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For 3 different versions of g-tangent resp. g-cotangent functions, we compute the continued fraction expansion
explicitly, by guessing the relative quantities and proving the recursive relation afterwards. It is likely that these are
the only instances with a “nice” expansion. Additional formule of a similar type are also provided.
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To Philippe Flajolet for 30 years of inspiration

1 Philippe Flajolet and continued fractions

In a paper that was written on the occasion of Philippe Flajolet’s 50th birthday (26) and discussed his
various research areas, we wrote about his contributions to continued fractions:
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Continued fractions

The papers (8; 9; [10) deal with the interplay of continued fractions and combinatorics. Let us consider lat-
tice paths, consisting of steps NORTHEAST, EAST, SOUTHEAST, starting at the origin, returning to the x-axis
after n steps, and never being negative. The possible steps are denoted by the letters {a,b,c}, and an in-
dex ¢ is additionally used when a step starts at altitude ¢. Thus, such a lattice path is a word in the variables
{ao,a1,...,b0,b1,...,¢1,... }.

The set of all paths (a formal language) is given by the infinite continued fraction

1
1—co— ao‘bl ’
1—e— a1 b2
as|bs
1—co—

where (u|v)/w denotes uw~1v, and w1 is the quasi-inverse of languages (or formal power series).

There are many consequences of this continued fraction theorem, e. g. finite versions describe lattice paths
of bounded height. Counting leads to a replacement of noncommuting variables by commuting variables. For
instance, replacing all the variables by z gives the continued fraction for >, My, 2™, M,, being a Motzkin number.
Many combinatorial objects can be described by such lattice paths, with suitable specializations. Some examples:
Set partitions (also with several restrictions), permutations (via tournament trees), involutions, etc. Some later
developments can be found in (155 [20).

There are also applications to Computer Science, since several dynamic data structures can be described in this
way, the simplest being a stack, but also Dictionaries, Priority queues, Linear lists, Symbol tables, and subspecies
of these. Operations like Insertion, Query, Deletion have then an obvious interpretation in the path diagram.
Several notions of costs can be discussed with conveniently in terms of continued fractions. These concepts were
worked out in collaboration with Chéno, Francon, Puech, and Vuillemin (12514} 351135 [17;[18).

Numbertheoretic aspects of continued fractions

Gauss studied expansions of complex numbers into continued fractions. Here is an example.

35470 n 315 1
_— P e —————
99661 9961 3 1
5+ 1 N 7
=4F =0
3 5

Consecutive digits are obtained by the recursive rule
€(2)
e(z) \
¥( )
z—[R(z)]
where [z = [z — %] and e(z) = sign(R(z) — [R(2)]). The algorithm terminates if the resulting number falls
into the domain {z € C | 0 < R(z) < % and |z| > 1}.

The average number of steps of this algorithm (in various continuous and discrete models) turns out to be
linear, and the constant(s) involve the interesting quantity

—nd &1
D

d>1

P(z) = [R(z)] +

which is expressible in terms of the remarkable constants ¢ (3) and Liy %) (a tetralogarithm).

This and much more can be found in the papers (28; 15; |6; [11). The work (11) is a survey paper and covers
much more general reduction schemes (transformation), e. g. the binary representation. The average-case analysis
of these usually involves interesting numerical constants, like Wirsing’s, Lévy’s, Hensley’s, and Vallée’s constant.

This is a quite challenging domain, with relations to Functional Analysis.
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The paper (8) has since 1998, when the previous lines were published, become a classic, and it was
reprinted by Discrete Mathematics in a volume that comprised the most influential papers of the journal
since its beginning (22).

Since 1998, Flajolet’s research on continued fractions has not stopped; here are the more recent papers
on the subject (165215 2).

It is my hope that Philippe (as I am allowed to call him) will like my own research on continued
fractions as well.

We always represent our continued fractions in the form

z

a1 +
z
ag + ———

z
az + —

since this is convenient for our computations. It would be easy, however, to transform it, say, into the
form:

Zbl
b
I
Zb3
1+ b
z
1+ —
Setag = 1, then b; = foralli =1,2,....
Q;—105
2 Introduction
In this paper, we consider the functions
(-1)”2’” n2
P& =2 s "
n>0 a
(-1)”2” dn?
G — n
(=2 2n],!
n>0
We use standard ¢-notation:
1—q"
[n]q = ) [n]q! :=[1]g[2]q - .- [nlq
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For d = 0,1, 2, we will find the following continued fraction expansions:

2l (z) z
G(z) z
ORI
z
as + ———
z
az + —
(Replacing z by 22, we get z times a g-tangent function.)
2G(z) z
F(z) z
CRE—
z
ag + ———
z

az + —

(Replacing z by 22, we get 2> times a ¢-cotangent function.)

These g-trigonometric functions are variants of Jackson’s, see (24).

The instance d = 0 of the g-tangent appeared in (25)), and the instance d = 1 in (23) and (27). Computer
experiments indicate that, apart from trivial variations, these are the only cases where we get “nice”
coefficients a.

We treat all 6 instances in a systematic way:

We write
G(z) N z z ’
a1 + — ay +
Nl z
a9 + —
N,
and set -
N; ==
Si
This means 5
Ni=aj41 +
Nit1
or
z 28i41 i Ty — Git18
=——=N;—Qiy1 = — — Qi1 = ————.
Nit1 Ti+1 S4 Si

We can set r; = s;_; and get the recursion

Si4+12 = Si—1 — Aj4+15;-

The initial conditions are
s_1=G(z) and so=F(z).
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Note that the a;’s are the unique numbers that make the s;’s power series expansions.

In all instances, we are able to guess the numbers ay and the power series si, and prove the guessed
form by induction. In the cotangent case, ' and G switch roles, of course. The proof by induction is a
routine computation; the challenging part in this line of research is the guessing. Since the proofs are very

similar, we present just one of them.

Not all of the results are new; the instance d = 0 is of course the classical case, and the instance d = 1
(tangent case) was published in (23 27)), but the other formula are believed to be new. However, to be

systematic, we collected all the results.

3 Tangent expansions

Here, we treat, as promised, the three instances d = 0, 1, 2.

3.1 d=0
2k —1
ap = (_l)k—l [ qk,1 ]q7
£1)(R5) 2" (—=1)" b
— (— L%J k21 — )
= g;pn+2k+ﬂgllpn+2ﬂm
32 d=1
[4k — 1],
a2k = T DER-1)

A2k+1 = [4]{5 =+ 1]qqk(2k_1).

2 2" (—=1)"
=0 e |l ) ,H2n+2y] 2R

2n+4k+1
= k=1 (k+1)(3k+2) 2M(=1)" 2k+1 R
sop+1 = (—1)"" ¢ Z m H [2n + 2449 '
>0 =1
3.3 d=2
[4k —1],(1 — @2k — PR | gah1)2
g = — (1 _ q2)2q6k*3 s
k41 = [4k + 1]q(1‘_ )21 |
(1= @2 = 243 + g 3) (1 — 2P — g?FH 4 g*1)

2n+2(1 _ qQk)(l _ q2k:+1)
— (—1)kg2K 2 2] ( q ) 2n(n+2k)
= 0 S e T g

1—¢2

2k+1

n(_1\n _ 42\ 2n(n+2k+2)
(k=1 2k2+6k+3 2"(-1) , (1-4%)q
sopt1 = (—1)" "¢ ;)—[2n+4k+3]q! Jl;[l [2n+2j]q1—q2k+2—q2k+3+q4k+3'
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4 Cotangent expansions

Here are the three companion expansions related to the previous tangent expansions.

4.1 d=0
a; = 1,and fork > 1
[4k — 1]4[2k — 1]3[%]2
BT TR

_ [4k +1]4(1 + g)*¢** >
G2 T ok 1), [2K] g [2k + 1412k + 2,

2[2k],[2k — 1]
= (—1)kgFE=D) 2 21, ( [2n + 4k + 1 ¢[2klq[2k — 1]

2%k+1
5 (L1 2k2+5k+1§ :L 2 + 2 .
241 = (=1)% S [2n + 4k + 3! jl;[l[ ‘7]"[2/€+1]q[2k‘+2]q

42 d=1
a; = 1,andfork > 1
[4k — 1],[k(2k — 1)]3
ask = — )
q(@E—1)(k+1)

B [4k + 1"+
T TR 2R — D[+ DRE+ 1]

: Z2M(—=1)"

(71)kq(k+1)(3k+2) Zn(il)n 2k+1

— 2 + 24 n(n+2k+2)'

4.3 d=2
a; = 1,andfork > 1
o — [4k — 1]4[2k — 1]3[%]2
g

B [4k +1],(1 + ¢)?¢** !
G2 T ok 1) [2K] [2k + 1)4[2k + 2,
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L L[k [2k — 1]q>
1+¢ ’

— (_1)k 2k> L 2 ) 2”("+2k) ) 4
sar = (—1)"q §[2n+4k 1'||n+3] 2n +4k + 1], +

2k+1
H 2”“‘2]] 2n(n+2k+2)

) _ (_1)kq2k2+6k+3(1 _|_q) Z Zn(_l)n
2kt 2k + 2],2k + 1], < [2n + 4k + 3],!

5 Proof of the cotangent case d = 1

We have by inspection that so = G(z), and compute

1
s, = ;(5_1 — 50)
= 2(F(2) - 6()

L 2 (1) 1= g = 14 gt
:Enzo 2n + 1, 1-¢
TN —gl - ¢

=~ [2n + 1],! 1—gq

n—l(_l)n—lqn2+1
2n — 1]q![2n +1],
n n(n+2)

2n+1 2n+3]

I
Eﬁl

3
v
—

IVM

which checks, so we have the basis for our induction. And now we must show for all n that

[2"] (s2k — aaks252k41) = [z s2ns2,

[2"] (s2k—1 — Qokp152k) = [2"Ysopi1-

Let us start with the first one:

2k

_1 " N nn
[2"] (s2k — Q2k+252K41) = (1)qu2[2714(—41<;)—5—1]' H[?n + 24420 + 2k2 + 3k + 1],q" (2P
et

[4K + 3]4[(k + 1)(2k + 1)]2

- (R (k+2) X
n 2k+1

y (—1)kg(k+D(3k+2) (-1) H 20 + 2j],q" "2+

[(k+1)(2k +1)]4 [2n + 4k + 3],!

(=)™

= —————— [ [[2n + 2j]4[2n + 2k% + 3k + 1],¢" "M
[2n+4k+1}q!j1:[1 q q
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(—1)"+kgh [4k + 3], [(k + 1)(2k + 1)] ﬁ2 4 2j], g2k +)
2n+dk+ 120+ ak+3], 1 7la

2k

- on + 2j
[2n+4k+1]q![2n+4k‘+3]qj1;[1[ n+ 2lex

(—1)nthgnth)®

X ([Zn + 4k + 3], [2n + 2k* + 3k + 1], — ¢*"[dk + 3],[(k + 1)(2k + 1)}q)

2k

= 2n + 24,20, [2n + 2k + Tk + 4],
[2n+4k+1}q![2n+4k+3]qj1;[1[ n o+ Zjlg2nlo[2n -+ 267+ Th 4 4],

(_1)n+kq(n+k)2

On the other hand
2k+2

-1 n—1
=1 H [2n — 2+ 2j], [2n+2k2+7k+4] (nfl)(n+2k+1),

)kl TR
A N S

(2" Hsopso =

which is the same, as it should.
And now to the second one:

_ _ n 2k—1
_1)k 1qk(3k 1) (_1)

[2n + 2j] g t2k)
k(2k —1)], [2n+4k—1],! E 1

[2"](s2k—1 — Qopi152k) =

[4k + 1],¢" kY
[e(2k — D],[(k + )2k + 1)), |

+

2k
_1)n
g D TTion 4 2420 + 2k2 4 3k + 1], "2
(= [2n+4k+1]q!j1;[1[n+ Jlal2n + 2k7 + 3k + 1]gg

B (_1)n+k71qk(3k71)+n(n+2k
= R 0 D@k D20+ 3 1 H 20+ 2],

X

([2n + 4k 4+ 1]4[(k + 1)(2k 4 1)], — [4k 4 1]4[2n + 2k* + 3k + 1]q>

(_1)n+k—lqk(3k—1)+n(n+2k) 2k

= @k DL (F D@+ DL k1) H [2n + 24],[2n]4[k(2k — 1)] ¢

(_1)7z+k—1q3k(k+1)+1+n(n+2k) 2k

~ [k + D)2k + Dly[2n + 4k + 1], jl;[om +2lg.

On the other hand,

_ 2k+1
_1)kq(l~c+1)(3k+2) (—=1)" 1 +

n—1 _ _ (n—1)(n+2k+1)
Jsakts = @R T 1), e+ 4k T 10, 'H [2n =2+ 2jlqq )

[z

which is the same, so that our proof is finished.
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6 Another tangent expansion

B (_1)nzn
F(Z) - = [271 + 1]q|a
G2) = X o
n>0 q
[4k ] 2k— 3(1 q2)2

agp — — )
(1 _ q2k—3 _ q2k 2 + q4k 3)(1 _ q2k—1 _ q2k + q4k+1)
[4k‘—|— 1] ( 2k 1 q2k +q4k'+1)2

a
2k+1 = q6k 2(1— ¢2)?
_ 2135 " n 2k
o — (_1)k lqzk +3k 1(1 _ q2) Z Py (_1) H 2n+ 2]]
2 1 — @2k=1 — g2k 4 g4k+1 [Qn + 4k +1],!] P
n n 2k+1 k+1 2k+2
- ~1) , (1-¢**H(1 - ¢**?)
— (—1)k—1 2Kk 2" ( 9 9 ( 4k+2n+3 )
sar+1 = (—1)"¢q 7;) 2n + 4k + 3],112n), E[ n+2j]q(q 1— g2

7 The cotangent expansion as a companion
PO =3 ot
—1)"z"
60 =3 G

For k > 0,

[k — 1],[2k — 1]2[2K)2
PEE TSI g2

[4k + 1], (1 + g)*¢**
2k — 1]4[2K]q[2k + 1]4[2k + 2],

a2k4+1 = —

and a; = 1.

(_1)kq2k2—k _ q2k+1 _ q2k+2 + q4k+1

211
1—g¢q [2n+4k—|— 'H n+ 2l 1—¢?

2 2k+1
(—l)kq% +5k(1+q) Zn(_l)n '
= 2 2 .
PR T Tk 9], [2k + 1, Zopn+4k;+3]q! 7,1;[1[ n 2l

2n+4k+1
Sok = —qn++)

)
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8 A generalization

Our computer calculations suggested to go for a generalization of the previous results. Note that h = 0 is
the instance studied before.

The first 3 expansions are for the tangent, the following 3 are for the cotangent.

We only give the quantities aj’s, but finding the expressions for the s;’s would be a good project for a
student.

Fn(z Z:Qn—i—l 'H n+2jlag

Jj=1
o h
Z [2n + 24,9
n>0 j=1
81 d=0
aof = _[4k — 14+ Qh]qq_2k+1_2h7
agkt1 = [4k + 1+ 2h]q 2",
82 d=1
agk = —[4k — 1+ 2h],q 2 ~RCAHDFL
agpr1 = [Ak + 1 + 2h),q?F HECA=D),
83 d=2
[4k — 1 + 204 ([k]g2 — ¢** 2" [k — 1]2)°
@2k == JOF—3+2h ;
G — [4k + 1+ 28] g2k~ 1 420
2= ([ — g2 [k — 1) [k + L — P20k o)
84 d=0

a; = 1l,and for k > 1
[k — 1+ 2h]g[2k — 1 + 2R]7[2K];
a2k = q6k—5+2h(1 4 q)g )

[4k + 1+ 2h],(1 4 ¢)%¢* 2
2k — 1+ 2R, [2k]4[2k + 1+ 2]y 2k + 2],

A2k+1 = —
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85 d=1
a; = 1,and fork > 1
B [4k — 14 2h],[k(2k — 1 + 2h)]3
A2k = qF=D)(k+1)+2kh )

- [4]€ 1 +2h]qqk(2k—1)+2kh
G2 T T2k — 1+ 20)]g[(k + 1)(2k + 1 + 2h)],

86 d=2
a; =1,andfork > 1
o — 4k — 1+ 2h]4[2k — 1 + Qh}g[%]g
2k = ¢OF—3+20(1 4 ¢)2 ’

a - _ [4k + 1+ 2h),(1 4 ¢)2¢2k—1+2h
2k+1 = [2k — 1+ 2h],[2k],[2k + 1 + 2R],[2k + 2],

9 More continued fraction expansions

The following expansions are not new, but they fit the same pattern, and they are very beautiful, so I
decided to include them here to please Philippe.
We employ the classic notation (2;q), = (1 — 2)(1 —2q) ... (1 — z¢"1).

Let (Y5 @)n2"
G(z2) = =~
n%% (T3 9)n

Then we have the continued fraction expansion

z z
G(z) z
( ) a1 +
z
az +
z
as +
z
a4 + —
witha; = 1,and for k > 1
(@ Qr—1(1 — 2¢* ) (yg; Qr—1

PR Y)W (5 Dr-1(3 -1

1=y (E k11— 2¢* ) (g Or—1
(@ )k (ya; )k '

a2k4+1 = —
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For the proof, we notice that a; is an exceptional value, and we only start the recursion with

. n
s0=1, Sl:zw_

= @@

Note that the numbers a; are uniquely determined by annihilating the constant term in s;—1 — @;415;,
making s;;1 a power series expansion. Our claim follows now by the following explicit formula (for
k> 0)

5o = (~1%q®) = 20" @)t (Vs @)rs
(@1 & (2% @)tk

)

n(,n+l. k+1.
_ Kz k()N 2T k(e On
sok+1 = (L =9)y" (5 0)r(=1)"¢" 2 E
nl : (y W= n>0 (5 Ont2k41

provided we are able to establish these formula by induction via the recursion. The initial values follow
by inspection, and the induction step must be split into two computations, according to the parity of the
indices.

k
(=% G~ 2 (@3 01 (95 Dt
(@ Dr (" @)n+k

Sok — A2k4252k+1 =

_ @ aelay e —2¢®) ke e (5 5 2@ e g
(qy)’“(i;q)k(l—y)(q;q)k(l w1 n%:o (%3 @)nv2k+1
"k 1 (Ye Dntk _ (1 —aq?*) (_Dkq(;) Z 2"(q

(2q%; @) ntr (4 Ok

" Q) k(Y Otk

(ﬂﬁqk; Q)n+k+1

()RR = an(g
(3 9)k—1 > =

n>0
n+1.

_ (~1)kq2) [(1 —HY 20" k1 (WG Dotk 12 Y z"(q”“;q)k(yq;q)wk}

(¢ ) = (6" @)n+k =y (@4 Onirn

(—1)kq(§) T Do Y Dtk [ vy mkoky 1ok mek
)k n>0 (qu;Q)n-i-k-&-l |:(1 q )(1 rq * ) (1 xrq )(]_ q + )]

" k1 (UG D

(l"qk; Q)n+k+1

_1\k (’;) on
( ”‘j yo 2l Dt (1 = 2g)(1 - ¢

_ (—1)h+1g( 3 2"(q"; Qe (W8 Ok
@Ge & @S Ongk

= Z82k+2;
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_ k—1(z. b1 () 2 Dk (9gE D
Sok—1 — Agpy182k = (1 —y)y (§»Q)k—1(*1) q(z) 7;) Do
(=)™ Gk (@ ea (1= 20" ) (—1)4q(2) 27 (g7 5 @)1 (945 @)
(qy; k(5 q)k (-1 = (24" @)ntk
- _1 (" k-1 (yd"; D
— (1= )y (Z rr (—1)F (=)
& on n+1; _ k+1; "
4 (1 _ y)ykfl(i;q)k_l(l _ qukfl)(_l)kq(z) Z (q q.)k 1(yq Q)

= (1—y)y" (% Qi_1(~1)"14()

n(. n+1. k. n( n+l. k+1.
" [Z 2" k1 (We"; On - 2" k1 (W @

= (% @nt2r—1 = (3 Qnt2n
- - (g™ k-1 (g e
= (1= )y L (Z ko (1) g ()
(1= )y (E w1 (-1) > oahnaat

n>0
X |(1 = 2g" (1 = ygh) = (1 - 2g® 7)(1 -yt ™)

- Lk 2" Qe (W e
=1 -9y 1 (Zq)p_1(~1)* 1q("’)
A =y)y" (5 Or-1(=1) n%% (% Ot 2k

X (=1)g" (1 = ¢"ya(1 — £¢*71)

1z oy (1R (5 N 24" k(e
(= (y7Q)k( Y ,LZZ:O (3 O)ntok

n+1

M)

= Z82k+1-

Remark. Computer experiments indicate that we cannot add additional factors (u;q),, etc. in either
numerator or denominator, as then the expressions for a; become very messy and don’t factor nicely.

We note two special cases explicitly. Set y = 0, then

(z;Q)r—1(1 — 2q*2)

ask = A )
219G (g5 ¢) 1
k—1
() (1 — 2 ) (g )
a2k+1 = — @ .
Set x = 0, then
(Y45 Q)r—1

) wa)F (g e
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Michael Joseph Schlosser has kindly informed me that the formule could be deduced from results in (7).

A continued fraction of Ramanujan

This method of proof also applies to a continued fraction of Ramanujan, see (1). In slightly changed
notation, we have

(;L)( . ) n
(),
Gle) = WZZO (@ )n (¢ @)n

and H(z) = G(z)/G(qz). Then

with
(1= 2?2y (21 q)poa (1)F g2
a2k = )
(y7q)k
_ A= Yy e(=D*
a2k41 = e G .
yE(Gs kgt 2

Here, the formula follow from

n+12c+1)

ko (ko3 S 2 e )
w =y o ;;0 (@ @)nt2r (@3 Dn

n+k+l)

Z"(y;q)n+k+1q( 2
S2k+1 =
* Z (%3 @) n+2k+1(¢; O)n

n>0
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The celebrated Rogers-Ramanujan continued fraction expansion
and companions
Set

n

o3

= (45a

n

and H(Z) = G(Z)/G(qz) Then ap = qiL%J and

2
. qk(k+1) Z Zngn’Hn(2k+1)
= (@

2
5 ann +n(2k+2)
S2k+1 = q(kH) E

= (@
Companion: Set H(z) = G(¢z)/G(z). Then
(1-q")?
S )
(1—q)*¢"*"

a2k+1 = — )
(1=4¢")(1 =g

and

k
(L4 gt

2 : 1—q
Sok — )

= (¢ 0n
k _ n (n+l€—‘,—1)2
¢"(1—q)  2"q
S2k+1 = —
i 1 — g1 Z% (@ 9)n
Another companion: Set H(z) = G(z)/G(q*2). Then
(1—q)q"?
A2k = % k1Y’
(1 =g")(1 —g"+1)
" _ 1— qk+1)2
W= (T g
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Another example
Set

2t 2 o
G(Z):Z( aQ)n 7

= (24:6%)n

then we expand again z/G(z) and get: a; = 1, and

(—1)k-1q("2)
gy =

(¢ k-1
aypns = CD (@ D
+ q(k;—l)
and
2 n2 | n(2k+1)
o — (D" > T (@G Ontko
(@ @r1 5 (% @)n ’
n2 | n(2k+1)
s =2 g7 (@ Dtk
= (¢ D
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