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1 Introduction

We consider a function 1 : R — R and real functions e!,...,e" on R, for

some strictly positive integer N > 0. In the whole paper, the following

Assumption will be in force.

Assumption 1.1. e Yy : R — R is such that its restriction to Ry is

monotone increasing, with ¥ (0) = 0.

e |(u)| < constlu|, u > 0.

In particular, 1 is right-continuous at zero and 1»(0) = 0.

o Let ¢ € CZ(R),0 < i < N, such that they are H™*-multipliers in
the sense that the maps @ — e’ are continuous in the H~'-topology.
C(e') denotes the norm of this operator and we will call it multiplier

norm.

Let T'> 0 and (2,F, P), be a fixed probability space. Let (F;,t € [0,T1)
be a filtration fulfilling the usual conditions and we suppose F = Fp. Let
wu(t,€),t €10,T),€ € R, be a random field of the type

p(t,€) =Y e OW + (Ot te[0,T],€ €R,
i=1
where Wi 1 < i < N, are independent continuous F;)-Brownian motions
on (2,3, P), which are fixed from now on until the end of the paper. For
technical reasons we will sometimes set W = t. We focus on a stochastic

partial differential equation of the following type:

{@X(u&) = 305 (VX (4.) + X (1:)un(t, ©), 1)

X(0,d§) = wo(ds),

which holds in the sense of Definition 2.4, where zq is a a given probability
measure on R. The stochastic multiplication above is of It6 type. We look

for a solution of (1.1) with time evolution in L!(R).

Remark 1.2. 1. With ¥ we can naturally associate an odd increasing
function 1 : R — R such that ¥o(u) = —o(—u) for every u € R.
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2. By the usual technique of filling the gap, v can be associated with a
graph, i.e. a multivalued function R — 28, still denoted by the same

letter, by setting ¥(u) = [(u—), ¥ (u+)].

Since v restricted to Ry is monotone, Assumption 1.1 implies ¥(u) =
®*(u)u, u > 0, ® : R%* — R being a non-negative Borel function which
is bounded on R%. When (u) = |[u[™ tu, m > 1, (1.1) and p =0, (1.1) is
nothing else but the classical porous media equation. When 1 is a general
increasing function (and p = 0), there are several contributions to the an-
alytical study of (1.1), starting from [11] for existence, [14] for uniqueness
in the case of bounded solutions and [12] for continuous dependence on the
coefficients. The authors consider the case where 1 is continuous, even if
their arguments allow some extensions for the discontinuous case. Those
are the classical references when the space variable varies on the real line.
For equations in a bounded domain and Dirichlet boundary conditions, for

simplicity, we only refer to monographs, e.g. [32, 30, 1, 2].

As far as the stochastic porous media is concerned, most of the work for
existence and uniqueness concerned the case of bounded domain, see for
instance [4, 5, 3]. The infinite volume case, i.e. when the underlying domain
is RY, was fully analyzed in [25], when 1) is polynomially bounded (including
the fast diffusion case) when the space dimension is d > 3, more precisely,
see [25], Theorem 3.9, Proposition 3.1 and Exemple 3.4. To the best of our
knowledge, except for [25] and our companion paper [6], this seems to be the

only work concerning a stochastic porous type equation in infinite volume.

Definition 1.3. o We will say that equation (1.1) (or) is non-degenerate

if on each compact, there is a constant cg > 0 such that ® > cq.

o We will say that equation (1.1) or ) is degenerate if lim, .o, ®(u) =
0 in the sense that for any sequence of non-negative reals (x,) converg-
ing to zero, and y, € ®(x,) we have lim, oo yp = 0, see Remark 1.2
2.

One of the typical examples of degenerate v is the case of 1 being strictly

increasing after some zero. This notion was introduced in [7] and it
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means the following. There is 0 < u,. such that ¥y, = 0 and 1 is strictly

increasing on |u., +00].

Remark 1.4. 1. v is non-degenerate if and only if iminf, o+ ®(u)(=

2. Of course, if 1 is strictly increasing after some zero, with u. > 0 then
is degenerate. If 1 is degenerate, then " (u) = (®2(u) + k)u, for every
k > 0, is non-degenerate. In the sequel we will set ®(0) := lim,, o P(u).
In particular, if 1 is degenerate we have ®(0) = 0.

This paper will be devoted to both the case when v is non-degenerate and

the case when v is degenerate.

One of the targets of the present paper concerns the probabilistic represen-
tation of solutions to (1.1) extending the results of [13, 7] which treated
the deterministic case p = 0. In the deterministic case, to the best of our
knowledge the first author who considered a probabilistic representation (of
the type studied in this paper) for the solutions of a non-linear deterministic
PDE was McKean [23], particularly in relation with the so called propa-
gation of chaos. In his case, however, the coefficients were smooth. From
then on the literature steadily grew and nowadays there is a vast amount of
contributions to the subject, see the reference list of [13, 7]. A probabilistic

m=1 m > 1, was provided for instance in

representation when f(u) = |ulu
[10], in the case of the classical porous media equation. When m < 1, i.e. in
the case of the fast diffusion equation, [8] provides a probabilistic represen-
tation of the so called Barenblatt solution, i.e. the solution whose initial

condition is concentrated at zero.

[13, 7] discussed the probabilistic representation when g = 0 in the non-
degenerate and degenerate case respectively, where ¢ also may have jumps.

In the sequel of this introduction we will suppose ¥ to be single-valued.

In the case p = 0, the equation (1.1) models a non-linear phenomenon macro-
scopically. Let us denote by u : [0,7] x R — R the solution of that equation.
The idea of the probabilistic representation is to find a process (Y, t € [0,T1])

whose law at time ¢ has for density u(¢,-).
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Y turns out to be the weak solution of the non-linear stochastic differential

equation

{ Y= Yot Jy ®(u(s,Ya)dBs, (1.2

Law(Y;) = u(t,-), t>0,
where B is a classical Brownian motion. The behaviour of Y is the mi-
croscopic counterpart of the phenomenon described by (1.1), describing the

evolution of a single particle, whose law behaves according to (1.1).

The idea of this paper is to consider the case when p # 0. This includes the
case when the p is not vanishing but it is deterministic; it happens when
only € is non-zero, and ¢! = 0,1 < i < n. In this case our technique gives a

sort of forward Feynman-Kac formula for non-linear PDEs.

We introduce a double stochastic representation (in a strong-weak probabilis-
tic sense) by means of introducing an enlarged probability space on which
one can represent the solution of (1.1) as the (generalized)-law (called u-law)
of a solution to a non-linear SDE. Intuitively, it describes the microscopic
aspect of the SPDE (1.1) for almost all quenched w. The terminology strong
refers to the case that the probability space (2, F, P) on which the SPDE is

defined, will remain fixed.

We represent a solution X to (1.1) making use of another independent source

of randomness described by another probability space based on some set §2;.

The analog of the process Y, obtained when p is zero in [7, 13], is a doubly
stochastic process, still denoted by Y defined on (21 x Q,Q), for which, X
constitutes the so-called family of pu-marginal laws of Y. More precisely,
for fixed w € €2, the py-marginal law at time t of process Y is given by the

positive finite Borel measure
A 52 (1aigen ([ wiasvicwn) ). (1.3
0
€ denoting the Doléans exponential, where
t N oot A
[ s vicn =3 [(titopawien e, w
0 =0 /0

and where we assume that for some filtration (G;) on Q1 x Q, Y is (G¢)-
adapted and W', ... W are (G;)-martingales on Q; x Q. For fixed t € [0, T
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we also say that the previous measure is the p-law of Y;. In the case e® = 0,
the situation is the following. For each fixed w € €, (1.3) is a (random)
non-negative measure which is not a (random) probability. However the

expectation of its total mass is indeed 1.

The double probabilistic representation is based on a simple idea. Suppose
there is a process Y defined on a suitably enlarged probability space (21 x
Q, Q) such that

Y, = Yo+ [y ®(X(s,Y5))dBs,
pw—Law(Y:) = X(¢,8)dE ¢ €)0,T], (1.5)
p—Law(Yp) = o(dE),

where B is a standard Brownian motion. Then X solves the SPDE (1.1).
This is the object of Theorem 3.3. Vice versa, if X is a solution of (1.1) then

there is a process Y solving (1.5), see Theorem 7.2.

Remark 1.5. 1. If X is a solution of (1.1), then (1.5) implies that X >
0dt ®@dr®dP a.e.

2. Lett € [0,T]. Let ¢ : R — R be Borel and bounded. Then

0

[ xtreas =5 (& ([ nasvien)).

FEven though for a.e. w € Q, the previous expression is not necessarily

[ e@xneac =5 (st ( [ nasvien)).

a probability measure, of course,

Jr (€)X (w)(t, §)dE
Jo X(@)(t,€)dg

Vy =

is one. It can be expressed as

U ( ): EQw(lA(th)gt(M(vw)))
¢ EQYE(M(-,w) ’

where M(-,w) = fot w(ds,Ys(-,w)),t € [0,T], is defined in (1.4).
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3. Consider the particular case eg = 0,e1 = ¢, ¢ being some constant. In

this case, the u-marginal laws are given by

A E(14(Y)c€ (W) = c&(W)EQ (14(Y7))
= c&(W)y,(t, A)

and v,(t,-) is the law of Yi(-,w) under Q.

Remark 1.6. Item 2. of Remark 1.5 has a filtering interpretation, see e.g.
[24] for a comprehensive introduction.

Suppose € = 0. Let Q be a probability on (Q,ST,Q), and consider the
non-linear diffusion problem (1.2) as a basic dynamical phenomenon. We
suppose now that there are N observations Y',..., YN related to the process
Y generating a filtration (F;). We suppose in particular that dY} = dW} +
e(Yy),1 <i < N, and Wh,..., W be (Fy)-Brownian motions. Consider

the following dynamical system of non-linear diffusion type:

Yi = Yo+ [y B(X(s,Ya))dB,
Ay} = dW{ + €Y. ) 1<i<N, (1.6)
X(t,-) : conditional law under ;.

The third equality of (1.6) means, under Q, that we have
| O (6.6 = Bevi)15:), (17)

We remark that, under the new probability QQ defined by dQ = dQS fo (ds,Yy)),
Y1 ... ,YN are standard (F;)-independent Brownian motions. Then (1.7)

becomes

/R POX(tE)dE = E%(Yt)m)

E+( [y m(ds, Ys)|Fy))
fo (ds,Ys)|Ft))

Consequently by Theorem 3.3 X will be the solution of the SPDE (1.1), with
xg being the law of Yy; so (1.1) constitutes the Zakai type equation associated

with our filtering problem.
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The present approach has some vague links with the topic of random irregular
media. In this case the macroscopic equation is a linear random partial
differential equation with diffusion being 1 and with a drift which is the
realisation of a Brownian motion W. Here the equation has a random second
term, and the diffusion term is non-linear. Our type of stochastic differential
equation (1.2) is time inhomogeneous (and depending on the law of the
solution), in contrast to the one of random media. The literature of random
(even irregular) media is huge, see for instance [22, 18]. We mention that a

stochastic calculus approach in this context was developed in [16, 17, 27].

The paper is organized as follows. After the present introduction, Section
2 is devoted to preliminaries, to the notion of a pu-law associated with a
(doubly) stochastic process and to the notion of weak-strong solution of a
doubly random stochastic differential equation. In Section 3 we define the
notion of double probabilistic representation and we expose the main idea
behind it. Section 4 shows that the u-law of the solution of a non-degenerate
weak-strong stochastic differential equation, always admits a density for a.e.
w € Q. In Section 5 a uniqueness theorem for an SPDE of Fokker-Planck
type is formulated and proved, which is useful for the weak-strong prob-
abilistic representation when v is non-degenerate, but it has an interest in
itself. Section 6 shows existence and uniqueness of the double stochastic rep-
resentation of (1.1) when ¢ is non-degenerate and finally Section 7 provides
the double probabilistic representation when ¢ is degenerate and strictly in-
creasing after some zero, in case v is Lipschitz. We believe that the latter

assumption can be generalized, which is the subject of future work.

2 Preliminaries

First we introduce some basic recurrent notations. C§°(R) is the space of
smooth functions with compact support. H~'(R) is the classical Sobolev
space. M(R) (resp. M4 (R)) denotes the space of finite real (resp. non-
negative) measures.

We recall that S(R) is the space of the Schwartz fast decreasing test functions.
8'(R) is its dual, i.e. the space of Schwartz tempered distributions. On
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§8'(R), the map (I — A)z,s € R, is well-defined. For s € R, H*(R) denotes
the classical Sobolev space consisting of all functions f € 8'(R) such that
(I —A)zf e L*(R). We introduce the norm

1f e := 1L = A)2 f | 2,

where |||/ zr is the classical LP(R)-norm for 1 < p < co. In the sequel, we will
often simply denote H~!(R), by H~! and L?(R) by L2. Furthermore, W'
denote the classical Sobolev space of order r € N in LP(R) for 1 < p < occ.

Definition 2.1. Given a function e belonging to Li _(R) N 8'(R), we say
that it is an H~'-multiplier, if the map ¢ — e is continuous from S(R)
to H~' with respect to the H™'-topology on both spaces. We remark that pe
is always a well-defined Schwartz tempered distribution, whenever ¢ is a fast

decreasing test function.

Of course, any constant function is an H~!-multiplier. In the following
lines we give some other sufficient conditions on a function e to be an H~!-

multiplier.

Lemma 2.2. Lete : R = R. If e € WL (for instance if e € W?1), then
e is a H™1(R)-multiplier.

Proof. For the convenience of the reader we provide a proof. We observe

that it is enough to show the existence of a constant C(e) such that

legllgn < €(e) gl , Vg € S(R). (2.1)

In fact, if (2.1) holds, for every f € 8§(R) we have

leflgs = sup [ (efo)w)ds < |l sup el

gES(R) g€S(R)
llgll 1 <1 lgll 1 <1
<N llg-1 €(e),

which implies that e is a H~1(R)-multiplier. We verify now (2.1).
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For g € 8(R) we have
leglZs = / (eg)(x)dz + / (eg) *(x)da
< flel, lgl2 +2 / (¢'g)(x)da +2 / (eq/)(x)da

< (el +2[1€1%) gl + 2 el [1']13

<€) llgll -

1
where C(e) = /2 <H€||c2>o + ||6,Hc2>o) g -

As mentioned in the Introduction, we will consider a fixed filtered probabil-
ity space (0, F, P, (Ft)se(0,17), Where the (F;),c(0,7] is the canonical filtration
of a standard Brownian motion (W1,..., W) enlarged with the o-field gen-

erated by xzg. We suppose F = Fr.

Let (©21,H) be a measurable space. In the sequel, we will also consider
another filtered probability space (Q0, 9, Q, (Gt)iec[o,17), Where Qo = 1 x Q,
G=H&J.

Clearly any random element Z on (€2, F) will be implicitly extended to (£, 9)
setting Z(w',w) = Z(w). It will be for instance the case for the above

mentioned processes W*, ¢ =1...N.

Here we fix some conventions concerning measurability. Any topological
space E is naturally equipped with its Borel o-algebra B(F). For instance
B(R) (resp. B([0,T7]) denotes the Borel o-algebra of R (resp. [0,7]).

Given any probability space (2, F, P), the o-field F will always be omitted.
When we will say that a map T : Qx E — R is measurable, we will implicitly
suppose that the corresponding o-algebras are ¥ ® B(E) and B(R).

All the processes on any generic measurable space (§22, F2) will be considered
to be measurable with respect to both variables (t,w). In particular any
processes on 2! x € is supposed to be measurable with respect to ([0, T] x
QA x Q,B(0,T) @ H® F).

A function (A,w) — Q(A,w) from H x @ — R, is called random kernel

(resp. random probability kernel) if for each w € , Q(-,w) is a finite
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positive (resp. probability) measure and for each A € H, w — Q(A,w) is
F-measurable. The finite measure Q(-,w) will also be denoted by Q“. To
that random kernel we can associate a specific finite measure (resp prob-
ability) denoted by @ on (Qo,9) setting Q(A x F) = [ Q( P(dw) =
[ Q“(A)P(dw), for A € H,F € F. The probability @ from above will be

supposed here and below to be associated with a random probability kernel.

Definition 2.3. If there is a measurable space (1,H) and a random ker-
nel Q as before, then the probability space (€, G, Q) will be called suitable
enlarged probability space (of (2,5, P)).

As said above, any random variable on Q, F) will be considered as a random
variable on Qy = ©; x Q. Then, obviously, W, ..., W are independent

Brownian motions also (£, 9, @).

Given a local martingale M on any filtered probability space, the process
Z := &(M) denotes its Doléans exponential, which is a local martingale. In
particular it is the unique solution of dZ; = Z,_dM;, Zy=1. When M is

continuous we have Z; = eMt__<M>

We go on discussing some basic probabilistic tools. We come back to the
notations presented at the beginning of the Introduction, in particular con-

cerning the random field pu.

Let Z = (Z(s,€),s € [0,T],¢€ € R) be a random field on (Q,F,(F;), P)
such that fOT (Ja \Z(s,f)]dg)st < 00 a.s. and it is an L}(R)-valued (F)-

progressively measurable process. Then the stochastic integral

/MX Z(s,€)n(ds, €)dg —Z / ( / (§)d§> awi,  (22)

is well-defined. The consistency of (2.2) and (1.4) can be seen as follows.
Let for a moment (-,-) denote the dualization between measures and func-

tions on R, i.e.
1) = [ fav
R

whenever the right-hand side makes sense. Then, for ¢ € [0, T

/MX Z(s, €)(ds, €)d¢ = Z / £)de, ey
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/ (dS Y / / 5y( w), dWZ

where ¢, means Dirac measure with mass in z € R.

and

We discuss now in which sense the SPDE (1.1) has to be understood.

Definition 2.4. A random field X = (X (t,{,w),t € [0,T]),§ € R,w € Q)
is said to be a solution to (1.1) if P a.s. we have the following.

o X €C([0,T];8'(R)) N L([0, T; Ly (R)).-
e X is an 8'(R)) -valued (Fy)-progressively measurable process.

e for any test function ¢ € 8(R) with compact support, t €]0,T] we have

/R X(t,E)p(€)de = /R £0(dE)p / s / 5,600 ()¢

+ / X (s,€)p(&)u(ds, €)de,
0,f] xR

where n is an Li, (R)NS'(R)-valued (Ft)-progressuvely measurable pro-

cess such that for any ¢ € S(R), we have

/ds/\n L& w)p(8)|dE < oo,

and (s, &,w) € P(X(s,&,w)), dsdédP-a.e. (s,&,w) € [0,T] xR x Q.
Remark 2.5. Clearly, if 1 is continuous then n(s,&,-) = (X (s,&,-)).

Definition 2.6. Let Y : Q3 x Q x [0,T7] — R be a measurable process,
progressively measurable on (Qo, G, Q, (S¢)), where (G;) is some filtration on
(0,5, Q) such that Wt ... . W are (G;)-Brownian motions on (9,5, Q).
As we shall see below in Proposition 2.8, for every t € [0, T

Q (et (/Op(ds,y;)» < 0. (2.4)

To Y, we will associate its family of py-marginal laws, i.e. the family of
random kernels (t € [0,T])

Iy = (I} (Aw), A€ BR), we )
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defined by

o 8 (o ([ tasvicwn) ) = [ oot @)

where ¢ is a generic bounded real Borel function. We will also say that for

fized t € [0,T], Ty is the p- marginal law of Y;.

We observe that, taking into account Lévy’s characterization theorem, the
assumption on W1, ..., W to be (G¢)-Brownian motions can be replaced

with (G¢)-local martingales.

Remark 2.7. i) If Q is a singleton {wo}, ¢’ =0, 1 < i < N, the u-

marginal laws coincide with the weighted laws

o B2 (e [ vas)).

with Q = Q0. In particular if p = 0 then the p-marginal laws are the

classical laws.

ii) By (2.4), for any t € [0,T] , for P almost all w € 2,

5 (e [ utas it ) ) <o

iii) The function (t,w) — T'y(A,w) is measurable, for any A € B(R), because

Y is a measurable process.

Proposition 2.8. Consider the situation of Definition 2.6. Then we have
the following.

i) The process My := &; (Z@]L IN ei(Y;)dWSi) is a martingale.

it) The quantity (2.4) is bounded by exp (T HeOHOO) .

iii) EQ(M?) < exp(3T Zfil llefl|2,),t € [0,T]. Consequently M is a uni-

formly integrable martingale.

iv) For P-a.e. w € (Q,

sup Hrt('?w)nvar < 0.
0<t<T
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Remark 2.9. Proposition 2.8 ii) yields in particular that Y always admits

p-marginal laws.

Proof. i) The result follows since the Novikov condition
1w [t
iV \2
E <exp <§ E_l/s e'(Ys) ds)) < 00

is verified, because the functions e’, i = 1... N, are bounded.
ii) This follows because E¢(M;) = 1Vt € [0,T].

iii) M2 is equal to N;exp <3 SN )ds) , where N is a positive
martingale with Ng = 1.

iv) For t € [0,T7,
t
sup T3+ ) =sup B (Menp ([ (v2)as ) )
t<T t<T 0

<exp (T He H iggEQ (My) .

Taking the expectation with respect to P it implies

B (sup Yl )

t<T

IN

exp (T HeOHOO) EF (sujQEQw (Mt)>

X

exp (T HeOHOO) EP <EQW (sup Mt>> .
t<T

By the Burkholder-Davis-Gundy (BDG) inequality this is bounded by

IN

IN

sexp (7)) 82 (0n}) < 3o (re?]) B

IN

T
C(e, N,T)E? < / dsM§> ,
0

by Jensen’s inequality; C(e, N, T) is a constant depending on N, T and

ei, 1 =0...N,. By Fubini’s Theorem and item iii), we have

T N
E¢ </ dst) < Texp(3TZ e |oo)-
0

i=1

T N ‘ 2
/ dsZMfez(YQ)Q
0 i=1




2 PRELIMINARIES 15

We go on introducing the concept of weak-strong existence and uniqueness
of a stochastic differential equation. Let v : [0,7] x R x  — R be an (F%)-

progressively measurable random fields and xy be a probability on B(R).

Definition 2.10. a) We say that (DSDE)(vy,xo) admits weak-strong
existence if there is a suitable extended probability space (9,9, @),
i.e. a measurable space (Q1,H), a probability kernel (Q(- ,w),w € Q)
on H x Q, two Q-a.s. continuous processes Y, B on (0, G) where
Qo= xQ, §=HRF such that the following holds.

1) For almost all w, Y (-,w) is a (weak) solution to

Yi(- 7w) =Yo+ fot ’y(S,YS(- 7w)7w)d38(' W),

(2.6)
Law(Yo) = o,

with respect to Q¥, where B(- ,w) is a Q“-Brownian motion for

almost all w.

2) We denote (Y) the canonical filtration associated with (V5,0 < s <
t) and G =Y vV ({0,9Q1} @ F;). We suppose that W', ... W is

a (G¢)-martingale under Q.

3) For every 0 < s < T, for every bounded continuous F : C([0, s]) —
R, the r.v. w > EQ7(F(Y,(-,w),r €0,5])) is Fs-measurable.

b) We say that (DSDE)(~y,xo) admits weak-strong uniqueness if the
Jollowing holds. Consider a measurable space (Q1,H) (resp. (Q1,H)),
a probability kernel (Q(- ,w),w € Q) (resp. (Q(- ,w),w € Q)), with
processes (Y, B) (resp. (Y,B)) such that (2.6) holds (resp. (2.6)
holds with (20, G, Q) replaced with (ﬁo, §0, @), Q being associated with
(é( ,w))). Moreover we suppose that item 2. is verified for Y and Y.
Then (Y,W1' ..., WN) and (17, Wt ..., W) have the same law.

c) A process Y fulfilling items 1) and 2) under (a) will be called weak-
strong solution of (DSDE)(v, x).

Remark 2.11. a) Since for almost allw € Q, B(-,w) is a Brownian motion
under Q%, it is clear that B is a Brownian motion under @Q, which is
independent of Fr, i.e. independent of W', ... , W,
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Indeed let G : C([0,T]) — R be a continuous bounded functional, and
denote by W the Wiener measure. Let F' be a bounded Fr-measurable
r.v. Since for each w, B(-,w) is a Wiener process with respect to Q%

we get

EUFGB) = [ FE¥(GBL.@)APW) = | F)aPw) [ Glan)iWie)

= F(w)dQ(wo) [ G(w1)dQ(wo).
Qo Qo

This shows that (W*, ..., W) and B are independent. Taking F = 1q
in previous expression, the equality between the left-hand side and the

third term, shows that B is a Brownian motion under Q.
b) Since for any 1 <i,57 < N,
(W' W), =d;t, W', Bl =0, [B,B]; =t, (2.7)

Lévy’s characterization theorem, implies that (Wl,...,WN,B) s a

Q-Brownian motion.

c) By item a) 2) of Definition 2.10, by Lévy’s characterization theorem and
again by (2.7), it follows that W*, ..., W¥ are (S;)-Brownian motions
with respect to Q).

d) An equivalent formulation to 1) in item a) of Definition 2.10 is the fol-
lowing. For P a.e., w € Q, Y (- ,w) solves the Q“-martingale problem
with respect to the (random) PDE operator

LEF(E) = 57(.6)(€),

and initial distribution xg.

The lemma below shows that, whenever weak-strong uniqueness holds, then

the marginal laws of any weak solution Y are uniquely determined.

Lemma 2.12. LetY (resp. f/) be a process on a suitable enlarged probability
space (Q0,5,Q) (resp. (QO,Q,Q)). Set W = (W, ..., WN). Suppose that
the law (Y, W) under Q and the law of (57, W) under Q are the same. Then,
the p-marginal laws of Y under @ coincide a.s. with the p-marginal laws of
Y under Q.
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Proof. Let 0 < t < T. Using the assumption, we deduce that for any

bounded continuous function f : R — R, and every F' € F;, we have

s (§ o) o (5 50

To show this, using classical regularization properties of It6 integral, see e.g.

Theorem 2 in [29], and uniform integrability arguments, we first observe that

(35 <o)

is the limit in L?(Q, Q) of

(Z/ v Wate = Wzd>

A similar approximation property arises replacing Y with Y and Q with Q.
Then (2.8) easily follows.

To conclude, it will be enough to show the existence of a countable well-
chosen family (f;);jen of bounded continuous real functions for which, for P

almost all w € Q, for any j € N, we have R; = Rj where

i)
Riw) = (ijt (z [ e ))

This will follow, since applying (2.8), for any F' € F;, we have E¥'(1pR;) =
EP(1pR)). O

Proposition 2.13. Let Y be a process as in Definition 2.10 a). We have
the following.

1. 'Y is a (G¢)-martingale on the product space (20,9, Q).

2. [Y, Wi =0, V1<i<N.
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Proof. Let 0 <s<t<T, Fs € Fsand G : C([0,s]) — R be continuous and
bounded. We will prove below that, for 1 < i < N + 1, setting I/VtN+1 =1,
for all ¢t > 0,

EC(Y,WiG(Y,,r < s)1p,) = EQ(Y,Wilp,G(Y,,r < s)). (2.10)

Then (2.10) with ¢ = N+1 shows item 1. Considering (2.10) with 1 <i < N,
shows that YW?' is a (G;)-martingale, which shows item 2. Therefore, it
remains to show (2.10).

The left-hand side of that equality gives

/Q dPw)  WiW)lp @EY (K@) (,w),r < s)

- /Q AP (@)1, ()W (@) EY (Ya(,w) Gy (w), 7 < 5))

because Y (-, w) is a Q“-martingale for P-almost all w. To obtain the right-
hand side of (2.10) it is enough to remember that W* are (G;)-martingales
and that item a) 3) in Definition 2.10 holds. This concludes the proof of
Proposition 2.13. ]

3 The concept of double stochastic non-linear dif-

fusion.

We come back to the notations and conventions of the introduction and of

Section 2. Let x¢ be a probability on R.

Definition 3.1. 1) We say that the double stochastic non-linear diffusion
(DSNLD) driven by ® (on the space (Q,F, P) with initial condition x,
related to the random field p (shortly (DSNLD)(®, i, zo)) admits weak
existence if there is a measurable random field X : [0, T] xRx Q — R

with the following properties.

a) The problem (DSDE)(vy,xo) with v = x for some measurable
X:[0,T] xR x 2 — R such that x(t,&,w) € ®(X(t,&,w))dtdédP a.e.
admits weak-strong existence.

b) X = X(t,&,-)d¢,t €]0,T), is the family of p-marginal laws of

Y. In other words X constitutes the densities of those p-marginal laws.
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2) A couple (Y, X), such thatY is a (weak-strong) solution to the
(DSDE)(x, zo), with x as in item 1) a), which also fulfills 1) b), is
called weak solution to the (DSNLD)(®, u, zp). Y is also called dou-

ble stochastic representation of the random field X .

3) Suppose that, given two measurable random fields X* : [0,T] x R x
Q — Ry = 1,2 on (Q,7,P,(F)), and Y, on extended probability
space (98,Q%),i = 1,2, such that (Y', X") is a weak-strong solution
of (DSDE)(X',x0),i = 1,2 where x* € ®(X?) dtdédP a.e., we always
have that (Y'Y, W ..., WN) and (Y2, W1,..., W) have the same law.
Then we say that the (DSNLD)(®, p, xg) admits weak uniqueness.

Remark 3.2. If (DSNLD)(®, i, zo) admits weak uniqueness then the -

marginal laws of Y is uniquely determined, P-a.s., see Lemma 2.12.

The first connection between (1.1) with 1) (u) = ®2(u)u and (DNSLD)(®, p, z0)

is the following.

Theorem 3.3. Let (Y, X) be a solution of (DSNLD)(®, i, x9). Then X is
a solution to the SPDE (1.1).

Proof. Let B denote the Brownian motion associated to Y as a solution to
(DSDE)(x, zo), mentioned in item a)l) of Definition 3.1, with v = x. For
t € [0,7T], we set

Zy = & </O.M(d8,Y;)> ,
M; = Zjexp (— /Ot eO(YS)ds>, t €[0,T).

1. We first prove that the first item of Definition 2.4 is verified. By
Proposition 2.8, (My,t € [0,7]) is a uniformly integrable martingale.
Consequently t + Z; is continuous in L!'(Q,Q). On the other hand
the process Y is continuous. This implies that P a.e. w € Q, X €
C([0,T]; M(R)), where M(R) is equipped with the weak topology. This
implies that X € C([0,77];8'(R)). Furthermore, for P a.e. w € €, and
t €0,7T), X(t,-,w) € L'(R) and [, X(t,&,w)d¢ = [[T(¢,,w)|lvar. By
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item iv) of Proposition 2.8, it follows that P-a.s.

X € ([0, T); L' (R)) € L2([0,T]; L}, (R)).

2. We prove now the validity of the third item of Definition 2.4. Let
¢ € §(R) with compact support. For simplicity of the formulation we
suppose here 9 to be single-valued. Taking into account Proposition

2.13, we apply It0’s formula to get

oY) Z: = o(Yo) + /0 o (Y2) Z,dY,

because
N t . .
(Z2,Y]; = Z/ e (Ys) Zd[W', Y5 = 0;
=170
in fact [W*,Y] = 0 by Proposition 2.13. So
¢
P12 = ¥ + | @ (V)ZB(X(s, B,
0

+ /0 o(Ys) Zsp(ds, Yy)

1 t
+§/ " (Ys)®*(X (5,Y3)) Zsds.
0

Taking the expectation with respect to Q¥ we get dP-a.s.,

/R AEQ() X (£,€) = /R (€m0 (de) +Z§; /O L ( /R dw)ei(s)X(s,g))

+%/0 ds/Rd§<p"(§)<1>2(X(s,§))X(375)7
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which implies the result. Indeed, in the previous equality, we have used

the lemma below.

Lemma 3.4. Let 1 <i¢ < N. For P a.e. w € ), we have

t . . t . .
£ ([ oz maws) o = [ awit) [ p@e©xe gwe
Proof. Since EQ(fOT(gp(Ys)Zs)zdS) < 00, again the usual regularization prop-
erties of the It6 integral (see e.g. Theorem 2, [29]), give

lim E9 =

e—0

T B 4 T . ;
| e 2 (s - [ V) Ze (Y
0 0

This implies the existence of a sequence (g¢) such that P a.e. w € Q,

o TWi,_ (w) - Wiw
pm g | [T o) 7 (e a0
—00 0 €
T
-/ so(Ys(-,w))Zs(-,w)ei(Ys(-,w))dWé(w)'=0-
So P-a.e w € €,

o WL () - Wiw) i
gligloEQ </0 L 0 QO(YTS("w))ZS('vw)e (Yt?('vw))ds

T
_ A ﬂﬂ@@ﬂ&wk%ﬂw&ﬂﬂwOZO
The left-hand side (3.1), by Fubini’s, gives

/T Wi, ., (w) = Wiw)
0 &l

TWi  (w) — Wilw '
-/ W“”()‘“(f/ﬂ@ﬂ@X@@MM5
0

g
_ / aw’ / P(€)€1(€) X (5, €, w)d,
0

E9 (p(Ys(-,w)) Zs (-, w)e (Vi (-, w)))

again by Theorem 2 of [29].
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4 The densities of the y-marginal laws

This section constitutes an important step towards the double probabilis-
tic representation of a solution to (1.1), when ¢ is non-degenerate. Let
xo be a fixed probability on R. We remind that a process Y (on a suit-
able enlarged probability space (9,5, @)), which is a weak solution to the
(DSNLD)(®, p, x0), is in particular a weak-strong solution of a (DSDE)(~, =)
where v : [0,7] x R x  — R is some suitable progressively measurable ran-
dom field on (2, F, P). The aim of this section is twofold.

A) To show that whenever v is a.s. bounded and non-degenerate, (DSDE)(~, o)

admit weak-strong existence and uniqueness.

B) The marginal p-laws of the solution to (DSDE) (7, z¢) admits a density

for P w a.s.
A) We start discussing well-posedness.

Proposition 4.1. We suppose the existence of random variables Ay, Ay such
that
0<Aj(w) <v(tE&w) < Ay(w) dP-a.s..

Then (DSDE)(vy,xo) admits weak-strong existence and uniqueness.

Proof. Uniqueness. This is the easy part. Let Y and Y be two solutions.
Then for w outside a P-null set Ny, Y (- ,w) and Y (- ,w) are solutions to
the same one-dimensional classical SDE with measurable bounded and non-
degenerate coefficients. Then, by Exercise 7.3.3 of [31] the law of Y (- ,w)
equals the law of 17( ,w). Then obviously the law of Y equals the law of Y.

Ezistence. This point is more delicate. In fact one needs to solve the ran-
dom SDE for P almost all w but in such a way that the solution produce

bimeasurable processes Y and B.

First we regularize the coefficient v. Let ¢ be a mollifier with compact
support; we set
¢on(x) =ngp(nz), x e R, neN.
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We consider the random fields 7, : [0,7] x R x Q@ — R by v,(t,z,w) =
f]R 7(t7 r—Y, w)(ﬁn(y)dy-
Let (21,H;, P) be a probability space where we can construct a random

variable Y distributed according to xy and an independent Brownian motion
B.

In this way on (ﬁl X Q,Jffl ®F,P® P) we dispose of a random variable
Yy and a Brownian motion independent of {¢, 2} ® F. By usual fixed point
techniques, it is possible to exhibit a (strong) solution of (DSDE)(v,, z9) on
the overmentioned product probability space. We can show that there is a

unique solution ¥ = Y™ of
t
Y= Yo+ [ (s, Ve )dB.
0
In fact, the maps
Ipn:Zw— / Yn(8, Zs,w)dBs + Yo,
0

where T'), : L2((~21 x € P® P) — L2((~21 X Q,ﬁ@ P) are Lipschitz; by usual
Picard fixed point arguments one can show the existence of a unique solution
Z = Z"in L2(£~21 x € P® P). We observe that, by usual regularization
arguments for It6 integral as in Lemma 3.4, for w-a.s., Y (-,w) solves for P

a.e. w € §, equation
¢
Vi) = Yo+ [ (s Vil ) w)dB, (4.1)
0

on (Ql, ﬂfCl, 15) We consider now the measurable space g = €1 x €2, where
Q7 = C([0,7], R) x R, equipped with product o-field § = B(Q;) ® F. On
that measurable space, we introduce the probability measures (), where
Qn = [odP(w)Qn(-,w) and Qn(-,w) being the law of Y™(- ,w) for almost
all fixed w.

We set Y; (w1, w) = wi(t), where wy (t) = wi(t)+a, if w! = (W), a). We denote
by (Y¢, t € [0,T]) (vesp. (Y})) the canonical filtration associated with Y on
Qo (resp. ©1). The next step will be the following.

Lemma 4.2. For almost allw dP a.s. Q,(w, -) converges weakly to Q(w,-),
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where under Q(-,w), Y (- ,w) solves the SDE
t
Vit @) = Yo+ [ (s, Yele ) w)dBu (),
0
where B(-,w) is an (Y})-Brownian motion on Q.

Proof. It follows directly from Proposition A.4 of the Appendix. O

Remark 4.3. 1) Since Qu(-,w) converges weakly to Q(-,w), w dP a.s.,
then the limit (up to an obvious modification) is a measurable random

kernel.

2) This also implies that Y, (-,w) converges stably to Q(-,w). For details

about the stable convergence the reader can consult [19, section VIII 5.

c/.

The considerations above allow to conclude the proof of Proposition 4.1 By
Lemma 4.2, Q¥ = Q(-,w) is a random kernel, being a limit of random kernels.
Let us consider the associated probability measure on the suitable enlarged
probability space (£9,9,Q). We observe that Y on (€g,5) is obviously

measurable, because it is the canonical process Y (wi,w) = wi. Setting

t o dy,
Bt = [
t( ) 0 V(Sanaw)

we get [B]i(-,w) =t under Q(- ,w), so, by Lévy characterization theorem, it
is a Brownian motion. Moreover B is bimeasurable. The last point to check
is that W1 ..., W are (G;)-martingales, where G; = (F;®@{0,Q21})VYs, 0 <
t<T.

Indeed, we justify this immediately. Condider 0 < s < ¢t < T'. Taking into
account monotone class arguments, given F' € F;, G € Hg, 1<i<N,itis

enough to prove that
E9(FGW}) = EQ(FGW}). (4.2)

We first observe that the r.v. w+— E9”(G) is Fs-measurable. This happens
because Y is, under ¥, a martingale with quadratic variation
<fg W(QS,YS(-,w),w)dS,O <t< T), i.e. with (random) coefficient which is
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(F¢)-progressively measurable.
Consequently, also using the fact that W' is an (F;)-martingale and that
EQ(G) is F-measurable by item a) 3) of Definition 2.10, the left-hand side

of previous equality gives
EP(FW{E?(G)) = EV(FW{E?"(G)),

which constitutes the right-hand side of (4.2). This concludes the proof of
the proposition. O

We go on now with step B) of the beginning of Section 4.

Proposition 4.4. We suppose the existence of r.v. Ay, As such that

0< Aj(w) <7(t,&w) < Az(w),Y(t,€) € [0,T] xR, a.s.

LetY be a weak-strong solution to (DSDE)(~y,zg) and we denote by (v4(dy,-),t €
[0,T)), the u-marginal laws of process Y.

1. There is a measurable function q : [0,T] x R x Q — R4 such that dtd P
a.e., vi(dy,-) = q(y,-)dy. In other words the p-marginal laws admit

densities.

/ q?(y, Jdtdy < oo dP-a.s.
0,T]xR

3. q is an L*(R)-valued progressively measurable process.

Proof. By 3) of Definition 2.10, the p-marginal laws constitute an 8'(R)-

valued progressively measurable process. Consequently 3. holds if 1. and 2.

hold.
t dY's
By = —_.
' /o v(s, Ys,w)

We denote again Q¥ := Q(- ,w) according to Definition 2.10, w € Q.
Let w € Q be fixed. Let ¢ : [0,7] x R — R be a continuous function with

Let
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compact support. We need to evaluate

EQ” ( /O ! o(s, Y;)sts> , (4.3)

where Z; = exp (fo dr) Mg and My = ( ie1 fo dW’)

is smaller or equal than

exp Z / ) AW
N
=exp Z {W] 6] / W] ej }

J=1

cexp |- [ Z{Wﬂ (@ 0 i = G (20 Y | )

taking into account the fact that [V, W7] = 0 for any 1 < j < n, by Propo-
sition 2.13.
Denoting [|gllec := supscjo,ry19(t)], for a function g : [0,7] — R, (4.3) is

smaller or equal than

s N
o | Sl T o | oo = [ S w0630 a2
7j=1

So (4.3) is bounded by

T

o(w) B < / |¢|(s,y;)des>, (4.4)
0

where

N . .

o) = e (Tueouoo+zuwwoouezuw
N
|

A2 ‘ ‘
b DS Hi+uwzumu<e2>”um>>
i=1

and R is the Q“-exponential martingale

Ri(-,w) —exp /5
— 2/052( ,w)dr).
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where

N
6(T’ ' ’w) = ZWg(ej)/ (Y;’( ' ’w))W(T’YVT( ' ’w)’w) :
j=1

So there is a random (depending on (€2, F)) constant

Ql(w) = const (T’WJ’|6]HOO’H6J,H 7Hej” ) 1<] <N7 AZ(w)> )
(4.5)
so that (4.4) is smaller than
. T
n@E ([ lels il wpldsha(-0)). (1.6
By Girsanov theorem,
_ t
Bi(rw) = Biln) + [ 80, - )
0
isa @“’—Brownian motion with
dQ¥ = Ry( -, w)dQ”.
At this point, the expectation in (4.6) gives
. T
B ([ 1ol was) (@7

where

t ~
}/;f( : 7w) :}/b—i_/ 7(87}/;( . ,W),W)dBS

—/0 v(s, Ys( - w),w)d(s, - ,w)ds.

For fixed w € €, ¢ is bounded by a random constant ga(w) of the type (4.5).
Moreover we keep in mind assumption (4.1) on 7. By Exercise 7.3.3 of [31],
(4.7) is bounded by
03(w) H“PHLQ([O,T]XR) :

where p3(w) again depends on the same quantities as in (4.5) and ®. So for
w dP-a.s., the map ¢ — E?° (fOT o(s, Y - ,w))]\AJS( . ,w)ds) prolongates to
L?([0,T] x R). Using Riesz theorem it is not difficult to show the existence
of an L2([0,T] x R) function (s,y) > ¢s(y,w) which constitutes indeed the
density of the family of the y-marginal laws. O
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5 On the uniqueness of a Fokker-Planck type SPDE

The theorem below plays the analogous role as Theorem 3.8 in [13] or The-
orem 3.1 in [9]. It has an interest in itself since it is a Fokker-Planck SPDE

with possibly degenerate measurable coefficients.

Theorem 5.1. Let z', 2% be two measurable random fields belonging w a.s.
to C([0,T7],8 (R)) such that z :]0, T]xQ — M(R). Leta : [0, T]xRxQ — R
be a bounded measurable random field such that, for any t € [0,T], a(t,-) is
B([0,t]) ® B(R) @ Fy-measurable. We suppose moreover the following.

i) z=z'—22 € L*([0,T) x R) a.s.

ii) t— z(t,-) is (Fp)-progressively measurable 8'(R)-valued process.

2

iii) z', 2% are solutions to

0u(1,6) = P2e((a2)(1,€)) + 2(t, Ou(dt, ©),
2(0, ) = 2o,

where 2z is some distribution in 8'(R).
Then z' = 22.

Remark 5.2.  a) By solution of equation (5.1) we intend, as expected, the
following: for every ¢ € 8(R), Vt € [0,T],

/R o(2)2(t, d€) = (20, 0) + /0 s /R a(s, € (€)2(s, d¢)

T / u(ds, €)z(s,dE)p(€)  as.
[0,t] xR

b) Since z(-, w) is w a.s. in L*([0,T); L2(R)) < L*([0,T); H~*(R)), then
fot w(ds, - )z(s,-) belongs w a.s. to C([0,T); H-Y(R)). On the other
hand fg(az)”(s, )ds can be seen as Bochner integral in H=2(R) and so

t— fg w(ds, - )z(s,-) belongs to C([0,T]; H 2(R)) w a.s. In particular

1

any solutions z*, 2% to (5.1) are such that z = z' — 22 admits a modifica-

tion whose paths belong (a.s.) to C([0,T]; H-2(R))N L2([0, T); L*(R)).
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Since 2',i = 1,2, are continuous with values in 8'(R), then their dif-
ference is indistinguishable with the mentioned modification.
Consequently for w a.s. z(t,-) € C([0,T); H2(R)). Then, outside a
P-null set Ny, for w € Ny we have (in 8'(R) and H2(R)) )

z(t,-):/o (az)”(s,-)ds—i—/o w(ds, -)z(s, ). (5.2)

¢) By assumption i), possibly enlarging the P-null set Ny we get the fol—
lowing. For w ¢ Ny, for almost all t €]0,T], (fo az) > €
H™Y(R) and so [}(az)(s, - )ds € H" dt a.e.

Proof of Theorem 5.1. We fix the null set Ny and so w will always lie outside
Ny related to Remark 5.2 ¢). Let ¢ be a mollifier with compact support and
¢ = %gb(g) be a generalized sequence of mollifiers converging to the Dirac

delta function. We set
0:(0) = (0 = [ dez O - 3 2)(w.6)
R

where z:(t,&) = [z ¢<(§ — y)z(t,dy). Since t — z(t, - ) is continuous in
H~2(R), then t + 2.(t, - ) is continuous in L?(R) and so also in H1(R).
We look at the equation fulfilled by z.. The identity (5.2) produces the
following equality in L?(R) and so in H*(R):

ze(t, +) :/0 ds{[(a(s, z(s, ) * )" = (a(s, - )z(s, -))*qﬁe}ds
—i—/o ds(a(s, - )z(s, - )) * ¢e (5.3)
N A
+;/O AWi(ei2)(s, - ) * ¢e.

We apply (I — A)~! and we get
(I—A)"te(t, )= —/0 ds(a(s, - )z(s, <)) * ¢e (5.4)
ts — A H(a(s, )z(s, ) >
+ [ as(r = 87 ffats, ), )0

+Z/dW’I A)He2) (s, - ) * de.
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We apply 1to’s formula for stochastic calculus, with values in the Hilbert
space H!(R). For a general introduction to infinite dimensional Hilbert
valued calculus, see [15] or [26]. We evaluate the H~!-norm of z.(t). Taking

into account, (5.3), (5.4) and that (f,g) ;1 = (f,(I = A)~lg) ., it gives

ge(t) = 2/0 (ze(s, - ), dze(s, - )y (5.5)
N t ) )
+; /0 ds ((2(s, - )e') x e, (205, - )e) % 0e)
- _2/0 <ZE(87 : )7 (a(37 ) )Z(S, ’ )) *¢5>L2 ds
w2 s (el ) (=27 (s )2t )) w00,
N ¢ ) )
+ Zzl/o ds <(Z(S, . )6 )*¢6a (Z(Sa : )e )*¢€>H—1

b2 [ s (el ) (o) (s2) 0 1+ M
0
where
N ' A
ME :22/ (zo(s, ), (2)(s, - ) wde), o AW, (5.6)
=170
Below we will justify that (5.6) is well-defined. We summarize (5.5) into

We remark that

i/oT (e, ), e, -)>H,1)2ds _ Ei’:/OT (<ez‘z(s, ), (I = A)ta(s, ')>L2>2d3

(5.7)

N T
<3 [ lleiz(s, )Iallz(s, ) I3—2ds
i=1 70

N T
<SR sup fl2(s, ) / (s, - )|2ads,
i1 s€[0,T7] 0
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because z : [0,7] — H~2 is a.s. continuous by Remark 5.2 b).

Consequently

M, = ;/0 (2(s, - ), €2(s, - )) 1 AW

is a well-defined local martingale. It is also not difficult to show that for

e >0,

2
/0 {Z<Zs . , elz(s, -))*¢€>2_1} ds < o0,

and so M?® is a local martingale.

By assumption we have of course (w & Ny)

/ (22(5,€) — 2(s, €))*dsde. 0, (5.8)
[0,T]xR
/ ((a2) 62 — az)2(s,€)540, (5.9)
[0,7]xR
[ (Gl gen) . = (50O, (5.10)
[0,7]xR

for every 1 < i < N, because z,az,e;z € L?([0,T] x R),1 < i < N. Using
(5.8) and (5.10), it is not difficult to show that (w ¢ Ng)

Z/ ((2e(s, - ), ('2(s, - ) * ¢e) — (2(s, -)>)2ds (5.11)

converge to zero. As a consequence of (5.10), (w ¢ Np),

) A (O R R O A LR

converges to zero. Taking into account (5.8), (5.9), (5.11) and (5.12) we
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obtain (w ¢ Np), that lin(l) ge(t) = g(t), t € 0,T], where
e—

§(t) =2 /0 (2(s, - ),als, - )2(s, - ))pa ds (5.13)

b2 [ de(e(o, ), (= &) als, 2o, Dy

0

+2/0 ds (z(s, - ), 2(s, -)eO>H,1

N t ' A
D] RECREEOR LM

The convergence of the second term in the right-hand side of (5.5) to the
second term of the right hand sides of (5.13) works again using (5.8) and
(5.9) cutting the difference in two pieces and using Cauchy-Schwarz. On the
other hand the convergence of (5.11) to zero implies that M¢ — M ucp,
so that the ucp limit of g.(t) + My gives g(t) + M;. So after a possible
modification of the P-null set Ny, setting g(t) := ||z(t, - )||3-1, for w ¢ No,

we have
o(t) +2/0 (2(s, - )sals, - )2(s, - )) e ds (5.14)
= 2/0 ds ((I — A)Lz(s, <), als, - )z(s, - )>L2

—i—2/0 ds <z(s, ), e%2(s, ')>H—1

N t . .
—1—2/ (2(s, - )e' z(s, - )e') 1 ds
i=1 70
+ M,

By the inequality
62

2be <
la

+¢ flall »
oo
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b,c € R, it follows,

t -1 <), (az)(s, - 2 ds
2A<<U—A>z@,x<><,>>Ld
<nwwéuu—A>%@-w;m
1 t

b [ <@ ). e ) > ds

oo Y0
t

2
< el ; 12(85 - )llz-2ds

HWWA<A&-xm@,»Bd&

Since || - ||g—2 < || - |l y-1, (5.14) gives now (w ¢ Ny),

o)+ [ (elo (a2, D)gads
< M, —{—;/0 ds<z(s, e, z(s, - e >H—1
—|—2/ ds (z(s, - ), 2(s, -)eO>H,1

0
t 2
+wmw4n4a-mH1®-

Since €/, 0 < i < N are H '-multipliers, we obtain the existence of a

constant € = C(e;, 1 < i< n, |lal,,) such that (w ¢ Ny)
t
o)+ [ (el ). (@) )y ds (5.15)
t
<Mt [ (s, )l ds
0

¢
:Mt+€/ g(s)ds, Vt e [0,T].
0

We proceed now via localization which is possible because fOT 2(s, - )||*ds
and supycjo 1) [|2(s, )| -2 are P a.s. finite. Let (s%) be the sequence of

stopping times

t
“=inf{t e [O,T]I/ ds |l2(s, )72 = € )12(s, )72 > €}
0
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If { } = 0 we convene that ¢ = +o0o. Clearly the stopped processes M <f
are (square integrable) martingales starting at zero. We evaluate (5.15) at

t A ¢’. Taking the expectation we get

E(g(t AsY)) < BE(Mup) +CE </t/\€ g(s)ds)
S—— 0

=0
t
< (3/ dsE(g(s A gé)).
0
By Gronwall lemma it follows
E(g(t As) =0 V€N

Since ¢ is a.s. continuous and limy_,., t Ay = T a.s., for every ¢ € [0,T1], by

Fatou’s lemma we get

E(g(t)) =FE (ligglf g(t A §4)> < lign inf E (g(t Asp)) = 0.

— 00

Finally the result follows. O

6 The non-degenerate case

We are now able to discuss the double probabilistic representation of a solu-
tion to the (1.1) when v is non-degenerate provided that its solution fulfills
some properties. We remark that up to now we have not used the first
item of Assumption 1.1. We remind that the functions €;.0 < ¢ < N, are

H~Lmultipliers.

Theorem 6.1. We suppose the following assumptions.
1. xg is a real probability measure.
2. 1 s non-degenerate.

3. There is only one random field X : [0,T] x R x Q — R solution of (1.1)
(see Definition 2.4) such that

X2%(s5,6)dsdé < 00 a.s. (6.1)
[0,TTxR

Then there is a unique weak solution to the (DSNLD)(®, u, o).
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Remark 6.2. 1. Suppose that €',1 < i < d, belong to WL, In Theorem
3.4 of [6], we show that (even if xo belongs to H-1(R))), when v is
Lipschitz, there is a solution to (1.1) such that

E / X?%(s,6)dsde | < oo.

0,T|xR

According to Thereom B.1, that solution is unique.

In particular item 3. in Theorem 6.1 statement holds.

2. Theorem 6.1 constitutes the converse of Theorem 8.3 when 1 is non-

degenerate.

3. Again for simplicity of the formulation, without restriction of general-
ity, in the proof we will suppose Y to be single-valued and © admitting

a continuous extension to R. Otherwise one can adopt the techniques

of [13].

4. As side-effect of the proof of the weak-strong existence Proposition 4.1,

the space (20,9, Q) can be chosen as Qy = Q1 xQ, Q1 = C([0,T]; R) x

R, G=B()xTF, QHxF)= [ dP(w)lp(w)Q(dw,w).

Q1 xQ
Proof. 1) We set y(t,&,w) = ® (X (¢,£,w)). According to Proposition 4.1

there is a weak-strong solution Y to (DSDE)(~, zp). By Proposition 4.4 w
a.s. the y-marginal laws of Y admit densities (¢:(§,w),t €]0,T], £ € R, w € Q)
such that dP-a.s.

/ dsdég?(&, - ) < oo as.

[0,T]xR

2) Setting
(&, w)dg ¢ t€]0,T],
o o t=0,

ZQ(g’w):: (

v is a solution to (5.1) with vy = g, a(t,&,w) = ®2(X(¢,£,w)). This can

be shown applying [t6’s formula similarly as in the proof of Theorem 3.3.
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3) On the other hand X is obviously also a solution of (5.1), which in par-
ticular verifies (6.1). Consequently z! = v, 22 = X verify items i), ii),
iii) of Theorem 5.1. So Theorem 5.1 implies that v = X; this shows that
Y provides a solution to (DSNLD)(®, u, o).

4) Concerning uniqueness, let Y1, Y2 be two solutions to the (DSNLD) re-
lated to (®, iz, z). The corresponding random fields X', X2 constitute the

p-marginal laws of Y1, Y2 respectively.

Now Y%, i = 1,2, is a weak-strong solution of (DSDE)(v;, x) with v;(¢, £, w) =
O (X;(t,&,w)), so by Proposition 4.4 X;, ¢ = 1,2 fulfills (6.1). By Theorem
3.3, X7 and X» are solutions to (1.1). By assumption 3. of the statement,
X1 = Xs. The conclusion follows by Proposition 4.1, which guarantees the

uniqueness of the weak-strong solution of (DSDE)(vy,zg) with v1 = v2. O

Remark 6.3. One side-effect of Theorem 6.1 is the following. Suppose
to be non-degenerate. Let X : [0,T] x R x Q@ — R be a solution such that
dP-a.s.

/ X2%(s5,6)dsdé < 00 a.s.

[0,T]xR
We have the following for w dP-a.s..

i) X(t, - ,w) >0 ae Vte|0,T]

i) E (E{X(t,g)d£> =1,Vte0,T) ifeg = 0.

Remark 6.4. If (1.1) has a solution, not necessarily unique then (DSNLD)

with respect to (P, u, zo) still admits existence.

7 The degenerate case

The idea consists in proceeding similarly to [7], which treated the case yp =0
and the case when x( is absolutely continuous with bounded density. 1 will
be assumed to be strictly increasing after some zero u. > 0, see Definition 1.3.

We recall that if ¢ is degenerate, then necessarily ®(0) := lim._,o ®(z) = 0.

Remark 7.1. i) If u. > 0 then 1 is necessarily degenerate and also ®

restricted to [0,u.] vanishes.
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i1) Let xo is a probability on R. Suppose the existence of a solution X to

(1.1) such that
E ( / dtngz(t,§)> < 0. (7.1)
[0,T]xR

We recall that, by Definition 2.4, a.s. it belongs to C ([0,T],8'(R)). In
t

this case a.s. [(X (s, - ))ds € HY(R) for everyt € [0,T]. See Remark
0

B.3 vi).

i) If X is a solution such that (7.1) is verified and xo € H 2, then X €
C([0,T); H=2) a.s., see Remark B.3 vi).

i) (7.1) implies in particular that if X is a solution of (1.1), then

B (/OTdsnX(s, M) <

v) If 4 is Lipschitz, we remind (Remark 6.2 1.) and xg € L?, there is a
unique solution to (1.1) such that (7.1) is fulfilled, at least if we suppose
that all the €' belong to H'(R), see Theorem 3.4 of [6] and Theorem
B.1.

Theorem 7.2. We suppose the following.

1. The functions e;.1 <i < N belong to H'(R).

2. We suppose that ¢ : R — R is non-decreasing, Lipschitz and strictly

increasing after some zero.

3. Let mg belong to L*(R).
Then there is a weak solution to the (DSNLD)(®, y1, xo).

Proof. 1) We proceed by approximation rendering ® non-degenerate. Let
k > 0. We define @, : R = R by



7 THE DEGENERATE CASE 38

Let X" be the solution so (1.1) with v, instead of . According to
Theorem 6.1 and Remark 6.2 4., setting Oy = C ([0, T],R) x R, H its
Borel o-algebra, Y (w!,w) = w!, there are families of probability kernels
Q" on H x 4, and processes B* on )y such that
i) B*(-,w)is a Q"(-,w)-Brownian motion;
ii)
t
Y=Yy + /@H(X“(S,Y's,w))dB?; (7.2)
0
ili) Yy® is distributed according to xp = X"(0, - ).
iv) The p-marginal laws of Y under Q" are (X"(¢, - )).
We need to show the existence of a probability kernel ) on H x 1, a
process B on () such that the following holds.
i) B(-,w)is a Q( - ,w)-Brownian motion.
ii)

t
Y, =Y, —i—/tI)(X(s,YS,w))dBf;.
0

iii) Yp is distributed according to zg.

iv) For every t €]0,T], ¢ € Cp(R),

/R X(t,6)p()de = B | p(v)e, / u(ds, Yo X (s,v2) | |
0

where Q¥ = Q( - ,w).

2) We need to show that X" approaches X in some sense when k — 0,

where X is the solution to (1.1). This is given in the Lemma 7.3 below.

Lemma 7.3. Under the the assumptions of Theorem 7.2, let X (resp. X*)
be a solution of (1.1) werifying (7.1) with (u) = u®?(u) (resp. VPu(u) =
w(®%(u) + K)), for u > 0. We have the following.

(1) limy;—0 SUP¢eo, 17 L <||Xﬁ(t’ ’ ) - X(ta ’ )H?{*l) =0;
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b) timo B (fyde [ (X5, ) v (X(t, I ) =0

&) im0 K ( fig 7y,cn A8 (X5(1,€) = X (1,€))*) = 0.

Remark 7.4. 1) a) implies of course
T
lim F (/ dt || X"(¢, - ) — X (¢, - )H%{_1> =0.
£k—0 0

2) In particular Lemma 7.3 b) implies that for each sequence (k,) — 0 there

is a subsequence still denoted by the same notation that

[ 6) - w0 ) drag 0
0,T]xR

a.s.
3) For everyt € [0,T)]
X(t, ) >0 df®dPa.e.

Indeed, for this it will be enough to show that a.s.

[ 60(©X(1.€) 2 0 for cuery ¢ € S(R), (7.3)

R
for every t € [0,T]. Since X € C([0,T]; 8'(R)) it will be enough to show
(7.3) for almost all t € [0,T]. This follows since item 1) in this Remark
7.4, implies the existence of a sequence (ky) such that

T

/dtHX””"(t,-) LX) a0, as.
0

4) Since 1 is strictly increasing after uc, for P almost all w, for almost all
(t,€) € 10,T] x R, there is a sequence (ky) such that

(Xﬁn (ta 5) - X(t7 g)) 1{X(t,§)>uc}(t7 S)njooo

This follows from item 2) of Remark 7.4.
Since ®?(u) =0 for 0 < u < u. and X is a.e. non-negative, this implies
that dtdédP a.e. we have

% (X(t,€)) (X" (t,€) = X(t,€)) n 550 (7.4)
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Proof (of Lemma 7.3). Proceeding similarly as in Theorem 5.1, we can write

dP-a.s. the following H ~2?(R)-valued equality.

(X" =X)(t, ) = [ ds (¥ (X"(s, ) =9 (X(s, )"

o

—i—Z/(X“(s, )= X(s, ) eldW?.
0

=0

.

(1= 8) (0 =) (1) == [[ds (e (X5, ) =6 (XG5, )
0
/ ds( = 8)7 (@ (X"(s. ) = 0 (X5, )

N t
+Z/I A)TH(E (X5 (s, ) — X (s, +))) WL
0

=0

After regularization and application of It6 calculus with values in H!, set-
ting g"(t) = ||(X* — X) (t, - )||3%-1, similarly to the proof of Theorem 5.1,

we obtain

N t
0 =3 [l X =) (s, s s 5)
0

1=

[y

t

2/ ’ )7¢H (XH(Sv ' )) - w (X(S, ’ ))>L2
0

+2 ds<(XH - X) (87 : )7 (I - A)_l (wﬁ (XH(‘s? : )) - ¢(X(Sa : )))>L2

o _

b2 [ s~ (5.7~ A (X~ X) (5 )y
0

+ MY,
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where M*" is the local martingale

Mf=2)" / (I =AD" (XF=X) (s, ), (X" = X) (s, - )e'),, AWL.
=1 0

Indeed, M" is a local martingale because, taking into account (B.1) and
Remark 7.1 iii), acting similarly as for the proof of (5.7), see also (2.1) in
Appendix B, we can prove that

N

i=1

/y (X =X])(s, ), (I =A)H(X" = X) (s, - )e") ., |Pds < 0.
0

(7.5) gives

g=(t) + 2/t
0

t

+2/<;/
0

t

<(XR - X) (87 : )7 (0 (XH(‘s? : )) - (X(87 : ))>L2 ds
(X% = X) (5, ), (X" = X) (s, - )} o ds

N
|
[\
N
o
o,
V)
—
S
3
|
s
£
ol
S
ol
\.CIJ
=
[ ]
o,
[Va)
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We use Cauchy-Schwarz and the inequality
2/Eby/ke < kb? + ke
with first
b=[|X"(s, -) = X(s, )2y e=1X(s, - )llga

and then

b=[IX"(s,-) = X(s, )l g2 c=1[XC(s, )2
We also take into account the property of H'-multiplier for e,
Consequently there is a constant C(e) depending on (e, 0 < i

that

42

g0 +2 [ (X X) (5. ), 6 (X5, ) =6 (X(s, D)y (70)
0

t
o / 1X%(s, ) = X(s, - || ds
0
t

<x / 1(X" = X) (s, )] 20 ds
0
t

p / ds||X (s, - )[12
0
t

+Cle) / ds | X=(s, ) — X (5, )%
0

+2/||(X“—X) (s, g2 9 (X"(s, -)) = (X(s,
0

t
—i—2/~£/dsg“(s)

0
t t
+H/dS\I(X“—X) (s, ')||12H2+H/dSHX(S, Iz
0 0

+ M.

D2
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Since 1 is Lipschitz, it follows
(%(r) = (r) (r = 1) = @ (P(r) = (r))?,

for some a > 0. Consequently, the inequality

2bc < b2a + é,
«
with b, ¢ € R and the fact that || - || -2 < || - || z-1 give
t
/dSH(X“ = X) (s, g2 19 (X"(s, ) =9 (X(s, - )2
0
t t
</d8a9”(5, ')+/d8(7/) (X"(s, ) = (X (s, ), X5(s, - ) = X(s, - ))pa
0 0

So (7.6) yields

t)+

¢
/
¢
/i/dSHXH(s, = X(s, )2 ds
0
t
<2 [ ds[1X(s, )
0
+ M
t
+ (C(e) + o + 3k) /g
0
Taking the expectation we get

E(g"(t)) < (C(e) + a+ 3k) /E ds
0

2 /O E(IX(s,)|2)ds
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for every t € [0,T]. By Gronwall lemma we get

T
E (gx(t)) < 2kE / ds||X (s, - )[|72 p elCEOTHNT i e [0, T]. (7.8)
0

Taking the supremum and letting x — 0, item a) of Lemma 7.3 is now

established.
We go on with item b). Since v is Lipschitz, (7.7) implies that, for ¢ € [0, T,

/dus (X5(s, ) =0 (X(s, )l

ds (1 (X"(s, ) = (X(s, ), X5, ) = X(s, )

t
<o [ asixes, I
0

t
/g,.i (s)ds + Mf,
0

0
1
a L2

5’|3

where C(e, ) is a constant depending on €',0 < i < N and a. Taking the

expectation for ¢t =T, we get

T
E /dstp(X“(s, )= (X(s, )7
0
T T
Q%E /dSHX(S, . )||%2 +C(eaa)/E(gli(S))dS'
0 0

Taking x — 0, (7.1) and (7.8) provide the conclusion of item b) of Lemma
7.3.
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¢) Coming back to (7.7), and t = T, we have

T

g/mmwwf>—X@-m;
0
T

<2 [ ds1X(s, - )Is + Mg
0

T
+ (C(e) + a + 3k) /dsg
0

Taking the expectation we have

T

B ([ ds X, ) = X
0
T

<ot | [ ds|xes, I
0

T
+(Cle)+a+3k)E /g“(s)ds
0

Using item a) and the fact that

/ X2 §)dsd€ | < oo,

0,T| xR

the result follows. Lemma 7.3 is finally completely established.
O

We need now another intermediate lemma concerning the paths of a solution
o (1.1).

Lemma 7.5. For almost all w € 2, almost all t € [0,T1,

1) £ (X(t € w)) € H'(R),

2) £ O(X(t,&,w)) is continuous.
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Proof. Ttem 1) is established in [6], see Definition 3.2 and Theorem 3.4. 1)
implies that £ — (X (¢,&,w)) is continuous. By the same arguments as in

Proposition 4.22 in [7], we can deduce item 2). O

3) We go on with the proof of Theorem 7.2. We keep in mind i), ii), iii),
iv) near (7.2). Since ® is bounded, using Burkholder-Davies-Gundy

inequality are obtains
EQ"C ) (v, — ¥,)* < const(t — ).

On the other hand, for all Q"( - ,w), Yp is distributed according to .
By Kolmogorov-Centsov criterion, see for instance an easy adaptation
of [21], Problem 4.11 of Section 2.4, for w € Q a.s., the probabili-
ties Q"( - ,w), k > 0 are tight. Consequently there is a sequence
Q" ( - ,w), (k) depending on w, converging weakly to some proba-
bility Q( - ,w) on C ([0,T]; R). By Skorohod’s theorem there is a new
probability space <Q‘f, HY, Q“) and processes Y ( - ,w) distributed as
Y(+,w) under Q" ( - ,w), converging to some process Y*°( - ,w) ucp
under Q¥. From now on we will denote again Q¥ := Q¥. In particular
Y"( - ,w) are local martingales with respect to their own filtrations
such that [Y"( - ,w)|s = f(f 2 (X" (r,Y,",w))dr. We remark that

Y™(-,w)— Y] (-,w) are even square integrable martingales.

4) Let X be the solution to the SPDE (1.1). The next step consists in
showing that for P almost w, Y°°( - ,w) is a weak solution to the

equation
t
V(@) =Y @)+ [ (X E e, (1)
0
for some Brownian motion 5. We need here a technical lemma.

Lemma 7.6. For w dP-a.s., the random variables
T
| @ (e - e (X YE @) (10
0

converge to zero in LP(QY,Q%), ¥ p > 1, and consequently in probability.
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Proof. Tt is of course enough to show that the E®” expectation of (7.10)

goes to zero up to a subsequence. This is bounded by I;(n) + I2(n) where

T

Ii(n) =2E9” / dr <q>,,m (X5 (r, Y, W) — ® (X (1, n",w)f)
0T

Ir(n) =2E9” / dr (@ (X(r, Y™, w)) — & (X(r, Y°°,w))2>
0

Since ® (X (r, - )) is continuous for almost all (r,w;) € [0, 7] xQY, by Lemma
7.5, then I(n), 54,0 by an easy application of Lebesgue’s dominated con-
vergence theorem. Concerning I1(n), it is also enough to show the existence

of a subsequence (k,,) such that
(q)ﬁn (Xﬁn (n }/rnv w)) - o (X(Tv an7 w)))Q n:)oo07

dQ% x dr a.e.. Since the Doléans exponential is strictly positive, this will be

guaranteed if we show that

(O, (X (7 0) = @ (X)) ([ (s 12))

dQ“ x dr a.e. Clearly, this will be verified, if we show that, for any ¢ :

[0,7] x R — Ry continuous, with compact support, we have

T

B /@(ﬁYr")Sr /u(d&l”s") (@, (X (1, Y, w)) = @ (X (r, Y, w)))* dr
0 0

goes to zero, eventually up to a subsequence.

Since X" constitute the y-marginal laws of Y, previous expression gives

T
/ ar / () (B (X0 (1, 0)) — @ (X (r,9,0)))2 X5 (1, g, w)dy
0 R

<Iii(n) + Liz(n) + Liz(n) + L14(n)
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where

T

Bn(n) = [ dr [ dyle(rullv (X (rpw) = o (Xrp o),
OT R

ho() = [ dr [ dyle(r )@ (X () [0X = X))
OT R

Bs(n) = [ dr [ dylotrg)len X5 = X[,
0 R
T

Rat) = [ dr [ dya X )00
0 R

By Cauchy-Schwarz, I% (n) is bounded by

T
lelegomeny [ ar [ (00 (0.0) = 0 (X))
0 R

This converges to zero according to Remark 7.4 2), after extracting a further

subsequence (not depending on w). The square of I13(n) is bounded by

||30||%2([0,T]><]R) / dT‘dy‘I)4 (X(T’y’w)) |Xﬁn _X|2(T’y,w)'
[0,T]xR

This goes to zero because of (7.4) in Remark 7.4 4).
IZ;(n) is bounded by

el i [ drdyl X = XP(ry.)
[0,T]xR

After extracting a subsequence, previous expression converges to zero be-
cause of Lemma 7.3 ¢). Finally I14(n), 540 by Cauchy-Schwarz and the fact

that [ drdyX?(r,y,w) < oo dP-as.
[0,T]xR
This establishes the proof of Lemma 7.6. O
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4) We go on with the proof of Theorem 7.2. We want to prove that Y is

a weak-strong solution of

t
Yi=Yo+ [@(X(s.Ya ) dB,
0
According to Remark 2.11 d) item 1) of Definition 2.10, it is enough
to show that for dP-a.s.w Y :=Y®( - ,w) is a solution of the follow-
ing (local) martingale problem. For every f € C12([0,T] x R) with

compact support, the process

t
1
20 = Y0~ 5050 - 5 [ 17000 (X(s Vi) ds
0

- €o tasf(san)

is a (local) martingale under Q“.

For this it is enough to prove that under @*, Y is a local martin-
t

gale with quadratic variation [Y°( -, w)]; = [ ®%(X(s, Y °( - ,w))ds.
0

According to Proposition A.1 of the Appendix, it is enough to show

that
T
[ e, (X Y2 w)) = @ (X YR w)lds (113)
0

in Q¥ probability. Now, the expectation of (7.13) is bounded by

T

2|12l EY /dSI‘I%n (X (5, Y5 ( -, w)) = @ (X (s, Y( - ,w))|
0
T
<2 @, § BV /dS\‘I’mn(X(&Ys”(-7W))—¢(X(8,52°°(-7W))\2
0

This converges to zero by Lemma 7.6.
This proves (7.13) and that Y°°( - ,w) is a weak solution of (7.10).
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5) The solution Y*°( - ,w) of (7.9) lives on a space Qf xQ where, (2¢, H*, Q%)
is a probability space depending on w.
We choose now Q7 = C([0,7]; R) x R x C([0,T]; R) and we select
Q“ := Q( - ,w) being the law of Y*°( - Jw) on Q. Again we set
Y (w1, w) = w(t) + a, this time with wy = (w}, a,w]).

We have to show that Y is a weak-strong solution of
t
Y, = Yo—i—/(I)(X(s,YS, -)) dBs.
0

For the moment we have shown that Y;(-,w) — Yy(-,w) is a martin-
gale under Q¥ for almost all w with QQ“-quadratic variation given by
f(f ®2(X (5,Y (-,w)s)ds. We need to construct a process B on Q x ),
such that for almost all w, B is a Q“-Brownian motion and (2.6) holds
for v(t,-,w) = ®(X(¢,-,w)). Let Bi(w1) = wi(t), a supplementary
Brownian motion on 1 which is Q“-independent on Y and we remind
that Yi(wi) = w(t) + a. B can be also considered as a Brownian mo-
tioon on Q x ©; which is @Q-independent of Y and (F).

We define

t 1 t
Bi(,w) = | aYa(s, ) lnieen 7+/15wd3.
t(w) /0 (@), 0 s Ty Hoew=0d8

Now for Q“-a.s. the quadratic variation of the Q“-martingale B(-,w)
is t, so that, by Lévy characterization theorem, B(-,w) is a Brownian

motion under Q“.

It remains to show items 2) and 3) of the definition of weak-strong
solution. Let (Y¢) be the canonical filtration of the process Y (-,w).
Item 3) follows because of item 1) and because y(¢, -, w) = ®(X(¢,-,w))
is progressively measurable. Concerning item 2) we see that under @
defined by P and the kernel Q(-,w), W',..., W¥ are Q-martingales
with (9¢) as defined in Definition 2.10. Indeed let F' be a bounded Fs-
measurable random variable and A be a bounded Y;-measurable r.v.
Let 1 <4 < N. By item 3) E?”(A) is Fs-mesurable, so

EQ((W] — WHFA) = EP (Wi ~ WFE? (4)) = 0,

since W* is an Fg-martingale.
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6) The final step consists in proving that X is the family of p-marginal laws
of Y, under @ defined by [, Q(- ,w)dP(w). Let w € Q outside some
P-null set.

By step 1) of the proof of this Theorem 7.2, we know that X" fulfills,

for almost all w,

/ AEXH(1,€)p(€) = BT [ o(vi)e, / u(ds,va) | |,

R 0

for all ¢ € 8(R). We recall that, according to the lines before step 3) of
this proof, after use of Skorohod theorem and a change of probability
space (depending on w), there is a sequence (k,,) and processes Y (-, w)

converging ucp to Y°°(-,w) such that

/ X" (1,€)p(6) = B [ p(y™)e, / ws,ymy ||, (1)

R 0

for every ¢ € S(R). It remains to show, for every ¢t € [0,T], ¢ € 8§(R),

that
/ (€)X (1€, w) = B | o(V7)E, / wds, vy | |, (715)
R 0

Let w € 2 outside a P-null set.

Since t — X (¢, - ) is continuous from [0, 7] to 8'(R) and the right-hand
side is continuous on [0,7] for fixed ¢ € S(R), it is enough to show
(7.15) for almost all ¢ € [0, T7.

Now for almost all ¢, the left-hand side of (7.15) is approached by the
left-hand side of (7.14). It remains to show that the right-hand side of
(7.15) is the limit of the right-hand side of (7.14).

According to Proposition A.3 in the Appendix it will be enough to show the

following.
i)

t t
4 1
/ AW~ ] / ¢ (Y7)2ds (7.16)
=17 0
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converges in law (with respect to Q“) to

t t

i / Yo)dwg — %/ei(Y;)st . (7.17)

=1 \0 0
i) o(Y")€E < [ u(ds, Y;‘)) is a sequence which is uniformly integrable.
0

We check now those properties.
i) (7.16) equals
Ji(n) + Ja(n)

where

l\')IH

N
Z szyn

i=1

t
-5 [emras
0

K

1 o
- / WY (V)02 (X7 (5, Y ) ds

N t
—Z/W "(Y?dY
i:lo

Lemma 7.6 implies that

T
/|<1>in (X" (s, Y w)) — % (X (s, Ys,w))|ds — 0
0 n—00
in probability. Consequently, since Y™ — Y ucp, it follows that J;(n) con-

verges in probability to

N t

i :Z Wie (V) —%/el(}/s)2d8
i=1 0
W09 (X Y s
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According to [20], Jo(n) — J2 in law, where Jy = fth(ei)’(Y;)dY's. This
implies that (7.16) converges in law to (7.17) and iteom i) is established.
To prove ii) we only need to prove that
' 2
sup B9” | & /u(ds,YS") < 0.
n
0

The integrand of previous expectation gives

exp (2(J1(n) + J2(n))) .

For each w, exp (2(J1(n)) is bounded, so it remains to prove that, for every
0<i<N

sup B9 | exp —2/W;(ei)’(Ys”)dY;" < 0. (7.18)
n
t . -
Since —2 [ Wi(e") (Y)dY! is a Q¥-martingale,
S

t
€N :=exp —Q/WZ H(ymayyr — 2/ )2(Y™M)®2 (X" (s, Y, w))ds
0
is an (exponential) martingale. Consequently (7.18) is bounded by

t
sup B | efrexp [ 2 [ (OVO2e P2, (X0 (5, Y2 ) ds
" 0
T

0

<exp | 2|e”

This quantity is bounded for each w, ii) is now established and so is the step
6) of Theorem 7.2. O

A Technicalities

Proposition A.1. Let (2,H,Q1) be a probability space. Let (Y™) be a

sequence of continuous local martingales such that Y™ — 'Y ucp; we suppose
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the existence of a adapted continuous process A, adapted to the canonical
filtration associated with' Y such that the total variation of [Y"]y — Ay goes
to zero in probability for every t € [0,T].

Then Y is a local martingale whose quadratic variation is A.

Remark A.2. i) A local martingale is in particular a local martingale

with respect to its own filtration.

i1) This proposition should be known in the literature but for the moment
we cannot find the reference. The difficulty is that there is no filtration
specified.

Proof of Proposition A.1. After a localization procedure, we can suppose
that the process Y is bounded and Y™ are bounded by the same constant.

By classical approximation techniques we only need to show that

fo0) =5 [ rvas (A1)

is a martingale, for every f € C? with compact support. Let 0 < s <t < T
and © : C([0,s]) — R be a bounded and continuous functional. We need to
show that

t
B0 -sm) -3 [ ronaage) o a2
where ©5 = © (Y, : 7 < s). The left-hand side of (A.2) equals
Ii(n) + Ix(n),

where

and
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) = 8 ( (107 - 507 - 3 [ rva. ) er).

no =5 (3 [ o e:-e)

g ({3 [wron - o fe.).

s =8 ({5 [ roman - anbe.).

Observe that Io(n) = 0 since Y is a martingale.

I4(n)

Taking into account the ucp convergence of Y to Y, it is not difficult to
show that
Ii(n) =0, i=1,3.

By BDG inequality there is a constant C' > 0 such that

E([Y"]r) < CE( sup [Y;"]). (A.3)

t<[0,T]

As far as I5(n) is concerned, we have [Y"] — A ucp, taking into account
the fact that A is a continuous process, the convergence in probability and
a Dini type argument, see e.g. Lemma 3.1 of [28]. So after extraction of

subsequences we get
t
/ Z.(d[Y"] = dA), — 0, (A.4)

in probability, for the continuous process Z,. = f”(Y;). On the other hand
t
B([ 2:dlY"], P < CIf | EQYIT),
S

is uniformly bounded by (A.3) and so the family of r.v. in (A.4) is uniformly
integrable. Finally (A.4) also holds in L!.

Concerning I4(n), since f”(Y™) converges to f”(Y') a.s. uniformly, by (A.3),
the integral inside the expectation converges to zero a.s. Then, by Lebesgue

dominated convergence theorem its expectation, i.e. I4(n) converges to zero.

Finally the result follows. O

Proposition A.3. Let (Z,) be a sequence of random elements with values
in a Banach space E converging in law to some random element Z still with
values in E. Let ¢ : E — R continuous, such that (¥(Z,)) are uniformly
integrable. Then nh_%oEW(Z")) =FE((2)).
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Proof of Proposition A.3. According to Skorohod theorem, there is a new
probability space (Q,f;", ]5), random elements Zn(resp. Z ) on (S~2, 5", ﬁ) with
the same distribution as Z,(resp. Z) and Z, — Z a.s. So ¥(Zy,) — ¢(Z)
a.s. Clearly the sequence 1(Z,) is also uniformly integrable; finally ¢(Z,) —
¢(Z) in L*(P). In particular Eﬁ(w(gn))njooEﬁ(w(Z)), and so the result
follows. O

Proposition A.4. Let Y} be distributed according to xo. Let a : [0, T] xR —
R be a Borel function such there are 0 < ¢ < C with

c<a(s,§) <C, V(s,& €[0,T] xR. (A.5)

We fir 0 <r <t <T. We set apn(t,z) = [ pn(x — y)alt,y)dy where (py)
R

1s the usual sequence of mollifiers converging to the Dirac delta. The unique

solutions S™ to

t
S =Yy +/ an(s, Sy )dBs,

B being a classical Wiener process, converges in law to the (weak unique

solution) of

¢
S =Y, +/ a(s,Ss)dBs,

Proof. i) Let r € [0,T[, y € R. According to Problem 7.3.3 of [31], the

equation
t
St =y +/ a(s,Ss)dBs, (A.6)

admits a solution, which is unique in law. We denote by P™Y the law

on C([r,T]) of the corresponding canonical process. The equation
t
St =y -+ / a"(s, Ss)st
T

admits even a strong solution since a” is Lipschitz with linear growth.
We denote with P;¥ the corresponding law. Moreover, those processes

are Markovian.
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i)

iii)

iv)

vi)

By the same mentioned problem 7.3.3 of [31], there is a constant C;
only depending on ¢,C in (A.5) and T such that

Y
e < [, Rm,sr)dr)gcl loorm.: (&7
r,L|X

for every n € NU {00}, (r,y) € [0, T[xR, and every bounded function
f:10,T] x R — R with compact support. For convenience in (A.7) we

set P™Y .= PRY.

From ii), there are Borel functions ¢, : [0,7]>xR — R,n € NU{oo} such
that (t,2) — qu(r,t,y,2) € L?([r,T] x R) for every (r,y) € [0,T] x R

and the law of S; under P;,Y equals ¢, (r,t;y, - ) dt a.e. Moreover
/ @A (r,t;y.2)dtdz < CE.
[r,T]

For 0 < r <t < T, y€ R the laws (P,") are tight. In fact, by
Burkholder-Davies-Gurdy inequality, there are constants Cs,C3 > 0
such that

EP,’;”’ ((St _ Sr)4) <

t 2
CoEP’ ((/ ai(s,SS)ds> ) <Oyt — )2

A slight adaptation of Problem 4.11 associated with Theorem 4.10 Chap-
ter 2 of [21] implies the tightness.

In particular, for each subsequence there is a subsubsequence converging

weakly.

In fact for every 0 < 7 <t < T, y € R, the sequence (P,Y) converges
weakly to P™Y.

To prove this, by point v) and the uniqueness in law of (A.6), it is enough
to show that the limit of a weakly converging subsequence of (P,¥) (still
denoted in the same manner) fulfills the martingale problem related to
(A.6). Let Q™Y be such a limit. Using the Markov property we only
need to show that for every f e C5°([0,7] x R)

oy t CL2
B ($00.50 = 10w~ [ 906,505 5005 ) =
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For this, taking into account the fact that PyY — Q™Y and the fact that
ry ¢ a?
EY (0050 = 10.) = [ 000550 % (5,505 ).

it will be enough to show that

Y ¢ CL2
P ( / Oraf (5, 55) 2 (s, Ss)ds> , (A.8)

Yy t a2
n::ooEQ </ (9mf(8, SS)E(S, Ss)d5> .

The left hand side of (A.8) equals I1(n) + Iz(n) where

a2

vz f (8,5 )T (s, Ss)ds>

“(/
I( Epy</6mfsS — (s, )d>
i

O f (s, S) (5 Ss)ds )

T
By item iii) I1(n) gives

a2 — a2
/ dtd 20y, f (t, 2) 2 (t,2)q(r, t;y, 2).
[r,T]xXR

Since O, f has compact support, |a2 — a?| < 2Cy, together with a2 —
a’dtdz a.e., Cauchy-Schwarz and Lebesgue dominated convergence the-
orem imply that (A.1) goes to zero when n — co. Concerning I»(n), we
only need to prove that for every f : [0,7] xR — R bounded measurable

with compact support verifies

nlggoEP </ f(s,8,) ) Y </T f(S,SS)ds> . (A.9)

Indeed we can prove (A.9) holds for f € L?([0,7] x R). In fact, by
the convergence in law, (A.9) holds for every f € C°(r,T) x R) with
compact support. (A.7) and Banach-Steinhaus allow to establish (A.9)

and therefore the conclusion.

O
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B Uniqueness for the porous media equation with

noise

We state here a general uniqueness lemma when the coefficient ¢ : R — R is
Lipschitz. Since the paper concerns one-space dimension porous media type
equation, we remain in that framework. However, the theorem below easily

extends to the multi-dimensional case.

We consider here an infinite nomber of modes for the random field y, i.e.
o0

wu(t, &) = > e ()W} where W' are independent Brownian motions, e’ :
1=0
RY - R € L'(R?) being H~! multipliers with norm €(ef), W0 = t.

Theorem B.1. Let zg € 8'(R?) and make the following assumptions.
i) 1 is Lipschitz,
i) 32520 (Cle)? + [le'll3,) < oo

Then equation (1.1) admits at most one solution among the random fields
X :]0,T] x R x Q — R such that

/ X2%(s,€)dsdé < 00 a.s. (B.1)
[0,T] xR

Remark B.2. We observe that condition ii) is compatible with (3.1) of [6].

Remark B.3. Let X be a solution of (1.1).

i) There is a P null set Ny, so that for w & Nog, X(t, - ) € L*(R) for
almost all t € [0,T].

ii) Condition (B.1) also implies that

T
/0 X (s, - )||5-1ds < oo a.s.

iii) Since ) is Lipschitz and ¥ (0) = 0, (B.1) implies that fOT (X (r, )32 dr <
00. So f(f ds(X (s,-)) is a Bochner integral with values in L*(R).
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iv) Consequently, t — A (j dsy(X (s, ))> is continuous from [0,T] to
H~%(R) and so also in SQ(R); since €',1 < i < N, are H~'-multipliers,
then t +— ft,u(ds, )X (s,-) belongs to C ([0,T); H 1 (R)); since zo €
8'(R) and g( e C([0,T];8'(R)) a.s., it follows that for w not belong-

ing to a null set, we have

t

X(t, - )=x0+A /w(X(s, - ))ds —i—/u(ds, )X(s,) te]0,T],
0 0

as an identity in 8'(R).

v) If 1o € H™! then X € C([O,T];H_Q), for w & Ny, Ng a P-null set.
Moreover, if xog € L? or 1) is non-degenerate, then, by Theorem 3.4 of
[6], then t — [ (X(s,-))ds € C([0,T]; H'(R)).

vi) If xo € H™* for some s > 2 then X € C ([0, T]; H™*), for w & No, Ny a
P-null set.

vii) Let ¢ > 0 and consider a sequence of mollifiers (¢z) converging to
the Dirac measure. Then X¢(t, - ) = X(t, ) x ¢ belongs a.s. to
C ([0,T); L*(R)).

vigi) All the previous items hold provided there exists a solution X wverifying
(B.1).

ix) Since ¢ is Lipschitz, there is o > 0 such that

(W(r) = (7)) (r —7) > a (b(r) — (7).

Proof. Let (¢c,e > 0) be a sequence of mollifiers as in Remark B.3 vii). Let
X1, X2 be two solutions of (1.1). Fori = 1,2, weset (X)¢(t,-) = X(t, )x¢..
We denote X = X; — X3 and X° = (X1)® — (X?)¢ which a.s. belongs to
C ([0,T], L*(R)) c C ([0, T); H'). We expand

g () = | X°(¢, )l

= [ (@ =a7"x7 ) ©x (.6
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1t6 formula gives

g=(t) :2/ < X%(s, ), X°(ds, - ) > (B.2)

+Z/ ds [| (€ X)(s,-) % |5 -
i=1"%
On the other hand we have
Xo(t ) = [ AsA[X s ) =0 D eo] (B

" /0 (u(ds, - )X) * 6.

(I—A)'Xe(t, ) = —/0 (VX (s, - ) = W(X(s, - ))) * ¢e (B.4)

[ st = A7 BN s, ) = 9X s, ) 5
0
[ ! —A)He' X (s, - *

+§;/O AW [(1 = )€ X (s, -))] * .

We define
M; = i/t <(I-A)1X(s, ), e X(s, - ) >p2 dW..
=170

We observe that previous M is well-defined and it is a local martingale.
Indeed, by Remark B.3 iv), X € C([0,T]; H~2), so by similar arguments as
in (5.7),

S / <(I=D)'X(s, )6 X(s, )32 ds < sup X503 SR
=1 70 s€[0,T] i1

T
/ 1X (s, - )[22ds < .
0
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Using (B.2), (B.3) and (B.4) we get
ot
i 2
g=(t) :Z/o ds”(e X)(s,-)*qﬁeHH,l (B.5)
i=1

t
—2 [ < XS ), [0 ) = X, )] w0 >
t
+2/0 <X(s, ), (L= A)TH[O(X (s, ) = 0(XP(s, )] * e >0
+ 2/t < X(s, ), (I =AY [X (s, )] * e > e
0
+ My,
where MF¢ is the local martingale defined by
M= [ X U AT (X, ) e g0
=170

which is again well-defined by similar arguments as for the proof of (2.1).
Taking into account (B.1) and the Lipschitz property for v, we can take the
limit when € — 0 in (B.5) and for g(t) := | X (¢, - )||3—1, we obtain

ol0)+2 [ ds(X(o. ), 0 (X5 ) = v (X6 ), (B.6)
= [ slleiX (s, )|
=3 [ st )l
+2/0 ds (T — A)1X (s, -), 0 (XM(s, ) — 6 (X35, ),
+2/0 ds (X(s, -) €"X (s, - )) 1 + My
The convergence M* — M when € — 0 holds ucp since
i - s, ), e X(s, - 2=
ZZ:;/O d8‘<(X X)( ) )7 X( ) )>H*1| 5—)00

because of property ii).
We take into account the inequality

2

2ab < @ + ba,
Q@
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for a,b € R, a being the constant appearing at item vii) of Remark B.3.
Then the second term of the right-hand side of equality (B.6) is bounded by

; / (v (XM (s, ) = ¥ (X2(s, +))) o ds

CY2 0

t
a2/ ds||(I —A)7'X (s, -)Hiﬁ—
0

<Oz2/0 ds [|X (s, ')Hinr/o ds (v (X (s, ) =0 (X2(s, 1)), X(s, ) e

This together with (B.6) gives dP-a.s.
g(t)—l—/o ds (X (s, ), ¥ (X(s, ) =0 (X%(s, ) o
<2/0 ds (X (s, -) "X (s, )

#32 [[aslE e+ 2

Since €/, i € N are H~'-multipliers and taking into account Hypothesis ii),
we get
o0 t
g(t) < My + (2 + Z (‘B(ei)z)/ dsg(s). (B.7)
i=1 0
We proceed now by localization. Let (¢) be a sequence of stopping times

defined by
t
¢ =int{t e 0.7]] [ ds (s, I > 41X (s llre = )
0

with the convention that ¢/ = oo if { } = 0. Since fOT [ X (s, - )||3-1 ds < oo
o0

a.s. we have Q = |J {¢* > T} up to a null set. Clearly the stopped processes
/=1

M; are martingales starting from zero. We evaluate (B.7) at ¢ A ¢¢ and we

take the expectation wich gives

E(g(t Ay)) < CE </0W g(s)ds) .

tAGy
Since [ g(s)ds < [5 g(s)ds < ¢, E(g(t A)) is finite for every £ > 0.
0

Consequently
¢
E(g(tAs) <€ [ dsE (g5 As)
0
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and by Gronwall lemma it follows
E(g(tNg))=0 VILeN.

By (B.6) g is a.s. continuous. On the other hand, for every ¢ € [0, 77, %H%t/\
—
¢p = t implies that

B (g(e) = & (imin ot )

<liminf E (g(t Asr)) =0

L—00

by Fatou’s lemma. This concludes the proof.
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