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We consider the sum u of differences between adjacent letters of a word of n letters, chosen uniformly at random
from a given alphabet. This paper obtains the enumerating generating function for the number of such words with
respect to the sum u, as well as explicit formulas for the mean and variance of u.
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1 Introduction

Given a totally ordered set of k letters [k] = {1,2,..., k}, we refer to the elements of [k]™ as k-ary words
of length n, or just words. Let o be any k-ary word of length n, we define (o) = uy, (o) to be the sum
of the differences between each pair of adjacent letters of o, that is,

n—1

w(o) = loi = oinl,
1=1

and wu is the total variation (or just variation) of o. For example, the total variation of the word o =
1121415221 € [5]"0%isu(o) =0+14+1+3+3+4+34+0+1=16.

Several authors have studied the statistic u(c) in different contexts. For example, Curtis [5]] discussed
the problem of finding a word 0 = 0109 - - - ,, over the alphabet {a1, as, ..., a;} which maximizes the
risk function 2?21 |o; —oi—1|, where oy = 0,,. Chao and Liang [3]] studied the permutations of n distinct
letters arranged on a circle or a line and found the arrangements that maximize the risk function. Later,
Cohen and Tonkes [4] (see also [Sl9]) analyzed optimal permutations for multisets.

Motivated by the above results, we pose the following problem:

e Given a nonnegative integer m and a multiset of n letters M = {a1,aq,...,a,}, enumerate all
permutations o of M with u(o) = m.
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This paper addresses the restricted case of the problem in which o € [k]™ for a fixed integer & > 0.
More precisely, let fr(n,m) be the number of k-ary words o of length n with u(c) = m. Clearly,
u(o) < u(lklk---) = (n—1)(k — 1) for any o € [k]™. We denote the correspond generating function
by Fj(n;q), that is,

(n—1)(k—1)
Fr(nig)= Y fuln Z ",
m=0 o€k

and define

Fi(e,0) = ) B =2 Z .

n>0 n>0 o€lk

In the next section we find two different expressions for the bivariate generating function Fy(z,q). The
first expression is obtained by using the scanning element algorithm as described in [6]] which it is given
by the following result.

Theorem 1.1 The bivariate generating function Fy(x, q) is given by

1—t*(q)
k(1 —q)x 20%q = t<(qq>

Pma=e0) (1 —g—a(i+q) (1- 225 0)

Fk(l’,q) =1+

where

1—e+¢(1+2) - V0 -g)(+g(1+g—2z(-g)0—-g—2(+0q)

t(q) = 2

A crucial device in proving Theorem|I.1]is the idea of a new statistic on the set of k-ary words of length
n defined as follows. The complete total variation (or just complete variation) of o = o109 - - - oy, € [k]"
is defined as v(0) = v, (o) = u(o) + o1. For example, the complete variation of the word o =
1121415221 € [5]*% is v(0) = 1 + u(o) = 17.

The bivariate generating function Fy(z, ¢) can be expressed in terms of Chebyshev polynomials of the
second kind, see Theorem Chebyshev polynomials of the second kind are defined by U,.(cos6) =
sin(r£1)8 “Eor example, Uo(z) = 1, Uy (z) = 2z, Uz(z) = 42% — 1, and in general,

sin 6

Ur(z) =22U;_1(z) = Up_2(z), r=0,£1,%£2,.... (1.1)

Chebyshev polynomials were invented for the needs of approximation theory, but are also widely used in
various other branches of mathematics, including algebra, combinatorics, and number theory (see [[12])).

Theorem 1.2 The bivariate generating function Fy(x, q) is given by

CUq—l'i‘Z _qle
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where

1—q U 15/2 SIS U(€/2)
Z J 1 5/2) J(€/2)

L 2Uia(6/2) (Uk_1<a/2> +(1—q)/a 2 U; (02))

j=i

Uk-1(£/2) Ur(€/2) = q(1 + 2)Ux-1(£/2)

and § = 71“27‘;(17‘12).

Theorem-w1th g=1¢ =201 ) = j+ 1and Ug(£/2) — q(1 + 2)Ux—1(£/2) = 1 — kx)
gives that z; = (z,1) = 1+ 22 = L which is the generating function for all k-ary

words of length n. Moreover using [[7, Theorem IX.9 (Meromorphic schema)] with p = % we obtain that
Fy, (n,q)

the random variable w,, ,, with probability generating function after standardization, converges in
distribution to a Gaussian variable, with a speed of convergence that is O(1/+/n), and the mean and the
standard deviation of w,, j, are asymptotically linear in n.

In our next theorem, we determine the mean and the variance of the total variation exactly.

Theorem 1.3 The mean and the variance of the total variation of a uniformly chosen k-ary word of length
n are given by

(n—1)(k+1)(k—1)

3k ’
and
(k—1)(k+1)(k%>(6n —7) +2(3n — 1))
90k?2 ’
respectively.

We present two proofs of the above theorem. The first proof relies on Theorem 1.1} while the second
consists of an elegant derivation based solely on counting special types of subsets in [k] and the additivity
of the expected value operator, see Section 3.

2 Proof of Theorems and

In this section we establish the formula for the generating function Fy(x,q) asserted in Theorems
and To this end, let Fi(x,q | i1i2-- i) denote the generating function for the number of k-ary
words ¢ = 0109 - - - 0, enumerated with respect to the variation statistic u(o) such that o109 --05 =

Qi -1, 8 € [n],
Bealin-Y 8 e

n>0 o=iyis--iso’ €[K]"
Our first result is a recurrence relation for the functions F(z, g | 7).

Lemma 2.1 Foranyi=1,2,...,k,

k
j=1
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Proof: From the definitions we can state that Fj,(x,q | i) = = + Z?:l Fy(z,q|ij) and Fy(z,q | ij) =

q" I Fy(2,q | j). Thus, Fy(z,q | i) =z + 172?:1 q" I Ey(x,q | j), as claimed. O
Now let us solve the recurrence relation in the statement of Lemma [2.T] either by using kernel method

technique (see [2,16, 18]]) or by using tridiagonal matrix algorithm (see [[L7]).

2.1 Kernel method technique

In order to solve the recurrence relation in the statement of Lemma 2.1} we define

k
Fp(,q;t) =1+ > Fi(z,q | i)t

i=1

Clearly, Fy(z,q;1) = Fx(x,q). So, in order to specify Fy(z,q), we need to study a functional relation
for Fy(x, ¢;t).

Lemma 2.2

Kk
Fi(e,qit) =1+ (4 - 540
ity (Fr(z, ;) — " Fi(w, ¢: 1/q)) + =575 (Fi(2,¢;.9) — Fio(z, ¢:1)) -

Proof: Lemma[2.1] gives

k
J=1 J=i+1

foralli =1,2,..., k. Multiplying through by ¢'~! and summing over i, i € [k], we obtain
r 1
2 Fi(,q| it
17— k i— k i .
3, (BT R | )
i=1

Lk k 1 k+1—j . k 1 Ji—1 .
=zih +u 2 e Fi(w,q | §) + @ 2 @ M — Fi(,q | ).
J= J=

Using Fy(x,q;t) =1+ Z?Zl t'= Fy(x,q | j) we get that
k
Fi(z,qit) - 1=l + 25 i (Fi(z,q:t) = 1 — ¢"" Fi(z,¢;1/q) + ¢*t¥)
+ = (Fe(@,49) — Fi(w, ¢;t))
which completes the proof. O

We note the following useful restatement of Lemma [2.2}

(1= 25 + 575 ) Pl as)
1 qkt’C

=1+ 1—t" _ 1 _ quth 1 _z _p . (21)
= T\ 1% T—qt T—qt k(irvqa /q)+17t/q k(xv(Lq)'
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We need a result relating F.(x, ¢;1/q) and Fi(x, ¢; ). We claim that
Fi(z,q;t) — 1 =t* 1 (F(z,q;1/t) — 1) (2.2)

To see this, define the complement of ¢ = o109 -0, tobe o’ = (k+1—01)(k+1—03) - (k+1—0y).
Then it is immediate from the definitions that ¢’ is a k-ary word of length n with u(o’) = u(c) and
oy = k+1—0y. Hence,

" (Fr(z, q: 1/t) — 12
— ¢k—1 Z>: Z: 02: (1/t)z 1 ucr) _ Z Z Z xntkfiqu(o)
k_ = =1

elk]™ n>1i=1 o=ife[k]"

- % ) 2"t 1qu) = Fy(z,q:t) — 1,
n>1i=1o'=(k+1—i)0’€[k]™

as claimed.
Equation (2.2) for t = ¢ gives that Fy(x,¢;1/q) = 1+ qkl_l (Fy(z,q;q) — 1). Hence, (2.1)) reduces to

(1= 25 + 575 ) Frlas)
=1+ (L - L)

which is equivalent to

k n

(1- 25 + 7)) Fuleait)
1tk 1—qt* zqt®
:1+x(1jt - 17qqt)_<1gqt_ — t/q)Fk(‘r ¢ 9),

This type of functional equation can be solved using the kernel method (see [2, 8]]). In this case, if we
assume that

(2.3)

l—z4+¢*(1+2)— /01 -q)A+q)(1+q—z(1—q)A—g—z(1+q))

then (2.3) gives
k k
14z (llftt (@)  1-gt (q)) 0
N —t(q) 1—qt(q) ) 1—t(q)
SR L e — BRI ETIT @b
T—qt(q) ~ 1-4()/q ¥ T=qt(e)

We can formulate the following theorem. Let G (z, ¢) be the generating function for the number of k-ary
words 0 = 0109 - - - 0y, of length n having (complete variation) v(c) = m, that is,

Zx Z ¢,

n>0  oelk]
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Theorem 2.3 The generating function Gy (x,q) = 1 — q¢ + qFy(z, ¢; q) is given by

1—t*(q)
qr=— t(q)
| ploat @’

1—qt(q)

1+

where

l—z+¢(14+2)— /0 -0+ +q—z(1—q)A—g—x(1+q))
2q '

t(q) =

Proof: Using the definition v(c) = o1 +u(0), we have that the contribution for nonempty k-ary words in
Gr(z,q) is q(F(x,q;q) — 1) and the contribution of the empty word in Gy (x, q) is 1. Thus Gg(z,q) =
1+ q(F)(z,q;q) — 1). The rest follows from (2:4). O

For example, Theorem [2.3] gives
G1($7q) :1_|_1:E7q’
1— 2 j—1 .
Ga(z,q) = % =1+ 15q+ éﬁq%
3>

_ )2 _ R
Galar.q) = Umiglgheg s

=L+ et T S+ T e
Jj=20

We are now ready to establish Theorem [I.1]
Proof Proof of Theorem[I.1} By substituting ¢t = 1 in (2.3, we obtain

<1—x(1+Q)> Frp(x,q¢;1) =1+ (k—1)x —

xrq
Fk(a%ng))
l1—gq —q

which implies

l—g¢+ (k-1 —-9q)x 2z
Fi(x,q;1) = - Gr(x,q) — 1+ q).
k(7,q31) =0+ 1_q_w(1+q)( k(,q) q)
Then by applying Theorem [2.3] we obtain the second part of Theorem I.T] O

For example, Theorem [IT] gives

Fl (J,‘, Q) = ﬁa
z—x i+t
Fy(x,q) :%,Mq]—1+22(1;J+1Q7
_ (1422)(1—2)+422 z(1+2:v)
F: (qu) - (1—1)2—:cq2q(l+m)

2T (142 342 (1 4z)7
= 11+:?f +2(1+42z) > (1_‘(}c)+2j72rl % +4 Z = i;ZT)z gt
j>1
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2.2 Tridiagonal matrix algorithm
Let Ay = Ag(x,q) = (Ag(z, gli, j))1<i j<k be the k x k matrix

o 1—ux, 1=
Ak(xaQ“aJ) - { —quiijl, ’L?éj
Rewriting the equations in the statement of Lemma [2.1]in matrix form we get that
Ak =T )
which is equivalent to
1—
T1 q
Bk} . =X . 5 (25)
: 1—gq
T 1

where Fy,(x,q | i) = x; — qx;—1 (here we assume that o = 0) and By = (b;j)1<ij<k isa k x k
tridiagonal matrix

0, li —j] >1
K 1+¢—2(1-¢?), i=j<k
11—z, i=j=k.

By using the tridiagonal matrix algorithm on (2.3)), as described in [17], we get that

rk =dand x; = d; — c;xiqq, foralli=k—1,k—2,...1, 2.6)
where
di= ) SRS 2<i<k-d Ci:{ :% rs<i<ko1, @D

and £ = M. Thus, by Equations (T-1)) and (2.7)) together with induction on i, we obtain that

i—1
z(1—q) ) ;
Uy, ) wes 5 Ui, i<k
’ ui¢/2) U1 (€/2)+2(1-q) /a 522 U, (6/2)
Ur(§£/2)—q(1+x)Ur—_1(£/2) ’

2.8)

=k.
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On the other hand, Equation (2.6) together with inductiononi = k, k—1,...,1 give thatx; = Zf:l d; Hg;ll (—cs).

Thus, by using (2.8) we have that

+(1—q) k—1 Ui1(£/2)jz::: Us(£/2)
T4 = ULEUER)

L aUia(€/2) (Ve &/ + (- a)/g Yh2o Ui(€/2)
Uk-1(£/2) Urp(€/2) — q(1 + 2)Ui—1(£/2) ’

forall i = 1,2,...,k. Hence, by using Fy(x,q | i) = x; — qui—1, i = 1,2,...,k, together with
Fi(z,q) =1+ Zle Fy.(z,q | i), we complete the proof of Theorem

3 Proof of Theorem

Let [k]™ be the set of k-ary words of length n, where we assume that all words occur equally likely. Then
Unk = Un k(o) and v, = v, (o) where o € [k]™ are discrete random variables for the variation
and the complete variation that take values 0,1,...,(n — 1)(k — 1) and 1,2,...,(n — 1)(k — 1) + k,
respectively.

3.1 Generating function techniques
As a corollary of Theorem [I.T|we get the following two results.

Theorem 3.1 The mean of the random variables u., j. and vy, , are given by

LS o) = (n—1)(k+1)(k—1)

Mn ke = k’7 3k ’
ok

and

" o€lk]™

1 Z vn k(0) = (k+1D(2n+ 1)k —-2(n—-1))

Unk = 7~ 6k

Proof: After simple algebraic operations, Theorem [2.3] gives

o (3 = (5
g Vn pa" = quk(xaQ)LZ:l = (1— kx)? '
n>0

and Theorem [I.1] gives

g 9 ()42
Z:Hn,km = %Fk(z7q)|q:1 = m’
n>0

(k+1)((2n+1)k—2(n—1))
6k

which implies that v, , = and pp, ) = ("71)(163# as claimed. O
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Theorem 3.2 The variance of the random variables ., ;, and vy, ), are given by

(k—1)(k+1)(k*(6n —7) +2(3n — 1))

90k2 ’
and
(k—1)(k+1)(12n(k%2 + 1) + k2 — 4)
180k2 ’
respectively.

Proof: After simple algebraic operations, Theorem|[I.T] gives

Zﬂ(ﬂ_ﬂﬂ:mFWQ‘:fﬁWﬂ+“ﬁ%@m~yTw)
e dg2 P Vla=1 1~ ka)? ’

n>0

which implies that the ratio of the second factorial moment of the random variable u,, ;, by k™ is given by

n—3 2 _ n— n—3a n—
e = i (772 (F1) (3) o+ 2SR () (151) — 5 (59 (157)).
Using this expression, the variance of the random variable w,, ; is given by

(k—1)(k+1)(k?(6n—T7)+2(3n—1))
90k2 :

//n,k + pinge — (pn k) =
Similarly, Theorem[2.3] gives

5 V(e — D)a”
n>0

2
%Gk(a‘.a q)‘qzl

_ kx(k—1)(k+1)(30—15kx46(k*—4)z* —k(k*—4)z>
- 90(1—Fkx)3 )

which implies that the ratio of the second factorial moment of the random variable v,, ,, by k™ is given by

;o (k=1)(k+1)(16k*(n+3)+10(k*—1)n*+26n—12)
Vnk = 90%k2 .

Using this expression, the variance of the random variable v,, j is given by

/ 2
Vnk +Unk — (V”Jﬁ)
_ (k=1 (k+1)(12n(k24+1)+k*—4)
- 180k2 ’

as required. O

3.2 Additivity of the expected value operator

In this section, we give an alternative proof of Theorems [3.1] and [3.2] (see Theorem [I.3), which consists
of an elegant derivation based solely on counting special types of subsets in [k]™ and the additivity of the
expected value operator.

In order to do that, let X; = X;(0),i=1,2,...,n— 1 and o € [k]", be the discrete random variable
for the absolute difference |o; — 01| between values in the i-th and (i + 1)-st positions, and Xy = X (o)
be the discrete random variable for the value of the first letter of o € [k]™. From the definitions we obtain
that
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o« P(X;=0)=t 11

o P(X;=m)= 2= Zlukn2—2(k ™) forallm =1,2,....k—1,

e P(Xo=m) = 1 foreverym € [k], forallm =1,2,... k,

where P(Y = m) denotes the probability that the discrete random variable Y equals m. Then all X;’s,
t=1,2,...,n — 1, have the same distribution and u,, , = Z X Thus, the expected value of u,, j is
given by E(u, ) = S E(X;) = (n — 1)E(X), where

k—1

k—1
E(Xl)zz::()m z:Oka m _(k+1§]ik_1)-

Therefore,
-+ 1)(k-1
Blungy = EZDEFDED

The discrete random variable v,, j, for the complete total variation is given by v, 1 = Uy 1 + Xo and its
expected value equals E(vy, ;) = E(un,x) + E(Xo), where

k k
E(Xo)=Y»_ mP =>

m=1

3.1

PT\S

Thus, by (3.1) we have that

(n—1)(k+1)(k—1) N kE+1
3k 2
Hence, Equations (3-1) and (3.2) complete the proof of Theorem [3.1]

Now we ready to prove Theorem The random variables X; and X; are independent if |i — j| > 1
(that is, the covariance Cov(X;, X;) equals 0 for all | — j| > 1), thus the variance of u,, j is given by

E(vp i) = 3.2)

n—1 n—2 n—1
Var(ungk) =Y Var(X;))+2 > Y Cou(X;, X;)
i=1 i=1 j=it1

— (n— D)Var(X1) + 2(n — 2)Cov(X1, Xa)
with

Var(X1) = B(X}) - B(X,)?
k-7

=

(k+1)2(k —1)?

B m;)mzp(Xl =m)= 0k?
B ’“i 2m2(k —m)  (k+1)%(k - 1)°
N k2 9k2

m=0
(k+1)(k—1)(k*+2)
18k2 ’
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and

E(X1Xs)=2 Y 3(2_7 —1) Y Pk—J) P

1<i<j<k 1<j<k 1<i<j<k
~ (k+1)(k—1)(Tk* - 8)
- 60k2 ’

where the first sum on first line above corresponds to cases where 0102073 is an increasing sequence or
a decreasing sequence, the second sum corresponds to cases where o1 = 03 # 09, and the third sum
corresponds to the rest of the cases. Hence, by the fact that Cov (X1, Xo) = E(X1Xs) — E(X1)E(X3)
we get that

COU(Xl,XQ) = E(XlXQ) — E(Xl)E(XQ)
(k+ 1) (k—1)(7Tk* —8)  (k+1)*(k—1)?
- 60k2 B 9k:2
C(k+ D) (k—1)(k+2)(k—2)
180k2 ’

which implies that

Var(uns) = (n - DEGHED | g, _ o) Geen=tieen= .
=(n—1) (k=D (k+D) (K +1)  (k=1)(k—2)(k+2)(k+1) '
o 15k2 90k2 ’

which agrees with Theorem 3.2}

To this end, let us find explicit formula for variance of the discrete random variable v, , = Z” ! X;.
Since the discrete random variables X; and X; are independent if |¢ — j| > 1, we get that the variance of
Up,k 18 given by

Var(vpx) = Var(Xo) + (n — 1)Var(X1) + 2Cov(Xo, X1) + 2(n — 2)Cov(X1, X2)
= Var(Xo) +2Cov(Xo, X1) + Var(un k)

with

4
m=1
_wem (bt 1)
m=1 k 4
(k—1(k+1)
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and
Cov(Xo, X1) = E(XoX1) — E(X0)E(X1)
:% 3 (j—i+i)+% S ojag bl BHDE-D

— — 2 3k
1<i<j<k 1<j<i<k
C kD=1 (k1)1
6k 6k

=0,

where the sums on second line above corresponds to cases where o102 is an increasing sequence or a
decreasing sequence. Therefore,

(k= 1)(k+1)
12

(k—=1)(k+1)(12n(k® +1) + k2 — 4)

+ Var(un) = 18052 ,

Var(ve k) =

which completes the proof of Theorem [3.2]

Acknowledgements

The author would like to thank Augustine Munagi for reading previous versions of the present paper and
for a number of helpful discussions. Also, the author thanks one of the referees that he suggests the
probability proof of Theorem[T.3]as described in Section



Enumeration of words 185

References

[1] D. Aldous and P. Diaconis, Longest increasing subsequences: from patience sorting to the Baik-
Deift-Johansson theorem, Bull. Amer. Math. Soc. 36 (1999) 413-432.

[2] C. Banderier, M. Bousquet-Mélou, A. Denise, P. Flajolet, D. Gardy and D. Gouyou-Beauchamps,
Generating functions for generating trees, Discr. Math. 246:1-3 (2002) 29-55.

[3] C.C. Chao and W.Q. Liang, Arranging n distinct numbers on a line or a circle to reach extreme
total variations, Europ. J. Combin. 13 (1992) 325-334.

[4] G.L. Cohen and E. Tonkes, Dartboard arrangements, Elect. J. Combin. 8(2) (2001) #R4.
[5] S.A. Curtis, Darts and hoopla board design, Inform. Proc. Lett. 92 (2004) 53-56.

[6] G. Firro and T. Mansour, Restricted k-ary words and functional equations, Discr. Appl. Math. 157:4
(2009) 602-616.

[7] P. Flajolet and R. Sedwick, Analytic Combinatorics, web edition; available at http:algo.
inria.fr/flajolet/Publications/books.html, Cambridge University Press, 2008,
pages xii+811.

[8] Q.Hou and T. Mansour, Kernel method and linear recurrence system, J. Comput. Appl. Math. 261:1
(2008) 227-242.

[9] Y.J. Liao, M.Z Shieh and S.C. Tsai, Arranging numbers on circles to reach maximum total varia-
tions, Elect. J. Combin. 14 (2007) #R47.

[10] B. F. Logan and L. A. Shepp, A variational problem for random Young tableaux, Adv. Math. 26
(1977) 206-222.

[11] T. Mansour, Longest alternating subsequences of k-ary words, Discr. Appl. Math. 156:1 (2008)
119-124.

[12] Th. Rivlin, Chebyshev polynomials. From approximation theory to algebra and number theory,
John Wiley, New York, 1990.

[13] N.J.A. Sloane, The On-Line Encyclopedia of Integer Sequences, http://www.research.att.com/
~njas/sequences.

[14] R.P. Stanley, Enumerative Combinatorics, Vol. 2, Cambridge University Press, Cambridge, 1999.
[15] R. Stanley, Longest alternating subsequences of permutations, arXiv: math.CO/0511419.

[16] A. M. Vershik and K. V. Kerov, Asymptotic behavior of the Plancherel measure ofthe symmetric
group andthe limit form of Young tableaux (Russian), Dokl. Akad. Nauk SSSR 223 (1977) 1024—
1027. English translation: Soviet Math. Dokl. 233 (1977) 527-531.

[17] —, Wikipedia, http://en.wikipedia.org/wiki/Tridiagonal_matrix_
algorithml


http:algo.inria.fr/flajolet/Publications/books.html
http:algo.inria.fr/flajolet/Publications/books.html
http://en.wikipedia.org/wiki/Tridiagonal_matrix_algorithm
http://en.wikipedia.org/wiki/Tridiagonal_matrix_algorithm

186 Toufik Mansour



	Introduction
	Proof of Theorems 1.1 and 1.2
	Kernel method technique
	Tridiagonal matrix algorithm

	Proof of Theorem 1.3
	Generating function techniques
	Additivity of the expected value operator


