego González-Moreno

Theorem 2.2 LetG be an({r, r + 1}; g)-graph withr ≥ 2. ThenG is maximally connected ifg ≥ 7 is
odd and the order is at mostn0({r, r + 1}; g) + r − 1.

In [10] was proved that all minimal({r,m}; g)-cages are2-connected. Hence Theorem 2.2 is an
improvement of this result whenm = r + 1 and the order is close enough to the minimal bound.

3 Upper bounds on the order of ({r, r + 1}; g)-cages
Note thatn({r, r + 1}; g) < n(r + 1; g) for everyg ≥ 4. Indeed, ifG is an (r + 1; g)-cage with
g ≥ 4, then for everyv ∈ V (G) the graphG − v is an ({r, r + 1}; g′)-graph withg′ ≥ g, hence
n({r, r+1}; g) ≤ n({r, r+1}; g′) ≤ |V (G)| − 1 < n(r+1; g), the first inequality due to Theorem 1.4.
Next an upper bound forn({r, r + 1}; g) is given.

Theorem 3.1 Let r ≥ 2 andg ≥ 6 be two integers. Then

n({r, r + 1}; g) ≤ n(r + 1; g)−

{

(r+1)r(g−3)/2−2
r−1 if g is odd,

2r(g−2)/2−2
r−1 if g is even andn(r + 1; g) > n0(r + 1; g).

Moreover ifg is even andn(r+1; g) = n0(r+1; g), thenn({r, r+1}; 6) = 2r2 andn({r, r+1}; g) ≤
1 + 2r(g−6)/2(r2 − 1) for g = 8, 12.

Proof: Let G be an(r + 1; g)-cage. Let us distinguish two cases.

Case 1. g ≥ 7 odd. In this case note thatG is not a minimal cage, since minimal cages forg odd only
exist whenr + 1 = 2 (cycles),g = 3 (complete graphs), andg = 5 andr + 1 = 3, 7 (and possibly)57;
see [20]. This means that the diameter isdiam(G) ≥ (g + 1)/2.

Letu ∈ V (G) be a vertex of maximum eccentricity, and let us consider the following sets of neighbors:

Ni(u) = {z ∈ V (G) : d(u, z) = i}, i = 0, 1, . . . , diam(G).

Note thatN0(u) = {u} andN1(u) = N(u). Now consider the induced subgraphT spanned by the
vertices within distanceµ ≤ (g − 3)/2 from u. SinceG has girthg, it is clear thatT is a tree.

Observe thatdT (z) = r+ 1 for all z ∈ Ni(u) with i ≤ (g − 5)/2, dT (z) = 1 for all z ∈ N(g−3)/2(u),
and the order ofT is

|V (T )| =

g−3
2

∑

i=0

|Ni(u)| = 1 + (r + 1)

g−5
2

∑

i=0

ri =
(r + 1)r(g−3)/2 − 2

r − 1
.

Let G∗ = G − V (T ). Notice that bothN(g−1)/2(u) andN(g+1)/2(u) are proper subsets ofV (G∗).
FurthermoredG∗(z) = r if z ∈ Ni(u) with i = (g − 1)/2 anddG∗(z) = r + 1 if z ∈ Ni(u) with
i > (g − 1)/2. ThenG∗ is an({r, r + 1}; g∗)-graph withg∗ ≥ g and from Theorem 1.4 it follows

n({r, r + 1}; g) ≤ n({r, r + 1}; g∗)

≤ |V (G∗)|

= |V (G)| − |V (T )|

= n(r + 1; g)−
(r + 1)r(g−3)/2 − 2

r − 1
.
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Case 2. g ≥ 6 even. Let e = uv ∈ E(G) and

Ni(e) = {z ∈ V (G) : d({u, v}, z) = i}, i = 0, 1, . . . , l, with l ≥
g

2
− 1.

Consider the subgraphT induced by the vertices within distanceµ ≤ (g− 4)/2 from e. SinceG has girth
g, thenT is a tree. Notice thatdT (z) = r + 1 for all z ∈ Ni(e) with i ≤ (g − 6)/2 anddT (z) = 1 for all
z ∈ N(g−4)/2(e). The order ofT is

|V (T )| = 2(1 + r + r2 + . . .+ r(g−4)/2) = 2

g−4
2

∑

i=0

ri =
2r(g−2)/2 − 2

r − 1
.

We need to distinguish two subcases.
Subcase 2.1: Suppose thatG is not a minimal cage of even girth, hencen(r + 1; g) > n0(r + 1; g).
Let G∗ = G − V (T ). Note that in this caseN(g−2)/2(e) andNg/2(e) are proper subsets ofG∗.

Furthermore,dG∗(z) = r if z ∈ N(g−2)/2(e) anddG∗(z) = r + 1 if z ∈ Ni(e) for i > (g − 2)/2. Hence
G∗ is an({r, r + 1}, g∗)-graph with girthg∗ ≥ g and from Theorem 1.4 it follows

n({r, r + 1}; g) ≤ n({r, r + 1}; g∗)

≤ |V (G∗)|

= |V (G)| − |V (T )|

= n(r + 1; g)−
2r(g−2)/2 − 2

r − 1
.

Subcase 2.2: Suppose thatG is a minimal cage of even girth.
Note that in this casediam(G) = g/2 with g = 6, 8, 12 andn(r + 1; g) = n0(r + 1; g).
If g = 6, G is the incidence graph of a projective plane

∏

= (P ,L) of orderr, then all the linesL ∈ L
haver + 1 points and every pointp ∈ P is incident withr + 1 lines. LetLp be the set of lines incident
with the pointp, and letA be a line such thatp /∈ A. LetB ∈ Lp and denote byq the point{q} = A∩B.

Let us remove from the projective plane
∏

the pointp and all the lines of the setLp − B, and also
remove the lineA and all its points except the pointq. Denote by

∏∗ the obtained incidence structure,
i.e.,

∏∗ = (P \ ({p} ∪ (A− q)),L \ ((Lp −B) ∪ {A})). Hence
∏∗ hasr2 + r + 1 − (r + 1) = r2

points andr2 + r + 1− (r + 1) = r2 lines.
Observe that

∏∗ has exactlyr − 1 lines of cardinalityr + 1, which are all the lines through pointq
except lineB, which has cardinalityr becauseB has lost the pointp. The rest of the lines have cardinality
r since they have lost the point that shared withA (different fromq). Moreover,

∏∗ has exactlyr − 1
points incident withr + 1 lines, which are all the points ofB different fromq. Each of the remaining
pointsp′ is incident withr lines because it has lost the line through pointp andp′.

Therefore the incidence graph corresponding to
∏∗ is an({r, r+1}; 6)-graph with2r2 vertices. Taking

into account the lower boundn({r, r + 1}; 6) ≥ 2r2 proved by Yuansheng and Liang [30] we get that
n({r, r + 1}; 6) = 2r2.

Forg = 8, 12, we proceed as in the paper [3]. LetTuv be the induced subgraph spanned by the vertices
within distanceµ ≤ (g− 6)/2 from the edgee = uv. Letu1 ∈ N(u)− v andv1 ∈ N(v)− u. LetHu1v1
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z∗

u1

v1

u

v

Fig. 1: The deleted vertices in the(4, 8)-cage are shown in the box. The resulting graph is a({3, 4}; 8)-graph on 49
vertices.

be the following subset of vertices

Hu1v1 =

g−2
2
⋃

j= g−4
2

Nj(e) ∩ (Nj−1(u1) ∪Nj−1(v1)).

Let z∗ ∈ N(g−6)/2(e) − (N(g−8)/2(u1) ∪ N(g−8)/2(v1)), which can be chosen becauser + 1 ≥ 3. Let
G∗ = G− (V (Tuv)− z∗)− V (Hu1v1), see Figure 1.

Note thatdG∗(z∗) = r anddG∗(zi) = r + 1 for everyzi ∈ NG∗(z∗). Every other vertex ofG∗ has
degreer, since each remaining vertexv ∈ N(g−4)/2(e) has lost exactly one neighbor inTuv, and each
vertexw ∈ N(g−2)/2(e) has lost exactly one neighbor belonging to eitherN(g−4)/2(u1) orN(g−4)/2(v1).
HenceG∗ is an({r, r + 1}; g∗)-graph with girthg∗ ≥ g. Moreover, the order ofG∗ is:

|V (G∗)| = n0(r + 1; g)−

(

2
r(g−4)/2 − 1

r − 1
− 1

)

− 2(r(g−6)/2 + r(g−4)/2)

= 2r(g−2)/2 − 2r(g−6)/2 + 1 = 2r(g−6)/2(r2 − 1) + 1.

In either case the theorem is valid. 2

In [4, 30] was obtained thatn({r,m}; 6) = 2(rm − m + 1) for all m > r ≥ 3 with m − 1 a prime
power. Whenm = r + 1 we haven({r, r + 1}; 6) = 2r2. In the above Theorem 3.1, this result has been
extended for everyr for which there exists a projective plane.
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4 Vertex connectivity
Every({r, r + 1}; g)-cage withr ≥ 2 has been shown to be 2-connected [9]. The main objective of this
section is to contribute to answer this question by further approaching the connectedness of semiregular
cages. To do that we will use the following known result.

Theorem 4.1 [25] Let G be a connected graph with minimum degreeδ ≥ 3, girth g, and ordern. Letk
be an integer such that2 ≤ k ≤ δ. Then,G is k-connected if

n ≤ N (δ, g, k) =







2 δ(δ−1)(g−1)/2−2
δ−2 − k if g is odd;

4 (δ−1)g/2−1
δ−2 − k if g is even.

We also use the following result due to Dusart [15] on the existence of prime powers in short intervals
of integers.

Theorem 4.2 [15] Let r be a positive integer.

(i) If r ≥ 3275 then the interval[r, r(1 + 1
2ln2(r) )] contains a prime number.

(ii) If 6 ≤ r ≤ 3276 then the interval[r, 7r
6 ] contains a prime power.

Using Theorem 4.1 and Theorem 4.2 we obtain the next theorem.

Theorem 4.3 LetG be an({r, r + 1}; g)-cage withr ≥ 3 andg ≥ 6. ThenG is maximally connected
provided that any of the following conditions hold.

(i) g = 6, 8.

(ii) g = 12 andr ≥ 7, r 6= 20.

Proof: By Theorem 4.1, it is enough to show that|V (G)| ≤ N (r, g, r). Let us distinguish the following
cases.

Case (a): Suppose thatn(r + 1; g) = n0(r + 1; g).

Theng = 6, 8, 12. For everyr ≥ 3 if g = 6, 8, and for everyr ≥ 7 if g = 12 it follows from
Theorem 3.1 that:

n({r, r+1}; g) ≤

{

2r2 if g = 6
1 + 2r(g−6)/2(r2 − 1) if g = 8, 12

}

≤ N (r, g, r) = 4
(r − 1)

g/2 − 1

r − 2
−r.

Then the result follows from Theorem 4.1. Note that case (a) holds if r is a prime power.

Case (b): Supposen(r+1; g) > n0(r+1; g) with r ∈ {q− 1, q− 2}, whereq denotes a prime power, and
g = 6, 8, 12.
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Observe thatr ≥ 6. First suppose thatr + 1 = q whereq ≥ 7 is a prime power. Both Theorem
3.1 and Theorem 1.2 yield

n({q − 1, q}; g) ≤ n(q; g)− 2
(q − 1)(g−2)/2 − 1

q − 2

≤ 2q(g−6)/2(q2 − 1)− 2
(q − 1)(g−2)/2 − 1

q − 2

=







2q2 − 2q − 2 if g = 6
2q3 − 2q2 − 2 if g = 8
2q5 − 2q4 + 4q3 − 8q2 + 4q − 2 if g = 12.

Now, it is easy to verify thatn({q − 1, q}; g) ≤ N (q − 1, g, q − 1) if q ≥ 7 for g = 6, 8, and if
q ≥ 13 wheng = 12.

Second, suppose thatr + 1 = q − 1 whereq is a prime power; hencer ≥ 14 andq ≥ 16 can be
assumed. Again from Theorem 3.1 and Theorem 1.2 it follows

n({q − 2, q − 1}; g) ≤







2q2 − 4q − 2 if g = 6;
2q3 − 4q2 + 4q − 6 if g = 8;
2q5 − 4q4 + 12q3 − 36q2 + 46q − 22 if g = 12.

Now, it is easy to verify thatn({q− 2, q− 1}; g) ≤ N (q− 2, g, q− 2) if q ≥ 16 for g = 6, 8, and
if q ≥ 23 for g = 12.

Case (c): Supposen(r + 1; g) > n0(r + 1; g), with r + 1 ≤ q − 2, whereq denotes a prime power, and
g = 6, 8, 12.

Note that we may assume thatr + 1 6∈ {q′ − 1, q′, q′ + 1} for every prime powerq′, (otherwise
Cases(a) or (b) hold). Thenr + 1 ≥ 21 and hence1 + 1

2ln2(r+1) ≤ 7
6 , thus by Theorem 4.2 we

may assume thatq ≤ ⌊ 7
6 (r + 1)⌋. Again from Theorem 3.1 and Theorem 1.2 it follows that

n({r, r+1}; g) ≤



















2⌊ 7
6 (r + 1)⌋(r + 1)− 4− 2(r + 1) if g = 6;

2⌊ 7
6 (r + 1)⌋(⌊ 7

6 (r + 1)⌋(r + 1)− 1)− 2(r2 + r + 1) if g = 8.

2⌊ 7
6 (r + 1)⌋

2
(⌊ 7

6 (r + 1)⌋
2
− 1)(r + 1)− 2(r4 + r3 + r2 + r + 1) if g = 12.

As in the above cases, it is very easy to verify thatn({r, r+ 1}; g) ≤ N (r, g, r) for g = 6, 8; and
for g = 12 if r 6= 20.

As a consequence of the above three cases, the result is valid. 2

4.1 Semiregular cages are 3-connected
In this section we prove that most of({r, r + 1}; g)-cages are3-connected.

Theorem 4.4 Every({r, r + 1}; g)-cage withr ≥ 3 andg ≥ 6 is 3-connected.
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y3

y2

x2 = y1

x1

y′3

y′2

x′
2 = y′1

x′
1H H ′E′

Fig. 2: Construction ofG∗ .

Proof: The results holds forr = 3 by [9], hence asssumer ≥ 4 for the rest of the proof. LetG be an
({r, r + 1}; g)-cage satisfying the hypothesis. We can suppose thatG is 2-connected following [9]. Let
S = {x, y} be a cutset ofG that minimizes the order of the smallest component of the graph obtained by
deleting fromG a 2-cutset. LetH be a smallest component ofG − S, notice that|N(x) ∩ V (H)| ≥ 2
and |N(y) ∩ V (H)| ≥ 2, otherwise ifN(x) ∩ V (H) = {z} the set{z, y} would be a cut set that
leaves a component with fewer vertices thanH contradicting the choice ofS, and the same occurs if
|N(y) ∩ V (H)| = 1. Furthermore, sinceg ≥ 6 it follows that |N(x) ∩ N(y)| ≤ 1. Let us denote
N(x) ∩ V (H) = {x1, x2, . . . , xα} andN(y) ∩ V (H) = {y1, y2, . . . , yβ}, and supposeα ≤ β without
loss of generality. LetH ′ be a copy ofH with V (H)∩V (H ′) = ∅, and for everyv ∈ V (H) let v′ denote
its copy inH ′. LetG∗ be a new graph obtained from the union ofH andH ′ and by adding the following
edges:

E′ = {x1x
′
1, x2x

′
2, . . . , xαx

′
α, y1y

′
2, y2y

′
3, . . . , yβy

′
1}.

Observe that ifN(x) ∩ N(y) ∩ V (H) = {z}, then the verticesz andz′ are both incident with two new
added edges (see Figure 2). Hence, each vertex inG∗ has the same degree it had inG and|V (G∗)| =
2|V (H)| ≤ |V (G)| − 2.

Now, let us show thatg(G∗) = g∗ ≥ g. Let C be a cycle ofG∗. SinceE′ is an edge cut ofG∗ then
|E(C) ∩ E′| is an even number.

(a) If |E(C) ∩ E′| = 0, thenC corresponds with a cycle ofG, thereforeC has length at leastg.

(b) Suppose|E(C) ∩ E′| = 2. If xix
′
i andxjx

′
j are inE(C) for some distincti, j, then the lengthl(C)

of C is:

l(C) ≥ dH(xi, xj) + dH′ (x′
i, x

′
j) + 2 = 2dH(xi, xj) + 2 ≥ 2(g − 2) + 2 = 2g − 2 > g.

And the same occurs ifyiy′i+1 andyjy′j+1 are inE(C) for some differenti, j. Finally, if xix
′
i and

yjy
′
j+1 are inE(C), then

l(C) ≥ dH(xi, yj) + dH′ (x′
i, y

′
j+1) + 2

= dH(xi, yj) + dH(xi, yj+1) + 2

≥ dH(yj , yj+1) + 2

≥ (g − 2) + 2

= g.
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(c) Suppose|E(C)∩E′| ≥ 4. If C contains an(xi, xj)-path or an(ys, yt)-path, then analogously to(b),

l(C) ≥ (g − 2) + 4 > g.

The unique remaining case to consider is whenC contains neither an(xi, xj)-path nor an(ys, yt)-
path. Let us consider an(xi, yj)-path inH and an(x′

s, y
′
t)-path inH ′. Observe that we can assume

that at most one of the conditionsi = s, j = t holds; otherwise we consider other(x′
h, y

′
p)-path inH ′

instead of the path(x′
s, y

′
t), ass 6= h andt 6= p. Wheni = s (j 6= t) we have

l(C) > dH(xi, yj) + dH′ (x′
i, y

′
t) + 4

= dH(xi, yj) + dH(xi, yt) + 4

≥ dH(yj , yt) + 4

≥ (g − 2) + 4

> g.

Analogously in casej = t (i 6= s). Wheni 6= s andj 6= t, since the union of an(xi, yj)-path, an
(xs, yt)-path and the edgesxix, xxs, yjy, yyt contains a cycle that corresponds with a cycle inG, it
follows that

l(C) ≥ (g − 4) + 4 = g.

We have already seen thatg(G∗) = g∗ ≥ g stands for the girth ofG∗. Next we consider the degree set of
G∗.

If G∗ contains some vertex with degreer and some vertex with degreer + 1, thenG∗ is an({r, r +
1}; g∗)-graph with fewer vertices thanG, contradicting Theorem 1.4. Hence the graphG∗ may be as-
sumed to be a regular graph. IfG∗ is an(r+1; g∗)-graph, then the graphG∗ − v wherev ∈ V (G∗) is an
({r, r + 1}; g∗)-graph with fewer vertices thanG, yielding a contradiction to Theorem 1.4. HenceG∗ is
an(r; g∗)-graph. Let us show thatG∗ hasdiam(G∗) ≥ g − 1. We distinguish three cases.

Case 1.N(x) ∩N(y) ∩ V (H) 6= ∅, α ≥ 2 andβ ≥ 3.

Sinceg > 4 thenN(x) ∩N(y) ∩ V (H) = {xα} = {yβ} may be assumed. Note that

dH(xi, yj) ≥ g − 4, for everyxi 6= yj

since, wheni 6= α andj 6= β, an (xi, yj)-path inH joint with the edgesxix, xxα, xαy, yyj of G
contains a cycle inG of length at leastg; and wheni = α or j = β, dH(xi, xj) ≥ g − 2.

Then (for someyk 6= y1):

dG∗(y1, y
′
1) = min{dH(y1, xj) + 1 + dH′(x′

j , y
′
1), dH(y1, yk) + 1 + dH′(y′

k+1, y
′
1), 1 + dH′(y′

2, y
′
1)}

≥ min{2(g − 4) + 1, 2(g − 2) + 1, 1 + g − 2}

= g − 1,

sinceg ≥ 6, 2(g − 4) + 1 ≥ g − 1.
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Case 2.N(x) ∩N(y) ∩ V (H) = ∅, α ≥ 2 andβ ≥ 3.

Then (for someyk 6∈ {y1, y3}):

dG∗(y3, y
′
2) = min{dH(y3, y1) + 1, dH(y3, xi) + 1 + dH′ (x′

i, y
′
2), dH(y3, yk) + 1 + dH′(y′k+1, y

′
2)}

≥ min{g − 2 + 1, dH(y3, y2) + 1, 2(g − 2) + 1}

= g − 1.

Case 3.α = β = 2.

Henceλ(G∗) ≤ |E′| = 4. If r ≥ 5 thenλ(G∗) < r and by Theorem 1.6(ii),

diam(G∗) ≥

{

g − 1 if g is even,
g if g is odd.

The same occurs ifλ(G∗) < r = 4. If r = 4 = λ(G∗), since the setE′ is a restricted edge cut
becauseg > 4, then Theorem 1.6(iii) impliesdiam(G∗) ≥ g− 1 as the minimum edge degree ofG∗

is equal to2(r − 1) = 6.

ThereforeG∗ contains two verticesz1 andz2 such thatdG∗(z1, z2) ≥ g − 1. By joining the edgez1z2 to
G∗, the graphG∗ ∪ {z1z2} is an({r, r+1}; g∗)-graph with fewer vertices thanG andg∗ ≥ g, yielding a
contradiction. 2
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