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DIFFUSION LIMIT OF LANGEVIN PDF MODELS IN WEAKLY
INHOMOGENEOUS TURBULENCE *

C. EMAKO!, V. LETIZIA?, N. PETROVA?, R. SAaINCT?, R.DUCLOUS® ET O. SOULARD”

Résumé. Dans cet article, nous abordons la question de la modélisation du transport turbulent dans
les modeles de turbulence basés sur les fonctions de densité de probabilité (PDF). Nous étudions
la limite diffusive de ces modeles obtenue lorsque ’advection et la dissipation sont les seuls pro-
cessus physiques actifs. Dans cette limite, nous montrons que les modeles PDF donnent lieu & un
développement asymptotique selon un petit parametre correspondant au rapport de I’échelle intégrale
sur ’échelle du gradient moyen. La contribution principale de ce développement s’identifie avec un
modele k — & classique. En particulier, le transport de I'énergie turbulente est donné par une diffusion
en premier gradient. L’identification entre modele k — et modeéle PDF permet de soulever un certain
nombre de questions sur la maniere dont le transport est modélisé dans les approches PDF. La solution
asymptotique est validée par des simulations numériques réalisées a I’aide d’un code Monte Carlo mais
aussi d'un code déterministe.

Abstract. In this work, we discuss the modelling of transport in Langevin probability density function
(PDF) models used to predict turbulent flows [1]. Our focus is on the diffusion limit of these models,
i.e. when advection and dissipation are the only active physical processes. In this limit, we show that
Langevin PDF models allow for an asymptotic expansion in terms of the ratio of the integral length to
the mean gradient length. The main contribution of this expansion yields an evolution of the turbulent
kinetic energy equivalent to that given by a k — ¢ model. In particular, the transport of kinetic energy
is given by a gradient diffusion term. Interestingly, the identification between PDF and k — & models
raises a number of questions concerning the way turbulent transport is closed in PDF models. In order
to validate the asymptotic solution, several numerical simulations are performed.

1. INTRODUCTION

Since the early work of Pope [1], the so-called probability density function (PDF) approach has proved to
be an efficient tool for predicting turbulent flows. In this approach, one derives and solves a modeled transport
equation for the one-point PDF of the fluctuating velocity field and, when necessary, of additional variables
describing the state of the flow, such as concentration, temperature or density. In the modeling process of the
flow one-point statistics, closures must be applied to the turbulent acceleration as well as to molecular diffusion
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terms. Most of these closures yield a PDF transport equation of the Langevin type [1-4]. In this work, we will
only focus on this class of models.

While mostly used to predict turbulent reactive flows, the PDF approach has also demonstrated its utility for
solving incompressible inert flows. In this context, Langevin PDF models have been shown [2] to be connected
to simpler turbulent models which focus solely on the second-order one-point correlation tensor of the velocity
field, also called Reynolds stress tensor. These Reynolds stress models (RSM) revert to the well known k — &
model when turbulence is isotropic. The PDF/RSM equivalence encompasses most physical processes at work
in incompressible flows, including production, non-linear redistribution and dissipation effects. However, strong
differences exist in the way both approaches deal with the transport of the turbulent kinetic energy and of its
anisotropy.

In RSM, turbulent transport is usually modeled by a gradient diffusion assumption. Many variants of this
closure exist, but most are found to yield similar results in practical situations [5,6]. In the PDF approach, the
situation is different. The advection term appearing in the Navier-Stokes equations does not require any closure.
In that sense, turbulent advection is often said to be treated “exactly” or “without assumption” [4,7]. However,
such statements might be somewhat misleading. Indeed, the overall process of turbulent transport is not exact
since the statistics of the velocity field are affected by the Langevin closures used in the remaining parts of the
PDF transport equation.

Thus, turbulent transport and Langevin closures are interacting in PDF models. This interaction is flow-
dependent and cannot be made explicit in the general case. Yet, when non-equilibrium /production effects become
negligible, the PDF equation is expected to degenerate and to yield a gradient diffusion formulation for the
transport of Reynolds stresses. This is suggested by several works, for instance [2,5, 8], which focus on triple
velocity correlations and on their expression in the absence of production. As a consequence, in this diffusion
limit, a PDF/RSM equivalence should exist for the turbulent transport term. Then, significant knowledge could
be gained by comparing the two families of models, just as it was done in the homogeneous case by Pope [2].

However, the diffusion limit of PDF models has never been looked at thoroughly. The precise conditions under
which it occurs have not been explicited. Besides, the influence of dissipation processes are usually discarded
while they are expected to play a significant role. Finally and more importantly, the study of the diffusion limit
has been limited to considerations on the sole triple velocity correlations and not on the PDF itself.

Thus, the purpose of this work is to study the diffusion limit of PDF Langevin models and to explicit the
connection with RSM models in that particular case. To this end, we consider a simplified setting in which
diffusion and dissipation are the only active physical mechanisms. Then, we look for an asymptotic expansion
of the Langevin PDF equation in terms of the ratio of the integral to the mean gradient length. The relevance
of this expansion is verified on several simulations. Finally, its implications in terms of physical models are
discussed.

2. SIMPLIFIED LANGEVIN PDF MODEL APPLIED TO A TURBULENT ZONE

Throughout this work, we will consider a canonical turbulent flow consisting in a 1D slab of turbulence that
decays and diffuses with time. This flow is sketched in figure 1 and will be refered to as turbulent zone (TZ).
The inhomogeneous direction is denoted by x; and the length of the TZ by L7 z. Our interest lies in finding
the properties of the PDF f(u;x1,t) of the velocity field u = (uq, uz2,u3) at point 21 and time ¢ when modelled
by the simplified Langevin model (SLM) [1]. In the TZ configuration and with the SLM, the evolution of f is
given by :

U =—n— + ¢ :
615 UI 8901 8uj 2 8'LLJ"LL]‘

&rl 2 “

(9f (9f - 0 |:<8le Clu) f:l OO, 82f (21)

where Cy and C are model constants, R;; = u;u; is the Reynolds stress tensor, k is the mean turbulent kinetic
energy, w is the mean dissipation frequency and € is the mean dissipation rate. The Reynolds stress tensor R;;
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FIGURE 1. Sketch of a turbulent zone as studied in this work.

and k are obtained directly from the PDF by the relations :

1 1
k(l‘l,t) = §Rii($1,t) = §uiui(x1,t) and Rij(l‘ht) = uiuj(xl,t) = / uiujf(u;xl,t)du (2.2)
R3

The dissipation rate and frequency are linked by the relation :

Q]
—
8

—
~
=

w(l'h t) =

(2.3)

An additional equation for the dissipation is required to close the system. As in standard k —  models, this
equation is obtained by direct analogy with the equation of k. The evolution of k deduced from the PDF
equation (2.1) is :

ok 0

—_— 4+ — k) =—¢ 2.4
ot T o, (MF) =2 (24)
The evolution of Z is then set to :
0g 0 J—
P (C.wuik) = —C,we (2.5)

where C. and C¢, are model constants and where w;k is the following triple velocity correlation :

uk = Uyt

2

The values of the different constants appearing in the above equations are given in table 1. These values are
taken from the litterature [1-4].

C(O Cl CE CEz
2(Ci—1) 155 1 19
TABLEAU 1. Model constants
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Note that Cy and C; are not independent : in order to ensure that  is the dissipation rate of k one must have
Co = 2(Cy — 1). As noted in [2], the value of Cy varies significantly in the litterature. It mostly depends on
whether the SLM is used to model both the non-linear redistribution of energy and the rapid contribution of
the pressure gradient, or whether it is associated with an additional component modelling the rapid pressure
part. In the former case, the value of C; is usually set to higher values, typically C7 = 4.15. In the latter case,
it is set to lower values, typically C; = 1.8. In the absence of production, as in the TZ case considered here,
there is no rapid pressure term and both low and high values of C'; are acceptable.

3. WEAKLY INHOMOGENEOUS LIMIT AND DIFFUSION REGIME

3.1. Main assumption

Two main lengths characterize the turbulent field in the TZ configuration, the integral length ¢ and the
gradient length L. They are respectively defined as :

E3/2 -1

Ezf and L|:
&

1o
k Oxq

The integral length ¢ is representative of the size of the turbulent eddies present in the turbulent zone, while L
measures the inhomogeneity of the turbulent field and is expected to be roughly on the order of the turbulent
zone size L1y.

We now make the assumption that the flow is weakly inhomogeneous, i.e. that turbulent eddies are much
smaller than L. More precisely, we assume that :

% ~eg K1 (3.1)

Anticipating on a configuration where the PDF remains close to a Gaussian, this assumption can be incorporated
in the equation (2.1) and (2.5) as :

of [ Of 0 [( Ry _Ci_ Y], Co 0*f

ot T €athy 81'1 B 8uj l:(ﬁa 8x1 2 wu]) f:| + 2 6anUj (32)
0g 0 _— _

a + Eaaiwl (ng Ulk) = _OEQLL) 3 (33)

3.2. Asymptotic expansion

We look for a solution of equations (3.2) and (3.3) in the form of an expansion along the small parameter
€q :

F=fO4efO+ef®+ ., (3.4)

g =20 4 ¢,zW 4 28 1 .. (3.5)

where we impose / f(U)(u;xl,t)du =1 and / f(i)(u; x1,t)du = 0,Vi > 1, without loss of generality.
R3 R3

The zerot" order of the expansion for f obeys a Fokker-Planck equation. Its asymptotic solution is an isotropic

Gaussian of variance o2 = %E(O). We will assume that the time is large enough so that this asymptotic solution
is reached. Then, we have :
©) (4;. _ e et ~ 2 _ 24(0)
w5 ze,t) = CTOEE with o¢° = 3k
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where the zero' order kinetic energy and its dissipation evolve according to :

9&(0) z(0)2
- _g(o) 3 _ g

Lo S0

ot

The variance uiuj(l) and Y obey an autonomous system of equations. Zero being a particular solution of it,
the choice we retain is

wu; Y =0 and gV =0

With this condition, we obtain :

1
3C, +2C., — 6

2

= c,

w o2

As explained above, f(!) does not contribute to the Reynolds stresses (uiuj(l) = 0). However, it yields the main
contribution to the third order moments. From the previous formula, one has :

o2 Jo?

wug ) = 20 (01i0jk + 0150ik + 01%0:5) (3.6)

In particular, the flux of kinetic energy is given by :

—) o? do?

U 81,1
The second order is not detailed here. It yields an anisotropic contribution to the Reynolds stresses and an even
contribution to the PDF, with a dependency on the gradient of o and on its Laplacian.

3.3. Main result : approximate PDF solution in the weakly inhomogeneous regime

By collecting the main orders of the asymptotic expansion, we obtain that :

1 0k wy Wil e i/ (F/3)
. — 2 - _
flu;z,1) {1 +/2/3C, éE D1 s ( s )] COBEE (3.8)
where k is solution of a k — &-like system :
ok 0 5 ok
—2
0g 0 k 08 —0w o
7 o (Cfoks (40 ka)) - 210
with :
20 20
C = —C =
M7 99T 9(30, +2C., — 6)

To obtain these expressions, we used the relations £ = B Z/E and o2 = 2k/3. We also injected relation (3.7) into
the evolution equations (2.4)-(2.5) of k and .
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When C. = 1, as chosen in this study, the above k —  system admits an asymptotic self-similar solution,
first found by Barenblatt & co-workers [9] and later by Cherfils & Harrison [10]. It is given by :

E(z1,t) = Ko (1 + t/r) 2+ (1 - [xl/m)]?) L e(wn,t) =B (14 t/r) 22 (1 - [wl/Am]Q) . (3.11)
with A(t) = Ag (1 +1/r)® and 8= % (3.12)

The values of k and Z at t = 0 and z; = 0 are related to the two free parameters defining the initial length of
the profile Ay and the initial turbulent time 7 :

_ —3/2
1 ko 2C}, ko
_ ko Ao — Ck Ny 313
e, —1E 00 B(C-, —1) z (3.13)

Equations (3.8)-(3.10), with their analytic solution (3.11)-(3.13), are the main result of this work. They show
that, in the weakly inhomogeneous regime, the simplified Langevin PDF model behaves as a standard k — &
model. In particular, turbulent transport is given on first order by a diffusion term which coefficient depends
explicitely on two model constants : C; and C.,. The physical implications of this finding will be discussed in
section 5.

4. NUMERICAL VALIDATION

In order to gain confidence in the solution derived in section 3.2, we would like to provide, a posteriort,
the numerical evidence that the derived PDF shapes (3.8) are observed and correspond to the diffusion regime
described by equations (3.9)-(3.10). To do so, we use two different numerical solvers.

e The first one is a Eulerian Monte Carlo (EMC) solver and is applied to solve equations (2.1) and (2.5).
EMC methods have been introduced in [11,12] and have been extended to include the velocity field
in [13].

e The second one is a direct deterministic solver based on finite volume approximations and described
in appendix A. Given the high number of dimensions of equation (2.1), the computational cost of
a deterministic method is too expensive. Hence, we decide to apply the deterministic method to a
simplified version of equations (2.1) and (2.5). This simplified system is described in section 4.2.

4.1. Eulerian Monte Carlo simulations

First, we solve equations (2.1) and (2.5) with a Eulerian Monte Carlo (EMC) solver. The parameters of the
simulation are the following. The computational domain [Zin, Tmaz] is set to [—80,80]. It is discretized with
N, = 256 points. The number of stochastic fields is set to Ny = 16000. The initial conditions are set according
to the expected solution (3.11) :

Hent=0=h (1_ K?j) , e(z,t=0) =5 (1_ [i;r>

where we set the values Ag = 10 and kg = 1.5 and where the values of 7y and &, are given by formula (3.13).
Two calculations are done : one with C; = 4.15 and one with C; = 1.8. For '; = 1.8, one has 75 = 2.0 and
g0 = 0.84 and for C'; = 4.15, one has 79 = 3.6 and gy = 0.47.
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4.1.1. Self-similarity

In order to assess the self-similarity of the solution, we focus on the following three parameters :

B 3 [ k(zq,t)dx
Frae) = e (o) Znact) = g (lon ) and 1= HEGR00

The ratio E/ kmaz taken at different times is displayed on figure 2 as a function of 1 /Ly and for two values of Cf.
It can be seen that the respective profiles of the two ratios fall approximately on a single curve. This indicates
that k is close to a self-similar state. Besides, the collapsed curves remain close to parabolas as predicted by
solution (3.9)-(3.10). The main difference with this solution occurs at the edges of the turbulent zone : while
equations (3.9)-(3.10) predict a compact support for k, the simulation yields a non-compact one. While not
displayed here, the same conclusions also apply to €.

Simulation 1 Simulation
Analytical solution

g7 N\ Analytical solution

0.8

e g
XI _\cl
= =
0.4
0.2
0
-15 -1 -0.5 0 05 1 15 -1.5 -1 -0.5 0 0.5 1 15
x/L_k x/L_k
(a) C1 =18 (b) C1 =4.15

FIGURE 2. k/kpmae as a function of x1 /Ly, at different times from ¢/ty = 0.3 to t/tg = 5

We now consider the time evolutions of the three parameters Kmaz> Emaz and Ly and compare them against
their predicted values given by the self-similar solution (3.9)-(3.10). To this end, we introduce the three ratios
Ry, R. and Ry, defined by :

k max Emax Lk‘

Ry = = — , R.= — , -k
%o (1 +t/70) 2428 € Z (1 +t/ro) 3+28 Ao (1 +t/70)ﬁ

If the self-similar solution (3.9)-(3.10) applies, then Ry, R, and Rj, should become independent of time. Besides,
given that the initial condition was chosen close to a self-similar solution, one should have R, = R. = Ry ~ 1.
A strict equality is not expected since the initial is not fully coherent with the self-similar state. In particular,
the initial PDF is a Gaussian, whereas the self-similar PDF deviates from Gaussianity.

The three ratios Ry, R. and Ry, are displayed in figure 3. It can be seen that they indeed remain approximately
constant and stay close to one for the two simulations respectively performed with C; = 1.8 and C; = 4.15. As
a conclusion, the self-similar solution (3.9)-(3.10) appears to be in good agreement with the simulation results.
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FIGURE 3. Evolution of Ry, R. and Ry, as a function of time.

4.1.2. Fluz of kinetic energy

The existence and properties of the self-similar solution arise from the approximation of the flux of kinetic
energy given by formula (3.7). To check this approximation, we introduce the non-dimensional flux :

urk

Qﬁck(caz - 1)

F(z1,t) = =
k

3/2
max

According to formula (3.7), F* should be equal to x1/Ly(1 — [x1/Lk]?). The comparison between the two
functions is displayed in figure 4 at different times. It can be seen that both simulation and prediction are in
good agreement in the central part of the mixing zone, from x1 /Ly € [—0.7,0.7]. Outside, the gradient diffusion
assumption ceases to be relevent : the predicted flux of kinetic energy becomes much smaller than the simulated
flux. This observation is consistent with the one made on the non-compactness of the k — & profiles observed in
figure 2.

4.2. Deterministic finite volume simulations

The Eulerian Monte Carlo method has allowed to study some properties of the second and third order
moments of the velocity field. However, its intrisic noise is too high to directly study the PDF. To circumvent
this deficiency, we propose to use a deterministic solver.

4.2.1. Simplification of system (2.1)-(2.5)

As explained above, equations (2.1)-(2.5) have a high number of dimenions : 1 in time and 4 in velocity
and physical space. The computational cost of a deterministic method is too expensive so that we propose to
simplify these equations in order to reduce their dimensionality. More precisely, we focus on the the marginal
PDF f; of uy. By integrating equation (2.1) over us and ug, one obtains that f; evolves as :

on  oh _ 0 [(od o Ci-1_. &*h
8t T 81‘1 o 8u1 [( wu fl * 2 ‘ 8u1u1 ’ (41)
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FIGURE 4. F* as a function of x1 /Ly at different times from ¢/tg = 1 to t/ty = 5.

where g% = %E is the dissipation of 17% This equation is closed provided the evolution of £* is known in terms of
the statistics of u;. This is not the case of equation (2.5) which is related to k. Hence, we propose to simplify this
equation. Namely, we assume that the Reynolds stresses are strictly isotropic. Then, the turbulent frequency
can be related to 17? according to : w = /k = &* /uif Besides, we assume that %y, u; is also an isotropic tensor,

which yields u;k = 3u3/2. With these assumptions, one deduces from equation (2.5) the following simplified
evolution for g :

A RS
5+ (007) - coa w

Equations (4.1)-(4.2) are three dimensional and can be solved with the deterministic solver. They share the
same properties as equations (2.1)-(2.5) but present a slight variation in the weakly inhomogeneous limit. The
limit of f; is, as expected, the integral of the limit of f (3.8) over us and us :

—u?/(2u2) 2 2

e U1 1 1 ou u u

flusz,t) = —=—= |1+ Cy | ==5= 1( —;> ; (4.3)
\/2mu? Vudw T u? U1

However, the value of u3 is not given by formula (3.6) but by :

— u? ou?
3 _ 10Uy
up = —Cp———
w 011

with C}, = 6Cy. The notation C), has been retained here because in the diffusion limit, u? and & obey a k — &
like system similar to equations (3.9)-(3.10). The solution of this system is then obtained directly from equations

3.11) by replacing k by u? and & by &*.
1
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4.2.2. Set-up

The computational domain is defined by [Zmin, Tmaz] = [—30, 30] and [wmin, Umaz] = [—6, 6]. It is discretized
with (N4, ny.) = 2562 points and the time step is set to dt = 2-10~2. The initial conditions are set according to

? 2

where kg = 1 and Ag = 10 and where the values of 79 and Z; are given by formula (3.13). The additional
parameter Kyin is set to knin = 1072, It is required because Diracs cannot be represented in a deterministic
method. They are here replaced by a Gaussian with a variance sufficiently small for the PDF to approximate a
Dirac, and sufficiently large to obtain a numerical resolution of the PDF with a reasonable number of velocity
points.

The coefficients of the model are set such as C; = 2.73, in order to recover Cy = 1.

4.2.3. Comparison with analytical PDF solutions

For the TMZ configuration described in section 4.2, we first compare the diffusion solution (3.11), and the
numerical solution of the equations (4.1)-(4.2). In the figures 5 and 6, we observe a good agreement between
the numerical and the analytical solutions, for the second and third moments of the PDF. Moreover, in figure
7, the self-similality of the solution is checked, with respect to the quantities Ry, R. and Ry, (that are defined
in section 4.1.1). This shows that the PDF solution operates close to the diffusion regime, for which asymptotic
PDF solutions have been derived in section 3.2.

Then, we can legitimately analyse the anisotropic, odd part of the PDF, with respect to the analytical one
(denoted as €, f! in section 3.2). The comparison between the numerical and analytical PDF is shown in figure
8, respectively at the center and at the edge of the TMZ. At the end of the simulation, the anisotropy of the
PDF is greater at the edge than at the center of the TMZ. This can be seen via the value of the small expansion
parameter, which stabilizes at €, = 5.1072 at the center of the TMZ, and ¢, = 0.8 at the edge of the TMZ. The
validity range of the expansion is therefore not verified a posteriori at all points of the domain. However the
PDF shapes are qualitatively the same, and the TMZ diffuses at the correct rate. This gives confidence in the
asymptotic expansion derived in section 3.2.

T T
Simulation
Analytical solution

0.8

0.6 -

axr

S 04 -

N

‘C\s 02

u725 2 -15 -1 :L‘/i?&(t)é 0‘5 1 15 2 25

FIGURE 5. Turbulent kinetic energy from ¢/ty = 1 to t/to = 5. Comparison between Barenblatt
analytical solution [9] and the numerical PDF solution.
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FIGURE 6. Normalized third order moment from t/ty = 1 to t/ty = 5. Comparison between
Barenblatt analytical solution [9] and the numerical PDF solution.
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FIGURE 7. Evolution of Ry, R, and Ry, as a function of time.
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obtained from the asymptotic development, at t/ty = 5.

5. DISCUSSION AND CONCLUSIONS

In section 3, we showed that, in the weakly inhomogeneous limit, the simplified Langevin PDF model gives
rise to diffusion approximation for turbulent transport and behaves as a standard k& — € model. In section 4,
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we performed numerical simulations of a turbulent mixing zone and showed that the weakly inhomogeneous
limit and the diffusion approximation were relevent to describe the diffusion and decay of turbulence in this
configuration.

These results raise a number of questions concerning the way turbulent transport is effectively modelled
in Langevin PDF models. First, the transport of kinetic energy is given on first order by a gradient diffusion
approximation. The corresponding diffusion coefficient C}, is found to depend explicitely on two model constants :
C; and C,. We recall that the constant C., is set in order to reproduce the correct decay of kinetic energy in
homogeneous isotropic turbulence. As for the constant C1, it is set in order to specify the decay of the anisotropy
tensor b;; = R;; — 2k/ 30;; in homogeneous turbulence. Hence, one is faced with an apparent contradiction :
the coeflicient controlling turbulent transport in Langevin PDF methods is set by observations and reasonings
made in homogeneous turbulence, which by definition is devoid of turbulent transport.

Second, the value of 'y varies in the litterature and so does the value of the diffusion coefficient C}. For
Cy; = 1.8, one has () = 0.7 and for C; = 4.15, one has C) = 0.22. These values have to be compared with
the usual value retained in k — & models C’,’j_g = 0.15 — 0.22. Thus, if one wants to obtain results close to a
standard k —Z model in the diffusion-dissipation regime, one should rather choose a value of C; = 4.15. However,
as explained in section 2, higher values of C; are usually associated with simpler models discarding the rapid
contribution of the pressure gradient. For more realistic models, it is the value C; = 1.8 which is relevant.
Hence, one is left to choose between a value of C; that captures correctly turbulent transport and a value
that is compatible with the presence of a rapid pressure model. In addition to the first comment, this second
remark tends to indicate that the definition of C; and the term it controls in the simplified Langevin model
is overloaded. It looks as if the C; term in equation (2.1) had to represent two distinct physical mechanisms :
return to isotropy and turbulent transport.

Finally, a last remark must be made. While the Langevin PDF and k — & models behave alike in the diffusion
limit, there is still a fundamental difference between the two. In the k — & model, the gradient diffusion term

72 — JE—
models turbulent advection and also turbulent transport by the pressure : 70,]:_5%(3%]{3 = w;k + u;p. By
contrast, in the simplified Langevin PDF model, pressure transport is neglected. This can be seen in equation

(2.4) where only the flux of k appears. For the simplified Langevin model, one has : —C} g&rﬁ = u;k. This
relation could be justified if u;p was negligible. However, this is not the case. In isotropic turbulence, one has
exactly : @;p = —2/bu;k [14]. Therefore, an important part of turbulent transport is missing in PDF models.
Still, the fact that w;p and u;k are proportional allows for an effective definition of C} which accounts for the
missing term and give an overall correct transport in the diffusion regime. In that case, the value of u;k is
overestimated by a factor 5/3 =~ 1.7.

All these remarks point to some deficiencies in the way turbulent transport is represented in PDF models.
We hope to adress some of these deficiencies in a forthcoming paper.

A. DETERMINISTIC DIRECT METHOD

We propose here a Finite Volume numerical method to discretize the equation (4.1), where the space, velocity
fluctuation and time dimensions are discretized to yield a unique value of the PDF f;(uy;x1,t). This numerical
scheme should allow to statisfy the following constraints :

filuszt) = 0, (A1)
/Rfl(ul;irht)dm = 1, (A.2)
/Rulfl(ul;xht)dul = 0. (A.3)

To simplify notations, we will hereafter drop the index 1 from x1 and f;.
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We introduce a cartesian, uniform mesh, defined by the control volumes C; ; = [%—1/27 xi+1/2] [uj_l/g, uj+1/2] ,
where (1,7) € I x J C N x Z. We define Az and Av as the sizes of the space and velocity control vol-
umes, respectively. z; = iAz and u; = jAv here refer to the cell centers, whereas x; /0 = (i + 1/2)Az and
U]+1/2 = (j + 1/2)Au refer to the volume control boundaries.

Let f['; be an average approximation of the PDF on the control volume at time {" = nAt, n € N,

n 1 n
I = AsAv /c” fz,u, t™)dudz . (A.4)

We start from the Finite Volume scheme originally derived in [15]. We recall the basic steps leading to its
construction on the simplified advection equation

af af
u=—=0,u>0, A5
ot " or (A-5)
for the sake of simplicity. Its extension by symmetry to the negative velocity space is straighforward. Its appli-
cation to the right-hand side, velocity drift terms, in equation (4.1), will be discussed herebelow.
First, a time explicit Euler scheme is employed to discretize the equation (A.5) as

= +UE ( Ty Fi_1/2> , (A.6)

where Fz+1/2 = F(2;41/2,1") stands as a discrete conservative approximation of f(z,¢) on the boundary of the

control volume [aci,l /2> Tig1 /2]. Second, following [15], a second order MUSCL reconstruction technique (by
primitive), leads to the approximation

F(x,t") = {fﬁ+6+x;xxi ( i1 —fi")} , Vo € [961‘71/2793#1/2] . (A7)

The slope limiter €' is introduced in order to recover the maximum priciple 0 < f* < || f| /o under the CFL
condition u At < 1. Its expression, given by

0,if (f%l(u—fﬁfg’) (f;;)— 1) <0
6+ _ min (1, W) ?i ( i+1 f") (A8)

f i+1

. 21"

min <1, 7’71 ,else
+1 7

leads to a nonlinear expression for the numerical flux.

This approximation procedure can be further extended to evaluate the velocity drift term in the right hand side
1,2
u

of equation (4.1), which involves the velocity variance gradient e This drift term should balance with the
x

advection term in the left hand side of equation (4.1), in order to guarantee the zero mean velocity conservation
pu——
02

(A.3). At the discrete level, this requirement is met with a re-definition of ——| as a function of the discrete,

ox

i
reconstructed, numerical flux obtained for the advection term (left hand side of equation (4.1))

3U2 ’L+1/2,j in—1/2,j Fi7j+1/2 B Fi?j—1/2
| Z w3 - Av —zj:uj A Av |, (A.9)
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which is the analogous of the continuous relation, obtained by integration by parts,

— 5
o _ / duu2—f —/ duug . (A.10)
oz R ox R ou

The chosen discrete definition (A.9) mimics the integration by part (A.10) required to satisty the zero mean

velocity conservation (A.3), that is w = 0.
A similar procedure is now applied to the C term in the right hand side of equation (4.1), which is rewritten

as
[% (%wuf) — gu (C;w (u—) f) . (A.11)

An extension of the Finite Volume scheme (A.6)-(A.7)-(A.8) is employed here, to the more general case where the
fluxes depend on the drift variable u. This dependance is treated with a conservative centered discretization of
the velocity variable in the flux uf. A discrete definition for @ is required at this point in (A.11). We introduce an
approximation that satisfies the zero mean velocity conservation in a discrete manner on the discrete analogous
of the equation (A.11)

E —Fr Wit /2F —wj_12F
ﬂﬁ::§:uj G+1/2 J UQAU// E:u,ﬂ+/ G127 Hi-1/27 /2 A,

3 A’U ) A’U ) (A12)

J J

which is the discrete analoguous of the continuous expression

_ of 0 B
u= /Rduuau//Rduau (uf)=0. (A.13)

We finally obtain un unsplit discretization for all the advection terms in equation (4.1). The discrete analogous
of the probability density conservation (A.2) is satisfied if the slope limiters are not active for the advection

0
term ua—f In this case, we indeed obtain a centered discretization whatever the sign of the velocity is. We

x
accept a small deviation from the probability density conservation, where the limiters are active to guarantee
the maximum principle.

We now turn to the discretization of the Cy operator in the right hand side of equation (4.1). This term is
splitted and discretized with an centered, implicit scheme, with net flux boundary conditions on the velocity
space. This ensures the respect of the conservations (A.2) and (A.3), at the discrete level. Moreover, we obtain
a M-matrix with a positive right hand side, leading to a positive PDF.

Finally, we remark that the splitting of the C\ operator is convenient in the sense that it allows both the
implicitation of this term and an easy implementation of a parallelisation on the space dimension = with good
expected scalability. We have made use of the MPI parallelisation protocol to do so.
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