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The cluster and dual canonical bases of
Z\x11, .. ., x33] are equal
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received 18™ February 2010, revised 15 November 2010, accepted 12" November 2010.

The polynomial ring Z[z11,. .., Z33] has a basis called the dual canonical basis whose quantization facilitates the
study of representations of the quantum group U, (s3(C)). On the other hand, Z[z11, . . ., z33] inherits a basis from
the cluster monomial basis of a geometric model of the type D4 cluster algebra. We prove that these two bases are
equal. This extends work of Skandera and proves a conjecture of Fomin and Zelevinsky.

Keywords: quantum group, cluster algebra, canonical basis

1 Introduction

Forn > 0, let A,, denote the polynomial ring Z[z11, . . . , Tp,) in the n? commuting variables (2;;)1<;,j<n-
The algebra .A4,, has an obvious Z-basis of monomials in the variables x;;, which we call the natural basis.
In addition to the natural basis, the ring .A4,, has many other interesting bases. Examples include a bitableau
basis defined by Mead and popularized by Désarménien, Kung, and Rota [2] having applications in invari-
ant theory and the dual canonical basis of Lusztig [[10] and Kashiwara [7] whose quantization facilitates
the study of representations of the quantum group U, (sl,(C)). Given two bases of A,,, it is natural to
compare them by examining the corresponding transition matrix. For example, in [11] it is shown that
these latter two bases are related via a transition matrix which may be taken to be unitriangular (i.e., upper
triangular with 1°s on the main diagonal) with respect to an appropriate ordering of basis elements.
Cluster algebras are a certain class of commutative rings introduced by Fomin and Zelevinsky [5] to
study total positivity and dual canonical bases. Any cluster algebra comes equipped with a distinguished
set of generators called cluster variables which are grouped into finite overlapping subsets called clusters,
all of which have the same cardinality. The cluster algebras with a finite number of clusters have a classi-
fication similar to the Cartan-Killing classification of finite-dimensional simple complex Lie algebras [6].
In this classification, it turns out that the cluster algebra of type Dy is a localization of the ring A3 (see for
example [12]) and the ring A3 inherits a Z-basis consisting of cluster monomials. We call this basis the
cluster basis. Fomin and Zelevinsky conjectured that the cluster basis and the dual canonical basis of Aj
are equal, and Skandera showed that any two of the natural, cluster, and dual canonical bases of 43 are
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Fig. 1: Cluster variables in Z[z11, . . . , T33]

related via a unitriangular transition matrix when basis elements are ordered appropriately [12]]. In this
paper we strengthen Skandera’s result and prove Fomin and Zelevinsky’s conjecture with the following
result (definitions will be postponed until Sections 2 and 3).

Theorem 1 The dual canonical and cluster bases of As are equal.

Since each of the cluster and frozen variables of A3 are irreducible polynomials, this result can be
viewed as giving a complete factorization of the dual canonical basis elements of 43 into irreducibles.
Because the natural GL3(C) action on C ®7 A3 is multiplicative, this could aid in constructing represent-
ing matrices for this action with respect to the dual canonical basis.

Theorem [I] will turn out to be the classical ¢ = 1 specialization of a result (Theorem [33) comparing
two bases of a noncommutative quantization .A:(f) of the polynomial ring .A3. The remainder of this paper
is devoted to the proof of this basis equality. In Section 2] we define the cluster basis of the classical ring
As. In Section [3| we introduce the quantum polynomial ring A%Q) together with its dual canonical basis
and a quantum analogue of the cluster basis of A3. In Section ] we use a result of Zhang [[14] and some
rather involved computations to show that the quantum analogues of the cluster and dual canonical bases
coincide up to a factor ¢ (which may depend on the basis element in question) and deduce Theorem [I] In
Section [5|we comment on possible extensions of the results in this paper.

2 The Cluster Basis of Z[x11, . .., x33]

We shall not find it necessary to use a great deal of the general theory of cluster algebras to define and study
the cluster basis of .A3. Rather, we simply will define a collection of 16 polynomials in A3 to be cluster
variables and associate to each of them a certain decorated octagon, define an additional 5 polynomials to
be frozen variables, define (extended) clusters in terms of noncrossing conditions on decorated octagons,
and define cluster monomials to be products of elements of an extended cluster.
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For any two subsets I, J C [3] of equal size, define the (1, J)—minor Az j(z) of 2 = (z; j)1<s, j<3 to
be the determinant of the submatrix of x with row set I and column set J. Define additionally two more
polynomials, the 132- and 213-Kazhdan-Lusztig immanants of z, by

Imm132(1) = X11%23%32 — 122331 — 132132 + T13T22T31

and

Immy13(7) = 212791733 — T12T23731 — T13T21T32 + T13T22731.
The cluster variables are the 16 elements of A3 shown in Figure[12, p. 31, with the associated decorated
octagons. Every octagon is decorated with either a pair of parallel nonintersecting nondiameters or a
diameter colored one of two colors, red/dashed or blue/solid.

Using the terminology in [4]], a centrally symmetric colored triangulation of the octagon is a maximal
collection of the above octagon decorations without intersections except that distinct diameters of the
same color can intersect and identical diameters of different colors can coincide. Every centrally symmet-
ric colored triangulation of the octagon consists of four decorations, and a cluster is the associated four
element set of polynomials corresponding to the decorations in such a triangulation. There are 50 cen-
trally symmetric colored triangulations of the octagon, and hence 50 clusters. Four examples of centrally
symmetric colored triangulations are shown in Figure 2] The corresponding clusters are, from left to
right, {21,223, Aoz 13(x), Aoz 23(x)}, {23, T33, A12,13(x), Immisze ()}, {x12, 221, T22, Aoz 23(x)},

and {1‘11, 12,221, A12712($)}.
‘\ \
\
\ \

Fig. 2: Four centrally symmetric colored triangulations corresponding to clusters

We define additionally a set F consisting of the five polynomials
F = {5513, A12,23(53), A123,123(310) = det(;v)7 A23,12(30), ZC31}~

Elements in F are called frozen variables and the union of F with any cluster is an extended cluster. A
cluster monomial is a product of the form zi’ tee. zgg, where {z1, ..., 29} is an extended cluster and the b;
are nonnegative integers.

For any n > 0, the set Mat,,(N) is equipped with a partial order <., called lex order defined as
follows. Endow the set [n] x [n] with lexicograpihcal order. Given a matrix A € Mat,,(N), the word
w(A) of A is defined to be the unique nondecreasing word in [n] x [n] where the multiplicity of the letter
(i,7) is equal to the (4, j)-entry of A. Given two matrices A, B € Mat, (N), we say that A <;., B
if and only if the words w(A) and w(B) of A and B have the same length and w(A) > w(B) in the
lexicographical order in sequences in [n] X [n] induced from the lexicographical order on [n] X [n].

Example 2 Let A = } 1) and B = (1 3) The words w(A) and w(B) are given by w(A) =

(1,1)(1,2)(2,1)(2,2) and w(B) = (1,1)(1,2)(1,2)(2,1) and therefore A <jc; B.
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Skandera [[12] develops a map ¢ from the set of cluster monomials to the set Mats(N) as follows.
For any cluster or frozen variable z, let ¢(z) be the unique lex least matrix A for which the monomial
arg’f)l’l gl appears in the expansion of z in the natural basis, where (—); ; denotes taking the (7, j)-
entry of a matrix. In particular, if E;; € Mats(N) denotes the 3 x 3 matrix with a 1 in the (7, j)-position
and zeroes elsewhere, we have that for any minor Ay ;(z) with I, J C [3]and I = {i; < --- < i} and
J ={j1 <--- <jr} thevalue of ¢ on Ay j(z) is ¢(A; j(x)) = Ei,j, + -+ + Ej ;.. In addition, we
have that ¢(Imm132 (.’17)) = K11+ Fo3+ F3s and ¢(Imm213(x)) = K19+ Fo1 + E33. Given an arbitrary
cluster monomial zfl cee 239, extend the definition of ¢ via

G2 25") = bi(z1) + - + bod(20).
Proposition 3 ([12]) The map ¢ is a bijection from the set of cluster monomials to Mats(N).

The fact that ¢ is a bijection is used in [[12] to show that the set of cluster monomials is related to the
natural basis of A3 via a unitriangular, integer transition matrix, and thus is actually a Z-basis for A3 (the
fact that the cluster monomials form a basis is also a consequence of more general cluster algebra theory).
This basis is called the cluster basis of As.

Example 4 Consider the cluster corresponding to the leftmost centrally symmetric colored triangulation
in Figure E] ie. {21,223, Moz 13(x), Aoz 23(x)}. An example of a cluster monomial drawn from the
corresponding extended cluster is

zZ = $§1$33A23,13($)2A23,23($)1$?3A12,23 ($)2A123,123($)0A23,12($)0$§1~

We have that

000 000 000 020
p(z)=7[(1 0 0o]+0{0 0 1|+2[1 0 0)+--=[9 1 2
000 00 0 00 1 70 3

3 The Quantum Polynomial Ring

For n > 0, define the quantum polynomial ring A'? to be the unital noncommutative Z[q*'/?]-algebra
generated by the n? variables © = (z;;)1<i,j<n and subject to the relations

TikTil = qTHTik (D
TikTjk = qTjkTik (2)
TiTjke = TjpTil 3)
Tkt = T + (g — ¢ )Tazk, 4

where ¢ < j and k < [. It follows from these relations that the specialization of .A,({I) to ¢ = 1 recovers the

classical polynomial ring A,,. The center of A s generated by the quantum determinant dety(z) =
> wes, (—q)e(w)xlyw(l) “+ Ty (n)- Here £(w) denotes the Coxeter length of a permutation w. Factoring

the extension C @z A by the ideal (detq(x) — 1) yields the quantum coordinate ring O4(SL,(C)) of

the special linear group. Given two ring elements f, g € Aqu)

ac %Z so that f = ¢%g.

, we say that f is a g-shift of g if there exists



The cluster and dual canonical bases of Z[x11, . . . , x33] are equal 101

The natural basis of A, lifts to a Z[¢g*'/?]-basis of the quantum polynomial ring A given by (X4 =
Ty(A), - Tw(a)y | A € Mat, (N)}, where w(A) = w(A); ---w(A)y is the word of A. A monomial m

in the generators x;; of A%Q) will be said to be in lex order if it is of the form m = X4 for some (neces-
sarily unique) matrix A. We call this basis the quantum natural basis (QNB). We will find it convenient
to work with a Z[qil/ 2]-basis of Aﬁf) whose elements are g-shifts of QNB elements. Following [14]], for

any matrix A = (a;;) € Mat,,(N), define the number e(4) := —1 >, > j<k(aijai + ajiay;) and the

quantum polynomial X (A) := ¢¢(Y X4 ¢ AP, We have that e(A) = 0 whenever A € Mat,,(N) has at
most one nonzero entry in every row and column and, in particular, we have e(¢(z)) = 0 for any quantum
cluster or frozen variable z. The set { X (A)| A € Mat,,(N)} is also a Z[g*'/?]-basis of A'Y . called the
modified quantum natural basis (MQNB).

As with the classical polynomial ring A,,, the quantum ring A&” admits a natural N-grading by degree.

Finer than this grading is an N™ x N"-grading, where the (r1,...,7,) X (c1,...,cy,)-graded piece is
the Z[g*'/?]-linear span of all MQNB elements X (A) for matrices A € Mat,, (N) with row sum vector
row(A) = (r1,...,r,) and column sum vector col(A) = (c1,...,¢,). It is routine to check from

Relations [T}{4] that this grading is well-defined.
1 2
1 0
and therefore X(A) = q~2x1122%,201 € AgI). Both X# and X (A) lie in the (3,1) x (2,2)-graded
component of qu) with respect to its N?> x N2-grading.

Example 5 Let n = 2 and let A = ( > We have that X* = 11,102,291 € A, e(4) = -3,

The ring Agf’) is equipped with an involutive bar antiautomorphism defined by the Z-linear extension
of ¢1/2 = ¢~/2 and Ti; = x;. It follows readily from Relations that - is well-defined. Observe that
the bar involution specializes to the identity map at ¢ = 1. The dual canonical basis (DCB) of A%Q) arises

naturally when attempting to find bases of Agﬁ ) consisting of bar invariant polynomials.
Define a partial order <, on Mat,,(N) called Bruhat order by letting A <p,. B if B can be obtained
from A by a sequence of 2 x 2 submatrix transformations of the form

(aik ail) . (aik -1 ay+ 1)

Ak Qji ajk + 1 aj; — 1/’

fori < j and k < [ with a;,a;; > 0. Observe that the restriction of <p, to the set of permutation
matrices is isomorphic to the ordinary (strong) Bruhat order on the symmetric group S,,. Observe also
that matrix transposition and antitransposition are automorphisms of the poset (Mat,,(N), <p,.). (Matrix
antitransposition acts on square matrices * = (2;;)1<i,j<n by reflection across the main antidiagonal
{Zin—i+1|1 <4 < n}.) Bruhat order and lex order on Mat,, (N) are related by the implication (A <p,
B) = (A <je, B) which can be easily checked on the generating relation < p,..

Given a free Z[qil/ 2]-module M equipped with a Z-involution D : M — M satisfying certain con-
ditions, Du [3]] introduced the notion of an IC basis, which is a certain normalized basis of a Z[ql/ 2}-
submodule of M which is fixed pointwise by the action of D. Zhang [14, Theorem 3.2] applied Du’s
(9)
T

result to the case where M = A,” and D is the bar involution to get an IC basis for a Z[q'/?]-submodule

of AS{”. The following is a slight modification of Zhang’s result.
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il/z]

Theorem 6 There exists a unique Z[q -basis

{b(A)| A € Mat,,(N)}

of A%q) where b(A) is homogeneous with respect to the N™ x N"-grading of Aﬁﬁ) with degree row(A) x
col(A) and the b(A) satisfy

(1) (bar invariance) b(A) = b(A) for all A € Mat,,(N), and

(2) (g-triangularity) for all A € Mat,,(N), the basis element b(A) expands in the MONB as

b(A)=X(A)+ > Bas(d/?)X(B),

B>prA

where the 4 g are polynomials in a?Z]q"/?.
This basis is called the dual canonical basis.

Proof: We first prove the weaker assertion that there exists a unique bar invariant Z[¢g*'/2]-basis {b(A)" | A €

Mat,, (N)} of A9 such that b(A)" is homogeneous with respect to the N” x N"-grading of A'Y and the
MOQNB expansion of b(A)’ is of the form

bA) = X(A) + S Banld/)X(B),

B> A

where the 34 5 are polynomials in q'/2Z[q/?]. Let L C A denote the free Z[g'/?]-module with
basis {X(A)| A € Mat,(N)}. By [14, Theorem 3.2], there exists a unique bar invariant Z[q'/?]-basis
{b(A)"| A € Mat,,(N)} of L such that the MQNB expansion of b(A)" has the form

b(A) = X(A) + Z Ba.B(q"/*)X(B),
B>, A

for some polynomials 54 5(q'/?) € ¢'/?Z[q"/?] and b(A)’ is homogeneous with respect to the N x N"-
grading of A'Y of degree row(A) x col(A). This Z[q'/?]-basis of L is also a Z[g*'/2]-basis of A On
the other hand, any Z[q*'/?]-basis {b(A)"| A € Mat,(N)} of A9 such that the MQNB expansion of
b(A)’ has the form

b(A) =X(A)+ Y Bapd/*)X(B),

B>ez A

for some polynomials 34 5(q*/?) € ¢*/2Z[q"/?] is also a Z[q'/?]-basis of L. This implies our weaker
assertion.

Let {b(A)| A € Mat,,(N)} be the unique Z[¢g*'/?]-basis of ALY guaranteed by our weaker assertion.
We claim that the coefficient 54 5 (g'/?) in the MQNB expansion

b(A) = X(A4) + Z Ban(q"?)X(B),

B>lezA
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is equal to zero unless B > p, A. Indeed, the first paragraph of the proof of [[14, Corollary 3.4] asserts that
the matrix B corresponding to any nonzero term in this expansion may be obtained from A by a sequence
of 2 x 2 submatrix transformations of the type

Qi il ajp—1 ayg+1
— .
ik Qji ajx + 1 ajr — 1
This comes from the fact that when one uses Relations [l}4] to express D(X (A)) in terms of the MQNB,
only the application of{4{leads to nonzero terms X ( B) for potentially new matrices B and each application
of ] may be interpreted as a submatrix transformation of this form. One deduces that only matrices B

arising from A by a sequence of such transformations can have terms X (B) appearing with nonzero
coefficient in the corresponding basis element b(A). O

While the DCB is important in the study of the representation theory of the quantum group Uy (sl,, (C))
[7.10] , the lack of an elementary formula for the expansion of the b(A) in the MQNB can make computa-
tions involving the DCB difficult. Due to the triangularity condition (2) in Theorem [6] we will often need
to study quantum ring elements f € ,45{1) which have a g-shift (necessarily unique) whose MQNB expan-
sion is of the form X (A) + > 5. . 4 Ba.p(q"/?)X (B), where the 84 p are polynomials in ¢/2Z[¢"/?].
For short, we will call such ring elements g-triangular. We remark that the restriction of the DCB of
the quantum ring A'?
canonical basis.

In studying g-triangularity, we will frequently need to analyze expansions of quantum ring elements in
the (M)QNB. To find these expansions, we use relations [TH4] to express arbitrary ring elements as a linear
combination of monomials which are in lex order. While the somewhat exotic Relation |4] can make for
complicated expansions, this straightening procedure is somewhat well behaved with respect to the unique
Bruhat minimal term, when it exists.

More precisely, given any product m € Ay’ of the generators x;; and a ground ring element 3 €

Z[q*1/?], define the content C(Bm) of fm to be the n x n matr(b; whose (i, j)-entry is equal to the
q

to ¢ = 1 yields a basis of the classical polynomial ring A,,, also called the dual

glq)

number of occurrences of z;; in m. Also, if a ring element f € A" has a QNB expansion of the form
f=2p>p5.4 BapXB with Ba g € Z[gF/?] and faa # 0, set o(f) := BaaX™ € AW, If f does
not have a QNB expansion of this form, leave o( f) undefined. The following lemma states a couple facts
about the function o which will be used in Section[]to analyze Bruhat minimal terms of ring elements in

A,

Lemma 7 (Leading Lemma) (1) Let f = fm + fymy + -+ + Brm, € A£f‘) be an element ongbq) such
that By, € Z[q*'/?] for all k, the my, are monomials in the x;5, and C(m) <p, C(my) for all k. Then,
o(f) is defined and has content C(m).

(2) Suppose that f,g € A are ring elements such that o(f) and o(g) are both defined. Then, we
have that o(fg) = o(o(f)o(g)), where both sides of this equation are defined.

Proof: (1) To expand f in the QNB, we apply the Relations to express the summands m, mq, ..., m,
as a linear combination of monomials in lex order. The application of Relations [T}{3|to a monomial in the
generators x;; does not change the content of this monomial. Moreover, the application of Relation []to

any monomial m in A'? yields a sum m — (¢ — ¢~ *)my, where m{, has the same content as m¢ and
my has content which is greater in Bruhat order than the content of 1.



104 Brendon Rhoades

(2) There exist matrices A, A’ € Mat,,(N) and ground ring elements 84 g, Sa'. g € Z[q*'/?] with

Baa,Barar # Osuchthat f =3 5o BapXBand g = ZB/>B7~A/ BA/,B/XB'. Multiplying these
expressions together and expanding, we see that B

fg= > BapBap XPXP.

B>prA,B'>pr A’

For any term in the above sum, we have the associated content matrix
C(BapBapXPXP) = B+ B' € Mat,(N).

It can be checked that matrix addition (B, B’) — B + B’ gives an order preserving map (Mat,, (N) x
Mat, (N), <p, x <p,) = (Mat,(N), <p,). Therefore, by Part 1, o(fg) is well defined and has content
C(o(fg)) = A+ A’. By the same reasoning as in the proof of Part 1, if B >p, A and B’ >p, A’ with
(B, B') # (A, A'), the coefficient of X4+4" in the expansion of XZ X" in the QNB is zero. It follows
that

o(fg) =o( Z BasBa p XEXP) = 0(BaaBara XAXY) = a(a(f)o(g)).
B>p, A B> g, A/

a

In the classical setting ¢ = 1, Skandera [13] discovered an explicit formula for dual canonical basis
elements of .A,, which involves certain polynomials called immanants. Given a permutation w € S,, and
an m x m matrix y = (y;)1<i,j<m With entries drawn from the set {z;; | 1 < 7, j < n}, define the w-KL
immanant of y to be

Immw(y) = Z Qv,w(l)yl,v(l) C Ymaw(m) -
VES,

Here Q, .,(q) is the inverse Kazhdan-Lusztig polynomial corresponding to the permutations v and w
(see [8] or [[1]]). It can be shown that the KL immanant Immy () corresponding to the identity permutation
1 € S,, is equal to the determinant det(y).

Any (weak) composition « |= m with n parts induces a function [m] — [n], also denoted «, which
maps the interval (a; + -+ 4+ ;1,1 + - - - ;] onto ¢ for all 5. We also have the associated parabolic
subgroup S, & Sy, X -+ X S, of Sy, which stabilizes all of the above intervals. Given a pair o, 8 | m
of compositions of m both having n parts, we define the generalized submatrix x g of x to be the m x m
matrix satisfying (7a,5)ij 1= Ta(),) forall 1 < i,j < m. Let A, (, 3) denote the set of Bruhat
maximal permutations in the set of double cosets S, \Sy,/Ss. Skandera’s work [13 Section 2] implies
that the dual canonical basis of .4,, is equal to the set

U U{Immw(xa,ﬁ) |w € A (a, B)} (5)

m>0 «a,f

The lack of an elementary description of the inverse KL polynomials is the most difficult part in using
Skandera’s formula to write down DCB elements.
Returning to the quantum setting,for two subsets I,J C [n] with |I| = |J

, the quantum minor

qu} (x) € A s the quantum determinant of the submatrix of  with row set I and column set J.
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Restricting to the case n = 3, we define the quantum 132- and 213-KL immanants, denoted Imlrnggﬂ,)2 (x)

(a) (q)
3

and Immy5 (), to be the elements of A5" given by

(9) 2
Imm; %, (x) = T11T23%32 — 1202331 — qT13T21T32 + ¢ T13T22T31

and

(q) 2
Immgis(x) = 212221233 — qT12T23%31 — gT13T21T32 + ¢ T13T22231.

Define quantum cluster and quantum frozen variables to be the polynomials obtained by replacing
every minor in the classical quantum or frozen variable definition by its corresponding quantum minor and
the classical polynomials Immj3s () and Imms;3(x) by their quantum counterparts. Define a quantum
(extended) cluster to be the set of quantum (frozen and) cluster variables corresponding to polynomials in
a classical (extended) cluster.

To define the quantum cluster monomials, fix a total order {z] < 2z, < --- < 24;} on the union
of the quantum cluster and frozen variables. A quantum cluster monomial is any product of the form
len ~~~239 € A(Q), where {z1 < --+ < zg} is an ordered quantum extended cluster and the b; are
nonnegative integers. It will turn out (Corollary [T6) that the choice of total order < only affects the
quantum cluster monomials up to a g-shift. Skandera’s map ¢ yields a bijection (also denoted ¢) between
the set of quantum cluster monomials and Mats(N).

While it is not obvious at this point, the set Z of all quantum cluster monomials will be shown in
Corollary to be a Z[g*'/?]-basis for the ring A This basis will be called the quantum cluster basis

(QCB). The main result of this paper (Theorem l states that every dual canonical basis element in Aéq)
is a g-shift of a unique quantum cluster basis element. Setting ¢ = 1, we have that Theorem [33]implies
Theorem [Tl

4 Main Results

Let Z be the set of quantum cluster monomials (with respect to some fixed total order < on the set of

quantum cluster and frozen variables). In order to prove that every dual canonical basis element of AgI)
is a g-shift of a unique element of Z, we will show that Z satisfies the Du-Zhang characterization of the
dual canonical basis in Theorem [6]up to g-shift. To do this, we will show that

(1) Z is a Z[q*"/?]-basis of the ring A:(;I) (Corollary ,
(2) given z € Z, z is homogeneous with respect to the N> x N3-grading of A5 of homogeneous degree

row(¢(z)) x col(¢(z), where the N3 x N3-grading of Aéq) was presented before Exampleand the map
¢ is as in Section 2] (Observation [9)),

(3) z is a g-shift of a unique bar invariant element of .Az(),q) (Corollary , and
(4) the same g-shift of z as in (3) expands in the MQNB as

X(@))+ D> Boeslad?)X(B),

#(2)<prB

(q)
3

where <, is Bruhat order and S, p(q*/?) € ¢'/?Z[q*/?] for all B (Lemma.
We begin with a rather benign observation about the expansion of quantum frozen or cluster variables
in the MQNB.
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Observation 8 Let z € Aéq) be a quantum cluster variable or frozen variable and let A = ¢(z). The

ring element z is homogeneous with respect to the N3 x N3-grading of qu) and has homogeneous degree
row(A)x col(A). Moreover, the expansion of z in the MONB is of the form

z=X(A)+ Z Bas(d"/*)X(B),

B>prA
where the 34, are polynomials in ¢'/*Z]q"/?].
Next, we observe that quantum cluster monomials are homogeneous.

Observation 9 Let z € Aéq) be a quantum cluster monomial and let A = ¢(z2). The ring element z is
homogeneous with respect to the N® x N3-grading of Ag’n with homogeneous degree row(A)x col(A).

Proof: This is immediate from Observation[§]and the definition of a grading. |

Our computational work with the ring .A%Q) will be economized by means of a collection of algebra

maps. Define maps 7 and « on the generators of A% by the formulas T(2i5) = x5 and a(z;;) =
T(n—j+1)(n—i+1)- 1t is Toutine to check from the Relationsthat T extends to an involutive Z[qﬂ/ 2)-

algebra automorphism 7 : .Aslq) — A&‘” and that o extends to an involutive Z[¢*!/?]-algebra antiauto-

morphism « : ASP — Ag[’). The maps 7 and « will be called the transposition and antitransposition
maps, respectively, because they act on the matrix = (z;;) of generators by transposition and antitrans-

position. In addition, for any two subsets I, J C [n], we can form the subalgebra A%(I)(I ,J) of A;Q)
generated by {z;; |i € I,j € J}. Writing I = {i; < --- < 4,}and J = {j; < --- < js}, we have
a Z[q*"/?]-algebra isomorphism ¢; ; : A (I,.J) — A ([r],[s]) given by cs.s ¢ @4, j, > Tap. The
map cy,y will be called the compression map corresponding to I and J because it acts on the matrix z
of generators by compression into the northwest corner. We first write down how these maps act on the
MQNB.

Observation 10 Ler A € Mat,,(N). We have the following formulas involving the MONB:

(1) 7(X(4)) = X (AT)

(2) a(X(A)) = X(AT"). ,

Here (—)T denotes matrix transposition and (—)T" denotes matrix antitransposition. Moreover, if the row
support of A is contained in I and the column support of A is contained in J for subsets I, J C [n], then
(3) c1,5(X(A)) = X(Cr.s(A)).

Here Cp,;(A) is the matrix obtained by compressing the rows I and columns J of A into the northwest
corner.

Proof: (3) is trivial. To verify (1) and (2), one applies the maps 7 and o to X (A) and uses Relations
to get the desired result. a

Next, we show that the transposition, antitransposition, and compression maps preserve the triangularity
property (2) of Theorem 6]
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Fig. 3: Equivalence classes of cluster variables under o and 7

Observation 11 Let f € A%q) be a homogeneous element with respect to the N® x N™-grading whose
MOQNB expansion satisfies the triangularity condition (2) of Theorem|6] The images 7(f) and a( f) satisfy
this triangularity condition, as well. Moreover, if the row support and column support of the matrices A
where X (A) appears in f are contained in subsets I and J of [n], respectively, then cy ;(f) satisfies this
triangularity condition too.

Proof: Apply Observationtogether with the fact that the maps A — AT, A — AT and A — C 1,7(A)
all preserve Bruhat order. a

We observe that the transposition, antitransposition, and compression maps act in a nice way on the set
of quantum cluster and frozen variables.

Observation 12 Let z be a quantum cluster or frozen variable. Retaining notation from Observation
o(z) and 7(z) are quantum cluster or frozen variables with ¢(a(z)) = ¢(2)T and $(7(2)) = ¢(z)T.
Moreover; if the row support of ¢(z) is contained in I C [3] and the column support of ¢(z) is contained
in J C [3], then the image of z under the compression map cy_j corresponding to I and J is a quantum
cluster or frozen variable whose image under ¢ is Cr j(¢(2)).

Proof: The proof of this observation is a direct computation. For example, the quantum cluster variable
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0 0 0
z = Ag%)713(a:) satisfies ¢(z) = [ 1 0 0 |, which has row support {2, 3} and column support {1, 3}.
0 0 1

The image of z under the compression map cg3 13 is y = Ag%),n (x), which satisfies ¢(y) =

o O =
O = O
o OO

O

The 7 equivalence classes of quantum cluster variables under the maps 7 and o are shown in Figure 4]
Visually, the map 7 swaps diameter colors and the map « reflects across the y-axis and swaps diameter
colors. The actions of 7, o, and the compression maps remain well-defined on the level of quantum
clusters.

To help us show that the transposition, antitransposition, and compression maps act nicely on the dual
canonical basis of .Aqu) (Lemma , we observe that these maps commute with the bar involution, and
therefore preserve the property of bar invariance.

Observation 13 The transposition map T, the antitransposition map ¢, and the compression maps cr_j
all commute with the bar involution.

—1/2
O

Proof: Regarding .AS{I) as a Z-algebra, this can be verified trivially on the generators x;;, ¢'/? and ¢

Our first step in showing that quantum cluster monomials are g-shifts of bar invariant elements in Aéq)
is to observe that their constituent quantum cluster or frozen variables are themselves bar invariant.

Observation 14 Every quantum cluster variable or quantum frozen variable is bar invariant.

Proof: The bar invariance of the elements det (), Ag%{lz(x), T11, Immg)2 (x) € Aéq) can be verified

by direct computation. Use of the maps 7, « : AgQ) — .A:(gq) as well as inverses of the compression maps
implies the truth of Observation [T4] for all quantum cluster variables and quantum frozen variables by
Observation O

Tworing elements f, g € AS{” are said to quasicommute if fg = q%¢g f for some a € Z. We observe that
quantum cluster or frozen variables which appear in the same quantum extended cluster quasicommute
with eachother. For example, the quantum cluster variables x1; and z25 do not quasicommute, but by
inspection never appear in the same quantum extended cluster. This next observation implies that changing
the order < on the quantum cluster and frozen variables only affects quantum cluster monomials up to a
g-shift (Corollary and will be used together with Lemma [I7]to show that quantum cluster monomials

are g-shifts of bar invariant elements of Aéq).

Observation 15 Let 2 and 2’ be a pair of elements of Aéq)

cluster. Then, z and z' quasicommute.

which appear in the same quantum extended

Proof: A straightforward, albeit tedious calculation shows that we have the following equalities in the ring

qu). To prove each equality, we expand both sides and use the relations to express these expansions
as a linear combination of MQNB elements.
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(A)ﬁ%%wmig% 5(@) = qA§?223< >A§2>(1§<x> Imm§q> <w>A§%;1 2() = Aé%;,m(x)m;rr;%é(x)
Al%,(l?(x)lmn(ll)% 2(7) = ‘1211?1;1132( )(A;g 12(7) A13 12(2) A3 13(2) = AY5 13(2) A5 15()
Al%,m(x)A@,zs( T) = qu;, 23(T )A13,12( ) T11%12 = ¢T12711
12721 = T21T12
Applying the transposition map 7, the antitransposition map «, and inverses of the compression maps
cr,7 to both sides of these equalities, we see that any two quantum cluster variables which appear in the
same quantum cluster quasicommute. It follows from [14, Lemma 5.1] and Observation (8| that if z is a

quantum frozen variable and 2’ is a quantum frozen or cluster variable, then zz' = ¢®z’z for some a € Z.
O

The next corollary is immediate from Observation [T3] and the fact that A3 is a unique factorization
domain.

Corollary 16 Let < and <' be two total orders on the set of quantum cluster and frozen variables. Let
Z and Z' be the sets of quantum cluster monomials obtained from the orders < and <', respectively.
Then, for any element z € Z there exists a unique element z' € Z' and a unique number a, € 7 so that
z2=q%2.

Proof: The existence of such an element 2’ € Z’ comes from rearranging the quantum cluster and frozen
factors of z according to the order <’ and applying Observation Uniqueness comes from setting ¢ = 1
and using the fact that the commutative ring A3 is a unique factorization domain. O

Corollary [T6] implies that when proving a quantum cluster monomial z is g-triangular, we may write
the quantum cluster factors of z in any order we wish. We will make repeated implicit use of this fact
in the proofs of Lemmas [27] 29] and 30} Observation [I3]is also useful in showing that quantum cluster

monomials are ¢-shifts of bar invariant elements of .A:(,,Q)

Lemma 17 Let f1,..., fi be a collection of bar invariant elements of AS{”. Suppose that for every i < j
there is a number (i, j) € Z so that f; f; = qC(i,j)fjfi. Then, the product
a“fie fr

is bar invariant, where

c= 7% ZC(Z,])

i<j
Proof: Since the bar map is an antiautomorphism, we get that

i fe=q k- fi

=q¢ “fe- f1
=q °¢Cfr [
=q°f1- fr,

as desired. O
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Corollary 18 Every quantum cluster monomial is a q-shift of a unique bar invariant element of Az())q).

Proof: Let z = zzl’1 e 239 be a quantum cluster monomial. By Observation we have that z; = z; for

1 < i < 9. By Lemma [I7)and Observation[I5] we have that z is a ¢-shift of a bar invariant element of
A§Q). If ¢*z and ¢°z are bar invariant, it follows that ¢®z = %z = ¢~ %Z = ¢~ *Tlqbz = ¢~ 12’2, so that
a=—a+2banda = b. O

We turn to the verification that the set Z of quantum cluster monomials forms a Z[g*'/?]-basis of the
ring Ag‘Z). Our strategy is to show that the transition matrix between Z and the quantum natural basis is

upper triangular with unital diagonal elements, with respect to an appropriate ordering of basis elements.

Lemma 19 Let z = zfl -~~zgg be a quantum cluster monomial. For 1 < r < 9, let A" = ¢(z;) €

Mats(N) and let A = ¢(2), so that A = by A + ... 4 by A®). Then, the expansion of z in the quantum
natural basis {X? | B € Mat3(N)} ongq) has the form

z=¢"X*+ Y BapX”
B>p,A

where 345 € Z[qT'/?] for all B and

3
y==3 3 D beba((AT)e (A A (AT (A,

i=1 1<k</<31<r<s<9

Here (—);; denotes taking the (i, j)-entry of a matrix.

Proof: We adopt the notation of Lemma(7} Observation [§implies that for 1 < r < 9, the ring element
o(z,) is defined and is given by o(2,.) = x4, By Part 2 of Lemma we have that o(z) is defined and
o(z) = o(o(z)b -0 (z.)). By Part 1 of Theorem@and the fact that matrix addition preserves Bruhat
order, we have that the content C(c(z2)) of 0(2) = o(a(21)" - -- 0(2,)) is C(0(2)) = by AV + .. +
bTA(T) = A. Aside from the coefficient of X4 in the QNB expansion of z, this verifies Lemma

We claim that the coefficient of X in the QNB expansion of z is equal to ¢V, where y is the num-
ber given in the statement of the lemma. Since o(z) = o(0(21)" - -0(z,.)b) = BX4 for some
B € Z[q*'/?)], we have that the coefficient of X in the QNB expansion of z is equal to the coeffi-
cient of X4 in the QNB expansion of o(z;)% - -- (2, )" = (XA(l) yor ... (XAW )br. In order to find the
coefficient of X4 in the QNB expansion of (XA" )1 ... (XA )br we apply the relationsto express
(X A(l))bl (X AT )= as a linear combination of QNB elements. An application of the relation 4/to a
monomial m in the generators z;; results in m’ — (¢ — ¢~ *)m”, where m’ has the same content as m and
m’ has content which is greater in Bruhat order than the content of m. Since we are only interested in
the coefficient of the Bruhat minimal term X4 in the QNB expansion of (XA“) ... (XA(T) )r, we can
replace relation [ with the relation [6}

TipZTj = Tuwik (0 <, k <) (6)

for the purposes of this straightening. Each application of relations [1| or 2| introduces a factor of ¢~! to
the coefficient of X in the QNB expansion of (X4 )1 ... (XA” )or Each application of relations
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orlEI leaves the coefficient of X in the QNB expansion of (X A® Yor.o (X A )br unchanged. For any
7, we have that the matrix A") = ¢(z,) has at most one nonzero entry in any row or column. Therefore,
no application of relations |1| or [2[ is necessary when expanding (X Am)b" in the QNB. Counting the
number of timesor must be applied to put the terms of (X4 )% ... (XA )b in lex order using the
relations and|6, we get that the coefficient of X4 in the QNB expansion of (XA )1 ... (X A" )br
is equal to ¢¥, where y is given in the statement of the lemma. |

While the exact form of the exponent y is not necessary for the proof of the next corollary, it will be
used later in the proof of g-triangularity.

Corollary 20 The set of quantum cluster monomials is a Z[qﬂ/ %)-basis of .Aéq).

Proof: Index a quantum cluster monomial z with the matrix ¢(z) € Mats(N). Consider the transition
matrix between the set of quantum cluster monomials and the quantum natural basis, where basis elements
are ordered by an arbitrary linear extension of Bruhat order on Mat3(N). By Lemma [19] this matrix is
upper triangular with diagonal entries which are units in Z[g*'/2]. 0

Our next task is to prove that every quantum cluster monomial is g-triangular. This result will be
proven in Lemma 31| and we build up to it with a sequence of weaker results. We start by writing down
the expansion det ,(x) X (A) in the MQNB for an arbitrary matrix A € Mats(N).

a b c
Observation21 Let A = |d e f| € Matz(N). In the quantum ring .qu) we have the MONB
g h 1
expansion
a+1 b c a b+1 c
det ()X (4) =/ X d e+1 f +0X [d+1 e f
g h 1+ 1 g h 1+1
a+1 b c a b+1 c
+ 53X d € f +1 +64X d € f +1
g h+1 i g+1 h i
a b c+1 a b c+1
+ 55X d+1 (& f +56X d e+1 f
g h+1 i g+1 h i
a b+1 c
+ ﬂ7X d+1 e—1 f +1 y
g h+1 i
where the coefficients (1, . . ., B7 are given by
pr=1 Bg = —qoTet! Bz = —q°t !

— d+h+i+2 — b i+2 — b+d h+i+3
By = anr +h+i+ Bs = qa+ +f+it+ B = 7qa+ +d+f+h+it+

57 — qa+2e+i+1(1 _ q72e)
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This observation is proven by direct computation in the quantum ring A:(f) using Relations Since

the quantum determinant is central in .Aéq), we would have obtained the same expansion if we had mul-

tiplied X (A) on the right by dety(z). Except for the powers of ¢ that appear, the first six terms in this
expansion are expected from the classical ring computation in 43 of multiplying the determinant by a
monomial. Since the coefficient 57 vanishes at ¢ = 1, the more exotic seventh term in this expansion
vanishes in the classical setting. It may be interesting to compute the expansion of det,(z)X (A) in the
MQNB for arbitrary n > 0, where A € Mat,(N). Observation [21] implies the following about the
expansion of det,(z)" in the MQNB.

k 0
Lemma 22 For k > 0, let A be the matrix | 0 k |. If B € Mats(N) is any matrix with row and
0 0

> T O O

column vector given by row(B) = col(B) = (k,k, k), then B >p, A if and only if the (3,3)-entry of
B is equal to zero. The coefficient of X (A) in the MONB expansion of det,(x)* is equal to (—q)*. If
B >p, A, the coefficient of X (B) in the MONB expansion of det,(x)" is a polynomial in "' Z][q].

Proof: The statement regarding Bruhat order comparability follows directly from the definition of the
Bruhat order on Mat3(N). The facts about the coefficients of the MQNB expansion of (det,(x))* can
be proven using Observation [21| and induction on k together with the fact that B >pg, A if and only if
row(B) = col(B) = (k, k, k) and (B)3 3 = 0. 0

We use Observation to show that powers of the quantum ring elements Imm&%(w) and Immgi)3 (x)

are g-triangular.

Lemma 23 For any k > 0, the quantum ring elements Imm&%(m)k and Immg%(x)k are q-triangular.

Proof: Let us first check that Imm(lé)Q(x)k is g-triangular. By Lemma the expansion of Imm%%)Q(a:)k

in the MQNB has unique Bruhat minimal term X (A), where A = qﬁ(Immg%)Q(x)k) = IS 8 2

We have the quantum ring identity oR
i) () = g~ (AfD15(2)ss — det o(2)),

From the centrality of the quantum determinant and the binomial formula we get that for k£ > 0

5k
I (2)* = ¢ 7 (m)(—1)’“detq<x>7"<A§%%12<x>x33>k-m. )

m=0

We consider the expansion of the left and right hand sides of Equation[7|in the MQNB. Since I][nmg%)2 (z)
contains no terms involving x33, it is easy to see from the relations [I}{4] that the expansion of the left hand
side of Equation[7]in the MQNB contains no terms involving x33.

Consider now the right hand side of Equation [/| We expand each term in the alternating sum in the
MQNB separately. If m < k, the term detq(x)m(A(l{é)JQ(:c)a:gg)k*m ends in x33. The relationsimply
that every term in the expansion of



The cluster and dual canonical bases of Z[x11, . . . , x33] are equal 113

det q<$)m(Agg)712(.’E)l'33)k_m in the MQNB contains at least one power of 33, as well. Since no term
involving z33 appears on the left hand side of Equation [/ we conclude that the terms in the sum on the
right hand side of Equation|[7)corresponding to m < k must all be cancelled in the alternating sum. There-
fore, the only surviving terms in the MQNB expansion of the sum on the right hand side of Equation
arise from the summand (— det,(x))*.

Finally, consider the expansion of det,(z)* in the MQNB. By Lemma the coefficient of X (A) in
this expansion is (—q)* and the coefficient of X (B) in this expansion for any matrix B with (3, 3)-entry
equal to zero involves only powers ¢° of ¢ with £ > k. Since the MQNB expansion of the left hand side
of Equation [/| contains no terms involving x3s, any terms X (B) appearing in the MQNB expansion of
det, (z)* with the (3, 3)-entry of B not equal to zero must be cancelled in the alternating sum on the right
hand side. By the Bruhat comparability statement in Lemma [22] we conclude that there are polynomials
Ba,5(qY?) € ¢*/2Z[q"/?] so that

Imm{$(2)* = X(A)+ Y Bas(d/?)X(B).
B>p,rA

Therefore, Imm %), ()" is ¢-triangular.

We have that cu(Immg?,))2 (z)F) = Immgi)3 (x)*. By Observation |11} the g-triangularity of Immg%)z(x)k
implies the ¢-triangularity of Immgi)g(w)k. ]

The next result is due to Zhang and implies that the dual canonical basis of .qu) is closed under multi-
plication by quantum frozen variables, up to g-shift. This is helpful because by Theorem|[6] any g-shift of a
dual canonical basis element is g-triangular. Zhang’s proof uses the characterization of the dual canonical

SI)

basis given of A" given in Theorem

Theorem 24 ([14, Theorem 5.2]) For —n < k < n, let Ej, be the n x n matrix whose (i, j)-entry is the
Kronecker delta ;11 ;. Let Iy, and Jy, be the row and column support of the matrix Ey, respectively. We

have that the dual canonical basis element b(Ey,) € A s given by Agz)h (). If A € Mat,(N), we
have that b(A)Ag)’Jk (x) € A isa q-shift of the dual canonical basis element b(A + Ey,).

Our work in proving the g-triangularity of quantum cluster monomials will be reduced by noticing
that transposition, antitransposition, and compression maps are well-behaved with respect to the dual
canonical basis.

Lemma 25 Let A € Mat,,(N). In the notation of Observation the following identities involving dual
canonical basis elements hold.

(1) 7(b(A)) = b(AT)

(2) a(b(A)) = b(AT").

Moreover; if the row support of the matrix A is contained in I C [n] and the column support of A is
contained in J C [n], we have that

(3) c1,5(b(A)) = b(C1,4(A)).

Finally, if the row support of the matrix A is contained in [r] and the column support of A is contained in
[s] forr,s < nandif|I| = rand|J| = s for I,J C [n], we have that

(4) 1 4(b(4)) = b(C 5(A)),

where cj_lJ is the inverse of the compression map cr_j and C’I_}(A) is the matrix obtained by writing the
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first v rows and the first s columns of A in rows I and columns of J, preserving the relative position of
entries in these rows and columns.

Proof: The fact that 7(b(A)) = b(AT) is due to Zhang [14] Corollary 3.4]. The proofs of statements (2),
(3), and (4) follow the same line of reasoning as in Zhang’s proof of (1).

Let B = {b(A)| A € Mat,,(N)} denote the dual canonical basis of A Since o : AY — AY isa
Z[q*1/?)-linear involution, the set a(B) := {c(b(A)) | A € Mat, (N)} is a Z[¢*1/?)-linear basis of A
By Observation and Theorem 6} the ring element a(b(A)) € A'9 is bar invariant for any matrix A €
Mat,, (N). Since b(A) is homogeneous with respect to the N™ x N™-grading of A with homogeneous
degree row(A) x col(A), we have that (b(A)) is homogeneous with respect to this grading with degree
row(AT") x col(AT"). By Observations andm as well as Theorem |6} we have that o (b(A)) satisfies
the triangularity condition (2) of Theorem 6| with o(c(b(A))) = X (AT"). The uniqueness statement of
Theorem [|implies that B = a(B). Since o(a(b(A))) = X (AT") we also have that a(b(A)) = b(AT").
This proves (2).

For the proof of (3), for any two subsets K, L C [n], let Mat,, (N, K, L) denote the set of matrices
A € Mat,, (N) such that (A);; = O unless ¢ € K and j € L. Suppose that |I| = r and |J| = s. Define a

subset B’ ¢ A by
B = (B~ {b(A)]| A € Mat, (N, [r],[s])}) U{cr,s(b(A))| A € Mat, (N, I,.J)}.

For any matrix A € Mat,,(N, I, J), by Observations [L0]and [L]|and Theorem [6] we have that the MQNB
expansion of ¢; j(b(A)) satisfies the triangularity condition (2) of Theorem |6] with o(cs s (b(A))) =
X(Cr.5(A)). It follows that the transition matrix from B’ to the MQNB is unitriangular whenever basis
elements are ordered in a linear extension of Bruhat order, and therefore B’ is a Z[q™'/?]-basis of AQ.
By Observation |13| and Theorem @ every element of B’ is bar invariant. The uniqueness statement of
Theorem [6]implies that B = B’. The fact that o(c;,;(b(A))) = X (C1,;(A)) implies that ¢, ;(b(A)) =
b(Cr,7(A)), which proves (3). The proof of (4) is similar to the proof of (3) and is left to the reader. O

‘We note also that the inclusion of the dual canonical basis of AS,‘{) into A%Q) for m < n is a subset of
the dual canonical basis of AS?W

Lemma 26 Suppose m < nand A € Mat,,, (N) is a matrix with associated dual canonical basis element
b(A) € A Let A’ € Mat,, (N) be the matrix obtained by embedding A in the northwest corner of
an n X n matrix of zeroes. Then, considered as an element of Asbq), the ring element b(A) is in the dual
canonical basis of AL and we have b(A) = b(A").

Proof: We use the line of reasoning of the proof of Lemma Let: : 53) — A;Q) be the inclusion
map and let ¢/ : Mat,, (N) — Mat,,(N) denote the map A — A’ obtained by embedding in the northwest
corner of a matrix of zeroes. Let B = {b(A4)| A € Mat,,(N)} denote the dual canonical basis of Al
and let B’ = {b(A) | A € Mat,,(N)} denote the dual canonical basis of A9 Define a subset B” ¢ A
by

B' = (B'~ {b(A)| A € /(Mat,,(N))}) U (B).
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Fig. 4: The ten equivalence classes of reduced clusters
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For any matrix A € Mat,, (N), the expression o (¢(b(A))) is defined and equal to X (¢/(A)). It follows

that B” is a Z[q*"'/?]-basis of AP . The bar invariance of every element of B” together with the unique-
ness statement of Theorem [6] implies that B” = B’. The equation o (¢(b(A)) = X (//(A)) implies that
t(b(A)) = b(¢'(A)), as desired. O

We show next that any power of a quantum matrix minor is in the dual canonical basis of qu), and
hence g-triangular. Combined with Lemma [23] this shows that any power of a single quantum frozen or
cluster variable is g-triangular.

Lemma 27 LetI,J C [3] with |I| = |J| and let k > 0. The quantum ring element (qu,) (z))* is a g-shift

of a dual canonical basis element of Aéq), and hence q-triangular by Theorem@

Proof: Let n = |I| = |J|. By Theorem we have that AEZ]) ] (x)* is a g-shift of a dual canonical basis
element of A7, By Lemma AEZ]) ] (x)* remains a g-shift of a dual canonical basis element of Aéq).
By Part 4 of Lemma we have that qu?,(x)k is a g-shift of a dual canonical basis element of AgQ). a

Our next result will be our first showing that certain quantum cluster monomials which are not powers of
a single quantum cluster or frozen variable are g-triangular. We will find it convenient to consider quantum
cluster monomials containing only factors arising from a proper subset of the quantum cluster variables.
Define a reduced cluster to be a subset of AgI) of the form C ~\ {11, Ag%),u (2), Ag%)’QS(:EL x33}, where
C is a quantum cluster. A glance at Figure 4] shows that a reduced cluster is obtained from a quantum
cluster by deleting quantum cluster variables belonging to a four-element set stabilized by the action of o
and 7. On the level of decorated octagons, reduced clusters are obtained from clusters by deleting pairs of
centrally symmetric nondiameters which cut out triangles on the boundary of the octagon. The action of
the Klein 4-group generated by 7 and « breaks the set of reduced clusters up into ten equivalence classes.
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A decorated octagon corresponding to a representative from each equivalence class is shown in Figure 4]
Any cluster could be obtained from an equivalence class in Figure ] by applying the maps « and 7 and by
adding pairs of centrally symmetric nondiameters which cut out triangles on the boundary of the octagon.

Define a reduced cluster monomial to be a product of the form 20 - - - de € .A;(gq), where {z1 < --- <
z¢} is a reduced cluster with total order induced from the order on quantum cluster and frozen variables.

Observe that in particular reduced cluster monomials do not contain any frozen factors.

Lemma 28 Every reduced cluster monomial is q-triangular.

Proof: We will show first that a reduced cluster monomial arising from any of the ten reduced clusters
whose decorated octagons are shown in Figure [ is g-triangular. While there are ten reduced clusters to
consider, observe that the decorations in the bottom two decorated octagons in Figure |4/ occur as subsets
of the decorations in the decorated octagon in the top row, second from the left. We therefore show that
a reduced cluster monomial arising from any of the eight reduced clusters whose decorated octagons are
shown in the first two rows of Figure [d] are ¢-triangular. This gives rise to eight cases, each labeled by a
reduced cluster.

Case 1. {xlz, .Z‘lel‘gg},
The monomials 7,25, 25, are obviously g-triangular.

Case 2. {Ag%),lz(x), Ag%{zS(x), T12, T30}

We must show that form any j, k, ¢, m > 0, the polynomial :E{QA%)’IQ (x)kAgg)%(x)
We build up to this statement in several steps.
By Lemma [27, we have that Ag‘é{lz(m)k is a g-shift of a dual canonical basis element of A", By

Theorem , we have that Ag),m(bfzc)’“quQ),Qg(ac)‘g is a ¢-shift of a dual canonical basis element of A,

By Part 4 of Lemma we have that Ag%))lz(:v)kAg?)%(x)é is a ¢-shift of a dual canonical basis element

2 is g-triangular.

of Aé@ , and hence g-triangular by Theorem

Our next claim is that the set of ring elements of the form x{QAgm(a:)’“A%),Q?,(:U)%g’é which are
g-triangular is closed under left multiplication by z12. A direct calculation yields the formula:

a b ¢ ) a b+1 ¢
epX [d e f]=¢CrX d e f, ®)
g h 1 g h i
. E j+L 0
By Lemma |19} the matrix ¢>(x{2A§§{12(x)’ng‘;,{%(x)%gg) =10 0 m| € Mats(N) is the
0 k /

unique Bruhat minimal matrix in the set of matrices A € Mat3(N) such that X (A) appears with nonzero

coefficient in the MQNB expansion of x{QAg%%m(a:)kA%)?zs(a:)za:gé. By ObservationEI, the ring element

m{2A§§{12(x)k A(l’é{%(x)%gé is homogeneous with respect to the N® x N3-grading on A" Therefore, if
a b c

X |d e f | appearswithnonzero coefficient in the MQNB expansion of :c{QAg‘Qm (z)k A({Q% (z)*z1s,
g h 1
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we have the row and column sum equalitiesa +b+c=j+ k+¢and b+ e+ h = j + k + £. Suppose

that m{QA(lg)JQ(x)kAg%)’zS (w)*x%y is g-triangular. To show that argj;_l)Ag?m(a:)kAg?,%(x)%g% is also

g-triangular, by Equation [8]it is enough to show that 2(—a + ¢ + e + k) — 2(—k + k) > 0 whenever
a b ¢

X | d e f | appears with nonzero coefficient in the MQNB expansion of x{zAg‘Qm (ac)’“A%))Qg(;v)l x5y,
g h

By homogeneity we have the chain of (in)equalities:

1 1 1
5(—a+c+e+h)—§(—k+k)25(—a+c+j+£+k—b):czo.

Therefore, the set of g-triangular cluster monomials of the form x{QAg%)JQ (z)k Ag%)gg(:z)lzg% is closed

under left multiplication by x12.
The argument that the set of cluster monomials of the form x{zA({Qm(x)’ng?,ng(x)%gg is closed
under right multiplication by x35 is similar. A direct calculation shows that

a b c ) ‘ a b c
X[d e flag=qCrt970x |d e fl- 9)
g h i g h+1 1
A a b c
Suppose that :JchAg%)’m(x)’“ Ag?)’),zg(a:)fxgé is g-triangular and assume that X | d e f | appears with
g h i

nonzero coefficient in the MQNB expansion of x{QA%))H (x) kAg%)}% (z)¢x. By Equation@, to show that

x{zAg?s),u (x)’“A(l(g)’zg(x)exggnH) is ¢-triangular it is enough to show that 3 (b+e+g—i)— 1 (j+¢—¢) > 0.
A similar homogeneity argument yields the equalitiesb+e+h = j+ ¢+ k and k+ ¢ = g+ h+ i, which
gives rise to the chain of (in)equalities:

1 1 1 1

Case 3. {A[])13(2), Alf)aq (2). A 15(1)}
We must show that for any j, k, £ > 0, the ring element A%{B(x)j A%{%(x)kA%),m(x)[ is g-triangular.
We build up to this statement in several steps.

By Lemma the quantum minor power Aﬁ%{l 5(z)7 is a g-shift of a dual canonical basis element. By
Theorem [24] we can right multiply this g-shift of a dual canonical basis element by powers of the quantum

frozen variable Agg)’zg(:v) to get that Ag)’lg(x}j quz)gg(:ﬂ)k is a g-shift of a dual canonical basis element.

Next, observe that Ag),lg(x)jA(l‘Q%(:c)k is the image of Ag%{lB(as)jAé%)zg (z)* under the compression
map co3 123. Part 4 of Lemmaimplies that Aggm(az)j Aé?%(x)k is a g-shift of a dual canonical basis
element. Again applying Theorem we can right multiply by powers of the quantum froxen variable
Aé%),lz () to get that Aé%)’l?) (z) Aé%’% (z) Aéqg),lz ()" is a g-shift of a dual canonical basis element. Since
Ag?})’m(x)jA%)’QS(:E)kAg%)JQ(x)e is the image of Ag%)w(x)jAé%{% (x)jA(Q%)JQ (x)* under the composite
mappings cggll)% 0 C23,123, Parts 3 and 4 of Lemma [25|imply that Ag?w (x)jAg%)723(z)kAg%)712(x)£ isa
¢-shift of a dual canonical basis element and therefore g-triangular by Theorem [6]
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Case 4. {Immg%é(x), Ag%%lZ(x), T32}
We must show that for any j, k, £ > 0, the polynomial Ag%)’lz(x)j Imm\%), (x)*%, is g-triangular.

By Lemma Immgg)z(x)k is g-triangular. We claim that the set of ring elements of the form
Ag%{lz(x)j Imm{%), ()24, which are ¢-triangular is closed under left multiplication by Ag?lz(m). A
direct calculation yields the following MQNB expansion:

a b ¢ a1 b p
A%),lz(w)X d e f|=gtetx | d e 4
g h 1 9 htl o
a b+1 ¢
— qzQate—diet2htit2) x | g e f 10

g+l hoi
a+1 b ¢
- q_gd)q%(c+3d—e+2h+i)X d—1 e+1 f
g+l h i

j+k 0 0
By Lemma (19} the matrix d)(Ag%)’m(x)ﬂmm%é(m)kxfﬁﬁ) = 0 0 k| € Mats(N)
0 j+k+£ 0
is the unique Bruhat minimal matrix in the set of matrices A € Mat3(N) such that X (A) appears with

a b c
nonzero coefficient in the MQNB expansion of A(I%),IQ (z)/Imm'%), (z)*2,. Supposethat X | d e f
g h 1

appears with nonzero coefficient in the MQNB expansion of Ag%%lQ(x)j Immg)2 (w)*x%,. Assume that

Ag%),m ()1 Imm\%), (x)* 2%, is g-triangular. As in Case 2, Observation[9|implies that we have the equalities
c+ f+i=kandd+ e+ f = k. Therefore, we have the (in)equalities:
fe+d—e+i)=%1d-e—f+k)=d>0,
12a+c—d+e+2h+i+2)=12a—d+e—f+2h+k+2)=a+e+h+1>0,
flc—d—e+2h+i)=%(-d—e—f+2h+k)=h>0.

Examining the exponents in Equation|10} it follows that Ag%{u (z)0 +1)Imm§%)2 (z)* &, is g-triangular.

It follows that the set of quantum cluster monomials of the form Ag‘é)’lz(:E)-jImm%)2 (z)*x%, which are

g-triangular is closed under left multiplication by Ag%)’ 12(x). The argument that this set is also closed

under right multiplication by x32 is similar and is left to the reader. The relevant MQNB expansion for
this argument which plays the role of Equations [B{I0| can be obtained by applying 7 to both sides of
Equation[9]

(

Case 5. {Imm{%(m), T32,T23}

We must show that all ring elements of the form Imm%%)Q (w) 2k, 25, are g-triangular.

It follows from Case 4 that all ring elements of the form Im]rng‘g)2 (x)7 2k, are g-triangular. The argument

that all ring elements of the form Immg?2 (w)72k,xh, are g-triangular is left to the reader. The relevant
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MQNB expansion for this argument can be obtained by applying 7 to both sides of Equation 9]

Case 6. {Imm{%)(2), A} 1, (2), AlY 15 (2)}

We must show that for any j, k, £ > 0, the polynomial qu2),13( )JA%)H( )*Imm{%), ()" is g-triangular.

By Case 4 and Observation |15} the ring element A1 3. 12( )kImmgg)z( )¢ is g-triangular for all £ > 0.

The argument that the set of ¢- trlangular rlng elements of the form Ag%)’lg(a:)jAg),u(x)kImmg%)Q (z)*

is closed under left multiplication by A12 15(2) is similar to the argument in Case 4 and is left to the
reader. The relevant MQNB expansion for this argument can be obtained by applying 7 to both sides of

Equation[I0]

Case 7. {3312, 22, .1‘32}
The monomials x},x5, x4, are clearly g-triangular.

Case 8. {Ag),u(ff)a Ag),w(x)a A(ﬁls)u(x)}
We must show that all ring elements of the form A(l?’)),m (x)I Aggzw(z)k Ag? 13(z)¢ are g-triangular. By
Lemma(27, the ring element A13 o3 (2)¢ is a g-shift of a dual canonical basis element for all £ > 0. By The-
orem . we can multiply by the quantum frozen variable Ag%))%( )¥ to get that A12 23(7 )’“AYQ23 (z)*
is a g-shift of a dual canonical basis element. Observe that this latter ring element is the image of
Agg)’m(x)kAg?m(x)f under the composition 01_213’13 0 €123,23, S0 Parts 3 and 4 of Lemma [25| imply
that A(I%),lS( )kAg?,))w( )¢ is a g-shift of a dual canonical basis element and g-triangular by Theorem

To complete the proof of Case 8, we must show that the set of g-triangular ring elements of the
form Ag?m( ) Ag%)ls( )kA%)B( )¢ is closed under left multiplication by the quantum cluster variable
qug)’m( ). The argument for this case uses the MQNB expansion of A13 12(2) X (A) for A € Mats(N)
found in the proof of Case 4 and a similar argument involving homogenelty and the ¢ function to show
that the required exponents are nonnegative. We leave details of this verificaiton to the reader.
Completion of the proof of Lemma 28, By Cases 1-8, we have that any reduced cluster monomial
arising from one of the reduced clusters in Figured]is ¢-triangular. Since the reduced clusters in Figure ]

are a compete set of representatives from the equivalence classes of reduced clusters under the action of
« and 7, by Observations [T T]and[T5] we conclude that every reduced cluster monomial is g-triangular. O

The next result shows that the property of being g¢-triangular is preserved under multiplication on the
appropriate side by the elements which are removed from quantum clusters in the definition of reduced
clusters.

Lemma 29 Let f € Ag be q-triangular. Then, the four ring elements x11 f, A 12 12( )/, fA23 93(),
and fx33 are q-triangular.

Proof: Assume that f € Ag‘” is g-triangular. We begin by showing that x1; f is also g-triangular.
A direct computation shows that we have the following MQNB expansion in the ring .qu):

a b c ) at+1 b ¢
X |d e fl=qgCttdtox | a e f]. (1)
g h 1 g h 1
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Assume that the unique Bruhat minimal matrix A € Matg(N) such that X (A) appears in the MQNB

a b
expansionof fis A= |d ¢ f'|. By the definition of the Bruhat order and Equation |11} we have
gl h/ Z’/
a+1 b
that d’ e’ f'| is the unique Bruhat minimal matrix such that X (A) appears in the MQNB
q nooi
expansion of x11 f.
a b c
Suppose that B = | d e f | appears in the MQNB expansion of f. To show that x1;f is g¢-
g h 1

triangular, by Equation [11]it is enough to show that ¥’ + ¢ +d' + ¢’ < b+ ¢+ d + g. This inequality
follows from the definition of Bruhat order and the fact that A <p, B.
‘We now show that Ag)’u(x) f is g-triangular. A direct computation shows that we have the following

equation involving the MQNB of qu):

a b c a+1 b c
AR @)X (d e [ =gCHrox | d et f (12)
g h i g h

a
_ q%(2a+c+2e+f+g+h+2)X d+1 e f
g h i
a +1 v d
By the definition of the Bruhat order and Equation (12| we have that d e’ +1 f'] isthe unique
gl h/ i/
Bruhat minimal matrix such that X (A) appears in the MQNB expansion of Ag’gw(x) f.

a b ¢
Suppose that B = | d e f | appears in the MQNB expansion of f. To show that Ag%),m(x) fis
g h 1

g-triangular, it is enough to show that ¢ + f' +¢' + W < c+ f+g+handthatd + f' + ¢ + I/ <
2a + ¢+ 2e+ f + g+ h + 2. The first inequality follows from the definition of Bruhat order and the fact
that A <p, B. The second inequality follows from the first inequality.

We have that a(z11f) = a(f)zss and a(Ag‘QlQ(z)f) = a(f)Ag%{%(m). Therefore, by applying

Observation (11| and replacing f with «(f), we get that the expressions fx33 and ng%),%(a:) are g-
triangular. =

We prove that the conclusion of Lemma[28]holds for quantum cluster monomials with no frozen factors.
Lemma 30 Every quantum cluster monomial zi’ R zi“ which contains no frozen factors is q-triangular.

Proof: By Observation [15|and the definition of a reduced cluster monomial, any quantum cluster mono-
mial with no frozen factors can be obtained up to ¢-shift by multiplying a reduced cluster monomial by

powers of x1; or Agg)’u(:c) on the left or by powers of x33 or Aé%)’% (x) on the right. Lemma [29) states
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that the set of g-triangular elements of Agn is closed under left multiplication by 1, or Ag%),m(x) and

right multiplication by z33 or A;?%(x) By Lemma any reduced cluster monomial is g-triangular.
We conclude that every quantum cluster monomial which contains no frozen factors is g-triangular. O

Finally, we prove that every quantum cluster monomial is g-triangular.

Lemma 31 Every quantum cluster monomial zi’l e 289 is g-triangular.

Proof: Set (b(zi’l ~-~z§9) = A. By Lemma we know that zll’l -~-z39 has, up to g¢-shift, a MQNB
expansion of the form

Az = X(A)+ Y BasX(B), (13)
A<prB

where the 34 p are in the Laurent polynomial ring Z[g*'/?]
in the subset ¢'/2Z[q'/?] of this ring.

In the proof of Theorem 5.2 in [14], it is shown that if A’ € Mat3(N) and if z € Aéq) is a quantum
frozen variable, we have that

. We need only show that the 84 p in fact lie

XA =" (XA +6(2))+ Y. Bawl(d/)X(B)), (14)
B/ <jex(A'+¢(2))

where c is a constant that depends only on row(A) and col(A) and not on z and <, is lex order on ma-
trices and B4/ pr (¢*/?) € ¢*/?Z[q"/?]. (The relevant equation is unnumbered and occurs in the paragraph
preceding [14] Equation 5.4].) Combining Equations [I3|and [T4] with Lemma [30] yields the desired result.
O

Let z be a quantum cluster monomial. By Corollary [I8] a unique g-shift of z is bar invariant. By
Lemma [30} an a priori different g-shift of z has a MQNB expansion which satisfies the triangularity
condition (2) of Theorem|[6] We show that these two g-shifts are in fact the same.

Lemma 32 Let z be a quantum cluster monomial with A = ¢(z) € Mats(N) and suppose that ¢z is
bar invariant. Then, the ring element q%z has a MQNB expansion of the form

¢'z=X(A)+ Y Banl@/)X(B),

B>prA

where BA,B(QI/Q) € ql/QZ[ql/z].

Proof: Write z = 2 ... 209 and set A := ¢(z;) for 1 < < 9and A := ¢(z), so that A = by A1) +
co 4 bg AD) Let (—)i; denote taking the (¢, j)-entry of a matrix. Additionally, for any 1 < r,s < 4,
define a number I'(r, s) by

3
L(rs) =Y > ((A")(A)i + (A7) (A)) (15)
i=1 1<k</(<3
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By Observation[15] for all 1 < r < s < n, there exists an integer ¢(r, s) such that z,.z, = ) 2 2,
By Observation |14{and Lemma we have that g% 25" - - - 25 is bar invariant, where

d’:—% > bebse(r,s). (16)

1<r<s<9

By the uniqueness statement in Corollary we have that d’ = d.
Fix1 <r < s <9. We claim that

e(r,s) =T(r,s) = T(s,r). (17)

To see this, we start with the relation z,.z, = qc(r’s)zszr. By Lemma the matrix A" + A®) js
the unique Bruhat minimal matrix among the set of matrices B such that X (B) appears with nonzero
coefficient in the MQNB expansion of z.z; or z;z.. By Part 2 of Lemma [7, we have that o(z,.25) =
o(0(2,)0(25)) and 0(z,2,) = 0(0(2)0(2,)). Therefore, we have that the coefficient of X (A" +4”) in
the QNB expansion of xXAT xAY g ¢¢("*) times the coefficient of X(AD+AD) i the QNB expansion
of XA“ x A", Equation |17|follows from a counting argument similar to the counting argument used to
prove the value of y in Lemma Combining Equations|16|and |17| with the fact that d = d’ yields

d= —% > bebs(D(r,s) = (s, 7). (18)

1<r<s<9

Lemma [T9]implies that the quantum natural basis expansion of z has the form

z=¢'X*+ Y BanX?®,
A<p,B

where 34 5 € Z[gT'/?] and
y=— Z brbsT(s, 7). (19)

1<r<s<9

Recall that for any B € Mat3(N), the quantum natural basis element X © and the MQNB element X (B)
are related by X (B) = ¢°(®) X B, where the number e(B) is given by e(B) = —5 >, >, 1 ((B)i;(B)ir+
(B);i(B)ki). We have that A = by A®M + ... + g A®), where A" = ¢(z,) for 1 < r < 9. Since
(AT) (A = (A1) ;;(AM)); = 0forall1 <r <9,1<i<3,and1<j <k <3, it follows

that
1

e(d) =3 > beby(D(r,8) + D(s, 7). (20)
1<r<s<9
Define a number d”’ by
d" :=e(A) —y. 21

By Lemma we have that ¢ z = X(A)+Xacpn Ba.p(q"/?)X(B), where B4 5(q*/?) € ¢"/?Z[q"/?].
To complete the proof we need only show that d = d”. This is routine to check using Equations O
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Theorem 33 Every dual canonical basis element of Aéq) is a q-shift of a unique quantum cluster basis
element of qu).

Proof: Let Z be the set of quantum cluster monomials in Aéq). We show that Z satisfies the conditions
of the Du-Zhang characterization of the dual canonical basis in Theorem [6] up to g-shift.

By Corollary the set Z is a Z[q™'/?]-basis of the ring Aéq). By Corollary given z € Z there
exists a unique number c, so that ¢°>z is bar invariant. By Lemma [32] the ring element ¢“z also has
MQNB expansion

¢“z=X(A)+ Y Bans(d/*)X(B),
B>p,rA
where 84.5(q"/?) € ¢'/?Z[q'/?]. The fact that ¢z has this MQNB expansion implies that ¢z is
homogeneous with respect to the N3 x N3-grading with homogeneous degree row(A) x col(A). This
latter fact is also a consequence of Observation@ By Theorem@we conclude that the set {¢°z |z € Z}
is equal to the dual canonical basis of Aéq). O

5 Future Directions

In this paper we have proven that the dual canonical basis and the cluster monomial basis of the classical
polynomial ring A3 are equal by showing that they have quantizations which differ by a ¢-shift. In doing
so, we discovered how DCB elements for .43 and Aéq) decompose into irreducibles and found an easy
way to write down any DCB element of these rings up to a ¢-shift: choose a decorated octagon and write
down some monomial in the elements of the related extended (quantum) cluster. It is natural to ask how
much of this can be extended to rings A,, and A%Q) for n > 3. It turns out that there are obstructions to
finding such results from both the theory of cluster monomial bases and dual canonical bases.

For n > 3 there is a known cluster algebra structure on a subalgebra of 4,, which gives rise to a linearly
independent set of cluster monomials. Unfortunately, these cluster monomials do not span .A,, for n > 3.
Moreover, for n > 3 this cluster algebra is of infinite type, i.e., it has infinitely many clusters. Since these
clusters are not given at the outset but rather are determined by a ‘mutation’ procedure starting with some
initial cluster and ‘mutation matrix’ (see [3]), this would seem to make the cluster monomials in these
algebras difficult to work with.

Leaving aside the present lack of a cluster algebra structure on .A,,, one can still ask how dual canonical
basis elements of .A,, and its quantization AD factor. By Theorem and the fact that quantum cluster
monomials are arbitrary products of the ring elements in some quantum extended cluster, we have the

following result in qu).

Corollary 34 Let b be any element in the dual canonical basis of Aé(n. Then, a q-shift of b* is in the dual
canonical basis of qu) forany k > 0.

For n > 5, Leclerc [9] has shown that there exist elements b of the DCB of Agf) such that b2 is
not a g-shift of a DCB element of A%Q) (so-called imaginary vectors). The author does not know whether

imaginary vectors exist in the DCB of ASP for n = 4, 5. In light of the construction of cluster monomials,
Leclerc’s result is troubling if one wants to find a cluster-style interpretation of the factorization of all of

the DCB elements of Aé‘” forn > 5.
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