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BORDER BASIS RELAXATION FOR POLYNOMIAL OPTIMIZATION

MARTA ABRIL BUCERO, BERNARD MOURRAIN

ABSTRACT. A relaxation method based on border basis reduction which improves the
efficiency of Lasserre’s approach is proposed to compute the optimum of a polynomial
function on a basic closed semi algebraic set. A new stopping criterion is given to
detect when the relaxation sequence reaches the minimum, using a sparse flat extension
criterion. We also provide a new algorithm to reconstruct a finite sum of weighted Dirac
measures from a truncated sequence of moments, which can be applied to other sparse
reconstruction problems. As an application, we obtain a new algorithm to compute zero-
dimensional minimizer ideals and the minimizer points or zero-dimensional G-radical
ideals. Experimentations show the impact of this new method on significant benchmarks.

1. INTRODUCTION

Computing the global minimum of a polynomial function f on a semi-algebraic set is
a difficult but important problem, with many applications. A relaxation approach was
proposed in [11] (see also [27], [31]) which approximates this problem by a sequence of
finite dimensional convex optimization problems. These optimization problems can be for-
mulated in terms of linear matrix inequalities on moment matrices associated to the set
of monomials of degree < ¢t € N for increasing values of t. They can be solved by Semi-
Definite Programming (SDP) techniques. The sequence of minima converges to the actual
minimum f* of the function under some hypotheses [11]. In some cases, the sequence even
reaches the minimum f* in a finite number of steps [15, 26, 18, 3, 8, 24|. This approach
proved to be particularly fruitful in many problems [12]|. In contrast with numerical meth-
ods such as gradient descent methods, which converge to a local extremum but with no
guaranty for the global solution, this relaxation approach can provide certificates for the
minimum value f* in terms of sums of squares representations.

From an algorithmic and computational perspective, some issues need however to be
considered.

The size of the SDP problems to be solved is a bottleneck of the method. This size
is related to the number of monomials of degree < ¢ and is increasing exponentially with
the number of variables and the degree t. Many SDP solvers are based on interior point
methods which provide an approximation of the optimal moment sequence within a given
precision in a polynomial time: namely O((ps®® + cp?s25 4 cp3s%5) log(e~1)) arithmetic
operations where € > 0 is the precision of the approximation, s is bounding the size of
the moment matrices, p is the number of parameters (usually of the order s?) and c is
the number of constraints [23|. Thus reducing the size s or the number of parameters p
can improve significantly the performance of these relaxation methods. Some recent works
address this issue, using symmetries (see e.g. [29]) or polynomial reduction (see e.g. [10]).
In this paper, we extend this latter approach.

While determining the minimum value of a polynomial function on a semi-algebraic set
is important, computing the points where this minimum is reached if they exist, is also
critical in many applications. Determining when and how these minimizer points can be

computed from the relaxation sequence is a problem that has been adressed for instance
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in [9, 25| using full moment matrices. This approach has been used for solving polynomial
equations [15, 13, 14, 12].

As an alternative approach, the optimization problem can be reformulated as solving

polynomial equations related to the (minimal) critical value of the polynomial f on a
semi-algebraic set. Polynomial solvers based for instance on Grébner basis or border basis
computation can then be used to recover the real critical points from the complex solutions
of (zero-dimensional) polynomial systems (see e.g. [28, 30, 7]). This type of methods
relies entirely on polynomial algebra and univariate root finding. So far, there is no clear
comparison of these elimination methods and the relaxation approaches.
Contributions. We propose a new method which combines Lasserre’s SDP relaxation
approach with polynomial algebra, in order to increase the efficiency of the optimization
algorithm. Border basis computations are considered for their numerical stability [20, 21].
In principle, any graded normal form techniques could be used here.

A new stopping criterion is given to detect when the relaxation sequence reaches the
minimum, using a flat extension criterion from [16]. We also provide a new algorithm to
reconstruct a finite sum of weighted Dirac measures from a truncated sequence of moments.
This reconstruction method can be used in other problems such as tensor decomposition
[2] and multivariate sparse interpolation [6].

As shown in [1, 26, 3, 18, 24, 8], an exact SDP relaxation can be constructed for “well-
posed” optimization problems. As an application, we obtain a new algorithm to compute
zero-dimensional minimizer ideals and the minimizer points, or zero-dimensional G-radical.
Experimentations show the impact of this new method compared to the previous relaxation
constructions.

Content. The paper is organized as follows. Section 2 describes the minimization prob-
lem, the SDP relaxation hierarchies and the concept of optimal linear form. Section 3
describes new algorithms to check exact relaxations and to compute the minimizers for
zero-dimensional minimizer ideals. Section 4 analyzes cases for which an exact relaxation
can be constructed. Section 5 concludes with the description of the minimization algorithm
and experimentation.

Notation. Let K[x| be the set of the polynomials in the variables x = (x4, ..., z,,), with
coefficients in the field K. Hereafter, we will choose K = R or C. Let K denotes the
algebraic closure of K. For a € N, x® = z{" --- 2% is the monomial with exponent «
and degree |a| = >, ;. The set of all monomials in x is denoted M = M(x). For a
polynomial f =" fox®, its support is supp(f) := {x* | fo # 0}, the set of monomials
occurring with a nonzero coefficient in f.

For t € N and F' C KJx], we introduce the following sets: F; is the set of elements of
F of degree < t; (F) = {ZfeF)‘ff | f e F A€ K} is the linear span of F; if F'is a
vector space, F'* is the dual space of linear forms from F to K; (F') = { ZfeF prflpre
K[x], f € F} is the ideal in K[x] generated by F; (F|t) is the vector space spanned by

{x*f|feF,la| <t—deg(f)}; F-Fi=A{pq|pgeF} X*(F)={37_ [} | fi € F}is
the set of finite sums of squares of elements of F; for F' = {f1,..., fm} C Kx], [[(F) =
{IT:Z, /i | e € {0, 1}}.

Hereafter, we will consider K = R.
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2. MINIMIZATION PROBLEM

Let f, g9, ... ,ggl, gf, ..., 91, € R[x] be polynomial functions. The minimization prob-
lem that we consider all along the paper is the following: compute
1 inf
1) nf ()
0 _ _ 0 _
st gi(x) =+ =gn,(x) =0

gf(x) >0, ...,g:{Q (x)>0

More precisely, the objectives of the method we are going to describe are to compute the
minimum value when f is bounded by below and the points where this minimum value is
reached if they exist.

A set of constraints g = {¢9,...,6%; g1, ..., g1} € R[x] is the union of a finite subset
g’ ={q% ..., 9911} of polynomials corresponding to the equality constraints and a finite
subset gt = {gf, ceey g;;} corresponding to the non-negativity constraints. We say that

gcgifgd cglandgt Cgt.

The basic semi-algebraic set defined by the constraints g will be denoted S(g) = {x €
R" | g{(x) = -+ =g (x) = 0,9{ (x) > 0,...,g,},(x) > 0}. Hereafter, S := S(g) will
correspond to the basic semi-algebraic set defined by the constraints of our minimisation
problem (1). We assume that S # ().

When ny = ng = 0, there is no constraint and S = R". In this case, we are considering
a global minimization problem.

The points x* € R™ which satisfies f(x*) = infxeg f(x) are called the minimizers of f
on S. The set of minimizers is denoted Vi, = {x* € S s.t f(x*) = f*}. The ideal of R[x]
defining the set V,,,;;, is denoted I, .

If the set of minimizers is not empty, we say that the minimization problem is feasible.
The minimization problem is not feasible means that Vj,;, = 0 and I,,;, = R[x].

2.1. Hierarchies of relaxation problems. In this section, we describe the finite dimen-
sional convex optimization problems that we consider.

Definition 2.1. Given a finite dimensional vector space E C R[x| and a set of constraints
G C R[x], we define the quadratic module of G on E as

QE,G = {deGO gh+ zg’GCH g/ h
|he E,ghe€ (E-E),I € ¥%(E),dh € (E-E)}.

If G* C R[x] is the set of constraints such that G* = G° and G** = [[(G*), the
(truncated) quadratic module Qp g+ is called the (truncated) preordering of G and denoted
QE,G or Pe.a.

By construction, Qg ¢ C (E - E) is a cone of polynomials which are non-negative on the
semi-algebraic set 5.

We consider now its dual cone.

Definition 2.2. Given a finite dimensional vector space E C R[x] which contains 1 and a
set of constraints G C R[x], we define

Lo :={Ae(E-E) | Alp) 20, Vp € Qpa, AL) = 1}.

The convex set associated to the preordering QE,G = Qp g+ is denoted DfE,G'

By this definition, for any element A € Lg ¢ and any g € (G°) N E, we have A(g) = 0.

We introduce now truncated Hankel operators, which will play a central role in the
construction of the minimizer ideal of f on S.
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Definition 2.3. For a linear form A € (E - E)*, we define the map HY : E — E* by

Hf(p)(q) = A(pq) for p,q € E. Thus Hf is called a truncated Hankel operator, defined
on the subspace E.

Its matrix in the monomial and dual bases of E and E* is usually called the moment ma-
trix of A. The kernel of this truncated Hankel operator will be used to compute generators
of the minimizer ideal, as we will see.

Definition 2.4. Let E C R[x] such that 1 € E and a set of constraints G C R[x]. We
define the following extrema:

o [*=infxes f(x),
o [po=inf {A(f) s.t. A€ Lpgc},
o [i’ =sup {veR st f—v€eQra}

By convention if the sets are empty, f7’¢; = —oo and [h o =+oc.

If £ =R[x]; and G° = (g° | 2t), we also denote ng by f;fG and fife by fiE.

We easily check that f77¢, < fg,G, since if there exists v € R such that f —y =¢ € Qg ¢
then VA € L6, A —7) = A(f) — 7 = Alq) > 0.

If S(G) C S, we also have fgg < f* since for any s € S, the evaluation 15 : p € R[x] —
p(s) isin Lgg.

Notice that if ' C E', G C G' then Qp,c C Qp ¢/, Lre' C LEG, fro < [h o and

TEe < ire-

2.2. Full moment matrix relaxation hierarchy. The relaxation hierarchies introduced
in [11] correspond to the case where E = R[x];, G° = (g°|2t) and G+ = g™.

The quadratic module Qgy], ¢ is denoted Qg and Lg(y],,q is denoted Ly g. Hereafter, we
will also call Lasserre hierarchy, the full moment matrix relaxation hierarchy. It corresponds
to the sequences

Cﬁt—l—l,g Cﬁt,g C---and --- C Qt,gc Qt—l—l,g C -
which yield the following increasing sequences for t € N:

ol S < S frand o fR S R < S fR

The foundation of Lasserre’s method is to show that these sequences converge to f*. This
is proved under some conditions in [11]. It has also been shown that the limit can even
be reached in a finite number of steps in some cases, see e.g. |14, 26, 18, 8, 24, 1]. In this
case, the relaxation is said to be exact.

2.3. Border basis relaxation hierarchy. In the following we are going to use another
type of relaxation “hierarchies”, which involves border basis computation. It is aimed at
reducing the size of the convex optimization problems solved at each level of the relaxation
hierarchy. As we will see in Section 5.2, the impact on the performance of the relaxation
approach is significant. We briefly recall the properties of border basis that we need and
describe how they are used in the construction of this relaxation hierarchy.

Given a vector space F C R[x], its prolongation E* := E +x1F + ...+ x,F is again a
vector space.

The vector space E is said to be connected to 1 if 1 € E and there exists a finite
increasing sequence of vector spaces Ey C Ey C --- C E such that Ey = (1), Fiy1 C Ej' )
For a monomial set B C M, BT = BUz;BU---Ux,B and 9B = BT\ B. We easily check
that (B)™ = (BT) and (B) is connected to 1 iff 1 € B and for every monomial m # 1 in
B, m = z;,m/ for some iy € [1,n] and some monomial m’ € B.
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Definition 2.5. Let B C M be connected to 1. A family F C R[x] = R is a border basis
for B in degree t € N, if Vf, f' € Fy,

o supp(f) € BTN Ry,

e [ has exactly one monomial in OB, denoted v(f) and called the leading monomial

of f.

o v(f) =~(f') implies f = [,

e Vme IBNR, 3f € F s.t. v(f) =m,

o R = (B) @ (FIt).
A border basis F' for B in all degrees t is called a border basis for B. F is graded if
moreover deg(y(f)) = deg(f) Vf € F.

There are efficient algorithms to check that a given family F' is a border basis for B in
degree t and to construct such family from a set of polynomials. We refer to [19, 20, 21, 22|
for more details. We will use these tools as “black boxes” in the following.

For a border basis F' for B in degree t, we denote by 7 p the projection of R; on (By)
along (F'|t). We easily check that

e Vm € By, mp p(m) =m,
e Vm € O0BNRy, mp rp(m) = m— f, where f is the (unique) polynomial in F' for which
~v(f) = m, assuming the polynomials f € F' are normalized so that the coefficient

of y(f) is 1.

If F' is a graded border basis in degree ¢, one easily verifies that deg(mrg(m)) < deg(m)
for m € M;.

Border basis hierarchy. The sequence of relaxation problems that we will use here-
after is defined as follows. For each ¢ € N, we construct the graded border basis Fy;
of g in degree 2¢. Let B be the set of monomials (connected to 1) for which F is a
border basis in degree 2t. We define Ey := (By), Gy is the set of constraints such that
GY = {m — 7w, p,(Mm), m € By - B;} and G} = 7p, ,,(g"), and consider the relaxation
sequence

(2) QEth C <Bt . Bt> and ﬁEt,Gt (- <Bt . Bt>*

for t € N. Since the subsets B; are not necessarily nested, these convex sets are not
necessarily included one in the other one. However, by construction of the graded border
basis of g, we have the following inclusions

o C(Fy|2t) C (Foyga|2t +2) C -+ (g°),

and we can relate the border basis relaxation sequences with the corresponding full moment
matrix relaxation hierarchy, using the following proposition:

Proposition 2.6. Lett € N, B C R[x]o; be a monomial set connected to 1, F C R[x] be a
border basis for B in degree 2t, FE := (By), E' :== R[x]t, G, G’ be sets of constraints such that
G = {m—nprp(m), m € B;-Bi}, G° = (F|2t), G = G'". Then for all A € Lg ¢, there
exists a unique N € Lpr ¢ which extends A. Moreover, A" satisfies rank Hf,, = rank HY
and ker HY, = ker HY + (F |t).
Proof. As F' C R[x] is a border basis for B in degree 2t, we have R[x]|o; = (B)2:® (F' | 2t).
As (B - By) C (B)ay @ (G%), (G°) C (G") = (F|2t) and R[x]a¢ = (B)ay @ (F|2t), we
deduce that for all A € Lg g, there exists a unique A’ € R[x]5, s.t. A\,<B>2t = A and
N ((F|2t)) = 0.

Let us first prove that A’ € Lp g = Liq. As any element ¢’ of Qp/ ¢ can be
decomposed as a sum of an element ¢ of Qp ¢ and an element p € (F|2t), we have

N (¢") = A(q) + N(p) = A(¢g) > 0. This shows that A’ € Lg ¢
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Let us prove now that ker HY, = ker HY 4 (F |t) where E := (By), E' := R[x];. As
E-(F|t) C (F|2t) =G", we have A'(E - (F |t)) = 0 so that
(3) (F|t) C ker HY, .

For any element b € ker HY we have V' € E, A(bl/) = A'(bb') =0. As N (E-(F|t)) =0
and E' = E @ (F|t), for any element e € E, A’(be) = 0. This proves that

(4) ker HY € ker HE .

Conversely as B/ = E @ (F' | t), any element of E’ can be reduced modulo (F'|t) to an
element of E, which shows that

(5) ker HY, C ker HY + (F|t).
From the inclusions (3), (4) and (5), we deduce that ker HY, = ker HY + (F'|t) and that
rank Hf/ =rank HY. O

We deduce from this proposition that fgt G = ft“ (For2t) The sequence of convex sets
LE, c, can be seen as the projections of nested convex sets

"'D»Ct,gD»CtJrl,gD“‘

so that we have --- < fgt G < fgtﬂ G S S f*. We check that similar properties

hold for Qp, ¢, Qrg and [i%;, = fig’, taking the quotient modulo (Fa[2t).

2.4. Optimal linear form. We introduce now the notion of optimal linear form for f,
involved in the computation of I,,, (also called generic linear form when f = 0 in [14, 10]):

Definition 2.7. A* € Lg ¢ is optimal for f if

E E
rankHA* = maerLEG7A(f):f%’crankHA .

The next result shows that only elements in I,,,;, are involved in the kernel of a truncated
Hankel operator associated to an optimal linear form for f.

Theorem 2.8. Let E C R[x] such that 1 € E and f € (E - E) and let G C R[x] be a set
of constraints with Vi, C S(G). If A* € L g is optimal for f and such that A*(f) = f*,
then ker Hf* C Lmin-
Proof. The proof is similar e.g. to [10][Theorem 4.9]. 0
Let us describe how optimal linear forms are computed by solving convex optimization
problems:

Algorithm 2.1: OPTIMAL LINEAR FORM

Input: f € R[x], B; = (Xx“)aca @ monomial set containing 1 of degree < ¢ with

=2 0ecarafax® € (Bt~ By), G CR[x].
Output: the minimum [/, of Y acAra Aafa subject to:

~ HYt = (hag)apea = 0,
- H fj satisfies the Hankel constraints
hoo =1, and hag = ho g if a4+ =o' +
- A*(¢") = ZaeAJrA 2N, =0 for all ¢° = ZQGAJFA °2x* € G N (B - By).

- Hff,_/;'i =0 for all g7 € GT where w = [—degggﬂ]

and A* € (B, - By)* represented by the vector [Ag]acA+A-

This optimization problem is a Semi-Definite Programming problem, corresponding to the
optimization of a linear functional on the intersection of a linear subspace with the convex
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set of Positive Semi-Definite matrices. It is a convex optimization problem, which can be
solved efficiently by SDP solvers. If an Interior Point Method is used, the solution A* is
in the interior of a face on which the minimum A*(f) is reached so that A* is optimal
for f. This is the case for tools such as csdp, sdpa or sdpa-gmp, that we will use in the
experimentations.

3. CONVERGENCE CERTIFICATION

To be able to compute the minimizer points from an optimal linear form, we need to
detect when the minimum is reached. In this section, we describe a new criterion to check
when the kernel of a truncated Hankel operator associated to an optimal linear form for
f yields the generators of the minimizer ideal. It involves the flat extension theorem of
[16] and applies to polynomial optimization problems where the minimizer ideal I, is
zero-dimensional.

3.1. Flat extension criterion.

Definition 3.1. Given vector subspaces Ey C E C K[x] and A € (E - E)*, HE is said to
be a flat extension of its restriction Hfo if rank H/];J = rank Hfo,

We recall here a result from [16], which gives a rank condition for the existence of a flat
extension of a truncated Hankel operator !.

Theorem 3.2. Let V C E C R[x] be vector spaces connected to 1 with V' C E and let
A € (E-E)*. Assume that rank HY = rank H\ = dim V. Then there exists a (unique)
linear form A € R[x]* which extends A, i.e., A(p) = A(p) for all p € (E - E), satisfying
rank H; = rank HY. Moreover, we have ker H; = (ker HY).

In other words, the condition rank H f = rank HX = dim V' implies that the truncated
Hankel operator HY has a (unique) flat extension to a (full) Hankel operator H 5 defined
on R[x].

Theorem 3.3. Let V C E C R[x] be finite dimensional vector spaces connected to 1 with
VtCcE G- VC(E-E),Gr- V.-V C(E-E).

Let A € L g such that rank HY = rank HX =dim V. Then there exists a linear form
A € R[x]* which is extending A and supported on points of S(G) with positive weights:

A= Zwilii with w; > 0,&; € S(G)
=1

Moreover, (ker HY) = Z(&1,...,&,).

Proof. As rank Hf = rank HX = dimV, Theorem 3.2 implies that there exists a
(unique) linear function A € R[x]* which extends A. As rank H; = rank HY = |V|
and ker H; = (ker HY), any polynomial p € R[x] can be reduced modulo ker Hy to a
polynomial b € V so that p — b € ker H;. Then A(p?) = A(b?*) = A(b*) > 0 since
A € Lgg. By Theorem 3.14 of [10], A has a decomposition of the form A = 37_, w;l,
with w; > 0 and & € R™.

n [16], it is stated with a vector space spanned by a monomial set connected to 1, but its extension
to vector spaces connected to 1 is straightforward.
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By Lemma 3.5 of [10], V' is isomorphic to R[x]/Z(&1,...,&,) and there exist (interpola-
tion) polynomials by, ...,b, € V satisfying b;(§;) = 1 if ¢ = j and b;(§;) = 0 otherwise. We
deduce that for i = 1,...,r and for all elements g € G?,

A(big) = 0 = A(big) = wig(&).
As w; > 0 then g(&;) = 0. Similarly, for all h € G,
A(b7h) = A(b7h) = wih(&) > 0

and h(&;) > 0, hence &; € S(G).
By Theorem 3.14 of [10] and Theorem 3.2, we have moreover ker H; = Z(&,...,§) =
(ker HY). O

This theorem applied to an optimal linear form A* for f gives a convergence certificate
to check when the minimum f* is reached and when a generating family of the minimizer
ideal is obtained. It generalizes the flat truncation certificate given in [25]. As we will
see in the experimentation part, it allows to detect more efficiently when the minimum is
reached. Notice that if the test is satisfied, necessarily I,,,;, is zero-dimensional.

3.2. Flat extension algorithm. In this section, we describe a new algorithm to check
the flat extension property for a linear form for which some moments are known.

Let E be a finite dimensional subspace of R[x]| connected to 1 and let A* be a linear
form defined on (E - E) given by its “moments” A*(e;) := A}, where ey, ..., es is a basis of
(E - E) (for instance a monomial basis). In the context of global polynomial optimization
that we consider here, this linear form is an optimal linear form for f (see Section 2.4)
computed by SDP.

We define the linear functional A* from its moments as A* : p =7 | pie; € (E- E)
>7 1 pil\; and the corresponding inner product:

ExE — R
(6) (p,q) — (p,@)« =NA(pq)

To check the flat extension property, we are going to define inductively vector spaces
V; as follows. Start with V5 = (1). Suppose V; is known and compute a vector space
L; of maximal dimension in ViJr such that L; is orthogonal to Vi: (L;,V;)x = 0 and

+
L; Nker HXL = {0}. Then we define V;; = V; + L;.
Suppose that by, ..., by, is an orthogonal basis of Vj: (b;,bj), = 0if i # j and (b;, b;)« # 0
. Then L; can be constructed as follows: Compute the vectors

Ti

(@;bi, bi) «
bij = xjb; — Z ———bx,
b1 <bkabk>*

generating V- in ViJr and extract a maximal orthogonal family b, 11,...,b,,, for the
inner product (.,.),, that form a basis of L;. This can be done for instance by computing a
QR decomposition of the matrix [(b; j, by j/)«|1<i,i<rs,1<j,j'<n- The process can be repeated

until either
e V' ¢ F and the algorithm will stop and return failed,

+
eor L; = {0} and V' = V; @ ker H/‘\/i . In this case, the algorithm stops with
success.
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Here is the complete description of the algorithm:
Algorithm 3.1: DECOMPOSITION

Input: a vector space E connected to 1 and a linear form A* € (E - E)*.
e Take B:={1}; s:=1;r:=1;
e While s > 0 and BT C F do
— compute bj == xpb; — > %b forj=1,....r, k=1,...,n;
— compute a maximal subset B’ = {b],...,b.} of ( j,k?> of orthogonal vectors
for the inner product (.,.). and let B := B UB', s=| B'| and r+= s;
e If BT ¢ E then return failed else return success.

Output: failed or success with
e a basis B = {b1,...,b.} C R[x];
e the relations zzb; — >, %bi, j=1...rk=1...n.

Let us describe the computation performed on the moment matrix, during the main
loop of the algorithm. At each step, the moment matrix of A* on VZ.+ is of the form

B;,B; B;,0B;
=+ 1y (2] 7
H HEP | HY

iy i

* *

where 0B, is a subset of {b; ;} such that B; UdB; is a basis of (B;"). By construction,
the matrix Hfj’B" is diagonal since B; is orthogonal for (-,-),. As the polynomials b; ; are
orthogonal to B;, we have HB“aB H/a\f“Bi =0. If H/?*Bi’aBi = 0 then the algorithm
stops with success and all the elements b; ; are in the kernel of H BiBi - Otherwise an
orthogonal basis b/, ...,V is extracted. It can then be completed in a basis of (b; ;) so that

the matrix H . aB“aB in this basis is diagonal with zero entries after the (s + 1)”‘ index.
In the next loop of the algorithm, the basis B;,1 contains the maximal orthogonal family

. Bit+1,B; . . . .
f,..., b so that the matrix H,:""”"*" remains diagonal and invertible.

Proposition 3.4. Let A* € Lg g be optimal for f. If Algorithm 3.1 applied to A* and E
stops with success, then

(1) there exists a linear form A € R[x]* which is extending A* and supported on points
in S(G) with positive weights:

T
A= Zwil& with w; > 0,& € R".
i=1
2) B {bl, .., b} is a basis of Ay = R[x]|/I; where I = ker Hy,
3) xbi—> i, %bi, j=1,...,r, k=1,...,n are generating Iy = Z(&,...,&),
4) fee=1"
5) min {51, --agr}-
Proof. When the algorithm terminates with success, the set B is such that rank H fj =

rank H2. = |B|. By Theorem 3.3, there exists a linear form A € R[x]* extending A* and
supported on points in S(G) with positive weights:

(
(
(
(

A= Zwilii with w; > 0,&; € S(G)
=1
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This implies that Aj is of dimension r and that I3 = Z(&1, ...,§,). As HP, is invertible,
B is a basis of Az which proves the second point.

Let K be the set of polynomials z;b;—> ", _, mg:’gi“ by.. If the algorithm terminates with

success, we have ker HA* = (K) and by Theorem 3.3, we deduce that (K) = (ker HE.") =
Iz, which proves the third point.
As A(1) =1, we have >)_ w; = 1 and

=> wif(&) > f
i=1

since & € S(G) and f(&) > f*. The relation fgg < f* implies that f(&) = f* for
i =1,...,r and the fourth point is true: fj , = f*.
As f(&) = f* for i = 1,...,r, we have {&1,...,&} C Vipin. By Theorem 2.8, the
polynomials of K are in I, so that Vi, € V(K) = {&,...,&}. This shows that
Vinin = {&1,-..,&-} and concludes the proof of this proposition. O

3.3. Computing the minimizers. The remaining step is the computation of the min-
imizer points, once Algorithm 3.1 stops with success for A* € Lg g optimal for f.
The minimizers can be computed from the eigenvalues of the multiplication operators
My 2 a € Apmin = x1a € Apin for k =1,...,n where Apin = R[X]/Ipnin and Iy, = I3 =
T,y

(A* (g bi by)

Proposition 3.5. The matriz of My, in the basis B of Apin is [My] = NI Ji<i,j<r-
The operators My, k = 1...n have r common eigenvectors uy, ..., u, which satisfy Myu; =
& kg, with & 1, the k" coordinate of the minimizer point & = (&ins--y&im) €S,
Proof. By Proposition 3.4 and by definition of the inner-product (6), B = {b1,...,b,} is
a basis of A3 and
4 * (mk bi bj)
= A*(bz bz)
for j = 1...r, k = 1...n. This yields the matrix of the operator M}, in the basis B
A* bi b;
[Mi] = (R hsiger
As the roots of I, are simple, by [4][Theorem 4.23 | the eigenvectors of all My, k =

1...n are the so-called idempotents uy, ..., u, of A, and the corresponding eigenvalues
are gl,ka"' 7§T,k- (N

b = b; mod Inn,

Algorithm 3.2: MINIMIZER POINTS

Input: B and the relations as output in Algorithm 3.1.
A*(zy bi bj)
( A*(b; by) )1§i,j§7"-
e For a generic choice of ly,...,l, € R, compute the eigenvectors uy,...,u, of
LM + -+ L[ M),
e Compute §; ;. € R such that Mju; = & pu;.

Output: the minimizers & = (§1,...,&n), i =1...71.

e Compute the matrices [My] =

4. FINITE CONVERGENCE

Our approach to compute the minimizers relies on the fact that the border basis relax-
ation is exact. By Proposition 2.6, the reduced border basis relaxation is exact if and only
if the corresponding full moment matrix relaxation is exact.
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Though it is not always the case that the full moment matrix relaxation is exact, it
is possible to add constraints so that the relaxation becomes exact. In [1], a general
strategy to construct exact SDP relaxation hierarchies and to compute the minimizer ideal
is described. It applies to the following problems:

Global optimization. Consider the case n; = ng = 0 with f* = mingern f(x) reached
at a point of R”. Taking G such that GV = {ng, R aTJ;} and Gt = (), the relaxation
associated to the sequence L; g is exact and yieldls Iin (see [26, 1]). If L,y is finite then
the border basis relaxation yields the points and the corresponding border basis.

Regular case. We say that g = (g?,...ggl; gf,...,g,‘@:) is regular if for all points
x € §(g) with {j1,...,Jr} = {j € [1,n2] | g;f(x) = 0}, the vectors Vg?(x),...,Vggl(x),
ng'-t (X),y ..y ng'-: (x) are linearly independent.

For v = {j1,...,jk} C [0,n2] with |v| <n —nq, let

A, = V1, V9.,V Vg, ..., Vg!]
A, = det(4,AL)

g9 = A9
J¢v
Let G C R[x] be the set of constraints such that G° = g U {g, | v C [0,ns], |v| <n —n1}.
Then the relaxation associated to the preordering sequence E;G is exact and yields I,,p
(see [8, 1] or [24] for C-regularity and constraints G° that involve minors of A,).
If I, is non-empty and finite then the border basis relaxation (2) yields the points
Viin and the border basis of I,,,.

Boundary Hessian Conditions. If f and g satisfies the so-called Boundary Hessian
Conditions then f — f* € @, and the relaxation associated to L;g is exact and yields
Inin (see [18]). If moreover I,,;, is finite then the border basis relaxation yields the points
Vinin and the corresponding border basis of Iy,.

g'-radical computation. If we optimize f = 0 on the set S = S(g), then all the points
of S are minimizers, V,,;,, = S and by the Positivstellensatz, I,,;, is equal to

g+\/go = {p € R[X] ‘ dm € N s.1. p2m +qg=0,q € PR[X],g}'

Here again, the preordering sequence Lf, is exact. If we assume that S = S(g) is finite,

then the corresponding border basis relaxation yields the points of S and the generators
of #/g0. See also [14, 10] for zero dimensional real radical computation and [17].

5. MINIMIZER BORDER BASIS ALGORITHM

In this section we describe the algorithm to compute the minimum of a polynomial on S.
It can be seen as a type of border basis algorithm, in which in the main loop we compute
the optimal linear form, we check when the minimun is reached and eventually we compute
the minimizers points. It is closely connected to the real radical border basis algorithm
presented in [10].

5.1. Description.
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Algorithm 5.1: MINIMIZATION OF f ON S

Input: A real polynomial function f and a set of constraints g C R[x| with V,,;,
non-empty finite.
(1) Take t = max([‘ieng],dO,d+) where
deyégo)] )

deg(g™
d = mazgoego (| %])

(2) Compute the graded border basis Fy; of g® for B in degree 2t.

(3) Let By be the set of monomials in B of degree < ¢.

(4) Let Gy be the set of constraints such that GY = {m — 7p, g, (m), m € By - B}
and Gt = T B¢, Fay (ng)

(5) [f&, ,»A*] :== OPTIMAL LINEAR FORM(f, By, Gt).

(6) [¢, B, K] := DECOMPOSITION(A*, B;) where ¢ =failed, B’ =0, K = () or
c =success, B’ is the basis and K is the set of the relations.

(7) if ¢ =success then V=MINIMIZER POINTS(B’, K)
else go to step 2 with t :=t+ 1.

Output: the minimum f* = f(*;tht, the minimizers Vi, =V, Ly = (K) and B’
such that K is a border basis for B’.

,dT = MAT g+ cgt ([

5.2. Experimentation. In this section, we analyze the practical behavior of the algo-
rithm. In all the examples the minimizer ideal is zero-dimensional hence our algorithm
stops in a finite number of steps and yields the minimizer points and generators of the
minimizer ideal.

The implementation of the previous algorithm has been performed using the BORDER-
BASIX package of the MATHEMAGIX? software, which provides a C++ implementation of the
border basis algorithm of [22].

For the computation of border basis, we use as a choice function that is tolerant to
numerical instability i.e. a choice function that chooses as leading monomial a monomial
whose coefficient is maximal among the choosable monomials as described in [21].

The Semi-Definite Programming problems are solved using SDPA® software. For the link
with SDPA we use a file interface since SDPA is not distributed as a library.

Once we have computed the moment matrix, we call the Decomposer Algorithm which
is available in the BORDERBASIX package.

The minimizer points are computed from the eigenvalues of the multiplication matrices.
This is performed using Lapack routines.

Experiments are made on an Intel Core 15 2.40GHz

In Table 1, we compare this algorithm 5.1 (bbr) with the full moment matrix relaxation
algorithm (fmr) inside the same environment. It reproduces the algorithm described in [12],
which is also implemented in the package Gloptipoly of Matlab developed by D. Henrion
and J.B. Lasserre. In this table, we record the problem name or the source of the problem,
the number of decision variables (v), the number of inequality and equality constraints
(c), the maximum degree of the constraints and of the polynomial to minimize (d), the
number of minimizer points (sol). For the two algorithms bbr and fmr we report the CPU
time in seconds (t), the order of the relaxation (o), the number of parameters of the SDP
problem (p) and the size of the moment matrices (s). The first part of the table contains
examples of positive polynomials, which are not some of squares. New equality constraints
are added following [1| to compute the minimizer points in the examples marked with .

2www.mathemagix.0rg
3http://sdpa.sourceforge.net
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Ju—
w

PTOblem v c d| sol Lbbr Obbr Pbbr Sbbr 7ffmr Ofmr | Pfmr | Sfmr

< Robinson 2 0 6| 8 0.15 4 21 15 * 7 119 36

o Motzkin 2 0 6| 4 0.17 4 26 15 * 9 189 95

¢ Motzkin perturbed 3 1 61 3.78 5 167 | 56 9.57 5 286 o6
o [11], Ex. 1 2 0 4|1 0.030 2 8 6 0.050 2 14 6

o [11], Ex. 2 2 0 41 0.030 2 8 6 0.050 2 14 6

o [11], Ex. 3 2 0 6| 4 0.432 4 25 15 * 8 152 45
[11], Ex. 5 2 3 2| 3 0.045 2 14 6 0.053 2 14 6

[5], Ex. 4.1.4 1 2 4] 2 0.024 2 4 3 0.040 2 4 3

[5], Ex. 4.1.6 1 2 6] 2 0.027 3 6 4 0.044 3 6 4

[5], Ex. 4.1.7 1 2 441 0.023 2 4 3 0.042 2 4 3

[5], Ex. 4.1.8 2 5 4|1 0.060 2 13 6 0.077 2 14 6

[5], Ex. 4.1.9 2 6 4|1 0.20 4 44 15 0.29 4 44 15

[5], Ex. 2.1.1 5 11 2| 1 7.60 3 461 56 12.23 3 461 56

[5], Ex. 2.1.2 6 13 2| 1 1.00 2 209 26 1.29 2 209 26

[5], Ex. 2.1.3 13 35 2| 1 || 38397 | 2 | 2379 | 78 | 417.96 2 2379 | 78

[5], Ex. 2.1.4 6 15 2 1 1.01 2 209 26 1.48 2 209 26

[5], Ex. 2.1.5 10 31 2 1 29.70 2 1000 | 66 44.29 2 1000 | 66

[5], Ex. 2.1.6 10 25 2 1 28.60 2 1000 | 66 43.68 2 1000 | 66

# (5], Ex. 2.1.7 (case 1) |20 30 2| 1 |[33219.9| 2 |10625 | 231 35310.7| 2 |10625 | 231
5], Ex. 2.1.7 (case 5) || 20 30 2| 1 | 33475.2| 2 |10625 | 231 || 36021.3 2 10625 | 231
5], Ex. 2.1.8 24 58 2| 1 |3929.23| 2 3875 | 136 | >14h 2 20475 | 325
[5], Ex. 2.1.9 10 11 2 1 12.3 2 714 | 44 16.76 2 1000 95

[5], Ex. 3.1.3 6 16 2| 1 0.96 2 209 26 1.42 2 209 26
[12] cbmsl 3 3 3| 5 0.16 3 26 17 0.20 3 83 20

[12] rediff3 3 3 2 2 0.07 2 7 7 0.09 2 35 10

[12] quadfor2 4 12 4 2 0.6 3 48 19 0.75 3 210 35

** simplex 15 16 2| 1 ||674.534| 2 | 3059 | 120 || 780.371 | 2 3875 | 136

TABLE 1. Experimentations

The fourth part of the table contains examples where the real radical EW is computed.
When there are equality constraints, the border basis computation reduces the size of the
moment matrices, as well as the localization matrices associated to the inequalities. This
speeds up the SDP computation. In the case where there are only inequalities, the size of
the moment matrices is the same but once the optimal linear form is computed using the
SDP solver sDPA, the DECOMPOSITION algorithm which computes the minimizers is more
efficient and quicker than the reconstruction algorithm used in the full moment matrix
relaxation approach. The performance is not the only issue: numerical problems can also
occur due to the bigger size of the moment matrices in the flat extension test and the
reconstruction of minimizers. Such examples where the fmr algorithm fails because of the
numerical rank problems are marked with *. The examples that Gloptipoly cannot treat
due to the high number of variables [12] are marked with ** .

These experiments show that when the size of the SDP problems becomes significant,
most of the time is spent during sdpa computation and the border basis time and recon-
struction time are negligible. In all the examples, the new border basis relaxation algorithm
outperforms the full moment matrix relaxation method.
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