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In a recent paper, Brlek, Jamet and Paquin showed that saneenet infinite smooth words are also infinite Lyndon
words. This result raises a natural question: are they theames? If no, what do the infinite smooth words that are
also Lyndon words look like? In this paper, we give the answeaving that the only infinite smooth Lyndon words
aremy,<py, With a, b even,m 1<y, andA; " (my; <5y ), with b odd, wherem 4 is the minimal infinite smooth word
with respect to the lexicographic order over a numericahaliet A and A is the run-length encoding function.
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1 Introduction

A finite Lyndon word is easy to define: it is a finite word thatisadler than any of its suffixes. The class
of finite Lyndon words was first introduced by Chen, Fox anddgm in [CFL58] for the construction
of bases of the lower central series for free groups. Theoasithroved that any finite word can be
expressed as a unique non-increasing product (concaiahafi Lyndon words, which they called the
Lyndon factorization. Lyndon words were then studied by &lyduv83, Duv88]. Among his results is
an algorithm that generates Lyndon words of bounded lergtla finite alphabet and another one that
computes the Lyndon factorization in linear time with regpe the length of the word. Siromoney et
al. [SMDS94] later defined infinite Lyndon words as infiniterd® smaller than any of their suffixes,
in order to introduce Lyndon factorization of infinite wordsyndon words also appeared for instance
in [Lot83, MR89, Reu93]. The Lyndon factorization giveseigroperties about the structure of words.
Since a few years, a wide literature is devoted to Lyndon wdi8idL97, HR03, Reu07, Ric07, S&€&03]. In
particular, Melancon [Mel00] studied Lyndon factorizatiof Sturmian infinite words and gave a formula
that completely describes the Lyndon factorization of dmgracteristic Sturmian word.

The smooth infinite words oved = {1, 2} form an infinite classC of infinite words containing the
well-known Kolakoski wordK [Kol65] defined as one of the two fixed points of the run-lengsticoding
functionA, that is

A(K) = K =2211212212211211221211212211211212212211212212- - - .
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They are characterized by the property that the orbit obthiloy iteratingA is contained in{1, 2}“.

In the early work of Dekking [Dek81], there are some challaggconjectures on the structure &f
that still remain unsolved despite the efforts devoted ® gtudy of patterns kK. For instance, we
know from Carpi [Car94] thatl and more generally, any word in the infinite claSf smooth words
over A = {1,2}, contain only a finite number of squares, implying by direttpiection thatx' and
anyw € K are cube-free. Weakley [Wea89] showed that the number edrimof lengthn of K is
polynomially bounded. In [BLO3], a connection was estdidi between the palindromic complexity and
the recurrence of{. Then Berthé, Brlek and Choquette [BBCO05] studied smoathda over arbitrary
alphabets and obtained a new characterization of the iafffitonacci wordF'. Relevant work may
also be found in [BBBLPO03] and in [BBCO5, JP05], where gelized Kolakoski words are studied for
arbitrary alphabets. The authors investigated in [BMPBA@&]a@xtremal infinite smooth words, that is the
minimal and the maximal ones w.r.t. the lexicographic ordeer the alphabet§l, 2} and{1,3}: a
surprising link is established betweé&hand the minimal infinite smooth word ovét, 3}.

More recently, Brlek, Jamet and Paquin [BJP08] studied ttremal smooth words for any two-letter
numerical alphabet and they showed the existence of infniteoth words that are also Lyndon words:
the minimal smooth word over an even alphabet and the onetbeealphabef1,b}, with b odd, are
Lyndon words. Then a natural question arises: are there wifigite smooth words that are also infinite
Lyndon words?

In this paper, we show that the only infinite smooth words #natalso Lyndon words are related to the
minimal smooth Lyndon words given in [BJPO08]. In order toyedt, we study the words over a two-letter
alphabet depending on the parity of the letters. The papegmnized as follows. In Section 2, we recall
the basic definitions in combinatorics on words, we statettation we will use next and we give useful
known results. Section 3 is devoted to the characterizatianfinite smooth Lyndon words. It is divided
in four subsections. In Section 3.1, we study the case of gimbketd = {a < b}, with a even and
odd. We show that there is no infinite Lyndon words that is afeooth. In Section 3.2, we are interested
in even alphabets. We show that only the minimal smooth weedliyndon word. Section 3.3 is devoted
to odd alphabets. We prove that only;; ;, andAfl(m{Lb}) are Lyndon words. Finally, Section 3.4
studies the words over an alphaljet< b}, with « odd and even. In this last case, we show that there is
no infinite Lyndon word that is also smooth.

This paper is an extended version of a paper presented iu®&yech Republic) during the 13th
Prague Stringology Conference [Paq08a]. In this new versie give the complete proofs. We also
correct our main result, since Proposition 24 in [Paq08pEaped to be false. That leads to the third form
of smooth Lyndon words, name}yl‘l(m{lyb}), with b odd.

2 Preliminaries

Throughout this pape# is a finitealphabetof lettersequipped with a total ordet. A finite wordw is a
finite sequence of letters = w[0]w[1] - - - w[n — 1], wherew[i] € A denotes itgi+ 1)-th letter. Its length
is n and we writgw| = n. The set of:-length words ove is denoted by4™. By convention thempty
word is denoted by and its length i$). The free monoid generated byis defined byA* = J,,~, A"
andA* \ ¢ is denoted byd ™. The set ofight infinite words also callednfinite wordsfor short, is denoted
by A“ andA> = A4* U A“. Adopting a consistent notation for finite words over thenité alphabel,
N* = J,,>o N" is the set of finite words ani“ is that of infinite ones. Given a word € A*, afactor f
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of wis awordf € A* satisfying
Jz,y € A", w = xfy.

If x = e (resp.y = ¢) thenf is called aprefix(resp.suffiy. Note that by convention, the empty word is
a suffix and a prefix of any word. Blockof lengthk is a maximal factor of the particular forsh= o,
with o« € A. The set of all factors ofv, also called théanguageof w, is denoted byF'(w) and those
of lengthn is F,, (w) = F(w) N . A™. We denote by Préfv) (resp. Suffw)) the set of all prefixes (resp.
suffixes) ofw.

Over an arbitrary two-letter alphabgt = {a, b}, there is a usual length preserving morphism, the
complementationdefined bya = b , b = a, which extends to words as follows. The complement of
u = ul0Ju[l] - --u[n — 1] € A™ is the wordw = u[0] u[1]---u[n — 1]. Thereversalof v is the word
u=u[n—1]---u[l]ul0].

Foru,v € A*, we writeu < v if and only if v is a proper prefix ob or if there exists an integer
such thaw[i| = v[i] for 0 < ¢ < k — 1 andu[k] < v[k]. The relation< defined byu < v if and only
if w =wvoru < v, is called thdexicographic order That definition holds for4“. Note that in general
the complementation does not preserve the lexicograpteromdeed, when is not a proper prefix of
v then

U>v = u<uv. (1)

2.1 Lyndon words and factorizations

Awordu € A* is aLyndon wordf « < v for all proper non-empty suffixesof «. For instance, the word
11212 is a Lyndon word whilel2112 is not sincel12 < 12112. A word of length 1 is clearly a Lyndon
word. The set of Lyndon words is denoted By

From the works of Chen, Fox and Lyndon, we have the followieptem.

Theorem 1 ([CFL58]) Any non-empty finite word is uniquely expressed as a non-increasing product
of Lyndon words

w=Loly- by =), with  £; € £ andly >y > -+ >l 2)
1=0

Siromoney et al. [SMDS94] extended Theorem 1 to infinite wordhe setl., of infinite Lyndon
wordsconsists of infinite words smaller than any of their suffixes.

Theorem 2 ([SMDS94]) Any infinite wordw is uniquely expressed as a non-increasing product of Lyn-
don words, finite or infinite, in one of the two following forms

i) either there exists an infinite sequen(ég);>o of elements irC such that

w = lolily--- and forallk, € > ly4q

ii) there exist a finite sequendg, ... ., ¢, (m > 0) of elements irC and/?,,,+1 € L, such that

w = lolq - 'Emem—ﬁ—l andfo > >l > €m+1-
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Let us recall from ([Lot83] Chapter 5.1) a useful propertpcerning Lyndon words.

Lemma3 Letu,v € L. Thenuv € L if and only ifu < v.

A direct corollary of this lemma is:
Corollary 4 Letu,v € £, withu < v. Thenuv™, u"v € L, forall n > 0.

2.2 Run-length encoding

The widely knownrun-length encodinds used in many applications as a method for compressing data
For instance, the first step in the algorithm used for congimgsthe data transmitted by Fax machines
consists of a run-length encoding of each line of pixels. Mlet {a < b} be an ordered alphabet. Then
every wordw € A* can be uniquely written as a product of factors as follows:

w=a""b""a"? .- or w=b"0a"d*? ...

with i, > 1 for k > 0. The operator giving the size of the blocks appearing in tdirg is a function
A . A* — N* defined byA(w) = 1o, 11,12, -- Which is easily extended to infinite words &s :
AY — Nv,

For instance, letd = {1,3} andw = 13333133111. Then

w=1'3*1'321* and A(w) =[1,4,1,2,3].

WhenA(w) C {1,2,---,9}*, the punctuation and the parentheses are often omittedier tw manipu-
late the more compact notatida(w) = 14123. This example is a special case where the coding integers
do not coincide with the alphabet on which is encodedo thatA can be viewed as a partial function

A {1,3) — {1,2,3,4}"
From now on, we only consider two-letter alphahdts- {a < b}, witha,b € N\ {0}.

Recall from [BLO3] thatA is not bijective sincé\ (w) = A(w), but commutes with the reversal”), is
stable under complementation ) and preserves palindromicity. Sinceis not bijective, pseudo-inverse
functions

AL A AT — AT
are defined for two-letter alphabets by
A7) = o OlgetlqulZlguBl... - for a € {a,b}.

Note that the pseudo-inverse functidir! also commutes with the mirror image, that is

AZH(w) = AZ'(w), 3)

wheref = «a if |w]| is odd and3 = @ if |w| is even.
The operato\ may be iterated, provided the process is stopped when thegalbhabet changes or
when the resulting word has length
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Example5 Letw = 1333111333133311133313133311133313331113331. The successive application
of A gives:

A(w) = 1333111333133311133313133311133313331113331
A'(w) = 1333133311133313331

A?(w) = 131333131

A3(w) = 1113111

A'(w) = 313

AdS(w) = 111

AS(w) = 3.

2.3 Smooth words
The set ofiinite smooth wordsver the alphabetl = {a < b} is defined by

AY={we A" |In € N,A"(w) = a € AandVk < n, A¥(w) € A*}.

The operatorA extends to infinite words (see [BLO3]). Define the seirdinite smooth wordsver
A= {a < b} by
Ka={we A |VkecN,A*(w) € A*}.

The well-known [Kol65]Kolakoski worddenoted by is defined as the fix-point starting with the letter
2 of the operator\ over the alphabefl, 2}:

K =2211212212211211221211212211211212212211 - - - .
More generally, the operatdx has two fix-points infC 4, namely
A(Kap) = K@y and A(Kpq) = K,
whereK , 4 is the generalized Kolakoski word [JPO5] over the alphdbeb} starting with the lette.

Example 6 The Kolakoskiword oves = {1, 2} starting with the lette2 is K = K, ;). We also have
K (o3 = 22332223332233223332 - - - and K3 1) = 33311133313133311133 - - -.

A bijection® : K 4 — A“ is defined by

©(w) = A%(w)[0]A" (w)[0] A (w)[0] - - = H Al(w)[0]

and its inverse is defined as follows. et A*, then®~!(u) = wy, where

ulk — 1], ifn=1
Wy, = 1 .
Au[k—n] (wp—1), f2<n<Ek.

Then fork = oo, @1 (u) = limg 00 Wi = limg_ 00 @1 (u[0. ..k — 1]).
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Remark 7 With respect to the usual topology defined by
d((un)nzo, (’l}n)nzo) =9~ min{jEN,uj7r£1)j}7

the previous limit exists sincey, is a prefix ofwy; forall k£ € N.

Example 8 For the wordw = 1333111333133311133313133311133313331113331 of the Example 5,
d(w) =1111313.

Note that sinceb is a bijection between the infinite smooth words and the itdfimiords, the set of
infinite smooth words is infinite. Moreover, given a prefix ®fw) with w a smooth word, we can
construct a prefix ofv as in the following example.

Example9 Let p = 1221 be a prefix of®(w), with w € {1,2}* an infinite smooth word. Then we
compute from bottom to top, using tie~! operator:

0

A%(w) = 11221221---
Al(w) = 2212---
A?(w) = 21---
Ad(w) = 1---

Note that inA?(w), the letterl is obtained by deduction, sine&®(w) indicates that the first block of
letters of A2 (w) has lengthl. The last written letter of every line is deduced by a simdlegument.

We recall from [BMPO7] the usefulght derivativeD,. : A* — N* defined by

€ if A(w)=a,a<borw =ze,
D, (w) = { A(w) if Alw) = zb,
T if A(w) =2za, a <b,

wherea € Nandz € A*. Awordw isr-smooth(also called amooth prefixif Yk > 0, D¥(w) € A*. In
other words, if a wordv is r-smooth then it is a prefix of at least one infinite smooth word (see)(I3)]
for more details).

Example 10 Letw = 112112212. ThenA(w) = 212211, A?(w) = 1122, A3(w) = 22, A*(w) = 2
andD, (w) = 21221, D?(w) = 112, D3(w) = 2.

Similarly, the operatoD is defined over the alphabgt < b} by

€ if A(w) <borw =g,
A(w) if A(w) = bxborA(w) = b,
D(w) =< bx if A(w) = bz,
xb if A(w) = uxb,
x if A(w) = uxv,
whereu andv are blocks of lengthc b. A finite word is called amooth factofalso called a”>°-word in
[Car94, Hua97, Hua08, Wea89)) if there exibts N such thatD*(w) = ¢ andVj < k, DI (w) € A*.
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2.4 Known results

Theminimal(resp. themaxima) infinite smooth woraver the alphabet is the smallest (resp. largest)
infinite smooth word, with respect to the lexicographic ordigis denoted byn 4 (resp.M 4).

An alphabetd = {a < b} is called arndd alphabefresp.even alphabgif both « andb are odd (resp.
even). The extremal smooth words satisfy the following prtips established in a previous paper.

Proposition 11 ([BJP08]) Let.A = {a < b}. Then the following properties hold.
i) If a andb are both even we hav@(My, 1) = b, ®(my,) = ab® andmy, ) € Loo.

i) If a andb are both odd we havé (M, ) = (ba)®, ®(myap)) = (ab)® andmy, ) € Loo =
a=1.

Let us recall useful results about smooth words.

Lemma 12 ([BBCO5]) Letu, v be finite smooth words. If there exists an indexsuch that, for alli,
0 <i < m, the last letter ofA?(u) differs from the first letter oA’(v), andA®(u) # 1, A(v) # 1, then

O(uv) = ®(u)[0...m] - ®o A™ ! (uv) (4)
Al(uv) = Al(u)A%(v). (5)

The following properties follow immediately from the defions. For more details, the reader is re-
ferred to [Pag08b].

Recall from [BDLV06] that in the case of the alphabét= {1,2}, every finite smooth wordh € A’
can be easily extended to the right in a smooth word by meatiseofunction® asvu € A, w €
Pref®~1(®(w) - u)). Its generalization to arbitrary alphabets is immediate (Baq08b]).

Proposition 13 ([Pagq08b]) Let. A = {a < b}. Then the following properties hold.
i) Any smooth prefix can be arbitrarily right extended to afiriite smooth word.

i) Letu = ®(w), withw € A* an infinite smooth word. I = u'v”, then®~! () is a prefix ofw.

3 Characterization of infinite smooth Lyndon words

In this section, we prove our main result: the only infiniteosith words that are also infinite Lyndon
words arem g, py, With a, b even,m; .4y andAfl(m{Kb}), with b odd.

In order to prove it, we study the four possible combinatiohthe parity of the letters andb. For
each case, we fix a lengthand we then consider all the possible wopdsf length< n such thatb—*(p)
is a prefix of an infinite smooth word. We suppose that is also a Lyndon word. Then for each ward
either we prove thab—!(p) cannot be a prefix of a Lyndon word by showing the existenceswhaller
suffix, or we describe an infinite smooth Lyndon word havibig! (p) as a prefix. For each case, the
different values op are illustrated by a path in a tree.

Lemma 14 Letp € {a < b}* be such tha®~!(p) is a prefix of an infinite smooth Lyndon ward Then
pl0] = a.
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Proof: Follows from the equality[0] = w[0] and since a Lyndon wora must start by the smallest letter,
namelya. |

Lemma 14 will be used in this section in order to exclude trsesaaumbered (0) in the proofs.

3.1 Over A with a even and b odd
In this section, we prove the following result.

Theorem 15 Over the alphabefa < b}, with a even and odd, there is no infinite smooth word that is
also a Lyndon word.

Proof: Figure 1 illustrates thé possible cases to consider, using a tree. The leaves conegpthe first
letter of ®(w) that leads to a contradiction: the predix ! (p) obtained cannot be the prefix of an infinite
Lyndon word. We will prove it by showing that there exists atéa f of w not prefix of®—*(p) such that

f < w. For clarity issues, the first letter gfis underlined inw.

O @\ ©

@ @

Figure 1: Possible cases for an even-odd alphabet

Case (1) Ifp = aaa, then

A'(w) = (a®®)%(a’b%)% - ..
Al(w) = a%®- -
AQ(w) = aa---

Sincew has the prefix.2b® and the factolf = a, it cannot be a Lyndon word.

Remark 16 Since the smallest letter of the alphabet is ever?, < a < p[3]. That allows us
to assume that?(w) starts with a block of length at leagt This argument holds foA!(w),
i > 0, and will be used for almost all the cases considered in thyep

Remark 17 In the previous case, we construst (w) from A%(w), applyingA~1 twice. We
will always proceed this way.
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Case (2) lfp = aab, then

b—

A'(w) = (a®)'z a®(bba?) "z b ..
Al(w) = a®’- .
A2(w) = bb---

w has the factof = a® smaller than its prefix®b®.

Case (3) Ifp = abaa, then

A'(w) = ((a"8")%(a"b")%)% ((a"b")"F a®(b%a") T b)% -
Alw) = (b"a)?(ba)? -

A%(w) = a"b*---

A(w) = aa---

w has the factoff = (a®?)"=" a’.

Case (4) Ifp = abab, then

A'(w) = (@) (ab®) )" T (a"B")% ((a“b%) T a®(0%a) T BY) T (ab®) T at(Bha’) Eb%a -
Al(w) = (b%a®) "z b?(ab’) 2 a’ba - -

A%(w) = a’ta---

A3(w) = bb---

w has the factof = a’b%a.

Remark 18 In the computation of ! (abab), we deduce the last letter of each line, as we did
in Example 9. This deduction will be used in further cases.

Case (5) Ifp = abb, then

AO(w) _ (abbb)b;zlgb(baaa)b’%ba”.
Al(w) = bbab--.
A2(w) = bb---

w has the factof = a’b%a®.

We conclude using Proposition 13 ii). |
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3.2 Over an even alphabet

Let us now consider the case of an alphaltétaving even letters.

Theorem 19 Over the alphabefa < b}, with « andb even, the only infinite smooth word that is also a
Lyndon word i8n 4«

Proof: We proceed similarly as in the previous subsection. The pagsibilities are illustrated in Fig-
ure 2. We will first prove that Cases (1) and (2) are impossihbbthen, we will show in Case (3) thalth
is a prefix of an infinite smooth Lyndon wordif and only if w = ®~!(ab¥) = M{a,b}-

@ 3

Figure 2: Possible cases for an even alphabet

Case (1) lfp = aax, with z € A, then

A%w) = (a"b")%(a’b")E -
Al(w) = a"b®---
A’(w) = zx

w has the factoyf = a’.

Case (2) Ifp = abax, with z € A, then

Aw) = (@) (@) ) F (@) (@ b)E)E -
Al(w) = (b%a)2(b’a")% -

A*(w) = a"b" -

A3(w) = zx---

w has the factoff = (abb?)z.

Case (3) Recall that the minimal infinite smooth worg,, ;, = ®~!(ab®) is a Lyndon word. Let us
show that for an even alphabet, it is the only smooth wordithatso a Lyndon word. In order
to prove it, let us suppose that we can wiite= ab®ay, with & > 2 maximal, since Case (2)
already excluded the possibility= 1, andy € A“. Let us first compute = ®~!(bbay), with
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y[0] =z € A. We get

A%u) = ((b'a")%(b%a")%)% (('a")? (b))% - -
Al(w) = (b%a)2 (b’ab)? ---

A%(u) = a®b"---

Ad(u) = zx---

Sincea andb are even and using Lemma 1®; ! (b*ay) can be then written as

a

$ %\z, 5 3
(vfvg )2 (vivs)

SIE]

S,

with v, = A, F72 (0Pab), vy = A, 572 (b%a%), s € A% andz € A.

Moreover, sincé ! (b*) is the maximal infinite smooth word and sinee ! (b*) (resp.® 1 (v*~'a))
is a prefix ofv; (resp.vs), we have that; > v, andwv; is not a prefix ofvs. Furthermore for
k > 2, using Equation (1) we get

Ayt () > Ay (o) <= AN (v1) < A7 (va),
that implies

A_l(v%)<A_1(v v%)
1 a \UrV3).

a

Thus®~!(ab*ay) hasthe prefix; ! (vl% vf) and the smaller factor that is not a prefix; ! (vlg ).
Consequentlyp—!(ab*ay) is not a Lyndon word. Finally, we conclude that ! (abbp’) is an
infinite smooth Lyndon word if and only i’ = b*.

The only smooth Lyndon word over an even two-letter alphab#te minimal smooth wordn 4 with
D(my) = ab”. O

3.3 Over an odd alphabet

In this section, we prove the following result.

Theorem 20 Over the alphabefa < b}, with a andb odd, there exist two infinite smooth Lyndon words
if and only ifa = 1. More precisely, the infinite smooth Lyndon words are theinmah smooth word
m1<py AT (g py).

Before proving Theorem 20, some results are required.

Lemma2l Let A = {a < b} be an odd alphabet. Leb, w’ be two finite factors of an infinite smooth
word such thatv < w" andw = zay, w’ = xby’, withz,y,y’ € A*. If |z| is even (resp. odd), then

AN (w) < AN (w') <= @< a(resp.a < a),

with a € A anda its complement.
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Proof: Assumelz| even. Them\;!(z) ends bya. By direct computation, we have the following equali-
ties:

AL (w) = A (zay) = AL (@)AT (@A (y) = AL (2)a"AZ (y)

(03

and

AL (W) = AT (aby') =AM (@)ATDAZ(W) = AL (@) AZ(Y).

[e3 « (o7 (03

ThenA; ' (w) < AZ'(w') if and only if A-!(y)[0] < a. We conclude sincé-'(y)[0] = @. A
similar argument holds fdr:| odd. O

Now, let us prove two subcases of Theorem 264 1 (Theorem 22) and = 1 (Theorem 29).

Theorem 22 Over the alphabefa < b}, with a, b odd anda # 1, there is no infinite smooth word that is
also a Lyndon word.

Proof: As in Sections 3.1 and 3.2, we proceed by inspection of tHerdifit possible prefixes df(w)
(see Figure 3) for an infinite smooth word

(1) 2

Figure 3: Possible cases for an odd alphabet, witi# 1

Case (1) lfp = aax, with z € A, then

AV(w) = (a®") T a®(bPa’) T b (ah?) T a® - --
Al'(w) = a"b*a®---
A?(w) = axxx---

Sincel < a < z andz is odd,z > 3 and thenZ;* > 1. Thus,w has the factof = a®.

Remark 23 For the same reasons as in Remark 16, we can assum&*haj starts by a block
of length at leass.

Case (2) Ifp = abx, with x € A, then

AV(w) = (a’?)"z a(b%a®) "= b (a’b?) "z b - -
Al(w) = b%a®b*---
A*(w) = axxx---

w has the factof = a®b%a®.
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Since in the3 cases, it is possible to find a factor smaller than the preféxcanclude that there is no
smooth Lyndon word over an odd alphabgtwith a # 1. O

Lemma 24 Letw be an infinite smooth word over an odd alphabet< b}, starting by the lettet (resp.
b). Then, a block ofi’'s always starts in an even (resp. odd) position and a blocksodlways starts in an
odd (resp. even) position.

Proof: It follows from the parity of the letters of the alphabet: gvblock has odd length, thus between
2 blocks there is an even number of positions. ]

Lemma 25 In the infinite smooth word) = ®~1((15)%), the blocks ob’s have all lengthl.

Proof: It is already proved fob = 3 in [BMPO07] and follows from the parity of the letters and the
alternation of the letters i (w). O

We know from [BJP08] that the minimal infinite smooth word pae odd two-letter alphabét < b}
is a Lyndon word. The next proposition shows that this is thiy anfinite Lyndon wordw over the
alphabet1 < b} such thatb(w) starts bylb.

Proposition 26 Over the alphabefl < b}, with b odd, the only infinite smooth Lyndon wardsuch that
(w) starts bylbis myi<py.

/
(16)h

Figure4: Possible prefixes qf starting by(1b)*, k > 1

Proof: Recall first that®(my,,)) = (1b)*. Let us consider all possible prefixpssuch that® ! (p)
is a prefix of an infinite smooth Lyndon word. Since we suppbsét starts bylb, let us rewritep as
(1b)*s, wherek is maximal ands € 4. We then proceed by inspection of the different possib#itisee
Figure 4).
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Case (1) Ifp = (1b)*111, let us consider the prefik~

u has the factof = 1°(b1) "=

Geneweve Paquin

1(16111) of u.

= 1°((b1) T b(1060) = 10) = (b1) "= b10b1 -
= b(1%b) T 101 - -

161 ---
= 1b-.--

1---

“b1°b1. Using Lemma 22(k — 1) times, Lemmas 24 and 25, we

conclude that the prefix does not describe a prefix of a Lyndon word.

Case (2) Ifp = (1b)*11b11, let us consider the prefik—

1(1611b11) of w.

b—1

A(w) = (1% )%) 1(((b1) "2 (1 PY) " 10) " (b1) "2 b1%) " (b1%) " b((1%1) "2 10) 2
(bbb)b 1 ( 1b( bbb) bb1

Alw) = (b1 )bz b((1 bb) 1b) (b)) T (bb) BP(1b) 77 1601 -

A2(uw) = (1b)= 1(b*1)" = 1°(b1)"= b1%- -

Ad(u) = 1°(b1)"= b1%- --

A*(u) = b1b---

AS(u) = 1b---

AS(u) = 1--

u has the factoff = 1°6(1%%) "=

Applylng Lemma 222(k — 1) times and using Lemmas 24

and 25, we conclude.

Case (3) Ifp = (1b)*11b1b, let us consider the prefik~

1(11b1b) of w.

A(w) = ((1b)°z 1b%)°2 (lb) F1(6P1) "2 10(b1) 2 b1%h - -
Alw) = (1°%) "= 1°(b1) = b1%- -

A2(u) = (b1)"z b1%---

A3(u) = 1%..

A*(u) = b--

u has the factof = 1°. Applying Lemma 21(2k) times and using Lemmas 24 and 25, we
conclude.
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Case (4) Ifp = (1b)*11bb, let us consider the prefik—1(1611bb) of u.

b

Au) = ((1°(b1)"='0)" (((b1> H(100Y) 210 (b1) " b(1%h) )%1...
Al(w) = ((b1°)= b((100%) "= (bl)_b)_(l bb)—1)”%(b1 )57 b(10%) T 10b1% - - -
A*(u) = ((1b)_1(b”) B0 T (1b) T 16P1h - -

Au) = (1°")"F 1%1--

Atu) = 1.

A5(u) he--

u has the factorf = 1°(b1)“= b(1%)"= . Applying Lemma 212(k — 1) times and using
Lemmas 24 and 25, we conclude.

Case (5) Ifp = (1b)*(1b), it is a prefix ofm; ), which is a smooth Lyndon word.

Case (6) Ifp = (1b)*b, let us considev = ®~1((16)* - (b — 1)). This word is illustrated at the left-side
of the line in Figure 5. Only the first and the last letters afleline are written. Sincé andb
are odd andb — 1) has even length, th@k — 1) first lines have even length, following that the
first and the last letters differ. The first letter at the rigltte of Figure 5 are written. Then using
Lemma 12, we get

©1(p) = 27H((16)"b) = @71((10)"(b — 1))@~ ((16)"1).

Since®~1((1b)*1) is a prefix of the minimal smooth word, it is smaller thén! ((1b)*b). We
conclude tha®—!(p) is not a Lyndon word.

Lemma?27 The WordAfl(m{Lb}) is an infinite smooth Lyndon word over the odd alphaldex b}.

2k

b=(b—1)+1

Figure5: Case (6)
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Proof: By Proposition 11 ii), we know that the minimal infinite smbavord ®~1((1b)~) is a Lyndon
word. It is then sufficient to prove that this implies th@afl(m{l,b}) is also a Lyndon word. Let us
consider a factorf of my; ;). Sincemy, ) is @ Lyndon word,m;,, < f. Then, let us compute
F=A"1(f)in Al_l(m{Lb}). There are two cases to consider.

) If mgpy = llyandf = 1by/, with y € A“,y" € A*: then from Lemma 24f[1] is in an
odd position, implying thatf starts in an even position. Thug = A7'(f) = 1°--- and
AT (myipy) = 1b1---. ConsequentlyA; ! (myy ) < F.

i) If myp = 1°z1ly ands = 1°zby’, with 2,y € A*, y € A“: then from Lemma 25, we know that
theb in s is at the beginning of a block, so it is at an odd position. lkemnore, by Lemma 24, the
block 1° starts in an even position. Thug: has odd length. Applying Lemma 21, we conclude that
Afl(m{Lb}) < F,and consequentmfl(m{17b}) is an infinite smooth Lyndon word.

Proposition 28 Over the alphabefl < b}, with b odd, the only infinite smooth Lyndon wardsuch that
®(w) starts byllis AT (my py).

Proof: Letp be a prefix of®(w). By Lemma 14, we have[0] = 1. Let us prove that the only infinite
smooth Lyndon wordy such thap starts byl 1is A;* (myq1,4y). We proceed by inspection of the different
cases illustrated in Figure 6.

o
11— \\b
_— \'
1 b (0)
1 b (3)

@) @)

Figure 6: Possible prefixes gf starting byl1

Case (1) Ifp = 1111, then

A(w) = 1(b°1%)*= b1b---
Al(w) = 1b°1--.

A%(w) = 1b---

Ad(w) = 1---

w has the factot®.
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Case (2) Ifp = 1115, then

A(w) = (1b%)"Z 1(bP1b)" = bP1 - -
Al(w) = (1b)'7 161 -

A?(w) = 1%---

Ad(w) = b---

w has the factot?.

Case (3) Ifp = 11b, then let us prove that the only smooth Lyndon warchavingp has a prefix of
O(w) is Afl(m{Lb}). To do so, we will prove thab—!(11bs) is a Lyndon word if and only
if ®~1(1bs) is so. Let us consider = ®~1(1bs) and f, a factor ofw. Let us suppose that
w is not a Lyndon word and let us show that it implies tAgt' (w) is not too. Let us rewrite
w = 1bzby andf = 1°21y’, with z, ' € A* andy € A“. There are two cases to consider.

i) If = ends byb: rewrite f = 1°2'bly’ andw = 1°2’bby. Then,w contains the factob®.
The existence of this factor i implies that there is a factar® in the word A7 (w).
Consequently, sincA; ! (w) starts bylb, it cannot be a Lyndon word.

i) If 2 ends byl: rewrite f = 1°2/11y’ andw = 1°z’'1by. By Lemma 24,f starts in an even
position. Then let us computd; ! (f) andA;*(w). Again, by Lemma 24, we have that
theb in w is in an odd position, implying that’z’1 has odd length. Using Lemma 21, we
conclude thaff < w = A7 (f) < A7 (w): A7 (w) is not a Lyndon word.

We conclude, using Lemma 27.

Theorem 29 Over the alphabefl < b}, with b odd, the only infinite smooth words that are also Lyndon
words arem; <,y and A7 m i <y

Proof: Follows from the union of Propositions 26 and 28. O

Proof: (of Theorem 20) Follows from Theorems 22 and 29. a

3.4 Over A with ¢ odd and b even

In this section, we consider infinite smooth words over ahafet{a < b}, with « odd andb even. We
prove that over this alphabet, there is no infinite smoothvtioat is also a Lyndon word. In order to prove
it, we consider two cases that have to be analyzed separatglyl anda = 1.

Theorem 30 Over the alphabefa < b}, witha # 1 odd andb even, there is no smooth infinite word that
is a Lyndon word.

Proof: There are 5 possibilities to consider, illustrated in Fegin(a).
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1 b
b ©)
1 \b

o @ 1

(A)
=
o
-

(9) (10)

(b) for the alphabef{a < b}, witha = 1 and
b=4n.

Figure 7. Possible cases

4 5)
(@) for an odd-even alphabgts < b},
with a # 1.
Case (1) Ifp = aaa, then,
A(w) =
Al(w) =
A (w) =
w has the facton®.
Case (2) Ifp = aab, then,
A°(w)
Al(w)
A*(w)
w has the factoa®.
Case (3) Ifp = aba, then,
A(w) =
Al(w) =
A*(w) =

w has the factot’b®a®

(aaba)“T’laa(beb) “gl
aaba DY

aaq - -

e
[V

= (")
bpb ...

(a"b")% -

( bbb)— b(ba a)
bea® - -

aaq - - -

ba
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Case (4) lfp = abba, then,

b,a—1

A(w) = ((a"B")(a%)%)" % (a"b")3((a®") "% a®(B0a®) T b))% (a%b7)"F a”
((b°a)? (b%a®)2) "= (Bha®)% -

Al(w) = (ba) o bb(a“b“)%aa(bbab)%bb =

A%(w) = ba%*---

Ad(w) = aaa---

w has the factoa®b%a®.

Case (5) Ifp = abbb, then,

A®w) = ((aPB%)3(a%)3)3 ((a%b?) 2" ab(b%a®) "7 b2)% - .-
Al(w) _ (bbab)%(baaa)% .

A? (w) = bbab R

A3 (w) = bb---

w has the factoa®b%a®.

In each case, it is possible to find a facfosmaller than the smooth word. Thus, there is no smooth
Lyndon word. O

Lemma 31 Letw be an infinite smooth Lyndon word over the alphafek b}, with b even. Lep be a
prefix of®(w). Thenp|0, 1] = 1b.

Proof: There are four cases to consider, illustrated in Figure 8 kligav from Lemma 14 that the Case
(0) is excluded. For the three other cases, we showlthat factor ofw, so it is not a smooth Lyndon
word.

@) &)

Figure 8: Possible cases.
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Case (1) Ifp = 1111, then,

Ad(w) = 1(b°1%)2b1---
At(w) = 1b°1---
AQ(w) = 1b-
Ad(w) = 1--

Case (2) Ifp = 1115, then,
A(w) = (1B%)%(1b)31°
Alw) = (1b)21%---
A2(w) = 1bp...
A3 (w) b--

Case (3) Ifp = 11b, then,

Aw) = (1B
Al(w) = 1%
A*(w) = b

Theorem 32 Over the alphabefa < b}, witha = 1 andb = 4n, there is no infinite smooth word that is
a Lyndon word.

Proof: Figure 7 (b) shows the different cases to consider. Lemma 8%ed to eliminate the case of a
prefix p starting by11. For each of thé6 cases, it is again possible to find a factodof! (p) in order to
prove that it is not a prefix of an infinite smooth Lyndon wordheTdetails are given in Appendix A. O

Theorem 33 Over the alphabefa < b}, witha = 1 andb = 2(2n + 1), there is no infinite smooth word
that is a Lyndon word.

Proof: Figure 9 shows the different cases to consider. Cases nenhleess or equal to6 are the same as
in Theorem 32. For the other cases, it is possible to find afac® —* (p) smaller than its prefix, implying
that the word is not a Lyndon word. The details are given in éqfix B. Again, we use Lemma 31 to
eliminate the case of a prefixstarting by11. a

4 Summary and concluding remarks

The next theorem summarizes the results of Section 3.

Theorem 34 Over any two-letter alphabet, the only infinite smooth wdtag are also infinite Lyndon
words arem s, <opy, M{1<2p+1} aNAA™! (Mg cop41y), fora, b € N\ {0}.
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(27) (13) (28)

b(21) (22) (23) (25) (26)

(19) (20)

Figure 9: Different cases for the alphabft < b}, witha = 1 andb = 2(2n + 1)

Recall that for the alphabét, 2}, it is conjectured in [BDLVO06] that any smooth factor appeiarany
infinite smooth word. A direct corollary of this conjectusethat no infinite smooth word is a Lyndon
word: there exists a minimal suffix (see [BMPQ7]), even serahan the minimal smooth word and a
prefix of this suffix must appear in any smooth word. Since waved in this paper that there is no
smooth Lyndon word over the alphaljgt 2}, our result reinforce the conjecture of [BDLVO06].

The existence of infinite smooth Lyndon words over the alets§2a < 2b} and{1 < 2b + 1} leads
to the following corollary.

Coroallary 35 Let.A be a two-letter alphabet such that= {2a < 2b} or A = {1 < 2b+ 1}. Then, any
infinite smooth words) € A does not contain every smooth factors.

It is also interesting to notice that our main result comglietharacterized the trivial finite Lyndon
factorization of infinite smooth words: the only infinite satb words that have a finite Lyndon factor-
ization composed of only one factor arg 2,25}, M{1<25+1} andA—l(m{KQbH}). It is still an open
problem to characterized infinite smooth words that haveratrigial finite Lyndon factorization. Giving
an explicit computation of the Lyndon factorization, finde infinite, of any infinite smooth words, as
Melancon did for characteristic Sturmian words [Mel08]still a challenging problem.

Finally, it would be really nice to find a simpler proof of owsult.
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A Details of the proof of Theorem 32

Case (1) lfp = 1b111, then AP(w) = 1b((b1) (bblb) 2)2 5b1%- - -
Alw) = b(1%")51b---
A%(w) = 1b°1---
AP(w) = 1b---
A4(w) = 1---
w has the factoi ®51°. ) - , ,
Case (2) Ifp = 1b11b, then Al(w) = (1°(b1)20°(1b)2) 4 (1°b)2 (1°0")2 1b- --
Al(w) = (b1°)3(b1)3501 .-
A2(w) = (1b)51%---
A3w) = 1%---
A4(w) = b

w has the facto(lbb)% 10,
Case (3) Ifp = 1b1b111, then

Al(w) = (1PB)3((1PB)F1(°1) 3 b) T ((1°6) % (16)2)% (1°0)2) %) (1°6) 3 (16°) 2 (16) 3 1% -
Alw) = (1)3(0°1)3((0°1°)3 (b1)3)3) 350 (16)3 1% - -

A2(w) = 1°((b1)3(eb1)%) 5 b1bh- -

Ad(w) = b(1%0")31p--

At(w) = 1b°1

AP(w) = 1b-

AS(w) 1

w has the facto(lbb)% (166%)3 (16)3 .
Case (4) Ifp = 1b1b11b, then

Al(w) = ((1%)3 ((1°")31(b"1%)36) % (1°0°)2 (16) 3)3 (1°(b1) 200 (10)3) ¥) 4
((1°6)% (1°6%) 3 (16) % (16) 2) ¥ (1°b) % (1°6) % (10) 2 ﬁ)%lb(bl)%bbl :

Alw) = ((b1)3(0"1)3(01°)3 (bl")b) ((b1) 352 (16)31°) T ((b1) 3 (3°1°)3) 3 b1%b -

A2(w) = (1°(b1)30°(1b)3)% (1%b)3 (1°6%)3 1b

Ad(w) = (b1%)3(b1)3001

Atw) = (1b)21%-

AS(w) = 1%-

A6(w) = b...
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w has the factof1°b) 3 ((1°6%)% (16)3)5 .

Case (5) Ifp = 1b1b1b, then

AP(w) = ( b°)

Al(w) = ((b1)36°(16)51°)% ((b1)3 (8°1%)3) 3 b1%- .-
A2(w) = (1°6)5(1%6%)31b

Ad(w) = (b1)3b1-.-

A*w) = 1%

AS(w) = b--

[N

w has the factot15) 2 (1°b%) % (1b)

Case (6) Ifp = 1b1bb111, then

Al(w) = (1) ((1°%)3 (16)%)2) 3 ((1°((b1) % (b°1°)2) 2 b((1°0") 3 (10) )3
(1°(b1)3b°(16) 3) T ((1°6) 3 ((1°") 3 (1b)*>*>5>5)51"(((

Alw) = (D173 ((bAPH)FLE01Y)2) T ((b1°)2 ((b1)2 (B17)7)

Alw) = (1°6%)3((16°)3 ((16)% (1°%)2)3) 2 1(6°1%) 3 b1

Ad(w) = BU((16)3(1°0%)3)3 1001

Atw) = (1”31

Ad(w) = 1b°1-...

AS(w) = 1b-

ATw) = 1--

w has the factol®(b1%) 3 (b1) 3 in (((b1)3 (b°1)5 )3 (b1°)5) 3.

Case (7) Ifp = 1b1bb11b, then

Geneweve Paquin

(1°6)3 (1°67) 5 (16) 3 (1) 3) ¥ ((1°0) 3 (1°6%) 3 (16) 3) 31°(b1) 2 P1 - -
b b

3)3 (b1%)3)3 (b1) 3601 .- -

b((1°6%)% (16)3)5 1% - - -

A(w) = ((1°B)3((1°6%)3 (1)3)3) 3 (1°((b1) 2 (6°1°)3) T b((1°0") 3 (16)3) %) 1
(12 (1) 262 (16) %) T ((1°6) 3 (1°6) 3 (16°) 3 (1b) 7)) ¥
((1°6)% (1°6%) 3 (16) 3) 3) 2 1°(((b1) 3 (401°)3) % (b1°) %) 3 (b1) % --
Alw) = ((b1)3(BP1°)3)3 (b(1°6")31(21%)3) 1 (b1°)3 ((bl)zb"(1b>%1b>%>%
(1) 7 (6°1°)3) Zb((170°) 7 (16) 2) 7 1°) % (((b1) 2 (b°1°) %) (b1°) %) (b1) 501 - -
Alw) = ((1%%)3 (10)3 (16)3 (1°6)%) T ((1°8%) 2 1(°1%) 30) % ((1°0%) 3 (10) 3) 2 1701 - -
Ad(w) = (B°(16)31°(b1)3)% (b°1)3 (bP1%)3 b1
Atw) = (G133
Al(w) = (1b)51%---
AS(w) = 1%--.
AT (w) b

w has the factol® (b1%) 3 (b1) 5.
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Case (8) Ifp = 1b1bb1b, then

A(w) = (((1°B)3((1°6%)% (16) 7)) T 1°(((b1) % (1°1%)2)% (b1°)2)3 (b1)% - --

Alw) = ()3 (°1°)7)36((1°6°)2 (16)7)31°) T ((b1) % (401°)2)3 (b1°)2)% (b1) 2401
Aw) = (%)) 31(6P1°)3b) 1 (10673 (16)2)3 1% -

Ad(w) = (B*1)3@P1%)3p1. ..

Atw) = (b1)30b1---

AS(w) = 1%

A(w) = b

w has the factol® (b1%) 3 (b1) 5.
Case (9) Ifp = 1b1bbb111, then

A(w) = ((1PB)3((1°6")3 (1) 2)3)7 (1°(b1) 30°(10) 2) )7 (((1°0) 3 ((1°6") 1(6°1%) 3 0) &
((1°67) 3 (16)5)2 (1°(b1) 3(16) 3) 1) T ((1°0) 2 (1°°) 2 (16) % (16) %) T
(((1%) 2 ((1°0°) 2 (16)3) %) 3 (12(b1) 267 (16) ) 7)3) 3) 3 (1°) 3 ((1°0%) 3 1(6°1%) 3 0) 7
(((1%%) % (16)%) % (1°0)3)3) 2 (1° bb> (16°)2 (16) 1% - - -

Al(w) = ((b1)3(B°1°)3)3 (b1°)2)3 ((b1) 3 (BP1)2 (B*1°)3 (b1°)2) 7 (((b1) 6P (1) 31°) 7
(1) 3 (6P17)2) 2 (b17)2)2)2) 3 (B1) 3 ((BP1) 3 ((B°1°) 3 (b1) %) 2) 200 (10) 3 1% - -

A2w) = ((1%")3(16)%)2 ((1°(b1) 262 (16)7) T ((1°0) 3 ((1°6%) 3 (16) %) 3) ) T 10((b1) % (8°1°) 3) 3b1% - - -

A¥w) = (B1°)3((b1°)3 (b1)3 (°1°)2)3)2b(1°6)) 3 1b -

Alw) = B((16)3(1%6%)3)3 1801

AS(w) = b(1°0")31p- -

AS(w) = 1b°1...

A7(w) = 1b---

AS(w) - 1...

w has trge factor .
(((10) 3 ((1°60)% (16) 2) %) 3 (1(b1) 200(16) 2)T) 2 (140) 3 ((1°0°) 3 1(b17) 3 b) T (((10%)2 (1) %) % (140)3) ) 3.
Case (10) Ifp = 1b1bbb11b, then

b
4

Al(w) = ((1°B)3((1°6")3(16)3)3)7 (1°(b1) 30°(10) 3) )7 (1°0) 7 <<1bbb>21<b" 1%)%b)
((1°6%)3 (1) 3) 2 (1°(b1) 262 (1) ) 1) T ((1°6) 3 (1°6%) 3 (16) % (16) 3) T (((1°0) 2 ((1°0%) 2 (16)3) )3 1°
(((b1) 3 (6°1°)3) 3 (b1°)3 (b1) % -

Alw) = (((b1)F(0°1%)3)7 (61°)3)3 ((b1)% (BP1)3 (B°1°)7 (b1°)3) % (b1) 26°(16)3 1) %
(((b1) 3 (6°1%)3) 3 b((1°6°) 3 (16) 3) 3 1°) 4 ) T (((b1°) 3 ((b1) 3 (B°1°)3 )3 ) 3 b(((1°6°) 3 (16)3) 5 (1) 3 )3
(1) 3) % (((16%) 7 ((16) 7 (1°6°)3) %) 3 (1(8°1°) 3 b(1°6%)3) %) 3 (16°) 7 (16) 3 1°b1 -

A2w) = ((1°6)3(1b)3)3 (1°(1) 26 (16) ) F (1°6) 3 (1°6)) T 1(°1°) 3b) 1)
(((1b)3 (1"b">%>%1(<b"1"> ek 3)300) 1 (((1b)3 (1°0%) )3 (16%)3) 3 (16) 3 1°01 -

Adw) = ((BP1°)F(b1°)% (b1)3 (1) %) T ((1°") T 1(6°1°) 20) % ((1°0°) % (16)3) % 1%1 - -

Atw) = (BP(1b)31°(b1)%)4 (B°1)5 (B1%) 3 b1
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Notice that we take\* (w) from Case (7)
w has the factot((1°5) 3 ((1°6°)3 (16)3)%) 3 10(((61) 3 (6°1%)3) 3.
Case (11) lfp = 1b1bbb1b, there are two subcases to consider.

(i) If b # 4, there are again two subcases.

(a) Ifb/4is odd, then

A°<w>—<<<1bb>ﬁ<<1bbb>%<1b> 2)3)2(1°(b1) 20°(16)2) 1) 2 (1°0) 3 ((1°") 21 (0°1°) 3 ) £
(b3 (1b> )3 (1°6)3)2) 3 (1°6) 3 (((16°) 3 ((1b) 3 (1%0%)3) %) 3 (1(8°1%) 3
(1%%)3) 1) (16°)3 ((10) 21° (bl)zbbﬁ(((lb)%(l"b") 3(1%)3)%)3 (1)
(((1°0)2 ((1°67)% (16)2) %) 2 (1°(b1) 20°(16) 2) 1) 2 (1°0) 3 ((1°") 21 (6°1°) 3 ) £
(((1°57)3 (1)) 3 (1°0))8) 3 (189 5) "5 -

Al(w) = ((B1)F(B°1°)3)% (61°)%)2 (b1) 3 (1) 3 ((4°1°)2 (1) 2) %) 20°(((10) 3 (1°87) %) 2
(16%)3 )3 (1) 3 ((1°) % ((156°) 3 (16)3)3) 3 10(((b1) % (b°1°)3) 3 (b1°)3 )3 (b1) 3
((bblﬁ((b"l")h(bl)*)*ﬁb") F((((16) 3 (1°67)2) 3 (167)%) 3 ((16) 21°(b1) 36) ©) 3
(16)% (1°5%)3 >21<b" )

A%(w) = (((1°°)2 (1) 3) 3 1°((b1) % (4°1°)3) 6) T (((1°6°) 2 (1) 2) % (1°6)) 2 (1°") 1601 - -

2)2

b

g
2b

)
A3(w) = ((B°10)3b(1°67)3 1) ((b°1°) 3 (b1)3) 3 6010 - -
At(w) = (b1)3 (5P1%) 301 - -
AP (w) = (b1)2bb
A% (w) =
AT(w) =

w has the factot1°b)(((1°6P)% (16)3 ) 3 (10b) 3) 3 (1°b0) 5.
(b) 1f b/4is even, then

b

A%(w) = (((1°6) 3 (1%0%) 3 (1b)§>h>%<1b(b1>%b"(1b>%>%>%(1"b>h(<(1"bb>%1<bb1">%b>%
(((1°6%)2 (1) 3)% (1°6))2) % (1°6°) % (((1°) 2 ((16) 3 (1°8%)2) 3) 2 (1(6°1°) 3
b(1°%)2)T)2 (16%) 3 (((1b)21‘><b1> B)E(((16)% (1°6%)2) 2 (16°)%)3) 3 (16) %) 8

((((1°6) 3 (1°0%)3 (10) 3 > )2 (1°(b1)20°(10)3) 1) 3 (1°0) 3
(1°)% (1) 2)T) 2 ((1°6) % (1°0°) 2 (16) %) 3) T 10((b1) 2 (b°1°)
Al(w) = (((b1) % (6°17)%) 3 (b1°) %) 2 (b1) 3 ((6°1) % ((bblbf(bl)%)
(((16)% (1°67) 3 )3 (16%)% ) 3 (1b) 3 (1°) 3 ((1bbb> <1b> > )710)8
(1) 3 (6P17)%) 3 (b1%) 3) 3 (b1) 357 (16) 31°) §) 3 (b1) 3 (b°1°) %) 3b(1°B*) 3 1b -

)2
)3

o

(16%)
)2b1% - - -
) b

[SI SO NS
Nlcr NIO‘

Notice that theA? (w)’s are the same as i) for 2 < i < 7.
w has the factot (1°6) 3 ((1°6%)3 (16)3)3 )3 10((61) 3 (6P1)3) 3.

(i) If b =4, there are again 3 subcases to consider.
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(a) If p= 1414441411, then

(b)

A%(w) = ((114)%((1141)%(14)%)%)211(41)247(14)%)2 (114)? ((1141)21(471%)24(((114")* (14)%)?
(114)%)%)2 (114N ((((141)2((14)* (1147))*)?1(471)24(14%)%)2 (147)2 (14)% (174)?
(114%)2)%((14%)2((14) (1141))2)? (1((411)% (41)) 4% (14)* (1147)?)? (1(4111)24(1141)?
((149%((14)2 (144932 1((A111)2(41)%)2 (41 1)?)? (471%)24(147)?1)?
((411%)2(41)%)%4%((14)* (1141)*)2 1) ((4117)2 (41)*)? (411)?)? (4"1%)?
((41%)?((41)?(4"1%)%)2)%4 - -

Al(w) = ((41)* (41112 (411)?)?(41)* ()2 (4112 (41)*)*) 241 ((((14)% (141))? (14)?)? (14)?
11(41)24%)2((14)2 (114%)%)? (1(4111)24(1147) 2 (141)2(14)* (114 *)*) ) ?1((((4"11)?
(41)?)?(411)%)(4111)24(114%)21)2((4111)%(41)*)?41 (14)2 (1141))* 1) -

A%(w) = ((1141)2(14)%)°1%((41)% (411))?4(((1141)2 (14)*)* (114)*) (1141) 2 ((141)* ((14)°
(11492))21(((4111)2(41)*)2(411))? (471%)%4(14)1)2 - -

A% (w) = (4111)24(1141)%1((411%)% (41)%)47 ((14)% (1741)?)1(((4"17)? (41)%) 2 (41 1)%)? - -
At(w) = (A1) (4*11)24(141)21((4*11)2 (41)?)? - -

AS(w) = (41)%(4* )(4414)2 o

AS(w) = 14(41) 44

AT(w) =41%4--

A8(w) = 14-

A% (w) =

w has the factoi® (414)2(41)2.

If p = 1414441414, then

Al(w) = (((1*4)%((114%)%(14)%)%)?1%(41)%4% (14)%)? (114)> ((1*4*)? 1(4*1%)%4
(((1%4%)2(14)%)%(114)%)%)2 (144%)? ((((14%)? ((14)2 (114%)%)?)?1(411%)24(1144)?)?
(14%)%(14)%(1%4)% (174%)%)?((14%)2((14)* (114%)?)?)21((4* 1) (41)*)%4* ((14)?
(114%)2)21(411%)%4(114%)? (14%)? (14)> (114)% (141) (14)?((14)* (1*41)*))*1
(((4*1%)2(41)%)%(4*1)%)? (4114)% (41%)? (41)%4*1 - .-

Al(w) = ((41)*(4*1%)%)?(41%)%)? (1) ((4* 1) ((4*1%)? (41)*)?)24* ((((14)* (1741)?)2 (14%)?)?
(14)214(41)24H2((14)2 (1%4M)2)21(4414)24(1%4)% (144)2 (14) %214 (41) %44
((14)2(1%4M2)21((4*1)2(41)?)24%4 (14)%1%4 - - -

A(w) = ((141)2(14)%)1%((41)? (4111)%)24(((174%) (14)%)%(14)%)? (114%)? (14%)?
(14)%2(1%4)%2 (144421 (4*1)%241% . ..

Ad(w) = (4*1H24(1%4H)%1((4*14)%(41)%)%244 (14)%14 (41)% (4*1)%4
Atw) = (@')2(t1h)’ (A1) 1)

AP(w) = (41)%24%(14)%1%...

AS(w) = (1%4)*-..

AT(w) = (41)%--

A8w) = 1%...

Ag(w) = 4...

w has the factoi® (414)2(41)2.
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(c) If p= 141444144, then

A% (w)

= (1"9)2((1%4%)2(14)%)%)%1% (41)4% (14)) (174)? (114%)*1 (4 11)4(((1141)%(14)*)*
(144)%))2 (114%)2 ((((141)2((14)% (114)%))21(411%)4(114%))? (14%)? (14)°
(144)%(1%4%)%)%((14)% ((14)* (1*4%)%)%)?1((4*1%)* (41)*)* (4* 1)) > (4"1%)?
((((41)2(@D2 (@' 1))*)%4(114h) %14 11))2 (41%)% (41)2 (411) (4"1%)?)? - -

= ((41)2(4"1%)%)2(411)*)2(41)* ((4*1)%((4"1%)%(41)*)?
(14%)%)(14)%1%(41)%4%)%((14) (114)%)?1((4*1)* (4

= ((1*4%)2(14)*)14((41)* (4*1%))%4((((1*4%)%(14)%)

= (124114 1(((@'1h)2(41)?)? (' )%)?)? -

= ((@'1)*((@'1h)2(41)*)?)?- -

= (41’122

= (1%4)2...

— 44...

- 4...

24 (((((14)2 (1141)2)?
1)?)%4h)?.
21?2 (114214112972 -

w has the factoi 4 (414)%(41)2.
Case (12) Ifp = 1b1bbbbd, then

AV(w) =

A%(w)

(b b) ((1°8%)3 (16)3)3)3 (1°(61) 362 (16) ) %) 3 ((1°5) % (1°0°) 3 (187) 3 (15) 3 ) %) 3
(1) ((1"bb> (1)2)2)31°((b1) 2 (°1°)3) 3 b1% - -
b
(

(((b1)7 (6°1°)3)3 (b1°)3) 3 (b1) 30°(16) 31°) 1) 7 (b1) % (b°1°)2) 3 b(1°5") 3 1b - -

(

( b
( &
(((1%’)) (1b) 5)5(16)3)3 (1%60) 5 1601 - .-
(b°1°)3 (bl) 3)3101b- -

(bblb)

bb

b

w has the factof(176) 3 (1763 (16) )3 )5 15(b1) 2 (bP1°) 5.
Case (13) Ifp = 1bb111, then from Case (6), we have

A%(w) = (1°6)((16°) % ((16)3 (1°6")3) %) 2 1(5°1°) 3b1 - - -

w has the facto(lbbb)%l(bblb)%.
Case (14) lip = 1bb11b, using Case (7), we get
A%(w) = ((1°6%) (16°)% (16) 2 (1°6) %) F ((1°6%) T 1(6°1°) 20) ¥ (1°°) % (16) 3) 5 1°01 - -
w has the factof1°5) 2 .
Case (15) Ifp = 1bblb, using Case (8), we get

w has the factoi®61°.

Case (16) Ifp = 1bbb, then

Al(w) = ((1%)F1(6P1%)30) T ((1°69)% (16)2)5 1%
AO(w) = ((1%6%)%(16)3)31%1 ...
Alw) = (B*1%)3p1--
A2(w) = BU1--
Ad(w) = b---

w has the factoi *b1.
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B Details of the proof of Theorem 33

Case (17) lfp = 161101, then

Ao(w) _ 1b(b1)2n+l(bb(1b)2n+1 lb(b1)2n+l)n(bb1)2n+l(bblb)2n+lb1bb_ ..
Al(w) = (12"t (b1)2n b0 15 ..

A2(w) = (@1b)2ti1%1...

A3(w) = 1%1.--

A*(w) = bl---

A5(w) = 1...

w has the factoi®61°.

Case (18) Ifp = 1b11bb, then

A (w)

(1b(b1)2n+1(bb(1b)2n+1 1b(b1)2n+l)n((bb1)2n+1((bblb)2n+l(b1)2n+1)2n+1)2n+1)2n+1
bb(lb)2n+1(1bbb)2n+1 .

((blb)2n+1 ((b1)2n+1 (bblb)2n+l)2n+1)2n+1b(1bbb)2n+l 1b--.
((1b)2n+1(1bbb)2n+1)2n+1 1601 ...

(1%p)2nt11p. ..

b1

b---

w has the factoil?b16° (16)1° if n = 0 and1®(b1)27 1 (B012)2n+1 in ((B010)2n+1(p1)2n+1)2n+ 1 jf o £ 0,

Case (19) Ifp = 161611511, there are two subcases to consider.

(i) If b= 2, then
Al(w) = 1121122122112122121122122121121122122112122122112112122112112212 - - -
Al(w) = 21221221121122121121221221121221211221221 - - -
A%(w) = 112122122112112122112112212 - - -
Ad(w) = 21121221211221221 - -
At(w) = 12112112212---
AS(w) = 1121221---
AS(w) = 2112
Al(w) = 12---
A8(w) = 1---

w has the factoi 121121.
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(i) If b#2,thenn # 0and

A(w) =

(1 )2n+1(1bbb)2n+11((bblb)2n+lb(1bbb)2n+11)n((bblb)2n+1(b1)2n+1)2n+1bb(1b)2n+1

(1 (b1)2n+1bb(lb)2n+1)n(1bb)2n+4(1bbb)2n+11((bb1b)2n+1b(1bbb)2n+11)n)n
((bblb)2n+1(b1)2n+1)2n+1bb(((1b)2n+l(1bbb)2n+1)2n+11((bb b)2n+1(b1)2n+1)2n+lbb)n
(((1b)2n+1(1 bb)2n+1)2n+1(1bb)2n+l)2n+l((1b)2n+l(1 b)2n+1((1bbb)2n+l(1bb)2n+1(1b)2n+1
(1 )2n+1) (1bbb)2n+11((bblb)2n+lb(1 bb)2n+1 ) ((bb )2n+1(b1)2n+1)2n+1bb
(((1b)2n+1(1 bb)2n+1)2n+11((bb )2n+1(b1)2n+1)2n+1bb)n(((1b)2n+1(1bbb)2n+l)2n+l

(1 )2n+1)2n+1) (1b)2n+1(1b )2n+1((1bbb)2n+1(1bb)2n+1(1b)2n+1(1bb)2n+1) (1bbb)2n+11
(( ]p)2n+1b(1 HU2n+J )n((aﬁlb)2n+l(b1)2n+1)2n+1(bb )2n+1)2n+1(aﬁlb)2n+lb

((1 bb)2n+1 (bblb)2n+lb)n((1bbb)2n+1(1b)2n+1)2n+1(1bb)2n+1)2n+1(1bbb)2n+11

(( 16)2n+1b(1 bb)2n+1 ) ((bb b)2n+1(b1)2n+1)2n+1(bb1)2n+1)2n+1)n((bblb)2n+l

(b )2n+1((b1)2n+1(bb )2n+1(bblb)2n+1(blb)2n+1)n((b1)2n+1bb((lb)2n+11b(b1)2n+lbb)n
(b1)2n+1(bb )2n+1((bblb)2n+l(b1 )2n+1(b1)2n+1(b61)2n+1)n(bblb)2n+lb((1bbb)2n+11
(bblb)2n+lb) ((1 bb)2n+1(1b)2n+1)2n+1(1b(b1)2n+l(bb(1b)2n+11b(b1)2n+1)n(bbl)2n+1
(bbl )2n+1b((1bbb)2n+11(bblb)2n+1b)n((lbbb)2n+l(1b)2n+1)2n+1)n16(b1)2n+1(bb(lb)2n+1 lb
(b )2n+1)n((bb )2n+1((bb b)2n+1(b1)2n+1)2n+1)2n+1(bb(1b)2n+1(1b(b1)2n+1bb(1b)2n+1)n
((1 b)2n+1((1bbb)2n+1(1b)2n+1)2n+1)2n+11b(b1)2n+1(bb(lb)2n+4 (b1)2n+l)n((bb1)2n+l
((bblb)2n+1(b1)2n+1)2n+1)2n+1)nbb((1b)2n+1(1 bb)2n+1)2n+11bb

1 (b1)2n+1(bb(1b)2n+l1b(b1)2n+1) (bb )2n+1(bb )2n+1((blb)2n+l(b1)2n+l(bb1)2n+l
(bblb)2n+l) ((blb)2n+1((b1)2n+1(bblb)2n+l)2n+1)2n+1b(1bbb)2n+l 1b---
(blb)2n+1(b1)2n+lbb((1b)2n+1lb(b1)2n+lbb)n((1b)2n+1(1bbb)2n+l)2n+11bbl
(1b)2nf+1(lbb)2n4-1(1bbb)2nf+11b___

1°(1)2"1p1 - -

b1% -

1b---

1.--

w has the factoi? (b1°)2n+1 (p1)2n+1,

Case (20) lfp = 1b1b11b1b, there are two subcases to consider.

(i) If b= 2, then

AO(w) =

1121122122112122121122122121121122121121221221121121221121122121121221221121 - - -
21221221121122121121221121121221211221221121121221 - - -
112122122112112212112112212212112 - - -

211212212211212212112 - - -

12112122112112 - - -

112112212 - - -

21221 ---

112 .-

2...

w has the factoil121122121.
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(i) If b#2,thenn # 0and

A°(w)

A2 (w)
A3 (w)

4

>

w)
5

>

w)

>

7

>

w)
8

(
(
O (w)
(
(

>

w)

b )2n+1(1bbb)2n+l1((bb1b)2n+lb(1bbb)2n+11)n(((bb b)2n+1(b1)2n+1)2n+1bb(1b)2n+1(1b
bl )2n+1bb(1b)2n+l) (117 )2n+1(1bbb)2n+l1((bb1b)2n+lb(1 bb)2n+11) )n

(1
(
((bblb)2n+1(b1)2n+1)2n+1bb(((1b)2n+l(1 bb)2n+1)2n+11((bb b)2n+1(b1)2n+1)2n+lbb)n
((((1b)2n+1(1bbb)2n+1)2n+l(1bb)2n+l)2n+1(1b)2n+1(((lbb)2n+l((1bbb)2n+1
(1b)2n+1)2n+1)2n+1 1b .
(b1)2n+1(bb1)2n+1((bblb)2n+l(blb)2n+1(b1)2n+1(bb1)2n+1)n(bblb)2n+lb((1bbb)2n+11
(bblb)2n+lb)n(((1bbb)2n+l(1b)2n+1)2n+11b(((b1)2n+1(bb1b)2n+1)2n+1b((1bbb)2n+1
(1b)2n+1)2n+11b)n
— 1b(b1)2n+1(bb(1b)2n+l1b(b1)2n+1)n(bb )2n+1((bb b)2n+1b((1bbb)2n+11(bb1b)2n+lb)n
((1 bb)2n+1(1b)2n+1)2n+1 1b(b1)2n+1(bb(1b)2n+1 1b(b1)2n+1) (bb1)2n+l)n .
(b )2n+1(b1)2n+1((bb1)2n+l(bb1b)2n+1(b1 )2n+1(b1)2n+1) ((bb1)2n+l
((bblb)2n+1(b1)2n+1)2n+1)2n+1bb(1b)2n+11 b-
(1b)2n+1 1b((b1)2n+1 bb(lb)2n+1 1b) ((b1)2n+1(bb )2n+1)2n+1b1bb. .
(1 b)2n+1(1bbb)2n+11b
( )2n+1bb

1b

b-

b-

w has the factof1°b)27+1 (10p0)27+1 (1p)2n+1,

Case (21) lfp = 1b1b11bb, there are two subcases to consider.

(i) If b = 2, there are again 3 subcases:

(@) Ifp= 1212112211, then

Al(w) = 11211221221121221211221221211212211211221221211221221121221211
211221221211221221121221221121122121121221 - - -

Al(w) = 21221221121122121121122122121122122112112122121122122112122122122
112112 - -

A?(w) = 11212212211212212112212212112112212211212212 - - -

A3(w) = 21121221121122121121221221121 - - -

At(w) = 1211221221121121221 - -

AP(w) = 112212212112---

AS(w) = 2212112---

AT(w) = 2112---

A8(w) = 12---

Aw) = 1---

w has the factoi 1211221211.
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(b) If p= 1212112212, then

A(w) = 112112212211212212112212212112122112112212212112212211212212112
112212211212212211211212211211221221211211221211 - - -

Al(w) = 212212211211221211211221221211221221121121221
2211212212112212212112122112112212212112 - - -

A(w) = 11212212211212212112212212112122112112212112112212212112 - - -

Ad(w) = 2112122112112212112112212211212212112 - - -

At(w) = 121122122112122122112112 - --

AS(w) = 112212211212212 -

AS(w) = 221221121 ---

AT(w) = 21221---

A8(w) = 112-.

AP(w) = 2---

w has the factoil 121121.
(c) If p=121211222, then

A(w)

A% (w)

= 112112212211212212112212212112122112112212212112212211212212211211
21221211221221121 - - -

= 212212211211221211211221221211221221121221211211221221 - - -

= 11212212211212212112212211211212212 - - -

= 21121221121122122121121 - - -

= 121122122121121 - -

= 1122121121 --

= 221121---

= 221--

= 2...

w has the factoi 121121.
(i) If b#2,thenn # 0and

A% (w)

o
I
EEEEE

AT(w)

((1bb)2n+l(1bbb)2n+11((bb1b)2n+1b(1bbb)2n+l 1)n(((bb1b)2n+l(b1)2n+1)2n+1
bb(lb)2n+l(lb(b1)2n+lbb(1b)2n+l)n(lbb)2n+1(lbbb)2n+l1((bb1b)2n+lb(1bbb)2n+1l)n)n
((bblb)2n+1(b1)2n+1)2n+1bb(((lb)2n+l(1bbb)2n+1)2n+11((bb1b)2n+l(b1)2n+1)2n+1
bb)n(((lb)2n+l(lbbb)2n+1)2n+l(1bb)2n+l)2n+1(lb)2n+1lb((b1)2n+1bb(1b)2n+11b)n(((b1)2n+l
(bblb)2n+l)2n+1(blb)2n+1)2n+1(b1)2n+lbb((1b)2n+1 lb(b1)2n+l bb)n .
((b1)2n+1(bb1)2n+l((bblb)2n+1(blb)2n+1(b1)2n+l(bb1)2n+1)n(bblb)2n+lb((1bbb)2n+1
1(bb1b)2n+1b)n(((1bbb)2n+1(1b)2n+1)2n+1(1bb)2n+1)2n+1)2n+1 .

(lb(b1)2n+l (bb(lb)2n+l lb(b1)2n+1)n((bb1)2n+1((bblb)2n+1(b1)2n+1)2n+1)2n+1)2n+1 .
((blb)2n+l((b1)2n+l(bblb)2n+1)2n+l)2n+l .

((lb)2n+1(1bbb)2n+l)2n+1 .

(lbbb)2n+l .

o

w has the factoi? (b1°)2n+1 (p1)2n+1,
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Case (22) lfp = 1b1b1b11, there are two subcases to consider.

@) If b= 2, then

Al(w) = 11211221221211221221121221221121122121121221 - - -
Al(w) = 2122121122122112122122112112 - -

A?(w) = 112112212211212212 - --

A3(w) = 21221221121 ---

A*(w) = 1121221---

AS(w) = 2112---

AS(w) = 12---

ATw) = 1--

w has the factoil121122121.

(i) If b+# 2,thenn # 0and

A(w)

Al(w)

%

w

=

w
4

>

g

NN N N

>

g

6

>

w
7

>

(
(
(
*(
(
(

w)

(lbb)2n+1(lbbb)2n+1((lbb)2n+1(1b)2n+l(1bb)2n+1(lbbb)2n+1)nl(bblb)2n+1(b(lbbb)2n+1
l(bblb)2n+1)n(blb)2n+1((61)2n+1bb((1b)2n+1 lb(b1)2n+1bb)n((1b)2n+1(lbbb)2n+1)2n+1
l(bblb)2n+1(b(1bbb)2n+l1(bb1b)2n+1)n(b1b)2n+l)n o

(b1)2n+1bb((1b)2n+1 1b(b1)2n+1bb)n(1bb)2n+1(lb)2n+1((lbb)2n+1(lbbb)2n+1(1bb)2n+1
(lb)2n+1)n((1bb)2n+l((1bbb)2n+1(lb)2n+1)2n+1)2n+1 lb(b1)2n+lbb1 .

(lbb)2n+1 (lb)2n+1 1b((b1)2n+1 bb(lb)2n+1 lb)n((b1)2n+1 (bblb)2n+1)2n+lb1bb .
(b1)2n+1(1bb)2n+1(1bbb)2n+11b___

1°(b1)2n b ..

b1%%- - -

1b---

1.--

w has the factol® (b10)27+1 (p1)2n+1,

Case (23) Ifp = 1b1b1b1b, there are two cases to consider.

(i) If b =2, then
Al(w) = 11211221221211221221121221211211221211212211211212212 - - -
Al(w) = 21221211221221121121221121122121121 - --
A2(w) = 11211221221211221221121 - - -
Ad(w) = 21221211221221---
A*(w) = 112112212---
AS(w) = 21221---
AS(w) = 112---
ATw) = 2---

w has the factoil121121.
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(i) If b2, then

Ao(w) — ( )2n+1(1bbb)2n+1((1bb)2n+1(1b)2n+1(1bb)2n+1(1bbb)2n+1)n((lbb)2n+1((1b)2n+1
(1 bb)2n+1)2n+1)2n+1( ((bblb)2n+1(b1)2n+1)2n+1(bb((1b)2n+1(1bbb)2n+1)2n+11((bb1b)2n+1
(b1)2n+1)2n+1)nbb(1b)2n+1(1b(b1)2n+1bb(1b)2n+1) (1bb)2n+1(1bbb)2n+1((1bb)2n+1
(1b)2n+1(1 b)2n+1(1bbb)2n+1) ((1bb)2n+1((1b)2n+1(1bbb)2n+1)2n+1)2n+1)n1((bb1b)2n+1
(b1)2n+1)2n+1(bb((1b)2n+1(1 bb)2n+1)2n+11((bb1b)2n+l(b1)2n+1)2n+1) bb(lb)2n+1
(1 (b1)2n+lbb(1b)2n+l) @ bb)2n+1((1 bb)2n+1(1b)2n+1)2n+1)2n+1.._

Al(w) — (b1)2n+1bb((1b)2n+11 (b1)2n+1bb) ((1b)2n+1(1bbb)2n+1)2n+1(1(bb1b)2n+1(b(1bbb)2n+11
(bblb)2n+1) (bl )2n+1(b1)2n+1bb((1b)2n+11b(b1)2n+1bb)n((1b)2n+l(1bbb)2n+1)2n+1)n
1(bb1b)2n+1(b(1bbb)2n+l 1(bb b)2n+1)n((b1b)2n+1((b1)2n+1(bb b)2n+1)2n+1)2n+1 ..

AQ(w) — (1bb)2n+1(1bbb)2n+1((1bb)2n+1(1b)2n+1(1 b)2n+1(1bbb)2n+1) ((1bb)2n+1((1b)2n+1
(1 bb)2n+1)2n+1)2n+1 1(bb1b)2n+1b1 L

Ad(w) = (b1)*"TIeP((1b)* 110 (b1)2n+1bb) ((1p)mH1 (10pP)2ntt)2ntiypby ...

Atw) = (1P (1) b

AS(w) = (b1)*"H1bl1- .

AS(w) = 1bb---

ATw) = b---

w has the factof1°p)2n+1 (10p0)27+1(1p)2n+1,
Case (24) lfp = 1b1b1bb, there are two subcases to consider.
@) If b=2,then

Al(w) = 11211221221211221221121121221211221221 - - -
Al(w) = 212212112212212112112212 - - -

A2(w) = 1121122121121221 ---

Ad(w) = 2122112112 --

At(w) = 112212---

AP(w) = 221---

A6(w) = 2...

w has the factoi 121121.
(i) If b#£2,then

Ao(w) — ((lb )2n+1(lbbb)2n+1((1bb)2n+1(lb)2n+1(lbb)2n+1(1bbb)2n+1)n((1bb)2n+1((lb)2n+1
(lbb )2n+1)2n+1)2n+11(bb b)2n+1(b(lbbb)2n+11(bblb)2n+1)n((b1b)2n+1((b1)2n+1 o

Al (w) = ((b )2n+1bb((1b)2n+1 1b(b1)2n+1bb) ( (1b)2n+1(lbbb)2n+1)2n+1(1bb)2n+1)2n+1)2n+1 L

A2(w) =  ((1°B)2PHL((10b0)2nH (1p)2n )2ty

A3(w) _ ((b )2n+1(bb )2n+1)2n+1 L

A4(w) — (1 bb)2n+1 .

Ad(w) = B

AS(w) = b
w has the factoil? (b1°)2n+1 (p)2n+1,

Case (25) lfip = 1b1bb111, there are two subcases to consider.
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(i) If b= 2, there are again 2 subcases to consider.

(@) Ifp= 121221111, then

Al(w) = 1121122121121221121122122121122122112122122112112122 - - -
Al(w) = 212211211221221211221221121221211211221221 - - -

A(w) = 112212212112212211211212212 - --

A3(w) = 22121122122121121 - -

A*(w) = 21122121121 -

AS(w) = 1221121---

AS(w) = 1221---

AT(w) = 12--

Ag(w) = 1---

w has the factoi 121121.
(b) If p=121221112, then

A% (w)

= 11211221211212211211221221211221221121221221121122121121221221121121 ---
= 212211211221221211221221121221221121121221211221221 - - -

= 112212212112212211212212112112212 - --

= 221211221221121121221 - - -

= 2112212212112 ---

= 12212112 --

= 12112---

= 2...

w has the factoil 121121.

(i) If b 2, then

A%(w)

Al(w)

>
N

w)

>
w

w)

)

4

>
g

>
g

6

>

w

=

7

>

(
(
(
%(
(
(

w)

((1bb)2n+1((1bbb)2n+1(1b)2n+1)2n+1)2n+1(1b((b1)2n+1(bblb)2n+1)2n+1(b((lbbb)2n+1
(1b)2n+1)2n+11b((b1)2n+1(bblb)2n+1)2n+1)nb(1bbb)2n+1(1(bb1b)2n+1b(1bbb)2n+l)n
((1bb)2n+1((1b)2n+1(1bbb)2n+1)2n+1)2n+1(1(bb1b)2n+1(b(1bbb)2n+l 1(bblb)2n+1)n
((blb)2n+l((b1)2n+l(bblb)2n+1)2n+l)2n+l .
((b1)2n+1(bblb)2n+1)2n+1(b(lbbb)2n+1(1(bb1b)2n+1b(lbbb)2n+1)n((1bb)2n+l((1b)2n+1
(1bbb)2n+1)2n+1)2n+1)2n+1 1((bb1b)2n+1 (b1)2n+1)2n+1bb1b ..
(1bbb)2n+1((1bb)2n+1((1b)2n+1 (1bbb)2n+1)2n+1)2n+1 1(bb1b)2n+1b1 ..
bb((lb)2n+1(1bbb)2n+1)2n+1 151 - .-

b(1°b°)2 b

16°1 - -

1b---

1---

w has the factoi® (b1°)2n+1 (p1)2n+1,

Case (26) lfp = 1b1bb11b, there are two subcases to consider.
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(i) If b=2,then

Al(w) = 112112212112122112112212212112122112112122122112 - - -
Al(w) = 21221121122122121121122121121221 - - -

A2(w) = 112212212112122112112 - --

Ad(w) = 2212112112212 -

At(w) = 21121221--.

AP(w) = 12112---

Ab(w) = 112--.

A7(w) = 2...

w has the factoi 121121.

(i) If b# 2, then
AO(’LU) — ((1bb)2n+1((1bbb)2n+1(1b)2n+1)2n+1)2n+11b((b1)2n+1(bblb)2n+1)2n+1
(b((lbbb)2n+1(1b)2n+1)2n+11b((b1)2n+1(bblb)2n+1)2n+1)n(b(1bbb)2n+1(1(bb1b)2n+1b
(1bbb)2n+1)n(1bb)2n+1(1b)2n+1((1bb)2n+1(1bbb)2n+1(1bb)2n+1(1b)2n+1)n((1bb)2n+1
((1bbb)2n+1(lb)2n+1)2n+1)2n+1lb((b1)2n+1(bblb)2n+1)2n+l(b((lbbb)2n+1(lb)2n+1)2n+11b
((b1)2n+1(bblb)2n+1)2n+1)n)nb(1bbb)2n+1(1(bb1b)2n+1b(lbbb)2n+1)n(1bb)2n+1((1b)2n+1 1b
((b1)2n+1bb(1b)2n+l lb)n((b1)2n+l(bblb)2n+1)2n+1b(1bbb)2n+1(1(bb1b)2n+1
b(lbbb)2n+l)n(lbb)2n+l)n(1b)2n+1 1b((b1)2n+1bb(1b)2n+l 1b)n(((b1)2n+1(bblb)2n+1)2n+1
(b1)2n+1(bblb)2n+1)2n+1b(1bbb)2n+1(1(bb1b)2n+1b(lbbb)2n+1)n((1bb)2n+1(1b)2n+1 1b
(b1)2n+1bb(1b)2n+1 1b)n((b1)2n+1(bblb)2n+1)2n+1b(1bbb)2n+1(1(bb1b)2n+1b(1bbb)2n+l)n)n
1bb)2n+1(1b)2n+1((lbb)2n+1(lbbb)2n+1(1bb)2n+1(1b)2n+1((1bb)2n+1((1bbb)2n+1
1b)2n+1)2n+1)2n+11b(b1)2n+1bb1
1bbb)2n+1(1bb)2n+l((1b)2n+1(lbb)2n+1(1bbb)2n+1(1bb)2n+1)n(1b)2n+1 1b((b1)2n+1
bb(lb)2n+1 1b)n((b1)2n+1 (bblb)2n+1)2n+1b1bb .
)
2

(
(
(
(
(
(

=

_ bb(lb 2n+1(1b(b1)2n+1bb(lb)2n+1)n(lbb)2n+1(1bbb)2n+11b___
= (b1%)ZHi(p1)2nF1pby ...

= (1b)2"*+11%p...

= 1%...

w) = b

>
[S

> b
P g
g

>
%

w has the facto® (1°)2n+1 (p1)2n+1,

Case (27) lip = 1b1bbb, there are two subcases to consider.

blb)2n+1)2n+1(b1)2n+1bb((1b)2n+1 1b(b1)2n+1bb)n(((1b)2n+l(lbbb)2n+1)2n+1(1bb)2n+1)2n+1 .
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(i) If b2, then

AO(w) = ((1bb)2nH1((1bpP)2n+1(1p)2nt1)2n+1)20411b 1) 2041 (pb(1p)2n+1 16 (p1)2n+1 0
(((BP1)27F1 (b0 10) 201 (p1)2n+1 )20k 1) 20+ 1 b (1) 2041 (1D (1) 2n+1pb (1p)2n+1yn
((10B)2P 1 ((1050)2n+1 (1p)2n+1 )20t 1) 2041 1D (1) 201 (5 (1) 2n+1 1D (p1) 20t 1ynyn
(bP1)27 1 (b0 1) 20+ 1p1bp .

Alw) = (((b1)2n+1(bblb)2n+1)2n+1(blb)2n+1)2n+l(b1)2n+1bblb

Alw) = (( bb)2"+1(1b)2”+1)2”+11bb1

Atw) = (17261

At(w) = b1

A5(w) = b

w has the factor

((lbb)2n+1((1bbb)2n+l(1b)2n+1)2n+1)2n+1 1b(b1)2n+1
(bb(lb)2n+1 1b(b1)2n+1)n)n(bb1)2n+1(bblb)2n+lb1b.

(i) If b = 2, there are again 3 subcases to consider.

(@) Ifp = 12122211, then

Al(w) = 11211221211212212211211221211212211 - - -
Al(w) = 21221121121221221121122 - -

A%(w) = 112212112122122 ...

Ad(w) = 2211211212---

A*t(w) = 221211--.

AP(w) = 2112---

Ab(w) = 12--

AT(w) = 1---

w has the facto 1211221211212211.
(b) If p = 12122212, then

A(w) = 1121122121121221221121122121121122122 - --
Al(w) = 212211211212212211212212 - --

A%(w) = 11221211212211211---

Ad(w) = 22112112212 --

Atw) = 2212211

AP(w) = 2122--.

Ab(w) = 112--

ATw) = 2---

w has the factoi 1211221211211.
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() If p= 1212222, then

Al(w) = 11211221211212212211211212211 - - -
Al(w) = 2122112112122121122 - -
A?(w) = 1122121121122---
A3(w) = 22112122---
At(w) = 22112---
Ad(w) = 221---
AS(w) = 2...
w has the factol 121121.
Case (28) Ifp = 1bb11b, then
AO(w) — (1bbb)2n+1(1bb)2n+l((1b)2n+l(1bb)2n+1(1bbb)2n+1(1bb)2n+1)n(1b)2n+11b
((b1)2n+1 bb(lb)2n+l 1b)n((b1)2n+l (bblb)2n+l)2n+lblbb .
Al(w) = ()T (b(b1)> HeP (1p)> )™ (1P6)2 1 (1080) 2 b -
A%(w) = (b1%)2nTI(p1)2n gy ...
Ad(w) = (1)1 ..
Atw) = 1%--.
A5(w) = b

w has the factoi?51°.
Case (29) lfp = 1bb1b, then

A0(w) = (10bb)ZrHlp((p01b)2nt1p(10p0)2n+11)n((pb10)2nt1 (p1)2nt1)2n+1pb1p ...
Al(w) = (B°1)2F1(pb10)2n+1p1. ..

A%(w) = (b1)**tipb1...

A3(w) = 1%b---

A*(w) = b---

w has the factoi b1.



