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We discuss an Alexandroff topology onZ2 having the property that its quotient topologies include the Khalimsky and
Marcus-Wyse topologies. We introduce a further quotient topology and prove a Jordan curve theorem for it.
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1 Introduction
In the classical approach to digital topology (see e.g. [12]and [13]), graph theoretic tools are used for
structuringZ2, namely the well-known binary relations of 4-adjacency and8-adjacency. But neither 4-
adjacency nor 8-adjacency itself allows an analogue of the Jordan curve theorem (cf. [9]) and, therefore,
one has to use a combination of the two adjacencies. To overcome this disadvantage, a new, purely
topological approach to the problem was proposed in [6] which utilizes a convenient topology onZ2,
called the Khalimsky topology (cf. [5]), for structuring the digital plane. At present, this topology is one
of the most important concepts of digital topology. It has been studied and used by many authors, see e.g.
[3] and [7]-[10].

The possibility of employing convenient topological structures onZ2 different from the Khalimsky
topology is discussed in [14]-[19]. Particularly, in [16],a new topology onZ2 is introduced and it is
shown there that this topology provides certain convenientJordan curves behaving more advantageously
than the Jordan curves in the Khalimsky space. The quotient topologies of the topology from [16] are
studied in [17] where it is shown that they include, among others, the Khalimsky and Marcus-Wyse
topologies. In the present note we continue the investigations from [16] and [17]. We discuss a topology
onZ2 which is finer than the topology introduced in [16] but still has the property that the Khalimsky and
Marcus-Wyse topologies belong to its quotient topologies.We study another of its quotient topologies on
Z
2, denoted byv, and prove a Jordan curve theorem for it. This Jordan curve theorem differs from the

Jordan curve theorems for the Euclidean plane, the Khalimsky plane, and the (4,8) and (8,4) digital planes
of ”classical” digital topology in the following significant ways:

(i) The paper’s Jordan curve theorem only applies to certainsimple closed curves in(Z2, v). There are
arbitrarily long simple closed curvesC in (Z2, v) for whichZ2 \C has more than two components.
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(ii) Those simple closed curvesC in (Z2, v) to which the paper’s Jordan curve theorem applies will in
most cases not be the common boundary of the two components ofZ

2 \ C.

2 Preliminaries
For the topological terminology used we refer to [2] and [4].Throughout the note, all topologies dealt
with are thought of as being (given by) Kuratowski closure operators. Recall that a topologyp on a setX
is said to be aT 1

2

-topologyif each singleton subset ofX is closed or open (so thatT 1

2

impliesT0), and it
is called anAlexandroff topologyif pA =

⋃

x∈A
p{x} wheneverA ⊆ X . A pair (X, p) whereX is a set

andp is an Alexandroff topology onX is called an Alexandroff space. Recall also that, given topological
spaces(X, p) and(Y, q), a surjectione : X → Y is said to haveconnected fibresif e−1({y}) is connected
(in (X, p)) for every pointy ∈ Y .

If we omit, in the definition of Kuratowski closure operators(Kuratowski closure spaces), the require-
ment of idempotency, we obtain the so-calledpretopologies(pretopological spaces) - cf. [2]. We will use
some concepts naturally extended from topologies (topological spaces) to pretopologies (pretopological
spaces). Given pretopologiesp1, p2 on a setX , we say thatp1 is finer that p2 if p1(A) ⊆ p2(A) for
every subsetA ⊆ X . A mapf : (X, p) → (Y, q), where(X, p) and(Y, q) are pretopological spaces,
is calledcontinuousif f(pA) ⊆ q(f(A)) for everyA ⊆ X . Let e : X → Y be a surjection andp be
a pretopology onX . Then the finest pretopologyq on Y such thate : (X, p) → (Y, q) is continuous is
called thequotient pretopology of p generated by e.

Of course, if a quotient pretopology of a topologyp (generated by a surjectione) is a topology, then
it is a quotient topology ofp (generated bye). The proof of our main theorem will be based on a result
(Proposition 4.1) about such quotient topologies of Alexandroff topologies.

By agraphon a setV we always mean an undirected simple graph without loops withthe vertex setV .
Recall that apath in a graph is a finite (nonempty) sequencex0, x1, ..., xn of pairwise different vertices
such thatxi−1 andxi are adjacent (i.e., joined by an edge) wheneveri ∈ {1, 2, ...n}. Here,x0 andxn are
said to be theend verticesof the path. By acyclein a graph we understand any finite set of at least three
vertices which can be ordered into a path with the end vertices adjacent.

Theconnectedness graphof a topologyp onX is the graph onX in which a pair of verticesx, y are
adjacent if and only ifx 6= y and{x, y} is a connected subset of(X, p). Letp be an Alexandroff topology
on a setX . Then it is obvious that a subsetA ⊆ X is connected in(X, p) if and only if each pair of points
of A may be joined by a path in the connectedness graph of(X, p) contained inA. In the sequel, only
connectedness graphs of connected Alexandroff topologiesonZ

2 will be displayed. In these graphs, the
closed points will be ringed and the mixed ones (i.e., the points that are neither closed nor open) boxed.
Hence, the points neither ringed nor boxed will be open (notethat no points ofZ2 may be both closed and
open).

By a (discrete) closed curvein a topological space(X, p) we mean a cycle in the connectedness graph
of p. Thus, every closed curve is a nonempty, finite and connectedset. In accordance with [16], a closed
curveC ⊆ X in (X, p) is said to besimpleif, for each pointx ∈ C, there are exactly two points ofC
adjacent tox in the connectedness graph ofp. A simple closed curveC in (X, p) is said to be a(discrete)
Jordan curveif it separates(X, p) into precisely two components (i.e., if the subspaceX \ C of (X, p)
consists of precisely two components).

We will need the following statement resulting from [15], Corollary 1.5:
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Lemma 2.1 Let(X, p), (Y, q) be Alexandroff spaces such thatq is the quotient pretopology ofp generated
by a surjectione : X → Y with connected fibres. Then a subsetB ⊆ Y is connected in(Y, q) if and only
if e−1(B) is connected in(X, p).

Note that the statement of the previous Lemma need not be trueif q is only the quotient topology and
not the quotient pretopology ofp - see the following counterexample due to one of the refereesof this
paper:

Example 2.2Let (X, p) be the topological space whereX = {1, 2, 3, 4}, the closure of{1} is {1}, the
closure of{2} is {1, 2, 3}, the closure of{3} is {3}, and the closure of{4} is {3, 4}. Let Y = {a, b, c}
and lete : X → Y be the surjection defined bye(1) = a, e(2) = e(3) = b, ande(4) = c (so thate has
connected fibers). Then, in the quotient space(Y, q) of (X, p) generated bye, we have thata lies in the
closure ofc. So,B = {a, c} is connected in(Y, q), bute−1(B) = {1, 4} is not connected in(X, p).

Let z = (x, y) ∈ Z
2 be a point. We put

H2(z) = {(x+ k, y); k ∈ {−1, 1}},
V2(z) = {(x, y + l); l ∈ {−1, 1}},
D5(z) = H2(z) ∪ {(x+ k, y − 1); k ∈ {−1, 0, 1}},
U5(z) = H2(z) ∪ {(x+ k, y + 1); k ∈ {−1, 0, 1}},
L5(z) = V2(z) ∪ {(x− 1, y + l); l ∈ {−1, 0, 1}},
R5(z) = V2(z) ∪ {(x+ 1, y + l); l ∈ {−1, 0, 1}},
A12(z) = {(k, l) ∈ Z

2; k = x and0 < |l − y| ≤ 3, or l = y and0 < |k − x| ≤ 3}.
Next, we put
A4(z) = H2(z) ∪ V2(z),
A8(z) = L5(z) ∪R5(z)(= D5(z) ∪ U5(z)), and
A′

4(z) = A8(z) \A4(z).
Thus, the number of points of each of the nine sets introducedabove equals the index of the symbol
denoting this set. In the literature, the points ofA4(z) andA8(z) are said to be4-adjacentand8-adjacent
to z, respectively. It is natural to call the points ofH2(z), V2(z), D5(z), U5(z), L5(z), R5(z), A12(z)
andA′

4
(z) horizontally 2-adjacent, vertically 2-adjacent, down 5-adjacent, up 5-adjacent, left 5-adjacent,

right 5-adjacent, cross 12-adjacentanddiagonally 4-adjacentto z, respectively. Clearly, each of these
adjacencies, excludingA12(z) implies 8-adjacency.

The union of each of the above ten setsH2(z), V2(z)... with the singleton{z} is denoted by the
corresponding barred symbols, i.e., byH̄2(z), V̄2(z)....

Recall [6] that the Khalimsky topology onZ2 is the Alexandroff topologyt given as follows:
For anyz = (x, y) ∈ Z

2,

t{z} =















Ā8(z) if x, y are even,
H̄2(z) if x is even andy is odd,
V̄2(z) if x is odd andy is even,
{z} otherwise.

The Khalimsky topology is connected andT0; a portion of its connectedness graph is shown in Figure
1.

In [6], Khalimsky, Koppermann and Meyer proved the following digital Jordan curve theorem for
(Z2, t):
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Fig. 1: A portion of the connectedness graph of the Khalimsky topology.

Theorem 2.3 In the Khalimsky plane, any simple closed curve having at least four points is a Jordan
curve.

The Marcus-Wyse topology (cf. [11]) is the connected Alexandroff T 1

2

-topologys on Z
2 given as

follows:
For anyz = (x, y) ∈ Z

2,

s{z} =

{

Ā4(z) if x+ y is odd,
{z} otherwise.

The Marcus-Wyse topology is quite simple - its connectedness graph coincides with the 4-adjacency
graph. The following digital Jordan curve theorem for(Z2, s) is proved in [8]:

Theorem 2.4 Let C be a cycle in the connectedness graph ofs such that, for every pointz ∈ C, there
are precisely two points ofC adjacent toz andcard{p ∈ C \ {z}; there exists a pointq ∈ Z

2 adjacent to
bothz andp} = 2. ThenC is a Jordan curve in(Z2, s).

The previous Theorem has been recently generalized to a larger class of curves in [1].
Note that, at none of its points, can a Jordan curve in the Khalimsky or Marcus-Wyse plane turn to

make an acute angle ofπ
4

(and, in mixed points, a Jordan curve in the Khalimsky plane can not turn at all).
In the next section, we will introduce a topology onZ2 with respect to which Jordan curves may turn, at
some points, to make an acute angle ofπ

4
.

3 Topology w and some of its quotients
We denote byw the Alexandroff topology onZ2 given as follows (cf. [18]):

For any pointz = (x, y) ∈ Z
2,

w{z} =























































Ā8(z) if x = 4k, y = 4l, k, l ∈ Z,
Ā′

4(z) if x = 2 + 4k, y = 2 + 4l, k, l ∈ Z,
D̄5(z) if x = 2 + 4k, y = 1 + 4l, k, l ∈ Z,
Ū5(z) if x = 2 + 4k, y = 3 + 4l, k, l ∈ Z,
L̄5(z) if x = 1 + 4k, y = 2 + 4l, k, l ∈ Z,
R̄5(z) if x = 3 + 4k, y = 2+ 4l, k, l ∈ Z,
H̄2(z) if x = 2 + 4k, y = 4l, k, l ∈ Z,
V̄2(z) if x = 4k, y = 2 + 4l, k, l ∈ Z,
{z} otherwise.
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Fig. 2: A portion of the connectedness graph ofw.

q q q q q q q q q

q q q q q q q q q

q q q q q q q q q

q q q q q q q q q

q q q q q q q q q

q q q q q q q q q

q q q q q q q q q

q q q q q q q q q

q q q q q q q q q

�
�
�
��

�
�
�
��

�
�
�
��

�
�
�
��

❅
❅

❅
❅❅

❅
❅

❅
❅❅

❅
❅

❅
❅❅

❅
❅

❅
❅❅

0 2 4 6 8

2

4

6

8

Fig. 3: A portion of a subgraph of the connectedness graph ofw.

Clearly,w is connected andT0. A portion of the connectedness graph ofw is shown in Figure 2.
The Alexandroff topology onZ2 introduced and studied in [16] is coarser thanw - it is obtained from

the definition ofw by replacingD̄5(z), Ū5(z), L̄5(z) andR̄5(z) by D̄5(z)\{(x, y−1)}, Ū5(z)\{(x, y+
1)}, L̄5(z)\{(x−1, y)} andR̄5(z)\{(x+1, y)}, respectively. Because of this fact, some results proved
in [16] and [17] for the topology studied there may easily be transferred tow. In particular, by Theorem
11 in [16], we get:

Theorem 3.1 Every cycleC in the graph a portion of which is shown in Figure 3 is a Jordan curve in
(Z2, w) having the property that, ifC has no acute corners, then for each pointz ∈ C the setA8(z)
contains at least one point in each of the components ofZ

2 \ C.

Analogously to [17], we define an Alexandroff topologyv onZ2 as follows:
For anyz = (x, y) ∈ Z

2,

v{z} =















H̄2(z) if x is odd andy is even,
V̄2(z) if x is even andy is odd,
Ā′

4(z) if x, y are odd,
{z} if x, y are even.
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Fig. 4: The connectedness graph ofv.

Evidently,v is connected andT 1

2

. A portion of its connectedness graph is shown in Figure 4.
The following three statements are obtained by transferring the results of Theorems 10-12 in [17] to the

topologyw:

Proposition 3.2 The Khalimsky topology is the quotient pretopology ofw generated by the surjection
f : Z2 → Z

2 given as follows:

f(x, y) =















(2k, 2l) if (x, y) = (4k, 4l), k, l ∈ Z,
(2k, 2l+ 1) if (x, y) ∈ Ā4(4k, 4l+ 2), k, l ∈ Z,
(2k + 1, 2l) if (x, y) ∈ Ā4(4k + 2, 4l), k, l ∈ Z,
(2k + 1, 2l+ 1) if (x, y) ∈ Ā′

4
(4k + 2, 4l+ 2), k, l ∈ Z.

The surjectionf is shown in Figure 5 where the corresponding decomposition of the topological space
(Z2, w) is marked by the dashed lines. All points of a class of the decomposition are mapped byf to the
center point of the class expressed in the bold coordinates.

Proposition 3.3 The Marcus-Wyse topologys is the quotient pretopology ofw generated by the surjection
g : Z2 → Z

2 given as follows:

g(x, y) =















(k + l, l− k) if (x, y) ∈ Ā8(4k, 4l), k, l ∈ Z,
(k + l + 1, l− k) if (x, y) = (4k + 2, 4l+ 2) for somek, l ∈ Z

with k + l odd or(x, y) ∈ Ā12(4k + 2, 4l+ 2) for some
k, l ∈ Z with k + l even.

The decomposition of the topological space(Z2, w) given byg is shown in Figure 6, similarly to Figure
5, by the dashed lines. Every class of the decomposition is mapped byg to its center point expressed in
the coordinates with respect to the diagonal axes (where thefirst coordinate relates to the axis with only
the non-negative part displayed).

Proposition 3.4 v is the quotient pretopology ofw generated by the surjectionh : Z2 → Z
2 given as

follows:

h(x, y) =















(2k, 2l) if (x, y) ∈ Ā8(4k, 4l), k, l ∈ Z,
(2k, 2l+ 1) if (x, y) ∈ H̄2(4k, 4l+ 2), k, l ∈ Z,
(2k + 1, 2l) if (x, y) ∈ V̄2(4k + 2, 4l), k, l ∈ Z,
(2k + 1, 2l+ 1) if (x, y) = (4k + 2, 4l+ 2), k, l ∈ Z.

The surjectionh is demonstrated in Figure 7 in a way analogous to that used to demonstratef in Figure
5.
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Fig. 5: Decomposition of(Z2, w) given by the surjectionf .

4 Jordan curves in (Z2
, v)

In Theorem 3.1, we have determined Jordan curves in the topological space(Z2, w). The following
statement enables us to use Theorem 3.1 to determine Jordan curves in a quotient topological space of
(Z2, w):

Proposition 4.1 Let (Z2, p), (Z2, q) be Alexandroff spaces such thatq is the quotient pretopology ofp on
Z
2 generated by a surjectione : Z2 → Z

2. Lete have connected fibres and letD ⊆ Z
2 be a simple closed

curve in(Z2, q). ThenD is a Jordan curve in(Z2, q) if the following two conditions are satisfied:

(1) There is a Jordan curveC in (Z2, p) such thate(C) = D.

(2) Ci \ e−1(D) is nonempty and connected in(Z2, p) for i = 1, 2 whereC1 andC2 are the two
components ofZ2 \ C.

Proof: Let the conditions of the statement be fulfilled and putC′

1
= C1 \e−1(D) andC′

2
= C2 \e−1(D).

SinceC′

i is connected fori = 1, 2 (by the assumptions),e(C′

i) is connected fori = 1, 2 by Lemma 2.1.
On the other hand, sinceC′

1
∪ C′

2
= e−1(Z2 \ D) is not connected (by the assumptions),Z

2 \ D =
e(C′

1
) ∪ e(C′

2
) is not connected by Lemma 2.1. Hence,e(C′

1
) ande(C′

2
) are the components ofZ2 \D.

✷

Indeed, Proposition 4.1 may be applied to get a Jordan curve theorem in the spaces(Z2, t) and(Z2, v)
because the mapsf andh have connected fibres. This is not true ifw is replaced by the topology studied
in [16] (because then onlyf has connected fibres). The mapg has connected fibres neither forw nor for
the topology from [16].
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Fig. 6: Decomposition of(Z2, w) given by the surjectiong.
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Fig. 7: Decomposition of(Z2, w) given by the surjectionh.

As for the Khalimsky topology, we have the famous Theorem 2.3proved in [6] that completely deter-
mines Jordan curves among the simple closed ones. For the Marcus-Wyse topology, we have Theorem
2.4 and also Jordan curve theorem proved in [16] (Proposition 13). Therefore, as the main result of this
note, we will prove a Jordan curve theorem forv.

Theorem 4.2 LetD be a simple closed curve in(Z2, v) with more than four points such that every pair
of different pointsz1, z2 ∈ D with both coordinates even satisfiesA4(z1) ∩ A4(z2) ⊆ D. ThenD is a
Jordan curve in(Z2, v).

Proof: By Proposition 3.3,v is the quotient pretopology ofw generated byh. It may easily be seen that,
in the graph a portion of which is shown in Fig. 3, there is precisely one cycleC that satisfiesh(C) = D.
By Theorem 3.1,C is a Jordan curve in(Z2, w). Clearly, every point ofC has either two even coordinates
or two odd coordinates or a coordinate that is a multiple of four. C consists of the center points of the sets
h−1(z), z ∈ C, (see Fig. 7) and the points lying between the pairs of centerpoints of the setsh−1(z1)
andh−1(z2) wherez1, z2 ∈ D are adjacent points in the connectedness graph ofv (clearly, for every
pair of pointsz1, z2 ∈ D adjacent in the connectedness graph ofv, there is precisely one point lying
between the center point ofh−1(z1) and that ofh−1(z2) - it is the only point adjacent to each of the
two center points in the graph shown in Fig. 2). SinceD is a simple closed curve in(Z2, v), we have
card({(x+ i, y+ j); i, j ∈ {−2, 2}}∩C) = 2 for every point(x, y) ∈ C with x = 4k+2 andy = 4l+2
for somek, l ∈ Z. Further, we have cardC > 8 becauseC has more than four points. The fact that
every pair of different pointsz1, z2 ∈ h(C) with both coordinates even satisfiesA4(z1)∩A4(z2) ⊆ h(C)
implies that
(a) (4k, 4l+ 2) ∈ C whenever(4k, 4l), (4k, 4l+ 4) ∈ C (k, l ∈ Z) and
(b) (4k + 2, 4l) ∈ C whenever(4k, 4l), (4k + 4, 4l) ∈ C (k, l ∈ Z).
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Let C1, C2 be the two components of the subspaceZ
2 \ C of (Z2, w) and putC′

i
= Ci \ h−1(D) for

i = 1, 2. SinceC has more than four points, we haveC′

i 6= ∅ for i = 1, 2. Let (x, y) ∈ D be a point and
write h−1(x, y) briefly instead ofh−1({(x, y)}). It is evident thath−1(x, y) ⊆ C if and only if bothx
andy are odd (thenh−1(x, y) is a singleton). Thus, let(x, y) ∈ D be a point withx or y even.

(1) Suppose thatx is even andy is odd. Thenh−1(x, y) = H̄2(2x, 2y) where(2x, 2y) ∈ C. The points
h(2x, 2y − 1) = (x, y − 1) andh(2x, 2y + 1) = (x, y + 1) must also lie inD, so that(2x, 2y − 1) and
(2x, 2y + 1) both lie inC, buth(2x − 2, 2y) = (x − 1, y) does not lie inD, so that(2x − 2, 2y) /∈ C.
Therefore, every path (in the connectedness graph ofw) in Ci (i ∈ {1, 2}) containing the point(2x−1, 2y)
as a non-end vertex contains also the points(2x − 1, 2y − 1) and(2x − 1, 2y + 1) because they are the
only points ofCi adjacent to(2x − 1, 2y) in the connectedness graph ofw. Thus, given any path inCi

(i ∈ {1, 2}) that contains the point(2x− 1, 2y), when we replace the point(2x− 1, 2y) by (2x− 2, 2y),
we obtain another path inCi because(2x−2, 2y) is adjacent to both(2x−1, 2y−1) and(2x−1, 2y+1).
It follows thatCi \ {(2x− 1, 2y)} is connected fori ∈ {1, 2}. Using analogous arguments, we may show
thatCi \ {(2x+ 1, 2y)} is also connected fori ∈ {1, 2}. Thus,Ci \ h−1(x, y) is connected fori = 1, 2.

(2) If x is odd andy is even, thenh−1(x, y) = V̄2(2x, 2y) where(2x, 2y) ∈ C and the situation is
analogous to (1), so thatCi \ h−1(x, y) is connected fori = 1, 2.

Put D0 = {(m,n) ∈ D; m + n is odd} andC′′

i = Ci \ h−1(D0). Then (1) and (2) imply that
C′′

i
is connected fori = 1, 2. We will now deduce from the connectedness ofC′′

i
thatCi \ h−1(D) =

C′′

i
\ h−1(D) must also be connected (fori = 1, 2). It will then follow from Proposition 4.1 thatD is a

Jordan curve in(Z2, v). In the sequel, the term ”path” will mean ”path in the connectedness graph ofw”.
The proof thatCi \ h−1(D) is connected is based on the fact that, ifP is any path inC′′

i
whose first

and last points lie inCi \ h−1(D), andz is any point ofP in h−1(D) (so thatz ∈ C′′

i
∩ h−1(D)), then:

(i) The immediate predecessor and the immediate successor of z in the pathP both lie inZ2 \ h−1(D),
and hence inCi \ h−1(D).
(ii) There is a short path (of length at most 4) inCi \ h−1(D) from the immediate predecessor ofz in P
to the immediate successor ofz in P .
Readily, (i) and (ii) imply thatCi\h−1(D) is connected: Indeed, ifa andb are any points inCi\h−1(D) =
C′′

i
\ h−1(D), then (asC′′

i
is connected) there is a pathP in C′′

i
from a to b and, since we can use the

short path referred to in (ii) as a ”detour” inCi \ h−1(D) around any pointz of P that lies inh−1(D),
there is also a path inCi \ h

−1(D) from a to b. So, it remains only to confirm that (i) and (ii) are true.
(i) follows from the observation that no two points ofC′′

i
∩ h−1(D) are adjacent inw’s connectedness

graph because each point ofC′′

i
∩h−1(D) lies inA8(c) for some pointc ∈ C whose coordinates are both

divisible by four.
(ii) is obviously true if the predecessor and the successor of z in P are the same point; in this case the

short path has length 0. In the other cases, (ii) can be verified by inspection of Fig. 7: In view of the
symmetries of the connectedness graph ofw, we may assume, without loss of generality, that the point
z lies in h−1({(2, 2)}) = Ā8((4, 4)), where(2, 2) ∈ D (so that(4, 4) ∈ C) and, sincez 6= (4, 4) (as
z ∈ C′′

i
), we may further assume that

either (A)z = (4, 5), and the predecessor and the successor ofz ∈ P are (4,6) and (5,6) or vice versa;
or (B) z = (4, 5), and the predecessor and the successor ofz ∈ P are (3,6) and (5,6);
or (C)z = (5, 5), and the predecessor and the successor ofz ∈ P are (5,6) and (6,6) or vice versa;
or (D) z = (5, 5), and the predecessor and the successor ofz ∈ P are (5,6) and (6,5).

In case (A), (ii) holds because (4,6) is adjacent to (5,6). Incases (B) and (C), we first note that(4, 6) /∈
h−1(D) - for otherwise{(3, 6), (4, 6), (5, 6)} = h−1({(2, 3)}) ⊆ D0 and so not all points ofP are in
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Fig. 8: Portions of four graphs onZ2.

C′′

i
, which is a contradiction. Thus, in case (B), the path whose points are (3,6), (4,6), and (5,6) satisfies

the condition of (ii). In case (C), since(4, 6) /∈ h−1(D), we have that(4, 8) /∈ C (by condition (a) in
the first paragraph of this proof), which implies(5, 7) /∈ h−1(D); so the path whose points are (5,6),
(5,7), and (6,6), or its reverse, satisfies the condition of (ii). In case (D), we can similarly deduce that
(5, 7) /∈ h−1(D) and(7, 5) /∈ h−1(D); moreover,(6, 6) /∈ C (as (6,6) cannot be adjacent to two points
of the simple closed curveC in the connectedness graph ofw because(5, 7) /∈ C, (7, 5) /∈ C, and
(5, 5) = z /∈ C), and so(6, 6) /∈ h−1(D). Thus, in case (D), the path whose points are (5,6), (5,7), (6,6),
(7,5), and (6,5) satisfies the condition of (ii). ✷

Example 4.3Every cycle in any of the four graphs portions of which are shown in Figure 8 is a Jordan
curve in(Z2, v).

5 Concluding remarks
Jordan curves play an important role in computer image processing because they represent boundaries
of regions of digital images. It may therefore be useful to deal with topologies providing a rich enough
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variety of Jordan curves in the digital plane for the study ofdigital images. One of the topologies with this
property is the well-known Khalimsky topology. In this note, we have introduced two more such topolo-
gies, namelyw andv. The results obtained suggest that these topologies might be used as background
structures on the digital plane to solve problems of digitalimage processing, especially those closely re-
lated to boundaries (image data compression, pattern recognition, boundary detection and contour filling,
etc.). The topologyw has an advantage over the Khalimsky topology consisting in the fact that Jordan
curves in(Z2, w) may turn, at some points, to make an acute angleπ

4
.
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[2] E. Čech.Topological Spaces (Revised by Z.Frolı́k and M.Katětov).Academia, Prague, 1966.

[3] U. Eckhardt and L.J. Latecki. Topologies for the digitalspacesZ2 andZ3. Comput. Vision Image Understanding,
90:295–312, 2003.
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