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A divergent generating function that can be
summed and analysed analytically

Svante Janson
Department of Mathematics, Uppsala University, PO Box 480, SE-751 06 Uppsala, Sweden
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We study a recurrence relation, originating in combinatorial problems, where the generating function, as a formal
power series, satisfies a differential equation that can be solved in a suitable domain; this yields an analytic function
in a domain, but the solution is singular at the origin and the generating function has radius of convergence 0. Nev-
ertheless, the solution to the recurrence can be obtained from the analytic solution by finding an asymptotic series
expansion. Conversely, the analytic solution can be obtained by summing the generating function by the Borel sum-
mation method. This is an explicit example, which we study detail, of a behaviour known to be typical for a large
class of holonomic functions. We also express the solution using Bessel functions and Lommel polynomials.

Keywords: recurrence, divergent generating function, Borel summation, Bessel functions, Lommel polynomials,
holonomic function

1 Introduction

Consider the recurrence relation
Ap+1 +ap—1 = (om + ﬁ)anv n Z 1; (11)

where « and (3 are given real (or possibly complex) numbers, and with initial values ag = 0, a; = 1, say.
We assume o # 0. (Otherwise, this is a linear recurrence with constant coefficients and the solution is
well known. See e.g. Flajolet and Sedgewick: (2008, Section IV.5.1).)

Recurrence relations of this type appear in several contexts, see e.g. Renlund| (2009+), |Parviainen and
Renlund|(2010+) and the sequences A053983, A053984, A058797, A058798, A058799 in|Sloane| (2008);
further examples from Sloane| (2008) are given in TableE}

The recurrence is easily solved using Bessel functions, see the references above; for completeness
we give this solution in Appendix[A] The present paper originates in an attempt to understand this solution
using generating functions.

Define thus the generating function

A(z) = Zanz”. (1.2)
n=0
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It is easily seen that (T.I) with ag = 0 and a; = 1 is equivalent to the differential equation (cf. the general
formulas in Section [3))

2TVA(2) + 2A(2) = azA' (2) + BA(2) + 1 (1.3)
or
az?A'(2) = (14 22 — B2)A(z) — 2. (1.4)
This differential equation is singular at 0. For z # 0 it can be written
A@)—(a'2?=Ba 27 +a )A(R) +a 27 =0. (1.5)

We write, for convenience, v := 3/« and find the integrating factor H(z) := exp(a~t27! + vlogz —

a~12) and the solution, in any given simply connected domain not containing 0, where we may choose
any zo in the domain and C'is an arbitrary constant,

Cv71 z0
A(z) = H(Z)/Z w™H(w) dw + Hc('z)

20
= a’lz’”efa_l/”a_lz/ wr e wmaTlw gy + C’z*”e*a_l/”a_lz. (1.6)
z

The standard procedure to find the coefficients from the generating function is to find the Taylor
coefficients at 0: a,, = D™ A(0)/n!. (See, e.g., Flajolet and Sedgewick! (2008) where this is described and
developed in detail.) But here this breaks down because A(z) is (in general) singular at 0. In fact, except
in exceptional cases, the coefficients a,, increase so rapidly that the sum (I.2)) has radius of convergence
0; i.e., the sum (T.2) diverges for every complex z # 0, and there is no analytic function A(z) in any
neighbourhood of 0 that satisfies (I.5). (See Remark[A.4]) Hence, should be interpreted as a formal
power series, and in this sense (1.3)) and hold and determine A(z).

Nevertheless, we have in (I.6) found a solution (or, more precisely, a family of solutions) A(z) to
(T:3) that is a function of a real or complex variable, and it is natural to ask in what way this solution
represents the sequence (ay, ), and if one can recover (a,,), from A(z). We shall see that indeed there
is a strong connection (at least if we choose the right solution, or restrict ourselves to a suitable domain):
A(z) has an asymptotic expansion A(z) ~ > anz™ as z — 0. (Recall that this means that A(z) =
Zg:o anz" + O(zN*t1) as z — 0 for every N > 0, but does not imply convergence of the infinite
sum, see e.g., |[Flajolet and Sedgewick! (2008} Section A.2).) Further, we will find a,, explicitly from this
expansion. Moreover, although A(z) is not analytic at 0, there is a solution A(z) of that is infinitely
differentiable on the entire real line, including 0, and the derivatives at 0 are a,,n! as expected. We shall
also see that although the sum ), a,,2" diverges, it can be summed by (a version of) the Borel summation
method (Hardy} [1949) for every z € C \ (0, c0). We can thus define the generating function A(z) in this
domain by (1.2), interpreted as a (generalized) Borel sum, and this function A(z) satisfies (T.3)-(T.3),
and thus for some choice of zy and C. (In fact, we can take zy = 0 with some care in the path of
integration in (I.6)), and then C' = 0.)

We shall prove these results for a somewhat larger class of recurrence relations in Sections [3|and[d] We
then use this and (I.6) to find a simple formula for a,, in Section[5} The appendices give another formula
for a,, using Bessel functions, and connect the two solutions.

As mentioned in |Flajolet and Sedgewick! (2008, Note A.10), the possibility to define a divergent formal
power series as a function having the right asymptotic expansion goes back to|Euler|(1760); he considered
a simpler example that we will treat in detail in Section 2] before studying the general case.
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The generating function studied in this paper is an example of the class of holonomic functions, see
Flajolet and Sedgewick]| (2008, Appendix B.4) for an introduction. Related and much more general results
can be found in the books by [Balser| (1994, |2000); see further, e.g., Balser, Braaksma, Ramis and Sibuya
(1991), Braaksma| (1991), Martinet and Ramis| (1991), Malgrange and Ramis| (1992)), and [Ramis|(1993).

Remark 1.1. By a theorem of Borel (1895)), see also |Carleman| (1926, Ch. V), given any sequence (a.,),
there exists a C'>° function on R with these numbers as Taylor coefficients at 0, and thus the asymptotic
expansion Zn anz™ there; moreover, we may choose the function so that it is analytic in, e.g., a given
sector D in the complex plane, with the given asymptotic expansion as z — 0 in D. Hence, the existence
of a function (and, indeed, infinitely many functions) representing a given sequence by an asymptotic
expansion is well-known. The special feature in the problem discussed in this paper is the possibility to
find such a function explicitly and to use it to find a formula for a,,.

Acknowledgement. This research was partly done during a visit to the programme “Combinatorics and
Statistical Physics” at the Erwin Schrodinger International Institute for Mathematical Physics in Vienna,
2008. The paper was presented at the colloquium for Philippe Flajolet’s 60th birthday in Paris, December
2008. I am grateful both to several participants at these meetings, including Philippe Flajolet, and to
Henrik Renlund for interesting comments and references.

2 A simple example
Let us first study a simpler recurrence where we easily can see in detail what happens:
b, =nbp_1, n>1, with by = 1. 2.1

The solution is obviously b,, = n!, but let us ignore this fact and try to find b,, through the generating
function B(z) = >, b,2". Since the series diverges for any complex number z # 0, we regard B(z)
as a formal power series. We have

o0 oo o0 oo
Z nby_12" = Z(n +1)b, 2"t = Z nb, 2"t + Z b,z
n=1 n=0 n=0 n=0

= 22B'(2) + 2B(2),

so (2.1)) is equivalent to
B(z) =1 =2*B'(2) + 2B(2) (2.2)

or
B'(2)=(2?—-2"HB(z) — 2% (2.3)

Now forget that the series defining B diverges, and let us regard (2.3) as a differential equation for a
function B(z) of a real or complex variable. We find an integrating factor H(z) = e"(*) where h/(z) =
—272 4271, ie., we can choose h(z) = 2! 4 log z and H(z) = ze'/?; this yields (for z # 0)

(B(2)H(2)) = B'(2)H(2) + B(2)H'(z) = —22H(z) = —2~ !/,

and thus, for any fixed 2y # 0 and some constant C,

Z0
B(z) = z’le’l/z/ w etV dw + Cz eV, (2.4)

z
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(We can choose z freely; a change in zg is compensated by a change in C'.)

The formula defines B(z) as an analytic function in any simply connected domain that does not
contain 0, for example in the plane cut along the negative real axis or along any other ray from 0. Note
that B cannot be defined as an analytic function in C \ {0}, since § w™te!/* dw = 27i # 0 for a circle
around 0 (by the power series expansion of e'/™).

Let us now see what happens as z — 0. Consider first the case when z < 0, i.e., 2 is real and negative.
Note that ¢!/* — 0 and e~'/* — oo rapidly as z /" 0. Hence, fzo w~'e!/™ dw converges, so we may
choose zg = 0 in (2.4). Let us first also choose C' = 0, and denote the resulting solution by By (z); thus,
using the change of variable t = 1/z — 1/w, and thus w = z/(1 — zt),

0 0
Bo(z) = z_le_l/z/ w eV dw = z_l/ et/ =z du

- dt, <o0. 2.5
/0 1— 2t : 2:5)

By dominated convergence in the last integral, Bo(z) — 0 as z * 0. We made here a specific choice
of the integration constant C' in (2.4), but we now see that we really had no alternative; any other choice
would give a solution B(z) such that |B(z)| — oo as z * 0. Hence By is the unique solution of 2.2)), or

(23), on (—o0, 0) that is continuous up to 0.
Moreover, using

(1—zt)” Z 2 O (NN, (2.6)

in (2.3)) and integrating, we find the asymptotic expansion

z) ~ in!z" = ibnz", z /0. 2.7
n=0 n=0

Alternatively, we can differentiate (2.5) repeatedly under the integral sign (using dominated convergence)
and obtain, for any n > 0,

n e} n—t
W:/ (t H/ e tdt=nl,  asz /0. 2.8)
0

n! 1 — zt)ntl

Remark 2.1. Note that the asymptotic expansion follows directly from (2.8) by Taylor’s formula;
however, an asymptotic expansion does not conversely imply convergence of the derivatives without fur-
ther assumptions. (Consider e~ /% sin e!/ @ as z . 0 as an example.) One situation where the converse
holds is when the asymptotic expansion holds in a sector §; < argz < 65 in the complex plane; then
Cauchy’s estimates imply convergence of all derivatives in any strictly smaller sector 0] < argz < 0}
with 6, < 0] < 6, < 05. (We use below this meaning of ’strictly smaller’ or ’strictly contained in’ for
sectors.) More generally, or as a consequence, the asymptotic expansion can be formally differentiated in
any strictly smaller sector. This shows one advantage of using complex variables, and will be used below.

Remark 2.2. So far, we have in this section essentially just repeated what|Euler (1760) did in 1760 when
he wanted to compute > ;(—1)"n!. He took the sum to be, in our notation, Bo(—1) = [;~ e~ (1 +
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t)~1 dt, and then evaluated this integral numerically, by several methods, finding the approximate value
0.5963473621237 (where all but the last four digits are confirmed by Maple). See Hardy| (1949, §2.4-2.6)
for a modern presentation.

Next consider z > 0, so z \, 0 along the positive real axis. Then e~'/# decreases rapidly and is o(z")
for every N, and the same holds for the term Cz~'e~'/# in (2.4). We choose zo = 1 and again make the
change of variable t = 271 — w™!, w = 2/(1 — zt). This yields, for any C and N,

1/z—1 et -y 1/z—1 et N
B(z) = dt+Cze /7 = dt+ 0 , > 0. 29
(2) /0 T &0 e /0 Tt (z) z (2.9
Assume 0 < z < 1/2. The integral from 1/(2z) to 1/z — 1is O(2"V). For 0 < t < 1/(22), holds,
and (2.9) yields the asymptotic expansion

B(z) ~ Z nl 2" = Z by 2", 2\, 0, (2.10)
n=0 n=0

just as on the negative real axis, but holding for a/l solutions of (2.3)) on the positive real axis.

Again, we further can differentiate (2.9) under the integral sign (noting that we also get a term from
the varying integration limit) and conclude that D" B(z)/n! — n! = b, as z \ 0, for any solution B on
(0, 00).

Combining the solution By(z) on (—o0,0) and any solution B(z) on (0,00), and defining B(0) =
by = 1, we obtain a function B(z) defined on the entire real axis, which is infinitely differentiable except
possibly at 0, and with all derivatives extending continuously also to O; this implies (see the end of the
proof of Theorem [3.2] for details) that B(z) is infinitely differentiable, and that it satisfies (2.2) on the
entire real axis. We have thus found a family of solutions of on R; we see that each such solution is
infinitely differentiable on R and analytic except at 0.

These results for real z are easily extended to complex z. The arguments and results for z < 0 extend
to any ray {z : argz = 6} or sector {z : arg z € (61, 02)} strictly contained in the left half-plane, and the
arguments and results for z > 0 extend to any ray {z : arg z = 0} or sector {z : arg z € (61,02)} strictly
contained in the right half-plane. (Note that we then can use the argument in Remark [2.1] as an alternative
to show convergence of derivatives.) Moreover, the particular solution B can be defined by for all
z € C\ [0, 00), and it is easily seen that and (2.8) hold in this larger domain too. We omit the details,
since we state and prove the more general Theorem [3.2]in the next section.

3 The general case

Consider, more generally, a linear recurrence

K
O = Z(akn + Br)n—r, n > K, 3.1
k=1
with given ag, . ..,ax_1, where K > 1 and ay, (1, . . ., ax, Bk are given complex numbers with a; > 0.

Equivalently, the recurrence can be written as

K

n = Z(ak(ﬂ —k)+ Bk)anflm n > K, (3.2)
k=1
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with By := Bi + kay. Clearly, (3.1) includes (T-T)) and (Z.I) as special cases.

Remark 3.1. The assumption «r; > 0 is no essential restriction, and the results are easily extended to
any oy # 0. In fact, we may as well assume a; = 1 when convenient; the general case o; # 0 is easily
reduced to this by replacing a,,, ag, O by o "an, akafk, ﬁkafk. Note, however, that unless a; > 0,
this entails a rotation in the complex plane of the domains in Theorem@below; for example, if a; < 0,
the intervals I and /_ have to be interchanged.

Let A(z) := Y, a,z", regarded as a formal power series. The recursive relation (3.2) is equivalent
to the differential equation

K K
A(z) =) a2 A (2) + ) et A(2) + (), (3.3)
k=1 k=1

where r(z) is a polynomial of degree less than K determined by the initial conditions. Introduce the
polynomials p(z) := Zszl apzFlandq(z) :=1— Zszl Br2"; note that p(0) = a1 > 0and ¢(0) = 1.
Then (33)) can also be written q(2)A(2) = 22p(2)A’(2) + r(z) or

q(2) r(2)

zQp(Z)A(Z) T 2p(2) Ri(2)A(2) = Ra(2), (3.4)

Al(z) =

for two rational functions R, and R».
Theorem 3.2. With conditions and notations as above, let I C R be a finite or infinite open interval such
that0 € Tandp(z) #0onI. Let Iy := I N (0,00) and I_ := I N (—00,0). Then

(i) There exists a differentiable function A(z) on I that solves (3.3) there. Any such solution is C* on
I and analytic on T\ {0} = I_ U I, but in general no solution is analytic at 0.

(i1) The solution inis unique on I_ but noton 1.
(iii) Any solution A(z) of (33) on I satisfies D" A(0)/n! = a,, n > 0.

(iv) Any solution A(z) of (33) on I satisfies the asymptotic expansion A(z) ~ Y~ janz" as z — 0,
i.e., for every N,

N
A(z) = Z anz™ + 02N, 2 — 0. (3.5)
n=0
(v) Every solution A(z) of (33) or B:4) on I satisfies the asymptotic expansion (3.3) in I, and
D"A(z)/n! — ay, as 2\, 0.

(vi) There is a unique solution Ay(z) of (@ or @ on I_ that is bounded as z / 0. This solution
satisfies the asymptotic expansion (3.3), and D" Ay(z)/n! — an as z /' 0.
For complex z, these results extend as follows, for some 6 > 0. (If K = 1, or more generally ag =

-« =ai =0, then § can be chosen as cc.)

(vii) The solution Ay(z) extends to an analytic function in the domain {z : |z| < ¢, z ¢ [0,00)}, this
solution to (3:3) and (3-3) satisfies the asymptotic expansion (3.3) and D™ Ay(z)/n! — an asz — 0
in this domain.
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(viii) For any 01 and 05 with —7/2 < 01 < 05 < 7/2, there exist (non-unique) solutions A(z) of (33)
and (3.4) in the domain {z : |z| < 6, arg(z) € (61, 602)}. Any such solution satisfies the asymptotic
expansion (3.3) and D" A(z)/n! — a,, as z — 0 in this domain.

(ix) For any 01 and 05 with w/2 < 01 < 0y < 3m/2, there exist solutions A(z) of (33) and (34) in
the domain {z : |z| < §, arg(z) € (01,02)}. Exactly one of these solutions is bounded as z — 0,
and this solution satisfies the asymptotic expansion (3.3) and D™ A(z)/n! — a, as z — 0 in this
domain.

Proof: Suppose for notational simplicity that «; = 1; the general case is easily reduced to this as ex-
plained in Remark Then p(0) = q(0) = 1, and Ry (z) = 272 + vz~ ! + g(z) for some constant v and
some rational function g that has poles only at the zeros of p, and thus not on I.

In a simply connected domain D in the complex plane where 2%p(z) # 0, a primitive function of
—R1(z) is thus h(z) = 27! — ylog z — G(z), where G’ = ¢. Consequently, the equation (3.4) has an
integrating factor H(z) := ¢™*) and the solutions in D are given by, for any fixed zy € D and with a
constant C' € C,

A(z) =H(z)™! / H(w)Ry(w)dw + CH(z)™*
_ / M =RG) By (1) dup + Ce—)
= / (z/w)”ew_l*Z_LG(“’HG(Z)RQ(UJ) dw + CzYe ™ +CGG), (3.6)

Any choice of C' gives an analytic solution in D, and all solutions in D are given by (3.6). The same is
true if we consider solutions on an interval where 2%p(z) # 0 (since any such interval is contained in a
suitable domain D). Clearly, any solution of (3:3) or (3:4) on an interval or in a domain where z2p(z) # 0
is analytic.

We write R3(z) = r(2)/p(2); thus Re(z) = 272R3(z) and Ry is a rational function that is analytic at
0. We make in (3.6) the same change of variable ¢ = 1/z — 1 /w as in Section[2} thus w = z/(1 — 2t) and
w~2dw = dt, and we find

1/2—1/z
Az) = / 0(1 — zt)Ve TG/ A—2))+G() Ry (Z dt + Czle " TCE), (3.7
0 1—zt

(We integrate here along any curve such that z /(1 — tz) € D.)

Consider first z € I_. We choose D D I_ and z, € I_ and integrate in (3.6) and along parts of
the real axis. As in Section[2] we can then let zo " 0, i.e., take zo = 0 in (3.6). It then follows from (3.6)
that the solution is bounded as z 0 if, and only if, we choose C' = 0. We denote this solution by Ag(z)
and find from (3.7)

Ap(2) :/0 (1-— Zt)ve—t—G(z/u_zt))+G(z)R3 (1 Zﬁ) dt. (3.8)

Now consider z € C \ [0,00). Then, for every ¢ > 0, |1 — zt| > c(arg(z)), with ¢(0) = |sin(0)] if
|| < 7/2,and ¢(0) = 1if |§] > 7/2. Let p := min{|{| : p({) = 0} (withp = 0 ifay =--- = ax =0,
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and thus p has no root). Then G(z), R3(z) and F(2) := R3(2)e~%(*) are analytic in {2 : |2| < p}, and
thus, for any € > 0, F(z/(1 — zt)) is analytic in DL := {z : |arg(z)| > ¢, |z| < c(e)p} for every t > 0.
If we take the factor ¢“(*) outside the integral in (3.8), we can thus differentiate the remaining integral
any number of times under the integral sign, and the derivatives will, by induction, be linear combinations
of integrals of the type [~ ¢‘(1 — 2t)Y F(M)(z/(1 — zt))e~* dt. By dominated convergence, each such
integral converges as z — 0 in D., and it follows that every derivative D™ Ay(z) converges as z — 0
in D.. Denote the limits by a*, n > 0. It follows by Taylor expansions that Ay (z) has an asymptotic
expansion (3.3)) in D., with a,, replaced by a;, and that A (=) has a similar asymptotic expansion, that can
be obtained by formally differentiating the expansion for Ay (z). Substituting these in (3:3) we find that
Zév arz" satisfies (3:3) modulo O(z"V*1) for any N (in D. and thus everywhere). Hence, the formal
power series » -, arz" satisfies (3.3), and thus a}, = a,, for all n. In other words, (3:3) holds for
z € DL. We have thus proved for a smaller domain D_. Moreover, and |(ix)| follow.

Consider now instead a domain D! := {z : |z| < p, |arg(z)| < 7/2 — ¢} in the right half-plane
(with 0 < € < 7/2), and any solution A(z) there. We use (3.7), choosing zp with 0 < zy < p and
integrating along the straight line from 0 to 1/z — 1/z. It is easily seen that, if |z| is small enough, then
|lw| < 20 < pand w = 2/(1 — 2t) € DY for all ¢ on this line. We split the integral in (3.7) into two
parts: one with |t| < 1/(2|z|) and one with [t| > 1/(2|z|). In the second part, [e~!| < e~ 5(€)/(l=D)
while |(1 — 2t)7| = |(z/w)?| = O(|z| ™™ + 1) and the other factors are bounded; thus this part is
O(zN+1) for any N. In the first part, |1 — zt| > 1/2. We first substitute (for small |z| and with F' =
Rze~C as above, F(z/(1 — zt)) = ZTNn:O em(z/(1 — 2t))™ + O(2N+1), and then make a similar
Taylor expansion of (1 — zt)Y~™. We combine this with a Taylor expansion of ¢“(*) and note that
fol/@z) the=tdt = k! + O(2N+1) for any k, and conclude that, for any choice of C in (3.7), A(z) has
an asymptotic expansion A(z) ~ > °° ja*2" as z — 0 in D for some coefficients a,. It follows by

n= an
Cauchy’s estimates, see Remark Lthgt further A’(z) ~ Yo7 jainz""'as z — 0 in DY, for every
e’ < e; consequently, arguing as for Ag above, the formal power series Y a*z" satisfies (3:3) and
thus a¥, = a,, for all n. In other words, (3.3) holds for z € D, for any solution A(z) of (3.3) in D”.
Differentiating @) N times, we find, by Cauchy’s estimates again, that DN A(z) > ayN'lasz — 0in
any strictly smaller domain D”,. Since ¢ € (0, 7/2) is arbitrary, this implies that holds. In particular,
considering real z only, [(v)| follows.

We can now complete the proof of [(vi)] Fix e < 7/4 and let D} := {z € D/ : Sz > 0} and
D_ :={z € D! : 3z < 0}. The solution Ay(z) is defined in DL, and thus in D; := DL N D,.. Choose
any zo € D;. Then Ag(z) is given by (3-7) in D, for some C; hence (3.7) defines a solution A (z)
in D7 such that A, (z) = Ao(z) in D, N D4. Similarly, there is a solution A_(z) in DY such that
A_(z) = Ao(z) in DL N D_. (But note that A_ # A, .) We extend Ag to {z : |2] < §, z ¢ [0,00)} by
defining Ag(z) = A4 (z) for z € Dy and Ag(z) = A_(z) for z € D_. The claims in(vii)] follow by the
result for DL proved above together with applied to D and D_.

If we combine the solution Aj on I_ with any solution A(z) on I, we can define functions f,, on I by

D"Ay(z), xzel_,
ful(z) = < apnl, x =0,
D"A(x), €l

by |(v)| and each function f,, is continuous on I. Then f,(z) = fn(0) + [3 fat1(y) dy, and thus
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each f,, is differentiable with f, = f,11. Consequently, = fo € C°°(I). Further, A satisfies (3.3) on
I'\ {0}, and thus by continuity at 0 too. The claims|( now follow, using[(v)]and [(vi)] O

We call A the principal solution of (3.3).

Remark 3.3. It follows from the proof that we can define Ag to be analytic in a disc {z : |z| < §} cut
along any given ray in the right half-plane. In particular, we can choose a ray in the fourth quadrant, say,
and then Ay is defined on (—4,0) U (0, d); if we further define Ag(0) = ay, the restriction of this Ag
0 (—4,9) is a C* solution on an interval I as in Moreover, we can regard Ap(z) as a multivalued
function; more precisely, we can regard Ap(ret? ) as a function of (r,0) € (0,00) x (—o0, 00), and then
B3) holdsas r = |z| — O for -7 +& < 6 < 57 —¢, forany e > 0.

4 The exponential generating function and Borel summation

We continue to study the recurrence (3.I), with oy > 0 as in Section [3] but consider instead of A(z) the
exponential generating function
o0 Zn
)= E Oy — 4.1
n!
n=0

It is easily seen from (3:I), by induction, that |a,,| = O(C™n!) for some C, and thus the sum in {@1)
converges and F'(z) is an analytic function in some disc {z : |z| < R}.

Differentiation of @.I) yields D*E(z) = Y, an4,2"/n!, and it follows that zD* T E(2) = > ap4xnz"/nl.
Hence the recurrence relation (]3;1'[) is equivalent to the differential equation, with 8 = B + Kay,

DXE(z Z (arzDE=FH1E(2) + B DK E(2)) (4.2)
k=1
or
K-1 )
(1-012)DXE(2) = Y (axq1-j2 + Bic_ ;) D E(2) + B E(2). (4.3)
j=1

We use the standard method of introducing the vector-valued function F'(z) = (F} (z))kK:_O1 = (D’“E(z))kK:_O1
and see that (@.3)) is equivalent to

K-1 "
akt1-j2 + B B
DFy_ = F; E 4.4
K—1(2) ;:1 s 9(2)+1ia12 0(2), 4.4
DEF(2) = Fk+1(z)7 0<k<K-2. @.5)
(When K = 1, we simply have F'(z) = Fy(z z), @3) is vacuous and (@.4) is the same as @.3).)

The system (@.4)-(4.3) has a unique analytlc solutlon with F(0) = (az)s_, in any simply connected
domain containing 0 but not o} *, for example in Dy := C \ [ *, 00); hence Fy(2) is a solution to [@.3)
in Dg. We let in the sequel E(z) denote this analytic extension of (@) to Dg.

Remark 4.1. The example a,,+1 = (n+f)an, ap = 1, with E(z) = (1—2)~#, shows that in exceptional
cases, F(z) might be analytic also at o * (and then E(z) is an entire function), and that it is also possible
that E(z) has a pole at o] *; however, the same example shows that typically F(z) is singular at o; ' and
that it is not possible to extend F(z) around o " as a single-valued function. See also Remark
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The (generalized) Borel summation method for a (possibly divergent) series » ., a, consists of the
following three steps, see Borel| (1899 1928)) and [Hardy| (1949, §8.5, 8.11). (Step (ii) is Hardy’s general-
ization (Hardyl |1949, §8.11); Borel assumes that F'(z) is entire.)

(i) Define the exponential generating function E/(z) by (@) (assuming it to exist at least for small |z]).

(ii) Extend (if necessary) F(z) analytically along the entire positive real axis (assuming this to be
possible).

(iii) Define the Borel sum by
(B*)Z ap, = / E(x)e " dx (4.6)
n=0 0

(assuming the integral to exist).

Theorem 4.2. Let (a,,)3° be given by (3:1). There exists § > 0 such that if 2 € Ds := {z € C\ [0,00) :
|z| < 0}, then the Borel sum

(B*)Z anz" = /OO E(zz)e " dx 4.7
n=0 0

exists; furthermore, this sum is the principal solution of (3.3) defined in Section[3] Consequently, the
Borel sum (B*)Y>°  a,z™ solves (33) in Ds, and has there the asymptotic expansion ~ > a, 2"
and all derivatives are continuous also at 0, with the limit values a., there.

Ifay, = 0for2 < k < K (in particular if K = 1), then we may take § = oo i.e., then (B*)>"""_j a,z"
exists in C \ [0, 00), and is an analytic solution of (3.3)) there.

See |[Hardy| (1949, Theorem 136) for a related general theorem on generalized Borel summability of
asymptotic series. To prove Theorem [4.2) we begin with a simple estimate.

Lemma 4.3. E(z) is an analytic function in Dg, and satisfies the following estimates:

() |E(2)| < €€ for some constant C and all z € D with |z| > 2a7 "

(i) Ifap = 0for 2 < k < K (in particular if K = 1), then |E(z)| < e(*D) as 2 — oo with z € Dp.
Proof: We have already shown that F/(z) extends to Dg.

(i): The system (#.4)-@.3) can be written DF(z) = M(z)F(z) for a matrix M (z) with || M (z)|| < C

for |z| > 2a1_1 and some constant C. Hence, for r > rqy := 2a1_1 and 0 < 0 < 2w, by Gronwall’s lemma,
see e.g.Revuz and Yor| (1999 Appendix §1),

’F(reie)’ < eC(T_T°)|F(TOew)

)

and (i) follows (possibly with a larger C) since 6 — F (roeie) can be extended to a continuous function
on the closed interval [0, 27|, and thus is bounded.

(ii): Lete > 0 and define F*(2) := (e "*D*E(2));—,'. We have, in analogy with #4)-@.3) and using
the assumption o, = 0 for k > 2,
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which can be written DF®(z) = M¢(z)F*(z), where ||M¢(z)|| < 2¢ for |z| large, say |z| > R(e).
Consequently, by Gronwall’s lemma again, |E(z)| < |F®(z)| < Ce**l for |z| > R(e) and some
C =Cle). O

Proof Proof of Theorem Let z € C\ [0,00). The exponential generating function of the se-
quence (a,z")5° is ¢ — E(zx), which by Lemmal4.3|is analytic on [0, c0) and there satisfies |E(zz)| <

C1e%21#1#, Consequently, the integral (@.6) defining the Borel sum (B*)>">  a,,2™ becomes (@.7) and it

exists at least for |z| < § := C5 '; we thus have

Az) = (B)) an2" = / E(zz)e™®dx,  ze€ Ds. (4.8)
n=0 0
If ay, = 0 for k > 2, we may by Lemmad.3[ii) choose Cs arbitrarily small, and thus we may take § = oo.

Since E(z) is analytic in a disc {z : |z| < 2r} (with 7 := a;'/2), we have, for any N, E(zx) =
SN ana™z"/n! 4+ O(Jzz|N+1) when |22| < r, and thus, for z € Dy s,

r/lz| , N a,xtzm oo
_ n N+1 —x
A(z) = /0 ( E o + O(Jzz| ))e dx +/

n /2|

N /oo
n=0"0
N

= Z anz" + O(ZN+1), 4.9

n=0

0 (echz“c) e Tdx

n

=0
anz n_—x N+1 o z/2—x
o ae dx + O(z )+/ O(e )dx

/12|

which shows the asymptotic expansion.
A(z) is analytic in Dy, by (@.8) and standard arguments based on dominated convergence, and

Al(z) = /OOO 2B (z2)e " dx.

Consequently, using integration by parts K — k times in the first integral, and defining ag := 0, Bo =
B5 = —1 for convenience,

K K
Z 2" A (2) + Z Bzt A(z) — A(2)
k=1 k=1
K 0o
- Z/ (akzkaE’(xz) + BkzkE(acz))e_”” dzx
k=070

K 00
= Z/ DKk (akzkaE’(aEz) + ﬁkzkE(xz))eﬂ” dx
k=070

K
+> > Di(%z’““ﬂ:E'(w)+5kzkE(xZ))|w:0

K—k—1
k=0 ;=0
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The integrated part is a polynomial r1 (z) of degree at most K — 1. Further,
DE-=F (akzk+le’(acz) + BkzkE(xz)) = a8 T e DKL E(22) + Bi 2K DEFB(22),

and summing we obtain

K
2K Z(akszK_k“E(xz) + ﬁ,:DK_kE(xz)) =0
k=0

by @2); hence the last sum of integrals vanishes, and
K K
Z a2 A (2) 4 Z Bzt A(z) — A(z) = 71(2) (4.10)
k=1 k=1

Consequently, A(z) satisfies the differential equation #.2) in Ds, except that the polynomial r(z) is
replaced by —r;(z). However, this means only that we have the differential equation for same recurrence
(31) with some other initial values; however, the initial values are (by Theorem [3.2) given by the first

terms of the asymptotic expansion, so by (@.9) they are just ao, . ..,ax 1, and thus 7(z) = —ry(z) and
(@10) equals (3:3). Hence, A(z) solves (3.3); since it is, by (.9), a solution bounded as z " 0 along the
negative real axis, it is by Theorem [3.2]the principal solution Ag(2). O

5 Solving (1.1)

We return to the special case (I-I)), for definiteness with ag = 0 and a; = 1 as in Section[I] The general
solution A(z) to (T:3) is given in (T.6). Assume for simplicity o > 0. The general theory in Section
then shows that there is a principal solution Ag(z) analytic in C \ [0, co) that is given, at least for z < 0,
by taking 2o = 0 and C' = 0 in (T.6). We now make the change of variable t = a~!(z7* — w™1), or
w = z/(1 — azt), and obtain

Ao(z) = z/ (1-— ozzt)fl’fleft*tﬁ/(l*azw dt; 5.1
0

this integral is an analytic function of z € C\ [0, 00), and the formula is thus valid for all such z, cf. (3.8).
(Recall that @) was derived under the assumption ov; = 1. In fact, if & = 1, we have in the notation of
Section 3]y = —v, G(z) = z and R3(z) = z, and (5-I) coincides with (38). For a general & > 0, one
can similarly derive (3.1)) from (3:8) and the reduction in Remark [3.1])
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Consider for example —1 < z < 0, and fix N > 0. By two Taylor expansions,

o N 22 \*
A = 1— —v-l1 il _ —tq 2N+3
o(2) Z/O (1 — azt) kzz;)k! (l—azt) e tdt+O(z )
N 2k+1 oo
-y / (1= azt) L <)kt di + O(:2N+3)
k=0 70

N 2k4+1 poo N ( 7
z v+k+1) _
:;: o /0 ;:7& (azt)'(—t)Fe " dt + O(zNT)
0 =0

N N  \k ¢ 7 '
:ZZ( D¥a (v ";dke;" 1) (k+£)'z2k+e+1+0(zN+l).

0¢=0

Since Ay(z) has the asymptotic expansion (3.3)) as z * 0, we obtain by identifying coefficients the fol-
lowing solution to (I-I). (The argument has assumed « > 0, but since obviously each a,, is a polynomial
in « and 3, the solution is valid for all & and 3.)

Theorem 5.1. The solution of the recurrence (L1) with ag = 0, a1 = 1 is given by, for any complex «
and 3, and with v := 3/« (provided o # 0)

[(n—1)/2]
" (_1)k(” —k=1!  opa

_ n—2k—1
an = ,;) F(n— 2% 1), o v+k+1)
L(n=1)/2] oy 2k
= —1)* k4 j)a+p). O
> (") I (+ia+n

Knowing this solution, it should be easy to verify it directly by induction; we leave this as an exercise.

Remark 5.2. By continuity, the last formula is valid also in the case o = 0, where we thus obtain

L(n—1)/2] k1
an= (1>’“< L >6”2’“- (5.2)
k=0

We have also, by the standard argument for linear recurrences with constant coefficients (provided 5 #

+2),
(CRRV/E e CRV/EE R (5.3)
71 . .
Hence, the two formulas in (5.2) and (5.3) must agree. If we expand (5.3) into a polynomial, using the

binomial theorem thrice, and compare coefficients of 37 ~2*~!, we can see that this identity is equivalent
; i\ — on—2k—1n—k-1
to the hypergeometric sum } (2;_11) (1) =2" "),

Qnp
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A Bessel functions

We use the standard Bessel functions of the first and second kinds J, (z) and Y, (z), see e.g.|/Abramowitz
and Stegun| (1972} Chapter 9) or Lebedev| (1972, Chapter 5). Recall that these are analytic functions of z
and v for z € C\ (—o0, 0] (the complex plane cut along the negative real axis) and v € C. (Alternatively,
one can think of them as analytic functions of z in the covering space of C\ {0}, i.e., as analytic functions
of log z € C\ {0}, or as functions of (r,8) € (0,00) X (—o00,00).) The same applies to the functions ®
and VU defined below, so we assume throughout the appendices that z is in this domain (or in this covering
space). (When g is an integer, J,(2) is an entire function of z, and there is no problem at all.)
The Bessel functions satisfy the recurrence relations

2

Joa1(2) + Joi(2) = ZJ(2) (A1)
2

Yori(2) + Yoma(2) = Yo (2). (A2)

Hence, for a fixed z, the functions J,,(z) and Y, (z), as functions of v (restricted to a sequence vy + n,
n € N), satisfy a recurrence relation of the type studied in this paper. Conversely, the solution to can
easily be expressed in these Bessel functions by fitting the constants and initial values.

We find it convenient to define

B(u,viz) = 7 ;Zg; ;8 = 1 (Ju(2)Yo(2) — Ju(2)Y(2)). (A3)
Clearly,
D(pu,v;2) = —D(v, pu; 2) (A4)
and
(1, 5 2) = 0. (A.5)

Since J,41(2) = 2J,(2) — J,(2) and Y, 11(2) = 2Y,(2) — Y,(2) (Abramowitz and Stegun, |1972,
(9.1.27)), the formula for the Wronskian W{J,, Y, } yields, as stated in|Abramowitz and Stegun| (1972,
(9.1.16)),

|7z D(2)] _2
S(v+1,v;2)=—7 Vi(2) Yo(o)| ~ TW{J,(2),Y,(2)} = P (A.6)
It follows immediately from (A.T) and (A.2) that

21
D(u+1lv;2)+P(p—1,v;2) = —D(p,v; 2) (A.T)

z

2

O(u,v+1;2)+P(p,v—1;2) = 71/(1)(/17 v;z). (A.8)

Hence, for fixed z, the function @ is a function of two (complex) variables that satisfy the type of recur-
rence studied here in each variable. To write the recurrence in a more convenient form, we define, for
(complex) x # 0,

U(p,viz) =z 1 ®(u,v;2/). (A9)
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Then

U(p+1,v;2)+U(p—1,v;2) = peV(u,v;z), (A.10)
U(p, v+ Lx)+ ¥(u,v—1;2) =vel(u,v;x). (A.11)

Further, ¥(u, v;z) = —V (v, u;x) and

U(v,v;z) =0, (A.12)
U(v+1,v;z) =1. (A.13)
Consequently, for any fixed v and = # 0, the sequence ¥ (v + n,v;z), n € N, satisfies (I.T) with o = z

and 3 = vz, and the initial conditions ag = 0, a; = 1 used in Section[I] We just as easily find the general
solution:

Theorem A.1. The general solution to the recurrence @), apt1 + an—1 = (an + B)a, forn > 1, is,
withv := (/a,
an =a1V(n+rv,v;a) —aV(in+rv,v+ 1;a)
=ma a1V, (2) = agYo11(2)) Jntw(2) = ma™ (a1 (2) = a0 us1(3)) Yaro (2).

In particular, the solution with ag = 0, a1 = 1 is

an =V(n+rv,v;a).

Proof: These expressions satisfy the recurrence by (A.10) and the initial conditions by (A.12)), (A.13) and
U(v,v+1;0) =-Y(v+1,v;a) = -1 O

Combining the two solutions of the same recurrence found in Theorems [5.1] and [AT] we find the

following formulas.

Theorem A.2. For any complex v and n € N,

L(n=1)/2] n—k—1 -
U(n+v,v;x) = (1)k< . )(u 4 k4 1)n72k71xn72k71’
k=0

a polynomial of degree at most n — 1 in x, and

L(n—-1)/2] n—Fk—1 9\ "2k
P . — -1 k k 1 n—2k—1 [ <
(n+v,v;2) kZ:O (—-1) ( L )(y+ +1) : :
a polynomial of degree at most n in z~ 1. O

Remark A.3. These polynomials are called Lommel polynomials, see|Lommel|(1871) and|Watson|(1922,
§9-6). In the notation of Watson| (1922), ¥(n + v,v; ) = Ry,—1,,+1(2/2). For combinatorial properties
of Lommel polynomials, see also [Flajolet and Schott| (1990) and [Feinsilver, McSorley and Schott| (1996).
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-1 0 1 2 3

-2 -1 T 1 0 -1
-1 0 -1 0 1 2x
0 1 0 -1 -z 222 +1
1 0 1 0 -1 —2x
2 -1 T 1 0 -1
3 —2x 22 — 1 2x 1 0
4 —6z2 +1 623 — 4z 622 —1 3x 1
5| —2423 + 62  24z* — 1822 +1 242% — 6z 1222 —1 4x

Tab. 1: U(u, v; x) for some integers p and v.

For example, continuing (A.12)—(A.13),

U(v+2vz)=(v+ 1)z,

U(v+3,v;0)= v+ 1)(v+2)2* -1,

U(v+4,v;0)= v+ 1D +2)(v+3)2® -2+ 2)a,
U(v+5,v:2) = (v+ 1)zt —3(v +2)%2% + 1,
U(v+6,v:2) = (v +1)%2° — 4(v + 2)%2% + 3(v + 3)a.

Thus, typically the degree of U(n + v, v;x) is exactly n — 1 (when n > 1), but when v is a negative
integer it may be smaller.

We give some more examples in Tables [[H4] where 1 and v are integers in Tables [TH3] and half-
integers in Table f} (Note that for integer v, J_,(.) = (=1)"J,(2) and Y, (o) = (=1)"Y,(2); hence,
O(u,—v;2) = (=1)"®(u,v;2) and W(p, —v;x) = (—=1)Y¥(p, v;x), and similarly with the argument
—p if p is an integer. This explains the symmetry in the tables, and the 0’s when p + v = 0; these are spe-
cial for integer arguments.) These tables are thus parts of doubly infinite arrays that satisfy the recurrences
(AT0)—(A.TI) in both directions; note that these arrays of polynomials and integers are constructed from
the transcendental Bessel functions. (In the half-integer case the Bessel functions can be expressed in the
trigonometric functions and powers of z.) We give also in Table[5]some examples from Sloane]| (2008)) of
such integer sequences.

Remark A.4. As n — oo, for any fixed v and z, cf.|Abramowitz and Stegun| (1972} (9.3.1)),
T (2) ~ (2/2)"T )T(n+v+1) and Yyio(2) ~ =17 1(2/2) 7" VT (n + v);

hence |J,+,(2)] — 0 and |Y,4,(2)| — oo rapidly. Thus, by Theorem [A.1] the solution a,, of (I.I)
satisfies
lan| ~ c|a|?|T(n 4 v)| ~ en®~L|a|mn!

for some ¢ > 0, except in the special case a;J,(2/a) = agJy+1(2/), when a,, = c¢Jp1,(2/a) — 0
rapidly. Hence, as claimed in Section |1} typically the generating function A(z) diverges for all z # 0,
while the exponential generating function has radius of convergence ||, as seen more generally in
Remark £.1]
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-2 -1 0 1 2 3 4 5 6 7
-2 0 -1 1 1 0o -1 -3 -—-11 -52 =301
-1 1 0 -1 0 1 2 5 18 85 492
0] -1 1 o -1 -1 -1 -2 =7 =33 -191
1] -1 0 1 0 -1 -2 -5 -—-18 -85 —492
2 0 -1 1 1 0o -1 -3 -—-11 -52 =301
3 1 -2 1 2 1 0 -1 -4 -19 -110
4 3 -5 2 5 3 1 0o -1 -5 =29
) 11 —18 7T 18 11 4 1 0o -1 —6
6| 952 -8 33 8 52 19 5 1 0 -1
71301 —492 191 492 301 110 29 6 1 0
Tab. 2: U(u,v;1) = &(u, v; 2) for some integers p and v.
0 1 2 3 4 5 6 7
0 0 -1 -2 -7 —-40 =313 -—-3090 —-36767
1 1 0 -1 -4 -23 —-180 -—-1777 21144
2 2 1 0 -1 -6 —47 —464  —-5521
3 7 4 1 0 -1 -8 —79 —940
4 40 23 6 1 0 -1 -10 —-119
5 313 180 47 8 1 0 -1 —12
6| 3090 1777 464 79 10 1 0 -1
7 | 36767 21144 5521 940 119 12 1 0
Tab. 3: U(y,v;2) = 2®(u, v; 1) for some integers 11 and v.
172 3/2 572 772 972 1172 13/2
—5/2 -2 -5 -13 —60 —407 —3603 —39226
-3/2 1 2 5 23 156 1381 15035
-1/2 -1 -1 -2 -9 61 —540  —5879
1/2 0 -1 -3 -14 =95 841 —9156
3/2 1 0 -1 -5 =34 =301 3277
5/2 3 1 0 -1 -7 —62 —675
7/2 14 5 1 0 -1 -9 —98
9/2 95 34 7 1 0 -1 —11
11/2 841 301 62 9 1 0 -1
13/2 9156 3277 675 98 11 1 0
15/2 | 118187 42300 8713 1265 142 13 1
17/2 | 1763649 631223 130020 18877 2119 194 15

Tab. 4: W(p,v;2) = 2®(u, v; 1) for some half-integers 4 and v.
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an + 3 | a, by Theorem
A053983 | 2n 11 | U(n +1/2,1/2:2) — U(n + 1/2,3/2:2)
A053984 | 2n+1 | W(n+1/2,1/2;2)
A058797 | n+1 | U(n+1,1;1) — U(n+1,21) = U(n+1,0;1)
A058798 | n+1 | W(n+1,1;1)
A058799 | n+3 | W(n+3,2:1)
A093985 | 2n U(n,0;2)
A093986 | 2n U(n,0;2) — ¥(n,1;2)
A106174 | 2n+2 | W(n+1,1;2)
A121323 | 2043 | W(n+3/2,3/2;2)
A121351 | 3n+4 | W(n+4/3,4/3;3)
A121353 | 3n+1 | U(n+1/3,1/3;3)
A121354 | 3n+2 | W(n+2/3,2/3;3)

Tab. 5: Some integer sequences satisfying (T.I)) from [Sloane| (2008).

Remark A.5. The Bessel functions of the third kind H, ﬁl)(z) and H? (z) are given by J,(z) £ 1Y, (z)
(Abramowitz and Stegun, (1972} (9.1.3-4)), and thus

(0 N =) () ).

Consequently, taking determinants and noting (7 _}) = —2i, also
st H(l)(z) H(l)(z) i
S(p,v;2)=— | ¥ Y = —(HYHP (2) = HV(2)HP)(2)).

Remark A.6. The function J_,, satisfies the same Bessel equation 22 f”(2) + 2 f(2) + (22 —v?) f(2) = 0
as J,, and Y}, and it can be expressed in them by J_, (z) = cos(vm)J,(z) — sin(v7)Y, (2) (Abramowitz
and Stegunl (1972} (9.1.2)). It follows that, if y — v = n € Z,

‘ Jyin(2) Ju(2)
Jovn(z) (=1)"J_,(2)

A more general formula expressing ®(u, v; z) in Bessel functions J only is given in (B.3) below.

_ (—1yn sin(vm) o

= v+n,v;z).
T

Remark A.7. The related recurrence a,+1 = (an + ()a, + a,—1 can be solved similarly using the
Bessel functions I, and K, ; alternatively, we may note that i"a,, satisfies (with i and i3 instead of
« and ), and thus the solution follows from Theorems and In particular, it is easily seen that if
ao = 0 and a; = 1, then the formulas in Theoremhold if we omit the factor (—1)*. Examples of such
sequences are A000806, A001053, A001517 and A001518 in|Sloane|(2008)), and the Bessel polynomials
yn () that satisfy this recurrence with « = 2z, § = x (and thus v = 1/2), and yo(x) = 1, y1(z) = z +1,
see |Krall and Frink (1949) and |Grosswald| (1978)).

Remark A.8. We do not know any closed form for the exponential generating function E(z) in general,
but we observe that in the special case a,, = J,(y) for some y # 0, when (I.I) holds with @ = 2/,
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B = 0by (A1),

E(z) = Z J7;L('y) 2" =Jo(Vy? —2yz).
n=0 '

(This is an entire function, since .Jy is entire and even.) This can be verified by inserting the right-hand
side into (#.3)), using the Bessel equation. It would be interesting to know whether there are other cases
when E(z) can be expressed using Bessel functions.

B Hypergeometric series

We have shown above (Theorem that if u — v € Z, then ¥(u,v;x) is a polynomial in x and,
equivalently, ® (1, v; z) is a polynomial in z=1. In this appendix we will show this in another way by
deriving the general formula for ®(p, v; 2) in terms of hypergeometric functions. In the case y—v €
7 we show that this reduces to a polynomial in z~! and we will recover Theorem However, the
formula also shows that for general p and v no similar simplification is possible.

We begin with a product formula for Bessel functions (Abramowitz and Stegun, |1972, (9.1.14))

2

NG (u+v+k+1)F z2\ K
(@) = (3) kZ:O TGtk + DT (0 + k+ D (-7) (B.1

For p, v, 1w + v ¢ Z o, this can also be written in terms of a hypergeometric function:

JH(Z)JV(Z) =

(z/2)ktv , 3(M+V+1 pAv+2
)

4 lv+1 1-—2). B2
F(/J,-f—l)].—‘(y-f‘l 2 5 2 7,U/+ 7V+ ,/J,—f—l/—f— ;TR ( )

Remark B.1. Since, for v ¢ Z_,

Ju(z) = F((Z;//j_);)OFl(; v+ 1;-2%/4),

this product formula is equivalent to the product formula for hypergeometric functions, for any «, 3 with
a,fya+ B —-1¢ Z<:

-1
a+§ aa—gﬁ;aaﬁ7a+/@_1;4x)'

If v ¢ Z, then (Abramowitz and Stegun, [1972} (9.1.2))

oF1Gasx) oF1(; 85 x) = 2F3(

cos(vm)J,(2) — J_,(2)

sin(vm)

Y, (2) =

and thus the definition (A.3) yields, for yu, v ¢ Z,

™

O(p,v;2) = Ju(2)J-pu(2)

+ 7 (cot(vm) — cot(um))J,(2)Ju(2). (B.3)

JM(Z)J—V(Z) +

~ sin(vm) sin(um)
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The product formula (B:2) and I'(y)I'(1 — y) = 7/ sin(ym) yield, if p, v, p + v ¢ Z, the formula for @
(and thus for ¥) promised above:

D(p,v;2)
I'(v Z\H—V _y _y
F(,U(‘f')l)(Q) ZFS(MTH7HT+2§.U+1717V’“7V+1;722)
T Z\VTH v— v—
'+N;?U(2> o P (L MRy 11— v — it 1 —2P) (B.4)

cot(vm) — cot(um) (f

ptv
+rv+1 ptrv42, . 2
T+ DO(v +1) 2) 2E{L7*JLTﬂ“+L”+L“+”+L_Z)

In general, no simplification seems possible, since the three terms on the right hand side have expansions
with powers of z that are congruent (mod 27Z) to, respectively, 4 — v, v — p and p + v. In the special
(limiting) case u — v € Z, however, cot(vm) = cot(um), so the third term disappears. Moreover, if, say,
p—v =mn € Lo, butstill 4, v ¢ Z, then the result can be written (simplest seen from (B23) and (B.I)),
noting that sin(um) = (—1)" sin(vm)),

(v +n,v;z) =—

™ )ir (=)F(k+n+1)F <Z)2k+”

sin(v = (v+n+k+ D) (—v+k+ 1k \2

+(—1)%5": (=1)k(k —n+ 1)k (Z)Mwn
sin(v) P Tv+k+1)I(-v—n+k+ 1)k \2 '

It is easy to see that the term with k& = m, say, in the first sum is cancelled by the term with k = m +n
in the second. Hence

n—1 %

™ (=) (k —n+ 1)k z\2k—n

o ; d
(v+mnv32) sin(v) kZ:o Tv+k+1)D(—v—n+k+1)k! (2)

- - L[(n—1)/2] (_1)”(n_k—1)ﬁ(—y—n+k+l)m (Z)2k7n

~ sin(vr) pare 'v+k+1)I'(—v—k)k! 2
L(n—1)/2] n—2k
n — k‘ -1 n_1—2k 2
= > (—1)’“( L )(y+k+1)’ ! 2’*<2) :
k=0

the polynomial of degree n in z~! found in Theorem by a different method using our generating
functions. We have thus found another proof of Theorem (The argument above assumes v ¢ Z, but
since the final result is a polynomial in v, and the left hand side is analytic in v, the result holds for all v
by continuity.)
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