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{
M Z̈(t) + CŻ(t) + KZ(t) = ν(t)

Y (t) = LZ(t)

t M C K
Z



ν

Qν(t) Y L

µ

det(µ2 M + µ C + K) = 0 .

f d µ

f =
ℑ(µ)

2 π
d = −ℜ(µ) .

K K−1

1/∆

{
Xk+1 = F Xk + Wk

Yk = H Xk

Xk =

(
Z(k ∆)

Ż(k ∆)

)
Yk = Y (k ∆) ,

F = exp(A∆) A =

(
0 I

−M−1 K −M−1 C

)

H =
(

L 0
)

.

H

H {Wk , k ≥ 0}

Qk
△
= E[Wk W ∗

k ] =

∫ (k+1) ∆

k ∆

exp(As) Q̃(s) exp(A∗ s) ds

Q̃(s) =

(
0 0
0 M−1 Qν(s)M−∗

)
.

X Y 2m r r
2m



λ F

det (F − λ I) = 0 .

µ λ

exp(∆µ) = λ .

f d λ

f =
arg(λ)

2 π ∆
d = − 1

∆
log |λ| .

λ F
H

{
Xk+1 = F Xk + Wk

Yk = H Xk + Vk

{Vk , k ≥ 0}

{Xk , k ≥ 0} E = R
d

Q(x, dx′)

P[Xk+1 ∈ dx′ | Xk = x] = Q(x, dx′) .

Q(x, dx′)

X Q(x, dx′)
Q(x, dx′)

Q φ(x) =

∫

E

Q(x, dx′)φ(x′) Q µ(dx′) =

∫

E

µ(dx)Q(x, dx′) .

{Xk , k ≥ 0} {Yk , k ≥ 0}
{Xk , k ≥ 0} {Yk , k ≥

0} Yk

Xk

P[Yk ∈ dy | Xk = x] = g(x, y)λ(dy) Ψk(x) = g(x, Yk) .

x P[Yk ∈ dy | Xk = x]
λ(dy) x g(x, y)

x



Yk Xk

Yk = H Xk + Vk ,

{Vk , k ≥ 0}
q(v) dv {Xk , k ≥ 0}

P[Yk ∈ dy | Xk = x] = q(y − H x) dy Ψk(x) = q(Yk − H x) .

µk(dx) = P[Xk ∈ dx | Y0, · · · , Yk] µk|k−1(dx) = P[Xk ∈ dx | Y0, · · · , Yk−1] ,

{µk , k ≥ 0}
E

µk−1 −−−−−−−−−→ µk|k−1 = Q µk−1 −−−−−−−−−→ µk = Ψk · µk|k−1 ,

µk|k−1(dx′) = Q µk−1(dx′) =

∫

E

µk−1(dx)Q(x, dx′) ,

·

µk(dx) = Ψk · µk|k−1(dx) =
Ψk(x)µk|k−1(dx)

〈µk|k−1, Ψk〉
.

Q(x, dx′) µk|k−1

N

µk|k−1 ≈ µN
k|k−1 =

1

N

N∑

i=1

δ
ξi
k|k−1

.

{ξi
k|k−1 , i = 1, · · · , N}

{ξi
k+1|k , i = 1, · · · , N} {ξi

k|k−1 , i =

1, · · · , N}

µN
k|k−1

µN
k = Ψk · µN

k|k−1 =

N∑

i=1

Ψk(ξi
k|k−1) δ

ξi
k|k−1

N∑

j=1

Ψk(ξj
k|k−1)

=

N∑

i=1

ωi
k δ

ξi
k|k−1

,

{ξi
k|k−1 , i = 1, · · · , N} {ωi

k , i = 1, · · · , N}
Yk



Q µN
k

µN
k+1|k = SN(Q µN

k ) =
1

N

N∑

i=1

δ
ξi
k+1|k

,

N {ξi
k+1|k , i = 1, · · · , N} Q µN

k

N Q µN
k

i = 1, · · · , N

ξi
k ∼ µN

k (dx) ⇐=
µN

k

ξi
k+1|k ∼ Q(ξi

k, dx′) ⇐=

Q(x, dx′) µk

wk µk

Γ(x, dx′)
Q(x, dx′)

Γ(x, dx′)

Γ φ(x) =

∫

E

Γ(x, dx′)φ(x′) = E[φ(Xk+1)Ξk+1 | Xk = x] ,

{ (Xk, Ξk) , k ≥ 0} E × F

P[Xk+1 ∈ dx′, Ξk+1 ∈ ds′ | Xk = x, Ξk = s]

= P[Xk+1 ∈ dx′, Ξk+1 ∈ ds′ | Xk = x] = K(x, dx′, ds′) .

(X, Ξ) K(x, dx′, ds′)
K(x, dx′, ds′)

Γ φ(x) =

∫

E×F

s′ φ(x′)K(x, dx′, ds′) Γ µ(dx′) =

∫

E×F

µ(dx) s′ K(x, dx′, ds′) .

{Xk , k ≥ 0} E = R
d

Xk+1 = F Xk + Wk ,

F {Wk , k ≥ 0}
R

d p(w) dw
x ∈ R

d Q(x, dx′)

Q(x, dx′) = p(x′ − F x) dx′ ,

Γ(x, dx′) = −p′(x′ − F x)
∂F

∂θ
xdx′ =

−p′

p
(x′ − F x)

∂F

∂θ
x Q(x, dx′) .



Γ φ(x) =

∫

E

Γ(x, dx′)φ(x′) =

∫

E

φ(x′)
−p′

p
(x′ − F x)

∂F

∂θ
x Q(x, dx′)

= E[φ(Xk+1)
−p′

p
(Xk+1 − F Xk)

∂F

∂θ
Xk | Xk = x] ,

Ξk+1 =
−p′

p
(Wk)

∂F

∂θ
Xk .

Ξk+1 (Xk, Wk)
Ξk+1 Wk

Γ(x, dx′) = I(x, x′) Q(x, dx′) ,

I(x, x′) = E[Ξk+1 | Xk = x, Xk+1 = x′] ,

x, x′ ∈ E

µ E B, B′ E

Eµ[Ξk+1 1(Xk+1 ∈ B′, Xk ∈ B)] =

∫

B×B′

E[Ξk+1 | Xk = x, Xk+1 = x′] µ(dx)Q(x, dx′) ,

Eµ[Ξk+1 1(Xk+1 ∈ B′) 1(Xk ∈ B)] =

∫

B

E[Ξk+1 1(Xk+1 ∈ B′) | Xk = x] µ(dx)

=

∫

B

Γ(x, B′) µ(dx) ,

B = E

∫

E

Γ(x, B′) µ(dx) =

∫

E

{

∫

B′

E[Ξk+1 | Xk = x, Xk+1 = x′] Q(x, dx′) } µ(dx) ,

µ

Γ(x, B′) =

∫

B′

E[Ξk+1 | Xk = x, Xk+1 = x′] Q(x, dx′) ,

Γ φ(x) =

∫

E×F

φ(x′) s′ K(x, dx′, ds′) Q φ(x) =

∫

E×F

φ(x′)K(x, dx′, ds′) ,

Γ(x, dx′) =

∫

F

s′ K(x, dx′, ds′) Q(x, dx′) =

∫

F

K(x, dx′, ds′) .



E × E × F π0 : (x, x′, s′) -−→ x E
π : (x, x′, s′) -−→ x′ E πF : (x, x′, s′) -−→ s′

F µ E µ ⊗ K
E × E × F

(µ ⊗ K)(dx, dx′, ds′) = µ(dx) K(x, dx′, ds′) .

Q µ(dx′) =

∫

E×F

µ(dx)K(x, dx′, ds′) = (µ ⊗ K) ◦ π−1(dx′) ,

Γ µ(dx′) =

∫

E×F

µ(dx) s′ K(x, dx′, ds′)

=

∫

E×F

πF (x, x′, s′) (µ ⊗ K)(dx, dx′, ds′) = (πF (µ ⊗ K)) ◦ π−1(dx′) ,

w µ

Q w(dx′) =

∫

E×F

w(dx)K(x, dx′, ds′)

=

∫

E×F

dw

dµ
(x)µ(dx)K(x, dx′, ds′)

=

∫

E×F

(
dw

dµ
◦ π0)(x, x′, s′) (µ ⊗ K)(dx, dx′, ds′) = ((

dw

dµ
◦ π0) (µ ⊗ K)) ◦ π−1(dx′) ,

Q µ = (µ ⊗ K) ◦ π−1
Γ µ = (πF (µ ⊗ K)) ◦ π−1 ,

(w 0 µ =⇒ Q w = ((
dw

dµ
◦ π0) (µ ⊗ K)) ◦ π−1 ) .

Γ µ 0 Q µ µ E
µ

d(Γ µ)

d(Q µ)
(x′) = Eµ[Ξn+1 | Xn+1 = x′] .

B′ E

Γ µ(B′) =

∫

E

µ(dx) Γ(x, B′)

=

∫

E

µ(dx) E[Ξk+1 1(Xk+1 ∈ B′) | Xk = x]

= Eµ[Ξk+1 1(Xk+1 ∈ B′)] =

∫

B′

Eµ[Ξk+1 | Xk+1 = x′] Q µ(dx′) ,

Γ µ Q µ

d(Γ µ)

d(Q µ)
(x′) = Eµ[Ξk+1 | Xk+1 = x′]



w µ
Q w 0 Q µ

d(Q w)

d(Q µ)
(x′) = Eµ[

dw

dµ
(Xk) | Xk+1 = x′] .

B′ E

Q w(B′) =

∫

E

w(dx)Q(x, B′)

=

∫

E

dw

dµ
(x)µ(dx)Q(x, B′)

= Eµ[
dw

dµ
(Xk)1(Xk+1 ∈ B′)] =

∫

B′

Eµ[
dw

dµ
(Xk) | Xk+1 = x′] Q µ(dx′) ,

Q w Q µ

d(Q w)

d(Q µ)
(x′) = Eµ[

dw

dµ
(Xk) | Xk+1 = x′]

Γ µ 0 Q µ (w 0 µ =⇒ Q w 0 Q µ ) ,

Fk(µ)w =
Ψk w

〈µ, Ψk〉
− 〈w, Ψk〉

〈µ, Ψk〉
Ψk µ

〈µ, Ψk〉
,

µ w µ -−→ Ψk · µ

w µ
Fk(µ)w 0 Ψk · µ

d(Fk(µ)w)

d(Ψk · µ)
(x) =

dw

dµ
(x) − 〈Ψk · µ,

dw

dµ
〉 .

Q µ
Γ µ Q w (r (µ ⊗ K)) ◦ π−1

r r ≡ 1 r = πF r =
dw

dµ
◦ π0

r (µ ⊗ K)

r (µ ⊗ K) ≈ r SN(µ ⊗ K) =
1

N

N∑

i=1

r(ξi
0, ξ

i, Ξi) δ
(ξi

0, ξ
i, Ξi)

,



N { ξi
0, ξ

i, Ξi , i = 1, · · · , N} µ ⊗ K
N µ ⊗ K

i = 1, · · · , N

ξi
0 ∼ µ(dx) (ξi, Ξi) ∼ K(ξi

0, dx′, ds′) ,

(r (K ⊗ µ)) ◦ π−1

(r (µ ⊗ K)) ◦ π−1 ≈ (r SN (µ ⊗ K)) ◦ π−1 =
1

N

N∑

i=1

r(ξi
0, ξ

i, Ξi) δ
ξi .

r ≡ 1 r = πF r =
dw

dµ
◦ π0

Q µ = (µ ⊗ K) ◦ π−1 ≈ 1

N

N∑

i=1

δ
ξi ,

Γ µ = (πF (µ ⊗ K)) ◦ π−1 ≈ 1

N

N∑

i=1

Ξ
i δ

ξi ,

Q w = ((
dw

dµ
◦ π0) (µ ⊗ K)) ◦ π−1 ≈ 1

N

N∑

i=1

dw

dµ
(ξi

0) δ
ξi ,

φ E

E|
1

N

N∑

i=1

r(ξi
0, ξ

i, Ξi) φ(ξi) − 〈(r (µ ⊗ K)) ◦ π−1, φ〉 |

≤ 1√
N

{

∫

E×E×F

|φ(x′)|2 |r(x, x′, s′)|2 µ(dx) K(x, dx′, ds′) }1/2

≤ 1√
N

{

∫

E×E×F

|r(x, x′, s′)|2 µ(dx) K(x, dx′, ds′) }1/2 ‖φ‖ ,

r ≡ 1 r = πF r =
dw

dµ
◦ π0

sup
‖φ‖=1

E|
1

N

N∑

i=1

φ(ξi) − 〈Q µ, φ〉 | ≤ 1√
N

,

sup
‖φ‖=1

E|
1

N

N∑

i=1

Ξ
i φ(ξi) − 〈Γ µ, φ〉 | ≤ 1√

N
{sup

x∈E

∫

E×F

|s′|2 K(x, dx′, ds′) }1/2 ,

sup
‖φ‖=1

E|
1

N

N∑

i=1

dw

dµ
(ξi

0) φ(ξi) − 〈Q w, φ〉 | ≤ 1√
N

{

∫

E

|
dw

dµ
(x)|2 µ(dx) }1/2 ,



{µk , k ≥ 0}
E

µk−1 −−−−−−−−−→ µk|k−1 = Q µk−1 −−−−−−−−−→ µk = Ψk · µk|k−1 .

H Ψk θ wk

µk {wk , k ≥ 0}
E

E

wk−1 −−−−−−−−−−−−→ wk|k−1 = Q wk−1 + Γ µk−1

−−−−−−−−−−−−→ wk = Fk(µk|k−1)wk|k−1 + Gk(µk|k−1) .

Gk(µ) =

∂Ψk

∂θ
µ

〈µ, Ψk〉
−

〈µ,
∂Ψk

∂θ
〉

〈µ, Ψk〉
Ψk µ

〈µ, Ψk〉
= [

∂ log Ψk

∂θ
− 〈Ψk · µ,

∂ log Ψk

∂θ
〉 ] Ψk · µ .

wk|k−1 0 µk|k−1 wk 0 µk

K(x, dx′, ds′) µk|k−1

wk|k−1

N

µk|k−1 ≈ µN
k|k−1 =

1

N

N∑

i=1

δ
ξi
k|k−1

wk|k−1 ≈ wN
k|k−1 =

1

N

N∑

i=1

ρi
k|k−1 δ

ξi
k|k−1

.

wN
k|k−1 0 µN

k|k−1

rN
k|k−1(x) =

dwN
k|k−1

dµN
k|k−1

(x) =
1

|IN
k|k−1(x)|

∑

i∈IN

k|k−1
(x)

ρi
k|k−1 ,

IN
k|k−1(x) = {i = 1, · · · , N : ξi

k|k−1 = x} x supp µN
k|k−1

µN
k|k−1

µN
k|k−1 =

1

N

∑

x∈supp µN

k|k−1

|IN
k|k−1(x)| δx ,

wN
k|k−1 =

1

N

∑

x∈supp µN

k|k−1

[
∑

i∈IN

k|k−1
(x)

ρi
k|k−1 ] δx .

{ξi
k|k−1 , i = 1, · · · , N}

rN
k|k−1(ξ

i
k|k−1) = ρi

k|k−1 ,



i = 1, · · · , N
{ξi

k|k−1, ρ
i
k|k−1 , i = 1, · · · , N}

{ξi
k+1|k, ρi

k+1|k , i =

1, · · · , N} {ξi
k|k−1, ρ

i
k|k−1 , i = 1, · · · , N}

µN
k|k−1

µN
k = Ψk · µN

k|k−1 =

N∑

i=1

Ψk(ξi
k|k−1) δ

ξi
k|k−1

N∑

j=1

Ψk(ξj
k|k−1)

=

N∑

i=1

ωi
k δ

ξi
k|k−1

,

wN
k|k−1

wN
k = Fk(µN

k|k−1)wN
k|k−1 + Gk(µN

k|k−1)

= [ rN
k|k−1 − 〈Ψk · µN

k|k−1, r
N
k|k−1〉 ] Ψk · µN

k|k−1 + [
∂ log Ψk

∂θ
− 〈Ψk · µN

k|k−1,
∂ log Ψk

∂θ
〉 ] Ψk · µN

k|k−1

= [ rN
k|k−1 +

∂ log Ψk

∂θ
− 〈µN

k , rN
k|k−1 +

∂ log Ψk

∂θ
〉 ] µN

k ,

Q µN
k

µN
k+1|k = SN(Q µN

k ) =
1

N

N∑

i=1

δ
ξi
k+1|k

,

Q wN
k = Q((rN

k|k−1 +
∂ log Ψk

∂θ
)µN

k ) − 〈µN
k , rN

k|k−1 +
∂ log Ψk

∂θ
〉 Q µN

k

= ( ((rN
k|k−1 +

∂ log Ψk

∂θ
) ◦ π0) (µN

k ⊗ Q) ) ◦ π−1 − 〈µN
k , rN

k|k−1 +
∂ log Ψk

∂θ
〉 Q µN

k ,

( ((rN
k|k−1 +

∂ log Ψk

∂θ
) ◦ π0) SN (µN

k ⊗ Q) ) ◦ π−1 − 〈SN (µN
k ), rN

k|k−1 +
∂ log Ψk

∂θ
〉 SN (Q µN

k )

=
1

N

N∑

i=1

[ rN
k|k−1(ξ

i
k) +

∂ log Ψk

∂θ
(ξi

k) − 1

N

N∑

j=1

[ rN
k|k−1(ξ

j
k) +

∂ log Ψk

∂θ
(ξj

k) ] ] δ
ξi
k+1|k

,

Γ µN
k = (πF (µN

k ⊗ K)) ◦ π−1 ,

(πF SN(µN
k ⊗ K)) ◦ π−1 =

1

N

N∑

i=1

Ξ
i
k+1 δ

ξi
k+1|k

,

wN
k+1|k =

1

N

N∑

i=1

[ rN
k|k−1(ξ

i
k) +

∂ log Ψk

∂θ
(ξi

k) − 1

N

N∑

j=1

[ rN
k|k−1(ξ

j
k) +

∂ log Ψk

∂θ
(ξj

k) ] + Ξ
i
k+1 ]

︸ ︷︷ ︸
ρi

k+1|k

δ
ξi
k+1|k

,



N { ξi
k, ξi

k+1|k, Ξi
k+1 , i = 1, · · · , N} µN

k ⊗K

N µN
k ⊗ K

i = 1, · · · , N

ξi
k ∼ µN

k (dx) ⇐=
µN

k

(ξi
k+1|k, Ξi

k+1) ∼ K(ξi
k, dx′, ds′) ⇐=

N {ξi
k+1 , i = 1, · · · , N}

N∑

i=1

ωi
kδ

ξi
k

U [0, 1]

ω1
k + · · ·ωj

k ≤ U < ω1
k + · · ·ωj+1

k

ξ
j
k 1/N

{ξi
k, ωi

k , i = 1, · · · , N}

c1 = 0

i = 2, · · · , N ci = ci−1 + ωi
k

i = 1, · · · , N

U ∼ U [0, 1]

αi cαi
≤ U < cαi+1

i = 1, · · · , N ξi
k+1 = ξαi

k ωi
k+1 = 1/N



⌊N ωi
k⌋ ξi

k
N∑

i=1

(N ωi
k − ⌊N ωi

k⌋)

{ξi
k, ωi

k , i = 1, · · · , N}
σ {1, · · · , N}
i = 1, · · · , N i σ(i)

α1 = ω
σ(1)
k − 1

N
⌊N ω

σ(1)
k ⌋

i = 2, · · · , N αi = αi−1 + ω
σ(i)
k − 1

N
⌊N ω

σ(i)
k ⌋

i = 1, · · · , N − 1 ξ
σ(i)
k 1 + ⌊N ω

σ(i)
k ⌋

αi < i/N ≤ αi+1 ⌊N ω
σ(i)
k ⌋ ξ

σ(N)
k

i = 1, · · · , N ωi
k+1 = 1/N



{ξi
k, ωi

k , i = 1, · · · , N}
σ {1, · · · , N}
i = 1, · · · , N i σ(i)

α1 = ω
σ(1)
k

i = 2, · · · , N αi = αi−1 + ω
σ(i)
k

i = 1, · · · , N βi N αi

γ1 = β1

i = 2, · · · , N γi = βi − βi−1

i = 1, · · · , N ξ
σ(i)
k γi

ωi
k+1 = 1/N
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Xk+1 = a Xk + σ Wk , X0 ∼ N(X̄0, σ
2
0) ,

µ0(dx) = P[X0 ∈ dx] =
1√

2 π σ0

exp{− 1

2 σ2
0

(x − X̄0)
2}

︸ ︷︷ ︸
p0(x)

dx ,

{Wk , k ≥ 0} a
X̄0 σ2 σ2

0 a

Xk+1 | Xk = x ∼ N(a x, σ2) ,

Q(x, dx′) = P[Xk+1 ∈ dx′ | Xk = x] =
1√

2 π σ
exp{− 1

2 σ2
(x′ − a x)2}

︸ ︷︷ ︸
q(x, x′)

dx′ .

a

Xk ∼ N(X̄k, σ2
k) ,

µk(dx) = P[Xk ∈ dx] =
1√

2 π σk

exp{− 1

2 σ2
k

(x − X̄k)2}

︸ ︷︷ ︸
pk(x)

dx ,

X̄k+1 = a X̄k σ2
k+1 = a2 σ2

k + σ2 .

Xk

log pk(x) = cste − 1

2
log σ2

k − 1

2 σ2
k

(x − X̄k)2 ,

a

∂ log pk

∂a
(x) = − 1

2 σ2
k

∂σ2
k

∂a
+

1

2 σ4
k

∂σ2
k

∂a
(x − X̄k)2 +

1

σ2
k

∂X̄k

∂a
(x − X̄k) ,

wk(dx) =
∂µk

∂a
(dx) = [

1

2 σ4
k

∂σ2
k

∂a
[ (x − X̄k)2 − σ2

k ] +
1

σ2
k

∂X̄k

∂a
(x − X̄k) ] µk(dx) ,



∂X̄k+1

∂a
= X̄k + a

∂X̄k

∂a

∂σ2
k+1

∂a
= 2 a σ2

k + a2 ∂σ2
k

∂a
.

X̄0 = 0 X̄k = 0
∂X̄k

∂a
= 0

wk(dx) =
1

2 σ4
k

∂σ2
k

∂a
(x2 − σ2

k) µk(dx) ,

w+
k wk {x :

dwk

dµk
(x) > 0} = {x : |x| > σk}

|a| < 1 X̄0 = 0

σ2
k = σ2

0 =
σ2

1 − a2

∂σ2
0

∂a
=

∂σ2
k

∂a
=

2 a σ2

(1 − a2)2
,

µk(dx) = µ0(dx) wk(dx) = w0(dx) =
a

σ2
(x2 − σ2

0) µ0(dx) .

log q(x, x′) = cste − 1

2
log σ2 − 1

2 σ2
(x′ − a x)2 ,

a

∂ log q

∂a
(x, x′) =

x

σ2
(x′ − a x) ,

Γ(x, dx′) =
∂Q

∂a
(x, dx′) =

x

σ2
(x′ − a x) Q(x, dx′) .

a

µk+1(dx′) = Q µk(dx′) =

∫ ∞

−∞

µk(dx)Q(x, dx′) ,

wk+1(dx′) =
∂µk+1

∂a
(dx′) =

∫ ∞

−∞

[
∂µk

∂a
(dx)Q(x, dx′) + µk(dx)

∂Q

∂a
(x, dx′) ] ,

wk+1(dx′) = Q wk(dx′) + Γ µk(dx′) =

∫ ∞

−∞

[ wk(dx) +
x

σ2
(x′ − a x) µk(dx) ] Q(x, dx′) .

wk 0 µk

wk+1(dx′) = Q wk(dx′) + Γ µk(dx′) =

∫ ∞

−∞

[
dwk

dµk
(x) +

x

σ2
(x′ − a x) ] µk(dx)Q(x, dx′) ,

wk+1 wk,k+1

R × R

wk,k+1(dx, dx′) = wk(dx)Q(x, dx′) + µk(dx)Γ(x, dx′)

= [
dwk

dµk
(x) +

x

σ2
(x′ − a x) ] µk(dx)Q(x, dx′) .



µk ≈ µN
k =

1

N

N∑

i=1

δ
ξi
k

wk ≈ wN
k =

1

N

N∑

i=1

ρi
k δ

ξi
k

,

k

Q µN
k (dx′) =

1

N

N∑

i=1

Q(ξi
k, dx′) ,

Q wN
k (dx′) + Γ µN

k (dx′) =
1

N

N∑

i=1

[ ρi
k +

ξi
k

σ2
(x′ − a ξi

k) ] Q(ξi
k, dx′) ,

m = (mi , i = 1, · · · , N)
s = (si , i = 1, · · · , N) EN = {1, · · · , N}× R

si(dx′) = [ ρi
k +

ξi
k

σ2
(x′ − a ξi

k) ]
︸ ︷︷ ︸

ri(x′)

1

N
Q(ξi

k, dx′)
︸ ︷︷ ︸

mi(dx′)

,

m ≈ mN =
1

N

N∑

i=1

δ
(τ i

k, ξi
k+1)

s ≈ sN =
1

N

N∑

i=1

rτ
i
k (ξi

k+1) δ
(τ i

k, ξi
k+1)

,

i = 1, · · · , N (τ i
k, ξi

k+1)
m = (mi , i = 1, · · · , N)

τ i
k = i ξi

k+1 ∼ Q(ξ
τ i
k

k , dx′) ,

µk+1 ≈ µN
k+1 =

1

N

N∑

i=1

δ
ξi
k+1

,

wk+1 ≈ wN
k+1 =

1

N

N∑

i=1

ri(ξi
k+1) δ

ξi
k+1

=
1

N

N∑

i=1

ρi
k+1 δ

ξi
k+1

,

i = 1, · · · , N

ξi
k+1 ∼ Q(ξi

k, dx′) .



ρi
k+1 = ri(ξi

k+1) = ρi
k +

ξi
k

σ2
(ξi

k+1 − a ξi
k) ,

ξi
k+1 (ξi

k, ξi
k+1)

w+
k+1 wk+1 {ξi

k+1 , i ∈ IN,+
k+1 }

IN,+
k+1 = {i = 1, · · · , N : ρi

k +
ξi
k

σ2
(ξi

k+1 − a ξi
k) > 0} .

Q µN
k (dx′) =

1

N

N∑

i=1

Q(ξi
k, dx′) = [

1

N

N∑

i=1

q(ξi
k, x′) ] dx′ ,

Q wN
k (dx′) + Γ µN

k (dx′) =
1

N

N∑

i=1

[ ρi
k +

ξi
k

σ2
(x′ − a ξi

k) ] Q(ξi
k, dx′)

= [
1

N

N∑

i=1

[ ρi
k +

ξi
k

σ2
(x′ − a ξi

k) ] q(ξi
k, x′) ] dx′

= rN
k+1(x

′) Q µN
k (dx′) ,

rN
k+1(x

′) =

N∑

j=1

[ ρj
k +

ξ
j
k

σ2
(x′ − a ξ

j
k) ] q(ξj

k, x′)

N∑

j=1

q(ξj
k, x′)

=

N∑

j=1

[ ρj
k +

ξ
j
k

σ2
(x′ − a ξ

j
k) ] exp{− 1

2 (x′ − a ξ
j
k)2}

N∑

j=1

exp{− 1
2 (x′ − a ξ

j
k)2}

.

Q µN
k ≈ 1

N

N∑

i=1

δ
ξi
k+1

,

i = 1, · · · , N

ξi
k+1 ∼ Q(ξi

k, dx′) ,

Q wN
k + Γ µN

k ≈ wN
k+1 =

1

N

N∑

i=1

rN
k+1(ξ

i
k+1) δ

ξi
k+1

=
1

N

N∑

i=1

ρi
k+1 δ

ξi
k+1

,



ρi
k+1 = rN

k+1(ξ
i
k+1) =

N∑

j=1

[ ρj
k +

ξ
j
k

σ2
(ξi

k+1 − a ξ
j
k) ] exp{− 1

2 (ξi
k+1 − a ξ

j
k)2}

N∑

j=1

exp{− 1
2 (ξi

k+1 − a ξ
j
k)2}

,

ξi
k+1 w+

k+1 wk+1

{ξi
k+1 , i ∈ IN,+

k+1 }

IN,+
k+1 = {i = 1, · · · , N : rN

k+1(ξ
i
k+1) > 0} .

Yk = c Xk + s Vk ,

{Vk , k ≥ 0} {Wk , k ≥ 0}
a X̄0 σ0 σ c s

Yk | Xk = x ∼ N(c x, s2) ,

P[Yk ∈ dy | Xk = x] =
1√
2 π s

exp{− 1

2 σ2
(y − c x)2}

︸ ︷︷ ︸
g(x, y)

dy ,

Ψk(x) = g(x, Yk) ,

a

Xk | Y1, · · · , Yk−1 ∼ N(X̂k|k−1, σ
2
k|k−1) ,

µk|k−1(dx) = P[Xk ∈ dx | Y1, · · · , Yk−1] =
1√

2 π σk|k−1

exp{− 1

2 σ2
k|k−1

(x − X̂k|k−1)
2}

︸ ︷︷ ︸
pk|k−1(x)

dx ,

X̂k|k−1 = a X̂k−1 σ2
k|k−1 = a2 σ2

k−1 + σ2 .



wk|k−1(dx) =
∂µk|k−1

∂a
(dx) = [

1

2 σ4
k|k−1

∂σ2
k|k−1

∂a
[ (x − X̂k|k−1)

2 − σ2
k|k−1 ]

+
1

σ2
k|k−1

∂X̂k|k−1

∂a
(x − X̂k|k−1) ] µk|k−1(dx) ,

∂X̂k|k−1

∂a
= X̂k−1 + a

∂X̂k−1

∂a

∂σ2
k|k−1

∂a
= 2 a σ2

k−1 + a2 ∂σ2
k−1

∂a
.

Xk | Y1, · · · , Yk ∼ N(X̂k, σ2
k) ,

µk(dx) = P[Xk ∈ dx | Y1, · · · , Yk] =
1√

2 π σk

exp{− 1

2 σ2
k

(x − X̂k)2}

︸ ︷︷ ︸
pk(x)

dx ,

Kk =
c σ2

k|k−1

c2 σ2
k|k−1 + s2

1 − Kk c =
s2

c2 σ2
k|k−1 + s2

,

X̂k = X̂k|k−1 + Kk (Yk − c X̂k|k−1) = X̂k|k−1 +
c σ2

k|k−1

c2 σ2
k|k−1 + s2

(Yk − c X̂k|k−1) ,

σ2
k = (1 − Kk c)σ2

k|k−1 =
s2 σ2

k|k−1

c2 σ2
k|k−1 + s2

.

wk(dx) =
∂µk

∂a
(dx) = [

1

2 σ4
k

∂σ2
k

∂a
[ (x − X̂k)2 − σ2

k ] +
1

σ2
k

∂X̂k

∂a
(x − X̂k) ] µk(dx) ,

∂X̂k

∂a
=

s2

c2 σ2
k|k−1 + s2

∂X̂k|k−1

∂a
+

c s2

(c2 σ2
k|k−1 + s2)2

∂σ2
k|k−1

∂a
(Yk − c X̂k|k−1) ,

∂σ2
k

∂a
=

s4

(c2 σ2
k|k−1 + s2)2

∂σ2
k|k−1

∂a
.

Yk = c X̂k|k−1 + Ik ,



Ik = Yk − c X̂k|k−1 = c (Xk − X̂k|k−1) + Vk ∼ N(0, s2
k) s2

k = c2 σ2
k|k−1 + s2 ,

Y1, · · · , Yk−1

Yk | Y1, · · · , Yk−1 ∼ N(c X̂k|k−1, s
2
k) ,

P[Yk ∈ dy | Y1, · · · , Yk−1] =
1√

2 π sk

exp{− 1

2 s2
k

(y − c X̂k|k−1)
2}

︸ ︷︷ ︸
gk(y)

dy .

P[Y1 ∈ dy1, · · · , Yn ∈ dyn] =

n∏

k=1

P[Yk ∈ dyk | Y1 = y1, · · · , Yk−1 = yk−1] =

n∏

k=1

gk(yk) dyk ,

ℓn =
1

n
log

n∏

k=1

gk(Yk) =
1

n

n∑

k=1

log gk(Yk) = − 1

n

n∑

k=1

[ 1
2 log(2πs2

k) +
1

2 s2
k

(Yk − c X̂k|k−1)
2 ] ,

∂ℓn

∂a
=

1

n

n∑

k=1

[− 1

2 s2
k

∂s2
k

∂a
+

1

2 s4
k

∂s2
k

∂a
(Yk − c X̂k|k−1)

2 +
c

s2
k

∂X̂k|k−1

∂a
(Yk − c X̂k|k−1) ] ,

∂s2
k

∂a
= c2

∂σ2
k|k−1

∂a
.

P[Yk ∈ dy | Y1, · · · , Yk−1] =

∫ ∞

−∞

P[Yk ∈ dy, Xk ∈ dx | Y1, · · · , Yk−1]

=

∫ ∞

−∞

P[Yk ∈ dy | Xk = x] P[Xk ∈ dx | Y1, · · · , Yk−1]

= [

∫ ∞

−∞

g(x, y) µk|k−1(dx)

︸ ︷︷ ︸
gk(y)

] dy ,

ℓn =
1

n

n∑

k=1

log gk(Yk) =
1

n

n∑

k=1

log

∫ ∞

−∞

Ψk(x) µk|k−1(dx) ,

∂ℓn

∂a
=

1

n

n∑

k=1

∫ ∞

−∞

Ψk(x)
∂µk|k−1

∂a
(dx)

∫ ∞

−∞

Ψk(x) µk|k−1(dx)

=
1

n

n∑

k=1

∫ ∞

−∞

Ψk(x) wk|k−1(dx)

∫ ∞

−∞

Ψk(x) µk|k−1(dx)

.



a

µk(dx) = (Ψk · µk|k−1)(dx) =
Ψk(x)µk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

,

µk+1|k(dx) = Q µk(dx′) =

∫ ∞

−∞

µk(dx)Q(x, dx′) ,

wk(dx) =
∂µk

∂a
(dx) =

Ψk(x)
∂µk|k−1

∂a
(dx)

∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

−

∫ ∞

−∞

Ψk(x′)
∂µk|k−1

∂a
(dx)

∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

Ψk(x)µk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

,

wk(dx) = (Fk(µk|k−1)wk|k−1)(dx)

=
Ψk(x)wk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

−

∫ ∞

−∞

Ψk(x′)wk|k−1(dx′)

∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

Ψk(x)µk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

,

wk+1|k(dx′) = Q wk(dx′) + Γ µk(dx′) =

∫ ∞

−∞

[ wk(dx) +
x

σ2
(x′ − a x) µk(dx) ] Q(x, dx′) .

wk|k−1 0 µk|k−1 Fk(µk|k−1)wk|k−1 0 Ψk · µk|k−1

dwk

dµk
(x) =

d(Fk(µk|k−1)wk|k−1)

d(Ψk · µk|k−1)
(x) =

dwk|k−1

dµk|k−1
(x) −

∫ ∞

−∞

dwk|k−1

dµk|k−1
(x′) (Ψk · µk|k−1)(dx′) ,

wk+1|k(dx′) = Q wk(dx′) + Γ µk(dx′) =

∫ ∞

−∞

[
dwk

dµk
(x) +

x

σ2
(x′ − a x) ] µk(dx) Q(x, dx′) .

µk|k−1 ≈ µN
k|k−1 =

1

N

N∑

i=1

δ
ξi
k|k−1

wk|k−1 ≈ wN
k|k−1 =

1

N

N∑

i=1

ρi
k|k−1 δ

ξi
k|k−1

,

k

µN
k = Ψk · µN

k|k−1 =

N∑

i=1

Ψk(ξi
k|k−1) δ

ξi
k|k−1

N∑

j=1

Ψk(ξj
k|k−1)

=

N∑

i=1

ωi
k δ

ξi
k|k−1

,



wN
k = Fk(µN

k|k−1)w
N
k|k−1 =

N∑

i=1

ρi
k|k−1 Ψk(ξi

k|k−1) δ
ξi
k|k−1

N∑

j=1

Ψk(ξj
k|k−1)

−

N∑

j=1

ρ
j
k|k−1 Ψk(ξj

k|k−1)

N∑

j=1

Ψk(ξj
k|k−1)

N∑

i=1

Ψk(ξi
k|k−1) δ

ξi
k|k−1

N∑

j=1

Ψk(ξj
k|k−1)

=
N∑

i=1

ρi
k|k−1 ωi

k δ
ξi
k|k−1

− [
N∑

j=1

ρ
j
k|k−1 ω

j
k ]

N∑

i=i

ωi
k δ

ξi
k|k−1

=

N∑

i=1

[ ρi
k|k−1 − [

N∑

j=1

ρ
j
k|k−1 ω

j
k ] ] ωi

k δ
ξi
k|k−1

.

Q µN
k (dx′) =

N∑

i=1

ωi
k Q(ξi

k|k−1, dx′) ,

Q wN
k (dx′) + Γ µN

k (dx′) =

N∑

i=1

[ ρi
k|k−1 − [

N∑

j=1

ρ
j
k|k−1 ω

j
k ] +

ξi
k|k−1

σ2
(x′ − a ξi

k|k−1) ] ωi
k Q(ξi

k|k−1, dx′) ,

m = (mi , i = 1, · · · , N)
s = (si , i = 1, · · · , N) EN = {1, · · · , N}× R

si(dx′) = [ ρi
k|k−1 +

ξi
k|k−1

σ2
(x′ − a ξi

k|k−1)
︸ ︷︷ ︸

ri(x′)

−[

N∑

j=1

ρ
j
k|k−1 ω

j
k ] ] ωi

k Q(ξi
k|k−1, dx′)

︸ ︷︷ ︸
mi(dx′)

.

N∑

j=1

∫ ∞

−∞

rj(x′) mj(dx′) =

N∑

j=1

ρ
j
k|k−1 ω

j
k ,

m ≈ mN =
1

N

N∑

i=1

δ
(τ i

k, ξi
k+1|k)

,

s ≈ sN =
1

N

N∑

i=1

[ rτ
i
k (ξi

k+1) − [
1

N

N∑

j=1

rτ
j
k (ξj

k+1) ] ] δ
(τ i

k, ξi
k+1|k)

,

i = 1, · · · , N (τ i
k, ξi

k+1|k)

m = (mi , i = 1, · · · , N)

τ i
k ∼ (ωj

k , j = 1, · · · , N) ξi
k+1|k ∼ Q(ξ

τ i
k

k|k−1, dx′) ,



µk+1|k ≈ µN
k+1|k =

1

N

N∑

i=1

δ
ξi
k+1|k

.

wk+1|k ≈ wN
k+1|k =

1

N

N∑

i=1

[ rτ
i
k (ξi

k+1|k) − [
1

N

N∑

j=1

rτ
j
k (ξj

k+1|k) ] ] δ
ξi
k+1

=
1

N

N∑

i=1

ρi
k+1|k δ

ξi
k+1|k

.

ρi
k+1|k = rτ

i
k (ξi

k+1|k) − [
1

N

N∑

j=1

rτ
j
k (ξj

k+1|k) ] ,

rτ
i
k (ξi

k+1|k) = ρ
τ i
k

k|k−1 +
ξ
τ i
k

k|k−1

σ2
(ξi

k+1|k − a ξ
τ i
k

k|k−1) ,

ξi
k+1|k (ξ

τ i
k

k|k−1, ξ
i
k+1|k)

ℓn ≈ 1

n

n∑

k=1

log[
1

N

N∑

i=1

Ψk(ξi
k|k−1) ] ,

∂ℓn

∂θ
≈ 1

n

n∑

k=1




1

N

N∑

i=1

ρi
k|k−1 Ψk(ξi

k|k−1)

1

N

N∑

i=1

Ψk(ξi
k|k−1)




=
1

n

n∑

k=1

[

N∑

i=1

ρi
k|k−1 ωi

k ] ,

X̄0 σ2
0 a σ2 c s2 N
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Q µN
k (dx′) =

N∑

i=1

ωi
k Q(ξi

k|k−1, dx′) = [

N∑

i=1

ωi
k q(ξi

k|k−1, x
′) ] dx′ ,

Q wN
k (dx′) + Γ µN

k (dx′) =

N∑

i=1

[ ρi
k|k−1 − [

N∑

j=1

ρ
j
k|k−1 ω

j
k ] +

ξi
k|k−1

σ2
(x′ − a ξi

k|k−1) ] ωi
k Q(ξi

k|k−1, dx′)

= [

N∑

i=1

[ ρi
k|k−1 − [

N∑

j=1

ρ
j
k|k−1 ω

j
k ] +

ξi
k|k−1

σ2
(x′ − a ξi

k|k−1) ] ωi
k q(ξi

k|k−1, x
′) ] dx′

= rN
k+1(x

′) Q µN
k (dx′) ,

rN
k+1(x

′) =

N∑

j=1

[ ρj
k|k−1 +

ξ
j
k|k−1

σ2
(x′ − a ξ

j
k|k−1) ] ω

j
k q(ξj

k|k−1, x
′)

N∑

j=1

ω
j
k q(ξj

k|k−1, x
′)

− [

N∑

j=1

ρ
j
k|k−1 ω

j
k ]

=

N∑

j=1

[ ρj
k|k−1 +

ξ
j
k|k−1

σ2
(x′ − a ξ

j
k|k−1) ] ω

j
k exp{− 1

2 (x′ − a ξ
j
k|k−1)

2}

N∑

j=1

ω
j
k exp{− 1

2 (x′ − a ξ
j
k|k−1)

2}

− [

N∑

j=1

ρ
j
k|k−1 ω

j
k ] .

Q µN
k ≈ µN

k+1|k =
1

N

N∑

i=1

δ
ξi
k+1|k

,

i = 1, · · · , N

ξi
k+1|k ∼ Q µN

k (dx′) ,

ξ̂i
k ∼ µN

k (dx) ξi
k+1|k ∼ Q(ξ̂i

k, dx′) ,

τ i
k ∼ (ωj

k , j = 1, · · · , N) , ξ̂i
k = ξ

τ i
k

k|k−1 ξi
k+1|k ∼ Q(ξ̂i

k, dx′) ,

Q wN
k + Γ µN

k ≈ wN
k+1|k =

1

N

N∑

i=1

rN
k+1(ξ

i
k+1|k) δ

ξi
k+1|k

=
1

N

N∑

i=1

ρi
k+1|k δ

ξi
k+1|k

,



ρi
k+1|k = rN

k+1(ξ
i
k+1|k) =

N∑

j=1

[ ρj
k|k−1 +

ξ
j
k|k−1

σ2
(ξi

k+1|k − a ξ
j
k|k−1) ] ω

j
k exp{− 1

2 (ξi
k+1|k − a ξ

j
k|k−1)

2}

N∑

j=1

ω
j
k exp{− 1

2 (ξi
k+1|k − a ξ

j
k|k−1)

2}

− [
N∑

j=1

ρ
j
k|k−1 ω

j
k ] ,

ξi
k+1|k

X̄0 σ2
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{
Xk+1 = F Xk + Wk

Yk = H Xk + Vk ,

{Wk , k ≥ 0} {Vk , k ≥ 0}
Σ S

F =

(
f11 f12

f21 f22

)

X0 ∼ N(X̄0, Σ0)

Xk+1 | Xk = x ∼ N(F x, Σ) ,

Q(x, dx′) = P[Xk+1 ∈ dx′ | Xk = x] =
1

2 π
√

det Σ
exp{−1

2
(x′ − F x)∗ Σ

−1 (x′ − F x)}

︸ ︷︷ ︸
q(x, x′)

dx′ ,

Yk | Xk = x ∼ N(H x, S) ,



P[Yk ∈ dy | Xk = x] =
1

2 π
√

det S
exp{−1

2
(y − H x)∗ S−1 (y − H x)}

︸ ︷︷ ︸
g(x, y)

dy ,

Ψk(x) = g(x, Yk) ,

f11, f12, f21, f22

Xk | Y1, · · · , Yk−1 ∼ N(X̂k|k−1, Σk|k−1) ,

µk|k−1(dx) = P[Xk ∈ dx | Y1, · · · , Yk−1]

=
1

2 π
√

det Σk|k−1

exp{−1

2
(x − X̂k|k−1)

∗
Σ

−1
k|k−1 (x − X̂k|k−1)}

︸ ︷︷ ︸
pk|k−1(x)

dx ,

X̂k|k−1 = F X̂k−1 Σk|k−1 = F Σk−1 F ∗ + Σ .

Xk | Y1, · · · , Yk−1

log pk|k−1(x) = cste − 1
2 log det Σk|k−1 − 1

2 (x − X̂k|k−1)
∗
Σ

−1
k|k−1 (x − X̂k|k−1) ,

θ θ ∈ {f11, f12, f21, f22}

∂ log pk|k−1

∂θ
(x) = 1

2


−

∂ det Σk|k−1

∂θ
det Σk|k−1

+ (
∂X̂k|k−1

∂θ
)∗ Σ

−1
k|k−1 (x − X̂k|k−1)

− (x − X̂k|k−1)
∗

∂Σ
−1
k|k−1

∂θ
(x − X̂k|k−1) + (x − X̂k|k−1)

∗
Σ

−1
k|k−1

∂X̂k|k−1

∂θ


 ,

wk|k−1(dx) =
∂µk|k−1

∂θ
(dx) =

∂ log pk|k−1

∂θ
(x)µk|k−1(dx) ,

∂X̂k|k−1

∂θ
=

∂F

∂θ
X̂k−1 + F

∂X̂k−1

∂θ
,

∂Σk|k−1

∂θ
=

∂F

∂θ
Σk−1F

∗ + F
∂Σk−1

∂θ
F ∗ + F Σk−1 (

∂F

∂θ
)∗ ,

∂ det Σk|k−1

∂θ
det Σk|k−1

= trace[
∂Σk|k−1

∂θ
Σ

−1
k|k−1 ] ,



∂Σ
−1
k|k−1

∂θ
= −Σ

−1
k|k−1

∂Σk|k−1

∂θ
Σ

−1
k|k−1 .

Σk|k−1 Σ
−1
k|k−1 = I

U d × d

∂ det U

∂θ
det U

= trace[
∂U

∂θ
U−1 ] .

U = (1u1, · · · , 1ud)

1u1 ∧ · · · ∧ 1ud = det U (1e1 ∧ · · · ∧ 1ed) ,

(1e1, · · · ,1ed)

∂

∂θ
(1u1 ∧ · · · ∧ 1ud) =

∂ det U

∂θ
(1e1 ∧ · · · ∧ 1ed)

=

d∑

i=1

1u1 ∧ · · · ∧ 1ui−1 ∧
∂1ui

∂θ
∧ 1ui+1 ∧ · · · ∧ 1ud .

∂1ui

∂θ
=

n∑

j=1

vij 1uj

∂

∂θ
(1u1 ∧ · · · ∧ 1ud) =

d∑

i,j=1

vij (1u1 ∧ · · · ∧ 1ui−1 ∧ 1ui ∧ 1uj ∧ 1ui+1 ∧ · · · ∧ 1ud

= [

n∑

i=1

vii ] det U (1e1 ∧ · · · ∧ 1ed) ,

∂ det U

∂θ
= [

n∑

i=1

vii ] det U .

1ui =

d∑

k=1

uij 1ek 1ek =

d∑

j=1

ukj 1uj U−1 = (ukj)1≤j,k≤d

∂1ui

∂θ
=

d∑

k=1

∂uik

∂θ
1ek =

d∑

j=1

[
d∑

k=1

∂uik

∂θ
ukj ] 1uj ,

vij =

d∑

k=1

∂uij

∂θ
ukj

n∑

i=1

vii =

d∑

i,k=1

∂uik

∂θ
uki = trace[

∂U

∂θ
U−1 ] .

Xk | Y1, · · · , Yk ∼ N(X̂k, Σk) ,



µk(dx) = P[Xk ∈ dx | Y1, · · · , Yk] =
1

2 π
√

det Σk

exp{−1

2
(x − X̂k)∗ Σ

−1
k (x − X̂k)}

︸ ︷︷ ︸
pk(x)

dx ,

Kk = Σk|k−1 H∗
[
H Σk|k−1 H∗ + Σ

]−1

X̂k = X̂k|k−1 + Kk (Yk − H X̂k|k−1)

Σk = (I − Kk H)Σk|k−1 .

∂ log pk

∂θ
(x) = 1

2


−

∂ det Σk

∂θ
det Σk

+ (
∂X̂k

∂θ
)∗ Σ

−1
k (x − X̂k)

− (x − X̂k)∗
∂Σ

−1
k

∂θ
(x − X̂k) + (x − X̂k)∗ Σ

−1
k

∂X̂k

∂θ


 ,

wk(dx) =
∂µk

∂θ
(dx) =

∂ log pk

∂θ
(x) µk(dx) ,

∂X̂k

∂θ
= (I − Kk H)

∂X̂k|k−1

∂θ
+

∂Kk

∂θ
(Yk − H X̂k|k−1) ,

∂Σ
−1
k

∂θ
= −Σ

−1
k

∂Σk

∂θ
Σ

−1
k ,

∂ det Σk

∂θ
det Σk

= trace[
∂Σk

∂θ
Σ

−1
k ] ,

∂Σk

∂θ
= (I − Kk H)

∂Σk|k−1

∂θ
,

∂Kk

∂θ
= −[

∂Σk

∂θ
Σ

−1
k|k−1 + Σk

∂Σk|k−1

∂θ
] H−1 .

Σk Σ
−1
k|k−1 = I − Kk H

Q R

(H∗ R−1 H + Q−1)−1 = Q − Q H∗ (H∗ Q H + R)−1 H Q .



H∗ Q H + R ≥ R H∗ R−1 H + Q−1 ≥ Q−1

H∗ Q H + R H∗ R−1 H + Q−1

[Q − Q H∗ (H∗ Q H + R)−1 H Q] [H∗ R−1 H + Q−1]

= Q H∗ R−1 H + I − Q H∗ (H∗ Q H + R)−1 (H∗ Q H + R − R)R−1 H − Q H∗ (H∗ Q H + R)−1 H

= I .

Σk = Σk|k−1 − Σk|k−1 H∗ (H Σk|k−1 H∗ + S)−1 H Σk|k−1 ,

Σ
−1
k = H∗ S−1 H + Σ

−1
k|k−1 ,

∂Σ
−1
k

∂θ
=

∂Σ
−1
k|k−1

∂θ
= −Σ

−1
k|k−1

∂Σk|k−1

∂θ
Σ

−1
k|k−1 .

Σk Σ
−1
k|k−1 = I − Kk H ,

∂Σk

∂θ
= (I − Kk H)

∂Σk|k−1

∂θ
(I − Kk H)∗ .

Yk = H X̂k|k−1 + Ik ,

Ik = Yk − H X̂k|k−1 = H (Xk − X̂k|k−1) + Vk ∼ N(0, Sk) Sk = H Σk|k−1 H∗ + S ,

Y1, · · · , Yk−1

Yk | Y1, · · · , Yk−1 ∼ N(H X̂k|k−1, Sk) ,

P[Yk ∈ dy | Y1, · · · , Yk−1] =
1

2 π
√

det Sk

exp{− 1
2 (y − H X̂k|k−1)

∗ S−1
k (y − H X̂k|k−1)}

︸ ︷︷ ︸
gk(y)

dy .

P[Y1 ∈ dy1, · · · , Yn ∈ dyn] =

n∏

k=1

P[Yk ∈ dyk | Y1 = y1, · · · , Yk−1 = yk−1] =

n∏

k=1

gk(yk) dyk ,



ℓn =
1

n
log

n∏

k=1

gk(Yk) =
1

n

n∑

k=1

log gk(Yk)

= cste − 1

n

n∑

k=1

[ 1
2 log det Sk + 1

2 (y − H X̂k|k−1)
∗ S−1

k (y − H X̂k|k−1) ] ,

∂ℓn

∂θ
=

1

2 n

n∑

k=1


−

∂ det Sk

∂θ
det Sk

+ (H
∂X̂k|k−1

∂θ
)∗ S−1

k (y − H X̂k|k−1)

− (y − H X̂k|k−1)
∗ ∂S−1

k

∂θ
(y − H X̂k|k−1) + (y − H X̂k|k−1)

∗ S−1
k H

∂X̂k|k−1

∂θ


 ,

∂Sk

∂θ
= H

∂Σk|k−1

∂θ
H∗ ∂S−1

k

∂θ
= −S−1

k

∂Sk

∂θ
S−1

k .

P[Yk ∈ dy | Y1, · · · , Yk−1] =

∫ ∞

−∞

P[Yk ∈ dy, Xk ∈ dx | Y1, · · · , Yk−1]

=

∫ ∞

−∞

P[Yk ∈ dy | Xk = x] P[Xk ∈ dx | Y1, · · · , Yk−1]

= [

∫ ∞

−∞

g(x, y) µk|k−1(dx)

︸ ︷︷ ︸
gk(y)

] dy ,

ℓn =
1

n

n∑

k=1

log gk(Yk) =
1

n

n∑

k=1

log

∫ ∞

−∞

Ψk(x) µk|k−1(dx) ,

∂ℓn

∂θ
=

1

n

n∑

k=1

∫ ∞

−∞

Ψk(x)
∂µk|k−1

∂θ
(dx)

∫ ∞

−∞

Ψk(x) µk|k−1(dx)

=
1

n

n∑

k=1

∫ ∞

−∞

Ψk(x) wk|k−1(dx)

∫ ∞

−∞

Ψk(x) µk|k−1(dx)

.

f11, f12, f21, f22

log q(x, x′) = cste − 1
2 log det Σ − 1

2 (x′ − F x)∗Σ−1 (x′ − F x) ,

Σ−1 =

(
Σ11 Σ12

Σ12 Σ22

)
x =

(
x1

x2

)
x′ =

(
x′

1

x′
2

)

θ

I(x, x′) =
∂ log q

∂θ
(x, x′) = 1

2 [ (
∂F

∂θ
x)∗ Σ

−1 (x′ − F x) + (x′ − F x)∗ Σ
−1 ∂F

∂θ
x ] ,



f11, f12, f21, f22

∂ log q

∂f11
(x, x′) = x1 Σ11 (x′

1 − f11 x1 − f12 x2) + x1 Σ12 (x′
2 − f21 x1 − f22 x2) ,

∂ log q

∂f12
(x, x′) = x2 Σ11 (x′

1 − f11 x1 − f12 x2) + x2 Σ12 (x′
2 − f21 x1 − f22 x2) ,

∂ log q

∂f21
(x, x′) = x1 Σ12 (x′

1 − f11 x1 − f12 x2) + x1 Σ22 (x′
2 − f21 x1 − f22 x2) ,

∂ log q

∂f22
(x, x′) = x2 Σ12 (x′

1 − f11 x1 − f12 x2) + x2 Σ22 (x′
2 − f21 x1 − f22 x2) ,

Γ(x, dx′) =
∂Q

∂θ
(x, dx′) = I(x, x′) Q(x, dx′)

θ ∈ {f11, f12, f21, f22} θ

µk(dx) = (Ψk · µk|k−1)(dx) =
Ψk(x)µk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

,

µk+1|k(dx) = Q µk(dx′) =

∫ ∞

−∞

µk(dx)Q(x, dx′) ,

wk(dx) =
∂µk

∂θ
(dx) =

Ψk(x)
∂µk|k−1

∂θ
(dx)

∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

−

∫ ∞

−∞

Ψk(x′)
∂µk|k−1

∂θ
(dx)

∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

Ψk(x)µk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

,

wk(dx) = (Fk(µk|k−1)wk|k−1)(dx)

=
Ψk(x)wk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

−

∫ ∞

−∞

Ψk(x′)wk|k−1(dx′)

∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

Ψk(x)µk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

,

wk+1|k(dx′) = Q wk(dx′) + Γ µk(dx′) =

∫ ∞

−∞

[ wk(dx) + I(x, x′) µk(dx) ] Q(x, dx′) .

wk|k−1 0 µk|k−1 Fk(µk|k−1)wk|k−1 0 Ψk · µk|k−1

dwk

dµk
(x) =

d(Fk(µk|k−1)wk|k−1)

d(Ψk · µk|k−1)
(x) =

dwk|k−1

dµk|k−1
(x) −

∫ ∞

−∞

dwk|k−1

dµk|k−1
(x′) (Ψk · µk|k−1)(dx′) ,

wk+1|k(dx′) = Q wk(dx′) + Γ µk(dx′) =

∫ ∞

−∞

[
dwk

dµk
(x) + I(x, x′) ] µk(dx) Q(x, dx′) .



µk|k−1 ≈ µN
k|k−1 =

1

N

N∑

i=1

δ
ξi
k|k−1

wk|k−1 ≈ wN
k|k−1 =

1

N

N∑

i=1

ρi
k|k−1 δ

ξi
k|k−1

,

k

µN
k = Ψk · µN

k|k−1 =

N∑

i=1

Ψk(ξi
k|k−1) δ

ξi
k|k−1

N∑

j=1

Ψk(ξj
k|k−1)

=
N∑

i=1

ωi
k δ

ξi
k|k−1

,

wN
k = Fk(µN

k|k−1)w
N
k|k−1 =

N∑

i=1

ρi
k|k−1 Ψk(ξi

k|k−1) δ
ξi
k|k−1

N∑

j=1

Ψk(ξj
k|k−1)

−

N∑

j=1

ρ
j
k|k−1 Ψk(ξj

k|k−1)

N∑

j=1

Ψk(ξj
k|k−1)

N∑

i=1

Ψk(ξi
k|k−1) δ

ξi
k|k−1

N∑

j=1

Ψk(ξj
k|k−1)

=

N∑

i=1

ρi
k|k−1 ωi

k δ
ξi
k|k−1

− [

N∑

j=1

ρ
j
k|k−1 ω

j
k ]

N∑

i=i

ωi
k δ

ξi
k|k−1

=

N∑

i=1

[ ρi
k|k−1 − [

N∑

j=1

ρ
j
k|k−1 ω

j
k ] ] ωi

k δ
ξi
k|k−1

.

Q µN
k (dx′) =

N∑

i=1

ωi
k Q(ξi

k|k−1, dx′) ,

Q wN
k (dx′) + Γ µN

k (dx′) =

N∑

i=1

[ ρi
k|k−1 − [

N∑

j=1

ρ
j
k|k−1 ω

j
k ] + I(ξi

k|k−1, x
′) ] ωi

k Q(ξi
k|k−1, dx′) ,

m = (mi , i = 1, · · · , N)
s = (si , i = 1, · · · , N) EN = {1, · · · , N}× R

si(dx′) = [ ρi
k|k−1 + I(ξi

k|k−1, x
′)

︸ ︷︷ ︸
ri(x′)

−[

N∑

j=1

ρ
j
k|k−1 ω

j
k ] ] ωi

k Q(ξi
k|k−1, dx′)

︸ ︷︷ ︸
mi(dx′)

.

N∑

j=1

∫ ∞

−∞

rj(x′) mj(dx′) =
N∑

j=1

ρ
j
k|k−1 ω

j
k ,

m ≈ mN =
1

N

N∑

i=1

δ
(τ i

k, ξi
k+1|k)

,



s ≈ sN =
1

N

N∑

i=1

[ rτ
i
k (ξi

k+1|k) − [
1

N

N∑

j=1

rτ
j
k (ξj

k+1|k) ] ] δ
(τ i

k, ξi
k+1|k)

,

i = 1, · · · , N (τ i
k, ξi

k+1|k)

m = (mi , i = 1, · · · , N)

τ i
k ∼ (ωj

k , j = 1, · · · , N) ξi
k+1|k ∼ Q(ξ

τ i
k

k|k−1, dx′) ,

µk+1|k ≈ µN
k+1|k =

1

N

N∑

i=1

δ
ξi
k+1|k

.

wk+1|k ≈ wN
k+1|k =

1

N

N∑

i=1

[ rτ
i
k (ξi

k+1|k) − [
1

N

N∑

j=1

rτ
j
k (ξj

k+1|k) ] ] δ
ξi
k+1|k

=
1

N

N∑

i=1

ρi
k+1|k δ

ξi
k+1|k

.

ρi
k+1|k = rτ

i
k (ξi

k+1|k) − [
1

N

N∑

j=1

rτ
j
k (ξj

k+1|k) ] ,

rτ
i
k (ξi

k+1|k) = ρ
τ i
k

k|k−1 + I(ξ
τ i
k

k|k−1, ξ
i
k+1|k) ,

ξi
k+1|k (ξ

τ i
k

k|k−1, ξ
i
k+1|k)
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Q µN
k (dx′) =

N∑

i=1

ωi
k Q(ξi

k|k−1, dx′) = [

N∑

i=1

ωi
k q(ξi

k|k−1, x
′) ] dx′ ,

Q wN
k (dx′) + Γ µN

k (dx′) =

N∑

i=1

[ ρi
k|k−1 − [

N∑

j=1

ρ
j
k|k−1 ω

j
k ] + I(ξi

k|k−1, x
′) ] ωi

k Q(ξi
k|k−1, dx′)

= [

N∑

i=1

[ ρi
k|k−1 − [

N∑

j=1

ρ
j
k|k−1 ω

j
k ] + I(ξi

k|k−1, x
′) ] ωi

k q(ξi
k|k−1, x

′) ] dx′

= rN
k+1(x

′) Q µN
k (dx′) ,

rN
k+1(x

′) =

N∑

j=1

[ ρj
k|k−1 + I(ξj

k|k−1, x
′) ] ω

j
k q(ξj

k|k−1, x
′)

N∑

j=1

ω
j
k q(ξj

k|k−1, x
′)

− [

N∑

j=1

ρ
j
k|k−1 ω

j
k ]

=

N∑

j=1

[ ρj
k|k−1 + I(ξj

k|k−1, x
′) ] ω

j
k exp{− 1

2 (x′ − F ξ
j
k|k−1)

∗
Σ

−1 (x′ − F ξ
j
k|k−1)}

N∑

j=1

ω
j
k exp{− 1

2 (x′ − F ξ
j
k|k−1)

∗
Σ

−1 (x′ − F ξ
j
k|k−1)}

− [

N∑

j=1

ρ
j
k|k−1 ω

j
k ] .

Q µN
k ≈ µN

k+1|k =
1

N

N∑

i=1

δ
ξi
k+1|k

,

i = 1, · · · , N

ξi
k+1|k ∼ Q µN

k (dx′) ,

ξ̂i
k ∼ µN

k (dx) ξi
k+1|k ∼ Q(ξ̂i

k, dx′) ,

τ i
k ∼ (ωj

k , j = 1, · · · , N) , ξ̂i
k = ξ

τ i
k

k|k−1 ξi
k+1|k ∼ Q(ξ̂i

k, dx′) ,

Q wN
k + Γ µN

k ≈ wN
k+1|k =

1

N

N∑

i=1

rN
k+1(ξ

i
k+1|k) δ

ξi
k+1|k

=
1

N

N∑

i=1

ρi
k+1|k δ

ξi
k+1|k

,



ρi
k+1|k = rN

k+1(ξ
i
k+1|k)

=

N∑

j=1

[ ρj
k|k−1 + I(ξj

k|k−1, ξ
i
k+1|k) ] ω

j
k exp{− 1

2 (ξi
k+1|k − F ξ

j
k|k−1)

∗
Σ

−1 (ξi
k+1|k − F ξ

j
k|k−1)}

N∑

j=1

ω
j
k exp{− 1

2 (ξi
k+1|k − F ξ

j
k|k−1)

∗
Σ

−1 (ξi
k+1|k − F ξ

j
k|k−1)}

− [

N∑

j=1

ρ
j
k|k−1 ω

j
k ] ,

ξi
k+1|k
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{
Xk+1 = F Xk + Wk

Yk = H Xk + Vk ,

{Wk , k ≥ 0} {Vk , k ≥ 0}
Σ S

F =




f11 · · · f1m′

fm′1 · · · fm′m′


 H =




h11 · · · h1m 0 · · · 0

hr1 · · · hrm 0 · · · 0




X0 ∼ N(X̄0, Σ0) X 2m m′ = 2m

Xk+1 | Xk = x ∼ N(F x, Σ) ,

Q(x, dx′) = P[Xk+1 ∈ dx′ | Xk = x] =
1

(2 π)m′/2
√

det Σ
exp{−1

2
(x′ − F x)∗ Σ

−1 (x′ − F x)}

︸ ︷︷ ︸
q(x, x′)

dx′ ,

Yk | Xk = x ∼ N(H x, S) ,

P[Yk ∈ dy | Xk = x] =
1

(2 π)r/2
√

det S
exp{−1

2
(y − H x)∗ S−1 (y − H x)}

︸ ︷︷ ︸
g(x, y)

dy ,



Ψk(x) = g(x, Yk) ,

f11, · · · , fm′m′ , h11, · · · , hrm

Xk | Y1, · · · , Yk−1 ∼ N(X̂k|k−1, Σk|k−1) ,

µk|k−1(dx) = P[Xk ∈ dx | Y1, · · · , Yk−1]

=
1

(2 π)m′/2
√

det Σk|k−1

exp{−1

2
(x − X̂k|k−1)

∗
Σ

−1
k|k−1 (x − X̂k|k−1)}

︸ ︷︷ ︸
pk|k−1(x)

dx ,

X̂k|k−1 = F X̂k−1 Σk|k−1 = F Σk−1 F ∗ + Σ .

Xk | Y1, · · · , Yk−1

log pk|k−1(x) = cste − 1
2 log det Σk|k−1 − 1

2 (x − X̂k|k−1)
∗
Σ

−1
k|k−1 (x − X̂k|k−1) ,

θ θ ∈ {f11, · · · , frm′, h11, · · · , hrm}

∂ log pk|k−1

∂θ
(x) = 1

2


−

∂ det Σk|k−1

∂θ
det Σk|k−1

+ (
∂X̂k|k−1

∂θ
)∗ Σ

−1
k|k−1 (x − X̂k|k−1)

− (x − X̂k|k−1)
∗

∂Σ
−1
k|k−1

∂θ
(x − X̂k|k−1) + (x − X̂k|k−1)

∗
Σ

−1
k|k−1

∂X̂k|k−1

∂θ


 ,

wk|k−1(dx) =
∂µk|k−1

∂θ
(dx) =

∂ log pk|k−1

∂θ
(x)µk|k−1(dx) ,

∂X̂k|k−1

∂θ
=

∂F

∂θ
X̂k−1 + F

∂X̂k−1

∂θ
,

∂Σk|k−1

∂θ
=

∂F

∂θ
Σk−1 F ∗ + F

∂Σk−1

∂θ
F ∗ + F Σk−1 (

∂F

∂θ
)∗ ,

∂ det Σk|k−1

∂θ
det Σk|k−1

= trace [
∂Σk|k−1

∂θ
Σ

−1
k|k−1 ] ,



∂Σ
−1
k|k−1

∂θ
= −Σ

−1
k|k−1

∂Σk|k−1

∂θ
Σ

−1
k|k−1 .

Σk|k−1 Σ
−1
k|k−1 = I

Xk | Y1, · · · , Yk ∼ N(X̂k, Σk) ,

µk(dx) = P[Xk ∈ dx | Y1, · · · , Yk] =
1

(2 π )m′/2
√

det Σk

exp{−1

2
(x − X̂k)∗ Σ

−1
k (x − X̂k)}

︸ ︷︷ ︸
pk(x)

dx ,

Kk = Σk|k−1 H∗
[
H Σk|k−1 H∗ + Σ

]−1

X̂k = X̂k|k−1 + Kk (Yk − H X̂k|k−1)

Σk = (I − Kk H)Σk|k−1 .

∂ log pk

∂θ
(x) = 1

2


−

∂ det Σk

∂θ
det Σk

+ (
∂X̂k

∂θ
)∗ Σ

−1
k (x − X̂k)

− (x − X̂k)∗
∂Σ

−1
k

∂θ
(x − X̂k) + (x − X̂k)∗ Σ

−1
k

∂X̂k

∂θ


 ,

wk(dx) =
∂µk

∂θ
(dx) =

∂ log pk

∂θ
(x) µk(dx) ,

∂X̂k

∂θ
= (I − Kk H)

∂X̂k|k−1

∂θ
+

∂Kk

∂θ
(Yk − H X̂k|k−1) − Kk

∂H

∂θ
X̂k|k−1 ,

∂Σ
−1
k

∂θ
= −Σ

−1
k

∂Σk

∂θ
Σ

−1
k ,

∂ det Σk

∂θ
det Σk

= trace [
∂Σk

∂θ
Σ

−1
k ] ,

∂Σk

∂θ
= (I − Kk H)

∂Σk|k−1

∂θ
− [

∂Kk

∂θ
H + Kk

∂H

∂θ
] Σk|k−1 ,



∂Kk

∂θ
= Σk|k−1 (

∂H

∂θ
)∗ [H Σk|k−1 H∗ + Σ]−1 +

∂Σk|k−1

∂θ
H∗ [H Σk|k−1 H∗ + Σ]−1

− Σk|k−1 H∗ [H Σk|k−1 H∗ + Σ]−1]

[
∂H

∂θ
Σk|k−1 H∗ + H

∂Σk|k−1

∂θ
H∗ + H Σk|k−1 (

∂H

∂θ
)∗

]

[H Σk|k−1 H∗ + Σ]−1 .

Yk = H X̂k|k−1 + Ik ,

Ik = Yk − H X̂k|k−1 = H (Xk − X̂k|k−1) + Vk ∼ N(0, Sk) Sk = H Σk|k−1 H∗ + S ,

Y1, · · · , Yk−1

Yk | Y1, · · · , Yk−1 ∼ N(H X̂k|k−1, Sk) ,

P[Yk ∈ dy | Y1, · · · , Yk−1] =
1

(2 π)r/2
√

det Sk

exp{− 1
2 (y − H X̂k|k−1)

∗ S−1
k (y − H X̂k|k−1)}

︸ ︷︷ ︸
gk(y)

dy .

P[Y1 ∈ dy1, · · · , Yk ∈ dyk] =

n∏

k=1

P[Yk ∈ dyk | Y1 = y1, · · · , Yk−1 = yk−1] =

n∏

k=1

gk(yk) dyk ,

ℓn =
1

n
log

n∏

k=1

gk(Yk) =
1

n

n∑

k=1

log gk(Yk)

= cste − 1

2n

n∑

k=1

[ log(det Sk) + (y − H X̂k|k−1)
∗ S−1

k (y − H X̂k|k−1) ] ,

∂ℓn

∂θ
=

1

2n

n∑

k=1


−

∂ det Sk

∂θ
det Sk

+ (H
∂X̂k|k−1

∂θ
+

∂H

∂θ
X̂k|k−1)

∗ S−1
k (y − H X̂k|k−1)

− (y − H X̂k|k−1)
∗ ∂S−1

k

∂θ
(y − H X̂k|k−1)

+ (y − H X̂k|k−1)
∗ S−1

k (H
∂X̂k|k−1

∂θ
+

∂H

∂θ
X̂k|k−1)


 ,

∂Sk

∂θ
=

∂H

∂θ
Σk|k−1 H∗ + H

∂Σk|k−1

∂θ
H∗ + H Σk|k−1 (

∂H

∂θ
)∗

∂S−1
k

∂θ
= −S−1

k

∂Sk

∂θ
S−1

k .



P[Yk ∈ dy | Y1, · · · , Yk−1] =

∫ ∞

−∞

P[Yk ∈ dy, Xk ∈ dx | Y1, · · · , Yk−1]

=

∫ ∞

−∞

P[Yk ∈ dy | Xk = x] P[Xk ∈ dx | Y1, · · · , Yk−1]

= [

∫ ∞

−∞

g(x, y) µk|k−1(dx)

︸ ︷︷ ︸
gk(y)

] dy ,

ℓn =
1

n

n∑

k=1

log gk(Yk) =
1

n

n∑

k=1

log

∫ ∞

−∞

Ψk(x) µk|k−1(dx) ,

∂ℓn

∂θ
=

1

n

n∑

k=1

∫ ∞

−∞

Ψk(x)
∂µk|k−1

∂θ
(dx) +

∂Ψk(x)

∂θ
µk|k−1(dx)

∫ ∞

−∞

Ψk(x) µk|k−1(dx)

=
1

n

n∑

k=1

∫ ∞

−∞

Ψk(x) wk|k−1(dx) +
∂Ψk(x)

∂θ
µk|k−1(dx)

∫ ∞

−∞

Ψk(x) µk|k−1(dx)

.

f11, · · · , fm′m′ , h11, · · · , hrm

log q(x, x′) = cste − 1
2 log(det Σ) − 1

2 (x′ − F x)∗Σ−1 (x′ − F x) ,

θ

I(x, x′) =
∂ log q

∂θ
(x, x′) = 1

2 [ (
∂F

∂θ
x)∗ Σ

−1 (x′ − F x) + (x′ − F x)∗ Σ
−1 ∂F

∂θ
x ] ,

Γ(x, dx′) =
∂Q

∂θ
(x, dx′) = I(x, x′) Q(x, dx′)

θ ∈ {f11, · · · , fm′m′ , h11, · · · , hrm} θ

µk(dx) = (Ψk · µk|k−1)(dx) =
Ψk(x)µk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

,

µk+1|k(dx) = (Q µk)(dx′) =

∫ ∞

−∞

µk(dx)Q(x, dx′) ,



wk(dx) =
∂µk

∂θ
(dx) =

Ψk(x)
∂µk|k−1

∂θ
(dx)

∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

−

∫ ∞

−∞

Ψk(x′)
∂µk|k−1

∂θ
(dx′)

∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

Ψk(x)µk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

+

∂ log Ψk

∂θ
(x)Ψk(x)µk|k−1(dx)

∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

−

∫ ∞

−∞

∂ log Ψk

∂θ
(x′)Ψk(x′)µk|k−1(dx′)

∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

Ψk(x)µk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

,

Sk(x) =
∂ log Ψk

∂θ
(x)

wk(dx) = (Fk(µk|k−1)wk|k−1)(dx) + (Gk(µk|k−1))(dx)

=
Ψk(x)wk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

−

∫ ∞

−∞

Ψk(x′)wk|k−1(dx′)

∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

Ψk(x)µk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

+
Sk(x)Ψk(x)µk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

−

∫ ∞

−∞

Sk(x′)Ψk(x′)µk|k−1(dx′)

∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

Ψk(x)µk|k−1(dx)∫ ∞

−∞

Ψk(x′)µk|k−1(dx′)

.

wk+1|k(dx′) = Q wk(dx′) + Γ µk(dx′) =

∫ ∞

−∞

[ wk(dx) + I(x, x′) µk(dx) ] Q(x, dx′) .

wk|k−1 0 µk|k−1 Fk(µk|k−1)wk|k−1 0 Ψk · µk|k−1 Gk(µk|k−1) 0 Ψk · µk|k−1

dwk

dµk
(x) =

dwk|k−1

dµk|k−1
(x) + Sk(x) −

∫ ∞

−∞

[
dwk|k−1

dµk|k−1
(x′) + Sk(x′) ] (Ψk · µk|k−1)(dx′) ,

wk+1|k(dx′) = Q wk(dx′) + Γ µk(dx′) =

∫ ∞

−∞

[
dwk

dµk
(x) + I(x, x′) ] µk(dx) Q(x, dx′) .

µk|k−1 ≈ µN
k|k−1 =

1

N

N∑

i=1

δ
ξi
k|k−1

wk|k−1 ≈ wN
k|k−1 =

1

N

N∑

i=1

ρi
k|k−1 δ

ξi
k|k−1

,

k

µN
k = Ψk · µN

k|k−1 =

N∑

i=1

Ψk(ξi
k|k−1) δ

ξi
k|k−1

N∑

j=1

Ψk(ξj
k|k−1)

=

N∑

i=1

ωi
k δ

ξi
k|k−1

,



wN
k =

N∑

i=1

ρi
k|k−1 Ψk(ξi

k|k−1) δ
ξi
k|k−1

N∑

j=1

Ψk(ξj
k|k−1)

−

N∑

j=1

ρ
j
k|k−1 Ψk(ξj

k|k−1)

N∑

j=1

Ψk(ξj
k|k−1)

N∑

i=1

Ψk(ξi
k|k−1) δ

ξi
k|k−1

N∑

j=1

Ψk(ξj
k|k−1)

+

N∑

i=1

Sk(ξi
k|k−1) Ψk(ξi

k|k−1) δ
ξi
k|k−1

N∑

j=1

Ψk(ξj
k|k−1)

−

N∑

j=1

Sk(ξj
k|k−1) Ψk(ξj

k|k−1)

N∑

j=1

Ψk(ξj
k|k−1)

N∑

i=1

Ψk(ξi
k|k−1) δ

ξi
k|k−1

N∑

j=1

Ψk(ξj
k|k−1)

=

N∑

i=1

[ ρi
k|k−1 + Sk(ξi

k|k−1) − [

N∑

j=1

(ρj
k|k−1 + Sk(ξj

k|k−1)) ω
j
k ] ] ωi

k δ
ξi
k|k−1

.

Q µN
k (dx′) =

N∑

i=1

ωi
k Q(ξi

k|k−1, dx′) ,

Q wN
k (dx′) + Γ µN

k (dx′) =

N∑

i=1

[ ρi
k|k−1 + Sk(ξi

k|k−1) − [

N∑

j=1

(ρj
k|k−1 + Sk(ξj

k|k−1)) ω
j
k ]

+ I(ξi
k|k−1, x

′) ] ωi
k Q(ξi

k|k−1, dx′) ,

m = (mi , i = 1, · · · , N)
s = (si , i = 1, · · · , N) EN = {1, · · · , N}× R

si(dx′) = [ ρi
k|k−1 + Sk(ξi

k|k−1) + I(ξi
k|k−1, x

′)
︸ ︷︷ ︸

ri(x′)

−[
N∑

j=1

(ρj
k|k−1 + Sk(ξj

k|k−1)) ω
j
k ] ] ωi

k Q(ξi
k|k−1, dx′)

︸ ︷︷ ︸
mi(dx′)

.

N∑

j=1

∫ ∞

−∞

rj(x′) mj(dx′) =

N∑

j=1

(ρj
k|k−1 + Sk(ξj

k|k−1)) ω
j
k ,

m ≈ mN =
1

N

N∑

i=1

δ
(τ i

k, ξi
k+1|k)

,

s ≈ sN =
1

N

N∑

i=1

[ rτ
i
k (ξi

k+1|k) − [
1

N

N∑

j=1

rτ
j
k (ξj

k+1|k) ] ] δ
(τ i

k, ξi
k+1|k)

,



i = 1, · · · , N (τ i
k, ξi

k+1|k)

m = (mi , i = 1, · · · , N)

τ i
k ∼ (ωj

k , j = 1, · · · , N) ξi
k+1|k ∼ Q(ξ

τ i
k

k|k−1, dx′) ,

µk+1|k ≈ µN
k+1|k =

1

N

N∑

i=1

δ
ξi
k+1|k

.

wk+1|k ≈ wN
k+1|k =

1

N

N∑

i=1

[ rτ
i
k (ξi

k+1|k) − [
1

N

N∑

j=1

rτ
j
k (ξj

k+1|k) ] ] δ
ξi
k+1|k

=
1

N

N∑

i=1

ρi
k+1|k δ

ξi
k+1|k

.

ρi
k+1|k = rτ

i
k (ξi

k+1|k) − [
1

N

N∑

j=1

rτ
j
k (ξj

k+1|k) ] ,

rτ
i
k (ξi

k+1|k) = ρ
τ i
k

k|k−1 + Sk(ξ
τ i
k

k|k−1) + I(ξ
τ i
k

k|k−1, ξ
i
k+1|k) ,

ξi
k+1|k

Q µN
k (dx′) =

N∑

i=1

ωi
k Q(ξi

k|k−1, dx′) = [
N∑

i=1

ωi
k q(ξi

k|k−1, x
′) ] dx′ ,

Q wN
k (dx′) + Γ µN

k (dx′) = [

N∑

i=1

[ ρi
k|k−1 + Sk(ξi

k|k−1) − [

N∑

j=1

(ρj
k|k−1 + Sk(ξj

k|k−1)) ω
j
k ]

+ I(ξi
k|k−1, x

′) ] ωi
k q(ξi

k|k−1, x
′) ] dx′ = rN

k+1(x
′) Q µN

k (dx′) ,

rN
k+1(x

′) =

N∑

j=1

[ ρj
k|k−1 + Sk(ξj

k|k−1) + I(ξj
k|k−1, x

′) ] ω
j
k q(ξj

k|k−1, x
′)

N∑

j=1

ω
j
k q(ξj

k|k−1, x
′)

− [
N∑

j=1

(ρj
k|k−1 + Sk(ξj

k|k−1)) ω
j
k ]

=

N∑

j=1

[ ρj
k|k−1 + Sk(ξj

k|k−1) + I(ξj
k|k−1, x

′) ] ω
j
k exp{− 1

2 (x′ − F ξ
j
k|k−1)

∗
Σ

−1 (x′ − F ξ
j
k|k−1)}

N∑

j=1

ω
j
k exp{− 1

2 (x′ − F ξ
j
k|k−1)

∗
Σ

−1 (x′ − F ξ
j
k|k−1)}

− [

N∑

j=1

(ρj
k|k−1 + Sk(ξj

k|k−1)) ω
j
k ] .



Q µN
k ≈ µN

k+1|k =
1

N

N∑

i=1

δ
ξi
k+1|k

,

i = 1, · · · , N

ξi
k+1|k ∼ Q µN

k (dx′) ,

ξ̂i
k ∼ µN

k (dx) ξi
k+1|k ∼ Q(ξ̂i

k, dx′) ,

τ i
k ∼ (ωj

k , j = 1, · · · , N) , ξ̂i
k = ξ

τ i
k

k|k−1 ξi
k+1|k ∼ Q(ξ̂i

k, dx′) ,

Q wN
k + Γ µN

k ≈ wN
k+1|k =

1

N

N∑

i=1

rN
k+1(ξ

i
k+1|k) δ

ξi
k+1|k

=
1

N

N∑

i=1

ρi
k+1|k δ

ξi
k+1|k

,

ρi
k+1|k = rN

k+1(ξ
i
k+1|k)

=

N∑

j=1

[ρj
k|k−1 + Sk(ξj

k|k−1) + I(ξj
k|k−1, ξ

i
k+1|k)] ωj

k exp{− 1
2 (ξi

k+1|k − F ξ
j
k|k−1)

∗
Σ

−1 (ξi
k+1|k − F ξ

j
k|k−1)}

N∑

j=1

ω
j
k exp{− 1

2 (ξi
k+1|k − F ξ

j
k|k−1)

∗
Σ

−1 (ξi
k+1|k − F ξ

j
k|k−1)}

− [

N∑

j=1

(ρj
k|k−1 + Sk(ξj

k|k−1)) ω
j
k ]

ξi
k+1

a
a

{ξi
k|k−1 , i = 1, · · · , N} A

|A|

1

|A|
[

1

N

N∑

i=1

1
(ξi

k|k−1 ∈ A)
] ,

A



a

{(ξi
k|k−1, ρ

i
k|k−1) , i = 1, · · · , N} A |A|

1

|A|
[

1

N

N∑

i=1

ρi
k|k−1 1

(ξi
k|k−1 ∈ A)

] ,

A

a

{(ξi
k|k−1, ρ

i
k|k−1) , i = 1, · · · , N} A |A|

1

|A|
[

1

N

N∑

i=1

ρi
k|k−1 1

(ρi
k|k−1 ≥ 0)

1
(ξi

k|k−1 ∈ A)
] ,

A

1

|A|
[

1

N

N∑

i=1

ρi
k|k−1 1

(ρi
k|k−1 ≤ 0)

1
(ξi

k|k−1 ∈ A)
] ,

A

{(ξi
k|k−1, ρ

i
k|k−1) , i = 1, · · · , N}

ρi
k|k−1

ξi
k|k−1



θ

Qθ(x, dx′) Kθ(x, dx′, ds′)
θ

ℓθ
n =

1

n

n∑

k=0

log〈µθ
k|k−1, Ψ

θ
k〉 ,

∂ℓθ
n

∂θ
=

1

n

n∑

k=0

〈wθ
k|k−1, Ψ

θ
k〉 + 〈µθ

k|k−1, Ψ
θ
k Sθ

k〉
〈µθ

k|k−1, Ψ
θ
k〉

,

{µθ
k , k ≥ 0} {wθ

k k ≥ 0}

µθ
k−1 −−−−−−−−−→ µθ

k|k−1 = Qθ µθ
k−1 −−−−−−−−−→ µθ

k = Ψ
θ
k · µθ

k|k−1 ,

wθ
k−1 −−−−−−−−−−−−→ wθ

k|k−1 = Qθ wθ
k−1 + Γθ µθ

k−1

−−−−−−−−−−−−→ wθ
k = F θ

k (µθ
k|k−1)wθ

k|k−1 + Gθ
k(µθ

k|k−1) ,

θ̂k = θ̂k−1 + γk

〈ŵk|k−1, Ψ
θk−1

k 〉 + 〈µ̂k|k−1, Ψ
θk−1

k S
θk−1

k 〉
〈µ̂k|k−1, Ψ

θk−1

k 〉
,

γk ≃ k−2/3

θk = θk−1 +
1

k
(θ̂k − θk−1) θn =

1

n

n∑

k=1

θ̂k ,

{µ̂k , k ≥ 0} {ŵk, , k ≥ 0}

µ̂k−1 −−−−−−−−−→ µ̂k|k−1 = Qθk−1 µ̂k−1 −−−−−−−−−→ µ̂k = Ψ
θk−1

k · µ̂k|k−1 ,

ŵk−1 −−−−−−−−−−−−→ ŵk|k−1 = Qθk−1 ŵk−1 + Γθk−1 µ̂k−1

−−−−−−−−−−−−→ ŵk = F
θk−1

k (µ̂k|k−1) ŵk|k−1 + G
θk−1

k (µ̂k|k−1) ,



θ̂N
k = θ̂N

k−1 + γk

N∑

i=1

ωi
k [ ρi

k|k−1 + S
θN

k−1

k (ξi
k|k−1) ] θ

N

k = θ
N

k−1 +
1

k
(θ̂N

k − θ
N

k−1) ,

k = 0

θ̂N
−1

i = 1, · · · , N
ξi
0|−1 ∼ µ0|−1(dx) ρi

0|−1 = 0

i = 1, · · · , N

ωi
k = cN

k Ψ
θN

k−1

k (ξi
k|k−1) cN

k

N∑

i=1

ωi
k = 1 ρi

k = ρi
k|k−1 + S

θN

k−1

k (ξi
k|k−1)

θ̂N
k = θ̂N

k−1 + γk

N∑

i=1

ρi
k ωi

k γk ≃ (k + 1)−2/3 θ
N

k = θ
N

k−1 +
1

k + 1
(θ̂N

k − θ
N

k−1)

i = 1, · · · , N

ξ̂ i
k = ξ

τ i
k

k|k−1 ρ̂ i
k = ρ

τ i
k

k τ i
k ∼ (ω1

k, · · · , ωN
k )

i = 1, · · · , N

ξi
k+1|k ∼ QθN

k (ξ̂ i
k , dx′) ρi

k+1|k = ρ̂ i
k + IθN

k (ξ̂ i
k , ξi

k+1|k) − aN
k+1

aN
k+1

N∑

i=1

ρi
k+1|k = 0

k ← k + 1

θ̂N
k k → ∞ N → ∞

θ̂k k → ∞
Qθ(x, dx′)

Γθ(x, dx′) E
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Tracking of F(2,1) with 1000 particles
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Tracking of F(1,1) with 5000 particles
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Tracking of F(2,1) with 5000 particles
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Tracking of F(2,2) with 5000 particles
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θk

θk

θ = (θ1, · · · , θk) ∈ Θ Θ R
k

θk+1 ∈ Θ θk ∈ Θ

θk+1 Θ θ̃k+1 Θ Θ =
k∏

i=1

[θi,min, θi,max] θi,k+1 = θi,min θi,k+1 < θi,min

θi,k+1 = θi,max θi,k+1 > θi,max






