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Abstract: The purpose of this work is to obtain as much intuition as possible, through numerical
experiments in a simple case where exact solutions are explicitly available, about the particle approximation
of finite signed measures. A prototypical example of a finite signed measure is the derivative, w.r.t. a
parameter of the model, of some probability distributions related with a hidden Markov chain. This includes
prior, prediction, filtering probability distributions, etc. Two points of view are considered here, to feel the
quality of the approximation, at least in a qualitative manner :

(i) how accurate is the particle approximation of the finite signed measure, in view of an histogram
representation of the weighted particle system ?

(ii) considering the log-likelihood function and the score function, how close is the approximate expression
provided by the particle approximation to the exact expression ?

These two questions seem closely related, however the numerical experiments presented in this work show that
one of the two particle approximation schemes fails to satisfy the first criteria (quality of the approximation
of the finite signed measure), and that both schemes satisfy the second criteria (quality of the approximation
of the statistics).
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Meéthodes particulaires
pour P'estimation et la poursuite de paramétres :
Expériences numériques

Résumé : L’objectif de ce travail est de mieux comprendre 'approximation particulaire de mesures
signées finies, au travers de quelques expériences numériques menées dans un cas simple ou les solutions
exactes sont connues de maniére explicite. Un exemple typique de mesure signée finie est la dérivée, par
rapport & un parameétre du modéle, de distributions de probabilité associées & une chaine de Markov cachée.
Cela inclut la distribution a priori, le prédicteur, le filtre, etc. Deux points de vue sont considérés ici pour
évaluer la qualité de 'approximation, au moins dans un sens qualitatif :

e quelle est la précision de 'approximation particulaire de la mesure signée finie, au vu d’une représen-
tation sous forme d’histogramme du systéme de particules pondérées ?

e si on s’intéresse seulement & la fonction de log—vraisemblance ou & la fonction score, quel est 1’écart
entre I’expression fournie par ’approximation particulaire et I’expression exacte de ces quantités 7

Ces deux questions sont évidemment liées, mais les expériences numériques présentées dans ce travail mon-
trent que I'un des deux schémas d’approximation particulaire proposés ne répond pas de maniére satisfaisante
au premier critére (qualité de I’approximation de la mesure signée finie), et que les deux schémas proposés
donnent une bonne approximation pour le second critére (précison de 'approximation des statistiques).

Mots clés : surveillance, systéme mécanique, paramétre modal, maximum de vraisemblance récursif,
estimation, poursuite, filtre particulaire, filtre particulaire linéaire tangent.



Particle-based Methods for Parameter Estimation and Tracking 1

1 Introduction

The purpose of this work is to obtain as much intuition as possible, through numerical experiments in a
simple case where exact solutions are explicitly available, about the particle approximation of finite signed
measures. A prototypical example of a finite signed measure is the derivative, w.r.t. a parameter of the model,
of some probability distributions related with a hidden Markov chain. This includes prior, prediction, filtering
probability distributions, etc. Two points of view are considered here, to feel the quality of the approximation,
at least in a qualitative manner :

(i) how accurate is the particle approximation of the finite signed measure, in view of an histogram
representation of the weighted particle system 7

(ii) considering the log-likelihood function and the score function, how close is the approximate expression
provided by the particle approximation to the exact expression ?

These two questions seem closely related, however the numerical experiments presented in this work show that
one of the two particle approximation schemes fails to satisfy the first criteria (quality of the approximation
of the finite signed measure), and that both schemes satisfy the second criteria (quality of the approximation
of the statistics).

The initial motivation for this work was provided by an application to monitoring the integrity of struc-
tural and mechanical systems. Detecting and localizing damages for monitoring the integrity of structural
and mechanical systems is a topic of growing interest, due to the aging of many engineering constructions and
machines and to increased safety norms. Automatic global vibration—based monitoring techniques turn out
to be useful alternatives to visual inspections or local non destructive (e.g. ultrasonic) evaluations performed
manually.

Health monitoring techniques based on processing vibration measurements basically handle two types
of characteristics: the structural parameters (mass, stiffness, flexibility, damping) and the modal parameters
(modal frequencies, and associated damping values and mode—shapes), see [22, 9, 21]. A central question for
monitoring is to compute changes in those characteristics and to assess their significance. For the frequencies,
crucial issues are then: how to compute the changes, to assess that the changes are significant, to handle
correlations among individual changes. A related issue is how to compare the changes in the frequencies
obtained from experimental data with the sensitivity of modal parameters obtained from an analytical model.
Furthermore, it has been widely acknowledged that changes in frequencies bear useful information for damage
detection.

Our contribution in this work is to design a particle filtering method to track the modal parameters.
Particle filtering techniques are a set of powerful and versatile simulation-based methods to perform optimal
state estimation in nonlinear non—Gaussian state—space models, and we consider here an approach combin-
ing particle filtering and gradient algorithm to perform recursive maximum likelihood parameter estimation
and tracking. In the next section, the modeling issues are introduced and some key parameterizations are
discussed. Section 3 details the particle approximation mechanisms. Section 4 is devoted to particle approx-
imation of finite signed measures, with numerical experiments. In Section 5, the particle implementation of
the recursive maximum likelihood (RML) algorithm is described.

2 Mechanical model

2.1 Dynamical model and structural parameters

It is assumed that the behavior of the mechanical system can be described by a stationary linear dynamical
system, and that, in the frequency range of interest, the input forces can be modeled as a non-stationary
white noise. This results in :
MZ(t) + CZ(t) + KZ(t) = v(t) 1)
Y(t) = LZ(t)

where ¢ denotes continuous time, M, C' and K are the mass, damping and stiffness matrices respectively,
the (high dimensional) vector Z collects the displacements of the degrees of freedom of the structure, the
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2 J. Fichou, F. Le Gland & L. Mevel

external (non measured) force v is modeled as a non—stationary white noise with time-varying covariance
matrix @, (t), measurements are collected in the (often, low dimensional) vector Y, and the matrix L indicates
which components of the state vector are actually measured, i.e. where the sensors are located.

The modes or eigenfrequencies, denoted generically by p, are solutions of :

det(* M +uC+K)=0. (2)

The frequency f and the damping coefficient d are recovered from a continuous eigenvalue p through :
f=——= and d=—R(u) . (3)

Some comments are in order on parameterizations of interest for damage detection and localization. Since
a local damage in the structure reduces the stiffness and increases the damping, many damage detection
techniques have been proposed which monitor the stiffness matrix K. Monitoring its inverse K !, namely
the flexibility matrix, has proven more tractable and computationally feasible [22, 13, 5]. In some cases, other
structural parameterizations such as volumic mass and Young elasticity modulus may be preferable [14, 22].
Also, several methods in the literature are based on a transmissibility matrix [21, 23], which involves the
processing of input—output data. However, in the case of non measured input excitation, processing output—
only data is mandatory [17, 3]. On the other hand, a reduced stiffness and an increased damping result in
decreased natural frequencies. Thus, monitoring the modal parameters is relevant.

2.2 State—space model and parameterization

Sampling model (1) at rate 1/A yields the discrete time model in state space form [12, 18] :

Xpp1 = F X + Wy (4)
Y, = HX,

where the state and the output are :

N(HR)

Y(kA), (5)
the state transition and observation matrices are :

F =exp(AA) where A

0 I
-M7'K —-M-lC

and
H:(L 0). (6)

The measurement equation in (4) with H as in (6) implicitly assumes that the available sensors measure the
(relative) displacements of the degrees of freedom themselves. The nature of the sensors used only influences
the observation matrix H. In (4), the unmeasured state noise {W}, , k > 0} is assumed to be a zero—mean
Gaussian white noise, with covariance matrix :
N (k+1) A _
Qr =E[W, W;] = / exp(As) Q(s) exp(A*s)ds
kA

and

0= (o arqua)

The state X and the observed output Y have dimensions 2m and r respectively, with r (often much) smaller
than 2m in practice.

Irisa



Particle-based Methods for Parameter Estimation and Tracking 3

Let A be the modes of the state transition matrix F', namely :
det (F—\I)=0. (7)
The continuous modes  in (2) can be deduced from the discrete modes A in (7) using :
exp(Ap)=A.
The frequency f and the damping coefficient d are recovered from a discrete eigenvalue A through :

agN) g d= L

S A A log A . (8)

f=

Because of the structure of the state in (5), the discrete modes A are pairwise complex conjugate. If F
and H are unknown matrices but we are able to track the coeflicients of these two matrices, then it is easy
to obtain the frequency and the damping coefficient using (8).

Remark 2.1. If we suppose noisy measurements, the model becomes :

Xpp1 = FXp + Wy )
Yy = HXp+ Vi

where {V}, k > 0} is an unmeasured Gaussian white noise with zero mean. It is essential to note that, with
this assumption, the measurement noise does not affect the eigenstructure of (9).

3 About particle approximation

In this section, we will first detail particle approximation of the filter and the derivative of the filter w.r.t. the
parameter of interest, following [6, 16]. Then, we will see different resampling schemes and their efficiency.

3.1 Hidden Markov model

The state sequence { X}, , k > 0} is a Markov chain taking values in the space E = RY, with transition kernel
Q(z,dz") (which is assumed time independent for simplicity), i.e.

P[Xgt1 € d2’ | Xi = 2] = Q(z,d’) .

The kernel Q(z,dz’) could depend on a parameter, that should be either estimated, or monitored (i.e.
changes w.r.t. a nominal value should be detected), however the dependence w.r.t. the parameter is not
written explicitly, so as to avoid intricated notations. The following assumption is made

It is easy to simulate a r.v. X with probability distribution Q(z,dz’), even though
the analytical expression of the kernel Q(x,dz’) is not known, or is so complicated
that it is pratically impossible to compute such integrals as

Qota) = [ Qud)ol)  or  Quidd) = [ uld)Qade') .

The state sequence {Xj, k > 0} is not observed, but instead an observation sequence {Yj, k > 0} is
available, which has the following property : given the hidden states { X}, k > 0}, the observations {Y} , k >
0} are mutually independent, and the conditionnal probability distribution of Y} (which is assumed time
independent for simplicity) depends only on the hidden state X at the same time instant, and by definition

PlY; € dy | X = z] = g(z,y) A(dy) and U(z) = gz, Yy) .

Notice that when x varies, all the conditionnal probability distributions P[Y}, € dy | X = ] are assumed
absolutely continuous w.r.t. a nonnegative measure A(dy) which does not depend on z (with densities g(z,y)
which do depend on z).
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4 J. Fichou, F. Le Gland & L. Mevel

Example This memoryless channel assumption is satisfied for instance in the case where the hidden
state is observed in an additive white noise sequence, not necessarily Gaussian, i.e. in our model where the
observation Y}, is related to the hidden state X} by the relation

Yo =HX,+ Vg,

where {V}., k > 0} is a white noise sequence (i.e. a sequence of mutually independent r.v.’s) with probability
distribution ¢(v) dv (which is assumed time independent for simplicity), independent of {Xj, k& > 0}. In
this case

PYy €dy | Xy =2] =q(y — Hz)dy and Uy(x) =q(Yr — Hax) .

3.2 Particle approximation of the filter

Given observations, the objective is to estimate the hidden states, and to this effect the probability distri-
butions

pr(dz) =P[Xy € dx | Yo, -+, Y] and k-1 (dr) = P[Xy € dx | Yo,--- , Y 1],

are introduced. The evolution of the sequence {ux, k > 0} taking values in the space of probability distri-
butions on F, is very easily described by the following steps

prediction correction
Pr—1 ————— fpjp—1 = Q pr—1 ————— px = Vi flgp—1 ,

where
o () = Q s (da') = / ks (dr) Q(z, da) |
E

can happen to be difficult (if not just impossible) to compute, and where - denotes the projective product,
ie.

Wi () pgejpe—1 (de) .

pn(dr) = W - i (o) = (Hkir—1, Vi)

In view of the key assumption that it is on the other hand easy to simulate r.v.’s with probability distri-
bution Q(z,dz’), the idea is to approximate the predictor j;—; with the empirical probability distribution
associated with an N—sample, i.e.

| N
N
Hklk—1 =~ Hijk—1 = 77 E i .
N Elk—1

This approximation is completely characterized by the set {gi‘k_l ,i = 1,--- N} of particles, and the
algorithm is completely described by the mechanism which builds {5};4_1% ,i=1,--- N} from {gi‘k_l , 1=
1,--+, N}. This mechanism is as follows :

(i) the correction step is applied ezactly to ,ufc\‘[ 41> Which results in

. N N ‘Ilk(flic\k—l)éailk71 N
pr =Yg “Hglk—1 = Z N = Zwi 55;% L
i=1 j i=1 -
Z‘Ilk(giuc—ﬂ
J

—

i.e. particles {&;, ,,7 =1,---,N} are now weighted, with weights {w},i = 1,---, N} which are
more heavy for those particles which are more consistent with the current observation Yy,

Irisa



Particle-based Methods for Parameter Estimation and Tracking 5

(ii) instead of trying to compute Q Mév , the following particle approximation
1N
N N N
= SN . 5. 7
Het1|k (Qpy) N ; f;ﬁuk

is used, where the N—sample {§Z+1|k ,4=1,---, N} has precisely the probability distribution @ ug, i.e.
N independent r.v.’s are simulated with common probability distribution @ u,iv , which can be achieved
in the following manner : independently for any i = 1,--- | N

& ~ pd(dr) <= easy, since the probability
distribution pl is discrete,

§}i+1|k ~ Q(&,dr') <= easy, by assumption.

3.3 Linear tangent kernel / extended kernel, etc.

If the transition kernel Q(xz, dz’) depends on a parameter, then the filter 15 depends also on the parameter,
and one would like to compute the linear tangent filter wy, i.e. the derivative of the filter pj w.r.t. the
parameter. To this end, one needs first to study the linear tangent kernel I'(x, dz’), i.e. the derivative of the
transition kernel Q(z,dz’) w.r.t. the parameter, and the following assumption is made

Assumption AC : The following probabilistic representation holds for the linear tangent kernel I'(z, dz')

Lo(o) = [ Dloyde!) 6(o') = BIp(Xi1) Sur | X =1
E
where { (X, Zk), k > 0} is a Markov chain taking values in the product space E x F', such that

P[Xpi1 €da',Epyq1 €ds’ | X = 2,5 = 5]

=P[Xy41 € d2',Ext1 €ds’ | Xy, = 2] = K(z,da’,ds") .

The following assumption, which extends the similar assumption introduced in Section 3.1, is made

It is easy to simulate a r.v. (X,Z) with probability distribution K(z,dz’,ds’), even
though the analytical expression of the kernel K(x,dz’,ds’) is not known, or is so
complicated that it is pratically impossible to compute such integrals as

To(z) = /E . s ¢(x) K(x,da’, ds') or I p(de') = /E Fu(da:) s K(z,dz’,ds") .

Example In our model, the Markov chain {X},, k > 0} taking values in £ = R?, is defined by
X1 =F X+ Wy,

where only the matrix F' depends on the parameter, and where {W}, k > 0} is a sequence of independent
r.v.’s taking values in R? with probability distribution p(w)dw (coefficients are assumed time independent
for simplicity). For any = € R?, the transition kernel Q(xz,dz’) is given by

Q(z,dz’) = p(a’ — Fz)ds’
and one can show directly that

F —p' F
[(z,dz') = —p' (2’ — Fx) a—mdm': ;(x'—Fx) 88—9

50 x Q(z,dx) .

PI n1604



6 J. Fichou, F. Le Gland & L. Mevel

It follows that

Foe) = [ Tade) o) = [ o Fa) 2 b Qi)

00

—p’ oF

= E[¢p(Xkt1) P (Xp41 — FXi) = Xi | Xpp = 2],
D 00

i.e. Assumption AC is satisfied, with
— —p' oF
Tpa1 = < x
k1 » (W) 59 Xk

Notice that in the above example, the r.v. Ex4; depends only on (Xj, W}), in which case it does not
seem necessary to simulate =iy in addition to Wj. This apparently very particular situation is actually
very general, as the following result shows.

Lemma 3.1. Under Assumption AC
[(z,dz") = I(z,2") Q(z,dx’) ,
with
I(z,2) = E[Zks1 | Xp = 2, X1 = 2],
for any z, 2’ € E.
Proof. For any probability distribution p on F, and any pair B, B’ of Borel subsets of E
EulBr1l(x,,, e B X, e B) = /BxB/ E[Eks1 | Xk = 2, X1 = 2'] p(dz) Q(z,da’)

and

Eu[Ekt1 1(Xk+1 c B) (Xy € B EEr11 (Xps1 € B') | Xx = 2] p(dr)

INC d)

m\m\

hence taking B = E yields
[ vy utdn) = [ ([ BB X = o X = @] Qlada’)} ()
and since the probability distribution p is arbitrary, it holds
I'(z,B) = //E[Equl | X =2, X1 = 2'] Q(z,d2’)

which proves the result. O

By definition
o) = [ o) K@ddds)  and Qo) = [ o) K(edl )
hence

[(z,dz") :/ s' K(x,da',ds") and Q(x,dz") :/ K(z,dx',ds") .
F F

Irisa



Particle-based Methods for Parameter Estimation and Tracking 7

On the product space E x E x F, define the projection my : (z,2’,s") — x on the (first) space F, the
projection w : (z,2’,s’) — ' on the (second) space E and the projection np : (x,2',s") — s’ on the
auxiliary space F. For any probability distribution p on the space F, the probability distribution p ® K is
defined on the product space E x E x F by

(p @ K)(dw,dz’,ds") = p(dx) K (z,dx’,ds") .

It follows that
Qu(dz") = / p(de) K(z,d2’,ds') = (n@ K)on *(dx') ,
ExXF

and
I p(dx') = / p(dz) 8" K (z,dx’, ds")
ExXF
- / w22, s') (1 ® K)(de, da, ds') = (mp (1 ® K)) o 7 (da') |
ExF

and if the finite signed measure w is absolutely continuous w.r.t. u, then

Quw(dr') = /E Fw(dx)K(x,dm',ds')

d
= / —w(m)u(dax)K(m,dx’,ds’)
ExF dp
dw ! / ! / dw —1 /
= (=— omo)(z,2',s") (u® K)(dz,dx’,ds") = (= omp) (b ® K)) o™ *(dx') ,
Exr Ap dp
i.e.
Qu=(peK)or! and Tp=(rp(pe@K))or ',
and

(wsn = Qu=((Grom) (oK) or).

Lemma 3.2. Under Assumption AC, T'y < Qu for any probability distribution u on E, with Radon—
Nikodym derivative (which depends on )

d(T" )
d(Q p)

Proof. For any Borel subset B’ of E, it holds

(33/) = Eu[En+1 | Xpy1 = I/] .

Cu(B) = [ pldo) (o B)

_ /Eu(da:)E[:kH X, € ) | Xe =1

— B[Sl y= [ BB | X =o' Quidr').
" (Xp1€B) — [,
hence T" i1 is a signed measure, absolutely continuous w.r.t. @ u, with Radon—Nikodym derivative

d(T" p)
d(Q p)

(@) = Eu[Ekt1 | Xppr = 2]

PI n1604



8 J. Fichou, F. Le Gland & L. Mevel

For completeness, the following elementary property is recalled

Lemma 3.3. If the finite signed measure w is absolutely continuous w.r.t. the probability distribution pu,
then Qw < Q w, with Radon-Nikodym derivative

dQu) dw
d(Qu)(x)iE“[d (Xk)|Xk+1*$] .

Proof. For any Borel subset B’ of E, it holds

Qu(B) = [E w(dr) Q(x, B)

N [Eccll_t(x)u(dx) Q(z, B')

— B X0 (x,,, e ) = [ BalGr (00 | Xir = o') Qulda)

hence Q w is a signed measure, absolutely continuous w.r.t. @ u, with Radon—-Nikodym derivative

dQw) , ,\ _ dw Iy
d(Q p) (@) = E"[@(X’f) | Xpr1 = 2]

O

The explicit expression of the Radon—-Nikodym derivatives will not be used in the sequel : only the
qualitative properties

Fp<Qu and (wgpy = Qu<Qu),

will be used.
By definition

B \I/kw 7<w,\11k> \Ijkﬂ
Fi(p)w = (1, U (s Uy (p, Ug)

is the derivative at point x4 and in the direction w, of the mapping p —— Wy - u. The following elementary
property holds

Lemma 3.4. If the finite signed measure w is absolutely continuous w.r.t. the probability distribution pu,
then Fi(p) w < Uy, - p, with Radon—Nikodym derivative

d(Fr(p)w), dw dw
e = ) — e )

3.4 Particle approximation of some finite signed measures

With the notations of the previous section, it easily seen that the probability distribution @ p and the finite

signed measures I' u and Q w can be put in the general form (r (1 ® K)) o 7! for some appropriate choice
w

of the weight function r, namely » = 1, r = 7 and r = =, ° o respectively. The weighted particle
1L

approximation of a finite signed measure of the general form r (1 ® K) is defined by

g —

N
1 Hz
rpoK)~rS¥(pe K) = E (€, €2 50 i =iy
i=1 ’

Irisa



Particle-based Methods for Parameter Estimation and Tracking 9

where the N-sample { &), £, 2%, i = 1,---, N} has precisely the probability distribution u ® K, i.e. one
simulate N independent r.v.’s with common probability distribution ¢ ® K, which can be achieved in the
following manner : independently for any i =1,--- , N

& ~ u(dz) and (6",5") ~ K (&, da',ds")

and the corresponding particle approximation for the marginal measure (r (K ® u)) o 7! is defined by

N
(rpeK)or tx(rSN(upeK))o 1 ero,fl =4 €
=1

d
In particular for the weight functions r =1, r = g and r = d_w o Ty, it holds
m

1™ =

Qu=meKjor ~ < > b,

=1

N
Ip=(rp(p®K)) ZE

and

1

Qu=((L om) (ue K ort w1 3%
= {7~ 0©°mo
d/L =1

%I%

52 ’
respectively. For any test function ¢ defined on E, it holds
| N
El < Y r(,65E) o(€) = (r(p@ K)or ', ¢)|
< —=A (@) |r(z,2’, 8" ) p(de) K (2, da’,ds') }1/?

1
e r(z, 2’ s")|? plde) K (z,de’,ds') Y2 ||¢]| ,
\/N{EXEXF|( )" pldz) K ( )+ ol

dw
and in particular for the weight functions r =1, r = 7p and r = T o T, it holds
m

sup | = Z¢ €)= (Que)| <

?

%\H

N

o Bl 52 0(€) ~ ) | < o oy [P K}
and
> B2 5 ) o) — (Quisy | < = = 1@ () 2
lsll=1 = du VN
respectively.
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10 J. Fichou, F. Le Gland & L. Mevel

3.5 Joint particle approximation of the filter and the linear tangent filter

Recall that the evolution of the sequence {uy, k > 0} taking values in the space of probability distributions
on F, is described by the following two steps

prediction correction
P—1 ——— k-1 = Q p—1 ———— e = Vi flgjp—1 -

As we want to estimate H, Uy also depends on 6. If wy, denotes at each time instant the linear tangent
filter, i.e. the derivative of the filter u; w.r.t. the parameter, then the evolution of the sequence {wy , k > 0}
taking values in the linear tangent space to the space of probability distributions on F, i.e. taking values in
the space of finite signed measures on E with zero total mass, is described by the following two steps, which
are linear tangent versions of the prediction step and correction step respectively

linear tangent

prediction
W—1 —— 7 Wglg—1 = ka—l + Fﬂk—l

linear tangent

correction
7 W = Fk(ﬂk|k—1)wk|k—1 + Gk(ﬂk|k—1) .

where
00y pop —8\pk>
o0 90 Yep 0log ¥y, Dlog ¥y,
G = — = (U, ——=—ENT W
W)= Gy T e Gaun = e kg N

Under Assumption AC, it is easily seen by induction, and using Lemmas 3.2, 3.3 and 3.4, that at each time
instant wyp—1 < pgjk—1 and wy < pg-

In view of this absolute continuity property, and of the key assumption that it is easy to simulate r.v.’s
with probability distribution K(x,dz’,ds’), the idea is to jointly approximate the predictor ji,—; and
its derivative wyp_; w.r.t. the parameter with the empirical probability distribution and with a weighted
empirical distribution associated with the same and unique N—sample, i.e.

N N
1 1 )
~ N _ ~ o N _ 7
Hrlk—1 % Hrir—1 = 7 Zéfi\kﬂ and Wi X 01 = 5 D Pk i
i=1 =1

With this definition w,]g\f v K uﬁ 41> with Radon-Nikodym derivative

dwly 1
klk—1 ;
Tk\kfl T)= duN (Z) = |IN ($)| Z p;c\kfl ’
Hig|k—1 k|k—1 eIy, (@)
where Iﬁk_l(x) ={i=1,---,N : 5}%_1 = z}, for any x in the support supp ug‘k_l of the discrete

probability distribution ,ufc\‘[ .- Indeed

1
NkN|k—1 =N Z |II?|]I§—1(:C)| o

xresupp ,uiv‘k71

and
1 )
N
Wlk—1 = Z [ Z P;c\kq] oz -
TEsupp ukN‘k71 ielﬁkil(l‘)
Notice that in most cases, the particle locations {f,ilk_l ,i=1,--+ N} turn out to be all distinct, and the

much simpler relation

N , )
rk|k71(€llc\k71) = p;c|k71 )

Irisa



Particle-based Methods for Parameter Estimation and Tracking 11

holds for any i =1,--- , N.
This approximation is completely characterized by the set {glzdkfl’p;c\kfl ,i=1,---,N} of particles
and weights, and the algorithm is completely described by the mechanism which builds {¢} )k Pr. ko 1=
, N} from {g,g‘k_l,p;‘k_l ,i=1,--- N}. This mechanism is as follows :

(i) the correction step is applied ezactly to ufcv‘ «_1> Which results in

N ‘Ilk(flic\kfl)églilk X
PR o S

Ehlk—1
=1 j =1
W)

j=1

as previously, and the linear tangent correction step is applied ezactly to wﬁ s_1> Which results in

)

wy = Fk(ﬂ/ﬁk—ﬂ“’ﬁkq +Gk(ﬂkN|k—1)
Olog ¥y, O0log Uy,
= [Tﬁk—l — (P ':u';cv\k—lvrﬁk—lﬂ Wy, 'NkN|k—1 + [T — (W “Hg)k—1s TH Wy, 'NkN|k—1
0log Uy, Olog Uy,
= [rhle_1 + 20 (s Rp— + 5 ] TN
(ii) instead of trying to compute Q plY, the following particle approximation
N
0
Hiy1)e = Qﬂk - N Z €k+1\k
is used as previously, instead of trying to compute
Jlog Wy, Olog Wy,
lezcv = Q((Tl]c\fkq +T)MI@N) <N119Va7"1]c\?k 1t 90 >QMkN
Olog Uy, _ Olog Wy,
= (((rRp—1 + 7) om) (uy ®Q))om "t — (ug,rilp 1 + T> Qur

the following weighted particle approximation

Odlog ¥ _ Olog ¥
(R + =) 0mo) SN @ @Q)) o™ — (SN ()il s + —5—) 8™ (@u)

N N
alog ‘Ilk 1 ] alog Wy
Z rile_1 (&) + Z i1 (&) + —=— (&)1 6 :
— 00 = €k+1\k
is used, and instead of trying to compute
Upy = (mp (uy @ K)o,

the following weighted particle approximation

N
BN QR A
(mp S¥ (1 © K)ot = = D Eh by

is used, hence finally the weighted particle approximation

N
1 iy Olog ‘I’k dlog Wy , 0 _.
wllcVJrl\k =N Z[Tﬁkq(fls) t Z Tk\k 1 ( fj 789 (&) + ks ] 5€i+

PI n1604 i=1

7
Pr+1|k



12 J. Fichou, F. Le Gland & L. Mevel

where the N—sample { &}, 5};4_1%, Ei .., i=1,---, N} has precisely the probability distribution z} ® K,
i.e. N independent r.v.’s are simulated with common probability distribution ukN ® K, which can be
achieved in the following manner : independently for any i =1, --- | N

& o~ pl (de) <= easy, since the probability
distribution 1Y is discrete,

(€£+1‘k,52+1) ~ K(&i,da',ds') <= easy, by assumption.

The proposed particle approximation of the linear tangent optimal filter is especially attractive, since it
uses the same particle system already used in the approximation of the optimal filter : only one—dimensional
weights are needed in addition. Other closely related particle approximation schemes will be presented
in Sections 4.1, 4.2, 4.3 and 4.4 on some simple models where comparison with explicit exact expressions
provided by Kalman filtering is possible.

3.6 Different redistribution schemes

In practice, after a few iterations all but one particle will have negligible weights, and a large computational
effort is devoted to updating particles whose contribution is almost zero. To avoid this phenomenon of
degeneracy of particle weights, we resort to resampling. The basic idea of resampling, and more generally of
redistribution, is to eliminate particles with small weights and to replicate particles with large weights.

3.6.1 Resampling

In the selection step, we want to generate a N-sample {flichl ,i = 1,--- N} with discrete probability
N
distribution Zw}ié ;. One of the most direct method is based on an inversion method and consists in
k
i=1

generating a uniform r.v. U on [0, 1], and if
w,iJr--wui §U<w,i+~~~wi+1

then choose §é The new weigths are reset to 1/N, hence the following algorithm :

Resampling

Let {&;,wi,i=1,---, N} be the particle system we want to resample from.
Construct cumulative distribution function (CDF) :

c1 =0.

Fori=2,---,N,set ¢; = ¢;_1 + wi.
Fori=1,--- N,

U~ Ul0,1].

Find a; so that ¢, < U < cq;41-
The new particle system is given by :

Fori=1,---,N,set &, =& and wy , = 1/N.

Some heuristic measures have been proposed to decide when it is necessary to resample. In this work,
we choose to resample at each time iteration.

Irisa



Particle-based Methods for Parameter Estimation and Tracking 13

3.6.2 Comb method

A more determistic way to resample is to multiply | N w} ] times the particle &;. Then, we use a comb method
N

to select Z(N wi — | Nwi|) particles as described in the following algorithm :
i=1

Comb method

Let {&;,wi,i=1,---, N} be the particle system we want to redistribute from.
Let o be a random permutation on {1,---,N}.
Fori=1,---,N, replace i with o (7).

Construct CDF :

(o2 1 g
Set ay = wk(l) N Lka(l)J.

ot 1 o(i
Fori=2,---, N, compute a; = a;_1 +Wk()_ﬁ \_ka()J.

The new particle system is given by :

Fori=1,---, N —1, replicate the particle §Z(i) a number of times equal to 1+ | N wg(i)J
if oy < i/N < aiy1, and to [N w?? | otherwise, and keep the particle £,

Fori=1,---,N,setwj,, =1/N.

Notice that the last particle is always selected in this algorithm, and the random permutation is introduced
so as to avoid this undesirable systematic effect.

3.6.3 An alternative comb method

Another deterministic algorithm has been proposed :

PI n1604



14 J. Fichou, F. Le Gland & L. Mevel

Alternative comb method

Let {&;,wi,i=1,---, N} be the particle system we want to redistribute from.
Let o be a random permutation on {1,---,N}.
Fori=1,---,N, replace i with o (7).

Construct CDF :

Set ay = w,‘:u).

Fori=2,---,N, compute o; = aj_1 + wz(i).
Fori=1,--- N, let §; denote the nearest integer to N «;.
Construct :

Set Y1 = ﬁl-

Fori=2--- | N,set v =0 — Bi-1.
The new particle system is given by :

For i = 1,---, N, replicate the particle EZ(i) a number of times equal to ~;, and set
Wiy, = 1/N.

3.6.4 Conclusions

We have seen several methods to redistribute our particle system. The first one seems very natural but is
slower than the two others. In practice, we will use a deterministic method since the particle approximations
produced by all three methods are very similar, as the following experimental results show :

Particle approximation with 500 particles

Method 1 Method 2 Method 3

Irisa



Particle-based Methods for Parameter Estimation and Tracking 15

Particle approximation with 1000 particles

Method 1 Method 2 Method 3

Method 1 Method 2 Method 3

4 Particle approximation of finite signed measures, with numerical
experiments

The purpose of this section is to obtain as much intuition as possible, through numerical experiments in
simple cases where exact solutions are explicitly available, about the particle approximation of finite signed
measures. A prototypical example of a finite signed measure is the derivative, w.r.t. a parameter of the
model, of some probability distribution related with a Markov chain. This includes prior, prediction, filtering
probability distributions, and the like. Two points of view are considered here, to feel the quality of the
approximation, at least in a qualitative manner :

(i) how accurate is the particle approximation of the finite signed measure, in view of an histogram
representation of the weighted particle system ?

(ii) considering the log-likelihood function and the score function, how close is the approximate expression
provided by the particle approximation to the exact expression ?

These two questions seem closely related, however the numerical experiments presented in this section show
that one of the two particle approximation schemes fails to satisfy the first criteria (quality of the approx-
imation of the finite signed measure), and that both schemes satisfy the second criteria (quality of the
approximation of the statistics). Explanations about the graphical outputs are provided at the end of this
section.

PI n1604



16 J. Fichou, F. Le Gland & L. Mevel

4.1 Part A : AR(1) model

The model considered in this example is the simplest scalar AR(1) model
Xkr1 =a X +o Wy, Xo ~ N(Xo,0) ,
ie.

1 1 _
—— exp{—— (z — X,)?} dzx ,
N p{ 203( 0)°}

po(z)

where {Wy, k > 0} is a standard Gaussian white noise sequence, and where only a is considered as an
unknown parameter, i.e. the data Xo and o2 are known and o3 could depend on a. It follows from the model
that

Xip1 | Xp=a ~ N(ax,aQ) ,
i.e.

1 1
Q(x,dr') =P[ Xy €da’ | Xp =12] = Nor T exp{—ﬁ (' —ax)?} da' .

q(z,2")

The goal here is to design a particle approximation scheme for the derivative, with respect to the parameter
a, of the probability distribution of the state.

4.1.1 Exact expressions

Obviously, in such a simple model, an exact expression can easily be obtained. Indeed

Xk ~ N(Xk,di) 5

ie.
1 1 = \9
pr(dz) = P[X}, € dx] = Jomon exp{fQ—U]% (x — X§)*} do
Pi()
where
X'kH:aX'k and a£+1:a202+02 .

The log—density of the r.v. Xj is

1 2 7 \2
log pi.(x) = cste — 5 logoj — 2—013 (r — Xi)*,

hence the logarithmic derivative w.r.t. the parameter a

0logpi 1 80,% 1 80,% -y 1 90Xy _

by = Tk TRy X —E - X

Oa (z) 207 da = 20} Oa (2 k) o da (@ k)
and
a,LLk 1 80,3 S \2 2 1 an —
wi(dz) = —-=(dv) [20% e (&~ Xk) Uk]+az 5 (&~ Xi)] p(dz)
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where
an-H = an 80']3_’_1 2 2 80‘%
=X —_— d — =2 S
da kta da an da @i ta da
. - . - OX.
In the special case where Xy = 0, it holds X =0, e - 0, hence
a
1 8o}
wy(dz) = 207 a—ak (2® = op) pw(da)
dwk

and the support of w;, the positive part of wg, is the set {z : d—(x) > 0} ={z : |z| > ox}. In the
Hi

stationary case where |a| < 1 and X, = 0, it holds

2 2 2 2
9 9 o dog  Ooj, 2a0
=02 = d o _ e 277
kT I0T T g2 an da da (1 —a?2)2’
hence
a
uk(dz) = po(dzx) and w(dz) = wo(dx) = o (z% — 03) po(dz) .

4.1.2 Preliminary computations
The transition log—density is

1 1
log q(x,z") = cste — 3 logo? — 757 (' —ax)?®,

hence the logarithmic derivative w.r.t. the parameter a

dlog q x
da (l‘,l‘/) = 72 (:C/ —ax),
and
oQ T
[(z,dz') = %(Jc,dm’) = (2" —az) Q(z,dz’) .
Differentiating with respect to the parameter a, throughout the recursion
e (do') = Quun(ds') = [ pulde) Qe de') (10)
yields
Opti41 O oQ
A n_ Yhk ’ il ’
wien (@) = D) = [ [T QLo da”) + () G (o))
hence
wr11(dr") = Quy(dx') + T pg(dz’) = / [wy (dz) + % (2" —az) pp(dr)] Q(x,dz’) . (11)
Since wy < g, it holds
’ / ’ > dwy, < ’ ’
wit1(dz') = Qug(dx') + T pg(da’) = [%(x) + = (2" —ax)] pr(dr) Q(z,dz") ,

i.e. w41 can be interpreted as the marginal of the finite signed measure wy, ;1 defined on the product space
R x R by

Wi k+1(dz, dz’) = w(dz) Q(z,dz") + pi(dx) T'(x, dz’)

dwy, z / (12)
m(:c) + e (' —ax)] pr(de) Q(z,dx") .

= |

PI n1604



18 J. Fichou, F. Le Gland & L. Mevel

4.1.3 A particle approximation scheme

Assuming that the following particle approximations

HMZ

“k%“g:NZ%g and wy ~ wh =
i=1

are available at time index k, and plugging these approximations into equations (10) and (11), yields

N
Quy Z (&, da’) (13)

N
and
1 & 3
N N _ i k i i
Quy, (da") + Ty, (da') = N ;[pk T2 (@' —a&y)] Q& dz") , (14)
which can be interpreted as the marginals of the finite signed measures m = (m‘,i = 1,---,N) and
s=(s',i=1,---,N) defined on the product space EN = {1,--- N} x R by

() = [+ S (0~ ag))] + QU6 da")

ri(z’ mi(dx')

~—

respectively. Introducing the particle approximation

1 N
N
mem Nzi=1 (h» €t 1)

and the weighted particle approximation

N
1 7
= — k(&hi1) O/ i ¢i ;
N ;r (§k+1) (Tk7§k+1)

where independently for any i = 1,---, N, the pair ({,&} ) is jointly distributed according to the proba-
bility distribution m = (m*, i =1,---, N), or using systematic sampling alternatively

ri=i and &y ~ QU dd)

and marginalizing, yields

k1 N ik = N 25€k+1

and
1 & 1 &
e X 0l = 5 Do) 0 = Dok 0
i=1 i=1
where independently for any i =1,--- | N
f/ic+1 ~ Q(fliadfﬂ/) .
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Notice that the weight

S

Prer1 =7 (Eks1) = Pk + (§k+1 adk) ,

does not depend only on the position of 5,14_1, but on the position of the pair (&, §,i+1). An approximation

of the support of w,:'H, the positive part of w1, is provided by the set {g,iﬂ , 1€ I,ﬁj} of particles with
positive weight, where

Ik+1 ={i=1,---,N: Pk+ gk (€k+1 agy) >0} .

4.1.4 An alternate particle approximation scheme

Equations (13) and (14) read

1L 1L
Qi (') = % 3" Qe ') = [ D aleha) do’
i=1 i=1
and
N / N / 1 al 7 Izc / ) ) /
Qui (da') + T pgl (do') = < D[k + 25 (2 — a )] Q& da’)
i=1
1o, &
=5 > ok + 25 (@' —ag))] (& 2)]
=1
rk+1(:c’) QﬂkN(dfcl) )
where

Tllcv+1(f5l) =

N .
Y exp{—3 (2 —a&))?}

j=1

Using systematic sampling, yields the particle approximation

1
N
~— 0 pi
k N ; Shov1
where independently for any i =1,--- | N

f/ic+1 ~ Q(fliadfﬂ/) )

and the weighted particle approximation

N N _ N E
Qup + Ty ~wyy, = E :Tk+1 €r1) 0 Phir 0 &q
PI n1604



20 J. Fichou, F. Le Gland & L. Mevel

where the weight

N Ji . _ ,
S0k (g — a&))] expl— (€ — a8))?)

Jj=1

P§;+1 = 7"1?4—1(5114—1) =

N
Y exp{—5 (G —al))’}
j=1

depends only on the position of &/ +1- An approximation of the support of w,:rl, the positive part of wg41,
is provided by the set {&F .t €] ,?;J{} of particles with positive weight, where

N, . . i
Ik+—1’_ ={i=1,---,N: T]]cv-‘,-l(fk-‘,-l) >0} .

4.2 Part B : HMM situation

Consider now the HMM situation, where the state, still described by the same scalar AR(1) model as above,
is not observed directly and where observations are available instead, which are related to the hidden state
by

Ye=cXp+sVy,

where {V},, k > 0} is a another standard Gaussian white noise sequence, independent of {W},, & > 0}, and
where only « is considered as an unknown parameter, i.e. the data Xy, og, o, ¢ and s are known. It follows
from the model that

Yi| Xp =2~ N(cx,sQ) ,
i.e.

1

sy (y—cx)’} dy ,

9(z,y)
and let

\Ilk(x) = g(ank) )
denote the likelihood function. The goal here is to design a particle approximation scheme for the derivative,
with respect to the parameter a, of the conditional probability distribution of the hidden state, given the
observations.

4.2.1 Exact expressions (Kalman filter)

In such a simple model, an exact expression can easily be obtained, via the prediction / correction steps of
the Kalman filter framework. Indeed, the prediction step reads

Xe | Y, Yior ~ N(X o1, 071)

i.e.
1 N
pirje—1(de) = P[Xy € dx | Y1, -, Y] = ——=——— exp{— 55— (& — Xpp—1)?} du,
| V2T o1 20351 |
pk|k—1($)
where
X}c\kq —aXp and U}%\kq =ad’o}_,+0o%.
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Proceeding exactly as above yields

Og|k—1 1 502 k—1 N
w1 (dT) = T‘a(dﬂf) = [W a‘a [(& = Xir-1)? = opp_1]
klk—1
1 Xk R
. 811 (= Xpjr—1) ] Hrjp—1(dz) ,
klk—1
where

OXkk—1 o X1 9071 doj_
le = Xk-1+a 5a and 7{9‘11 =2a0}_,+ad° —aka L,

The correction step reads
Xi | Y1, Ve ~ N(Xy, 07)

i.e.

1

1 ~
pr(de) =P[X, €dr | Yy, -, V3] = exp{—=— (z — Xy)?} dz ,

V2 oy 20
pr()
where the Kalman gain is defined by
co? 2
K= 5o hence 1= Kye= gy,
€ Olilk—1 + s € Ojk—1 + s
and where
2
5 5 5 5 COklk—1 A
X = X1 + K (Ve —cXppo1) = Xigpp1 + 55— (Ve — e Xppp—1)
¢ Okj—1 T8
and
s2 o2
2 2 k|lk—1
=(1-K =Kkl
O ( k C) Uk\k—l 2 013|k—1 + )
Therefore
Ok 1 9o} o o, 19X, 5
dz) = L5 (dr) = [— 2k [(z — Xp)? — = R - X d
wild) = T da) = [ G (o= £ =0 |+ 5 Gk = Ku) ] s(l)
where
OXp 52 an\kq cs? 502\k_1 A
= Y, —cXp_
94 T+ da (@02 +)  da (Vi — ¢ Xgjp—1)
and
doj, st 00711

oa (2 Thp_1 t5%)?  Oa
From the decomposition

Yi = c X1 + Ir
PI n1604
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where the innovation
Ik:Yk—ch‘k_l :c(kaXk‘k_l)JrkaN(O,si) with si:Cchilk_lJrsQ ,
is independent of the past observations Y7, ---, Yy _1, it follows that
Vi | Y1, Y1 ~ N(Ckaqui) )

i.e.

1 .
P, edy | Y1, -+, Yi1] = GXP{—ﬁ (y — ¢ Xppe—1)?} dy .
i

1
\/27T5k

9k (y)
Using the straightforward identity

n
PYi €dyr,-- Yo €dyn] = [[ PV € dyx | Yo =y, Yo = yna] = [ [ ox(ve) dun .
k=1 k=1

yields the following expression for the (suitably normalized) log-likelihood function

1 n 1 n 1 n ) 1 . )
by = - logkI:[lgk(Yk) = z_:loggk(yk) = z_:[% log(2msj,) + 752 (Y — e Xgjp—1)"] ,

and for the score function

oM 1 O 1 0s2 1 09s? 5 ¢ OXpjk—1 .
AT N P L /L VR R BNl s TN S
da n k:l[ 252 da Jr25% Oa (Vi = ¢ Xyje-1) sz Oa (Vi = e Xyp-1)]
where
dsj, 6280k|k 1
da da

Notice that in full generality

PY, edy | Y1, - ,Yi1] = / PlYy € dy, X €dx | Y1, -+, Yi_1]

o0

o0
/ PYy € dy | Xp — 2] P[Xy € dz | V3, -+ , Ye_1]

o

= / 9(z,y) Mok | k— 1(dx) ] dy

o0

9k (y)

hence the following equivalent expression for the log—likelihood function

Zloggk (Yi) = Zlog/ () prjr—1(dz) (15)

and for the score function

e aﬂk\k71 00
da  n & [ Wi (2) i (dz) " k:1[ Wy () puggo1(dz)
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4.2.2 Preliminary computations

Differentiating with respect to the parameter a, throughout the recursions

Uy (z) pii—1(de)

pr(dx) = (P, 'Mk|k—1)(d$) = x> ) (17)
/ (") puggp—1 (d”)
— 0o
and
(oo}
pesi(dn) = Quun(de') = [ pulde) Q. de') (18)
—00
yields
Og|k—1 = U ( auk\k Ld
() (dz) k( (dz) g d
wk(dl‘) - %(d:ﬂ) = o0 Ja Z% O ES) k(:c) Mklk_l( x) )
/ (") puggp—1 (d”) / (") pugp—1 (d”) / W (2") pggpo—1 (da’)
hence
wy(dx) = (Fg(trjp—1)wkjk—1)(dx)
(oo}
Uy (2)) wip—q (da’
_ U@ wrga(dr) /—oo (&) Wk () Wk () prij—1 (d) (19)
/ k(') -1 (da’) / k(") prjp—1(da’) / Uy (') -1 (dz")
—c0 —0o0 —o0
and
e T
Witk (de’) = Quyi(da’) + T px(da’) = / [wy(dz) + = (2" —az) p(dr)] Q(x,dx’) . (20)
—o00
Since wyjp—1 <K Pgjp—1, it holds Fi(ppjp—1)wWrjk—1 < ¥g - piij—1, with Radon-Nikodym derivative
dwy, d(Fr (b k—1) Wk k—1) dwg|k—1 /°° dwgjk—1, ,
—(z) = x) = x) — ——(2) (U, - _1)(dx")
dﬂk( ) d(‘I’k'Mmk—l) dlik\kq —o0 dﬂk|k71( ) (T Hilk D(dz)
and
/ / / * dwy, € / /
W1k (da’) = Qi (dz’) + T px(da’) = [~ (@) + — (@' —a2)] p(dz) Q(z,dz’) .
oo Ay o
4.2.3 A particle approximation scheme
Assuming that the following particle approximations
1 1 &
N N i
R = — 0pi and R == 1 04 , 21
Hk|k—1 ~ Hg|p—1 N ; fk\k—l n W|k—1 ~ Wg|g—1 N ;Pkw 1 €k\k—1 (21)

are available at time index k, and plugging these approximations into equations (17) and (19), yields

N N
B =Yk pgp_q = N
. —
U, (&7 ’
PI n1604 Z i k\kfl)
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and

N . .
Z Pri—1 V(1) 0

i=1

Zpi\k—l Vk(€pe1) D> Ui r) 0
1=1

j=1 é‘;ﬁlk—l

N
V(&) Z 1)

Ehlk—1

N N N
W, :Fk(ﬂk\kq)wk\kq =

k|k )

H'MZ
M=

N

N
_ J wj wi S
[z 0 ks,

N
= thkq Wi, Oz
i=1 ¢

Eklk—1

N
_ i
;[Pk\kq mek 1 §k|k .

Plugging these expressions into equations (18) and (20), yields

N
Quy (da') = Y wj, Q(€pp—y. da’) | (22)
i=1
and
N g/ Nyt al g/iflk—l ’ i i i ’
Quj; (da’) + T gy (da') = Z pk\k 1 ZPW 1 o2 (' — agk\k—l)] W Q(fk\k—pdﬂf) »(23)
i=1
which can be interpreted as the marginals of the finite signed measures m = (m',i = 1,---,N) and

s=(s',i=1,---,N) defined on the product space EV = {1,--- N} x R by

, G, digy 1 i e ,
s'(da') = [p;c\kfl + k!; - (' — a§1;|k71) _[Zpilk—l wy,]] wi Q(f;qkfudm ) -
j=1 [ —
ri(z’) mt(dx’)

Notice that

Z/ ) m? (dz) Zpk‘k 1wk,

is just a normalizing constant. Introducing the particle approximation
&
N
mrm. = — O/ i i
N 2 )
and the weighted particle approximation

N

1 J
T T X .
Z E(&hr) — N Zr 5 gk“ (lea512c+1\k) ’

where independently for any ¢ = 1,--- , N, the pair (77, fk 41 «) is jointly distributed according to the prob-
ability distribution m = (m®,i=1,---,N), i.e.

TIEN(wi7.7:175N) and fli—i—l\kNQ(fk‘k 15 )7
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and marginalizing, yields

N
N
Fhea1lk = Prp1k = 77 E Ogi -
N ~ Sht1lk

Wt~ 0 = i IETRINEL R T IRUTIE S op et
i=1 j=1 i=1
Notice that the weight
Ptk =7 k(§k+1|k ZT ’“ §k+1|k ;
where
7 T fk\k 1 T
T (Ehp1ie) = Pifp—1 T — 5 (e — a8yi—1)

i
does not depend only on the position §}€+1|k, but on the position of the pair (f;kk_l,f}cﬂ‘k).

Statistics Plugging any joint particle approximation of the form (21) into equations (15) and (16), yields
the following approximation

1 & 1 Y .
~ o kz::llog[ﬁ ;‘I’k(&iwq)] ;

for the log-likelihood function, and the following approximation

N

Lo % ZPZ\kq ‘I’k(fquq) LN

EZ llN :EZkaﬂ%a
=t Z k(Ehpp—1) et

for the score function, respectively.

Numerical results

[ Xo| a3 | a]od®] c]s] N (# particles) |
(001005 L0 ] 1.0 ] L0 ]| 1000, 5000, 10000, 50000 |
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Log-likelihood
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4.2.4 An alternate particle approximation scheme

Equations (22) and (23) read

N N
Qui (da') =Y wi Q(€pmyy dr’) = [Y wi, alElyy—y,2)] da’
i=1

i=1
and
Nyt Nyt X j dflkf1 ’ i i i /
Quwy, (dz’) + 'y (da') = Z pk|k 1 mek 1% o2 (' = a’fk\kﬂ)] W Q(fk\kfhdm )
i=1
z j fiiﬂ\k*l ’ i i i ’ /
= [Z pk\k 17 Zpk\k 1 02 (2’ — a§k|k—1)] Wk Q(§k|k—17$ )] dx
i=1
= rljcv+1(=’5/) ng(d:c’) )
where

. %wl : e
Z pk\k 1T (@' —a &) ] wp a(§ppys2)

N
N = .
T (2') = - [Zpiucq w
. . —
S a(€ly ) )
=1

<.
=

ol 3
klk—1 1 j j
Doy + o (@ —afl )] el ep{-3 (@ el )’}
= = - [Zpimq w
Zwi exp{—1 (2 —a g}, _,)*}
j=1

<
=

Resampling yields the particle approximation

Qul = =5 D
where independently for any i =1,--- | N
flicﬂ\k ~ Qﬂllcv(dml) )
which can be achieved for instance by taking
G~ (de)  and g~ Q& do')
or even more explicitly by taking
T~ (Wl =1, N), & EW L and gy, ~ QG da)

and the weighted particle approximation
1 1 &
N N N N (i i
w; + T ~w = — r 0 i = — Opi
Q wy, M k+1lk = 77 ;:1 k+1(§k+1\k) g;ﬁl‘k N i§:1pk+1\k ngchl\k )
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where the weight
N
i _ N (i _ J=t
Pryilk = Tk+1(§k+1|k) =

J
klk—1
02

Z[piucq +— (§}i+1|k - a’fi\k—ﬂ] ‘*’i exp{—% (flicﬂ\k - G§Z|k—1)2}

N
Zwi exp{f% (flzc+1|k - afi‘kﬂf}
j=1

N
- [Zp;dkfl wi] 5
j=1

depends only on the position of §}i+1|k.

Numerical results
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Log-likelihood Density
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4.3 Part C : 2—dimensional case

We consider now the following model :

{Xk+1 = X, + W

Yo = HX,+ Vi, (24)

where {Wy, &k > 0} and {Vi, k > 0} are standard Gaussian independent white noise sequences, with
covariance matrix ¥ and S respectively. Here
S fi2
F =
(f21 f22

is considered as an unknown parameter and X ~ N(X'O, o). It follows from the model that
Xk;Jrl |Xk :IL'NN(FIC,E) s

i.e.

{,l (' — Fa)*>7 (2 — Fx)} da'

Q(z,dr') =P Xg1 €da’ | X = 2] = 5

1
— ex
21/ det 2 P

q(z, ")

and
Yk|Xk:INN(H$,S),
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i.e.

1
PY, €dy | X =2] = exp{fi(nya:)*S*1 (y—Hux)} dy,

1
2m7Vdet S

g(,y)
and let,
\I/k(.lﬁ) = g(I,Yk) B

denote the likelihood function. The goal here is to design a particle approximation scheme for the derivative,
with respect to the parameters fi1, f12, fo1, fo2, of the conditional probability distribution of the hidden
state, given the observations.

4.3.1 Exact expressions (Kalman filter)

In such a simple model, an exact expression can easily be obtained, via the prediction / correction steps of
the Kalman filter framework. Indeed, the prediction step reads

X [ Y1, Y ~ N(Xk|kflvzk|kfl) ;

i.e.
pijp—1(dz) = P[X} € dw [ Y1, -, Yi 1]
1 1 N .
= ————— exp{—=(z— Xpp_1)" Sk (x— Xppo dx ,
QW\/W Xp{ 2( k|k 1) k|k71( k|k 1)}
pk|k71($)
where
X1 = F X1 and Sipo1 = F S FF+ X

The log—density of the r.v. X | Y1,---,Y5_1 is
log pjk—1 () = cste — % log det j,—1 — % (x — )A(k‘k,l)* Z;‘}v_l (x — )A(k‘k,l) ,

hence the logarithmic derivative w.r.t. the parameter § where 6 € {f11, fi2, fo1, f22}

51 ddet Ek|k—1 aX
OZ Pk|k—1 _ 1| 00 klk—1\x w—1 %
o8 () = 3 det Spp1 +( 20 ) zk|k71 (= Xpjr—1)
. )i R . OX i
— (7 — Xpjp—1)" i Ly G Xigjr—1) + (@ — Xppp—1)" iy AR
00 | o7}
and
Ot - Olog pyx—
wk|k—1(d$) = 8|9 . (dz) = %(m)ﬂklkfl(dx) )
where
Xy OF OXn1
—_— = — X_ F
00 o6 T o
82k|k_1 oF 00Xk _1 oF
— = — Y, F*4+F Fr+FY,_ 1 (=)"
06 gg DT A E e FT A FEea (50)7
0 det Ek|k—1
00 klk=1 -1
N o/ )
det Spp_s tracel —55— Skl
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and

The last equality comes from the differentiation of X, _; ¥

—1
Oy hs s-1 OXgk—1

-1
90 k=17 gp Ek\kq :
;‘i_l = I. We have used the following result :

Proposition. If U is an invertible d x d matriz, then

Odet U
00 _ a_U -1
et U trace[ 50 U—].

Proof. Writing U = (dy,- - ,ig4), we have

TN ANig=det U (EL A AEy),

where (€1, ,€y) is the canonical basis. Differentiating w.r.t. the parameter yields

9
06

Let i _ Y v;; U, hence
- ig Wy
o7} =
0
%(Ul A A Ud)

and it follows that

d

(gl/\.../\

Uq)

odet U R
= 55 (E1 N+ NEy)

—

d
. . ou; .
= Zul/\---Aui_l/\%/\umA---/\ud.
=1

d
= E ’Uij(ﬁ'l/\“'/\ﬂi,lAﬂiAﬂjAﬁi+1A"'Aﬁd
5,j=1
n

= [> vi] det U (&1 A+ AEa)

T i " ki — . 1 kj
Writing u; = g U;j €k, and € = g u™ @, with U™" = (4™ )1<j k<q- We have

k=1

hence

YT 290

k=1

The correction step reads

=1
ddet U "
T == [;’U”] det U .
d
j=1
Dili o Ok . N~ Otk g
38— 2 0 ’C*Z[ a0 “ 1
k=1 j=1 k=1
n d au
ki and Zv” aék = trace[ — U] .
i=1 ik=1

Xy | Vi, Vi ~ N(X, 2
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i.e.

1 1 X X
- ——(z—Xp)* S Yz — X))} d
NG exp{—5 (z — Xp)" By (z — Xp)} dz

pr()

pr(de) =PXy € de | Ya, -+, Y]

where the Kalman gain is defined by

* * -1
Ki = Spp—1 H* [H Sy H* + Y]

and where
Xk = Xk“c—l + Ky, (Yk *HXk\k—l)
and
Y=~ Ky H)Xgp—1 -
Therefore
8det Ek .
dlog px 1 90 OXk s o1 A
= = — 2 _X
89 (.T/') 2 det Ek: ( 89 ) k (m k)
NI ) St . N 0X},
(g — Xy Y2k _X X ) 28
(&= Xi)" 5= (r = Xi) + (2 = X0)" B 27|
and
Ok _ Ologpg
wi(de) = — (dr) = ——7=(z) p(dz) ,
where
0X}. an\kq 0K}, 5
—— = [-KH —+— Y. - HX
o0 ( w H) 50 + 20 (Vi klk—1) 5
o) S S
R T
8det Ek
"0 e P g
s - trace| 50 .,
O 0% k-1
— = (I-K,H
56 ) =5
and
0K, 0%k 1 O kk—1 1
kR _ [ ZEEw > H .
90 [ 0 klk—1 T 2k 90 ]

-1

The last equality is obvious since ¥ Ek‘ o1

=1 — K}, H, and we have used the following result :
Proposition. If Q and R are two symmetric, square and positive definite matrices, then

(H*R'"H+Q ")'=Q-QH*"(H'QH+R) "HQ .
PI n1604
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Proof. We have
H*QH+R>R and H*R'H+Q '>Q!
hence H*Q H + R and H* R~' H + Q! are invertible. It is now easy to check that

Q-QH (H*QH+R)™HQ|[H" R H+Q']

We have
Sk =Skt — Skpp—1 H* (H Syt H* + S) 7 H Sy
hence
-1 * g—1 —1
Spl=HUSTUH S

and

_ —1
s, % -1 OXkk—1

_ O2klk—1 -1

o6 - o6 - k|lk—1 o6 Ek\kfl :
It follows from

-1
Yk Ek\kq =1—-KyH,

that

0% 0¥ k-1

— =(I-KyH I - K, H)*

50 ( xH) 20 ( r H)
From the decomposition
Y, = HXk\kq + Iy,
where the innovation
I :Yk*HXk\k—l = H (Xp, — Xpjp—1) + Vi ~ N(0, Si) with Sp=HXpp1H + 5,

is independent of the past observations Y7,---,Y,_1, it follows that
Vi [ Y1, Yioq ~ N(HXk\k—lek) ;
i.e.

PlYyedy| Y1, -+, Yio1] = exp{—1 (y — H Xpjp1)" S;* (y — HXk\k—l)} dy .

1
27r\/det Sk

9k (y)

Using the straightforward identity

n

n
PYi €dyr,-- Yo €dyn] = [[ PV € dyx | Yo =y, Yo = ysa] = [ [ ox(we) dun .
k=1 k=1

QH*R'H+I-QH*(H'QH+R) " (H*QH+R-RR'H-QH"(H'QH+R)'H
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yields the following expression for the (suitably normalized) log-likelihood function

1 2 1 &
by, = - logkI:[lgk(Yk) = z_:loggk(yk)

1 S _
= cste — - Z[% log det Sy + 1 (y — H Xppp—1)" S, Ly — HXpp-1)],

k=1
and for the score function
. 0 det Sk .
afn 1 i 69 8Xk|k71 1 A
= — — H *S — H X
96~ an 2| A sy T g ) S 0T H Xk
N . 8571 N an k—
—(y — H Xpjp—1) 82 (y— H Xpjp—1) + (y — H Xppp1)* Sy ' H 8‘9 =
where
Sk 08| k—1 95! | OSy,
— =H H* d =-S5, St
0 0 an 0 k90 Ok
Notice that in full generality
PY, edy| Y1, - ,Yi1] / PlYy € dy, X €dx | Y1, , Yi_1]

3

/ PYy € dy | Xp = 2] P[Xy € do | V3, -+ , Ye_1]

8

= / 9(z,y) Mok k— 1(dx) ] dy

o0

9k (y)

hence the following equivalent expression for the log-likelihood function

Zloggk Vi) = Zlog/ (@) pojp—1(dz) (25)

and for the score function

00 o o0
" / Uy (x) HAlk— “( n / Ui(@) wyjk—1(dz)
U 1y~ Joo i 712 e (26)
9 n > T > '
[yt / Wy () pgp—1(dx) " kzl/ Ui () prggpr—1(de)

4.3.2 Preliminary computations

We have to design a particle approximation scheme for the derivative w.r.t. fi1, fi2, f21, f22. The transition
log—density is

logg(z,2’) = cste — 1 log det £ — L (2/ — Fa)*S7 ' (2/ — F ),

/
with ©71 = ( Zu X2 ) x = (x1 ) and 2’ = (x} ), hence the logarithmic derivative w.r.t. the parameter
Y12 Yo T2 T
0 is
1 OF

— )Y (@~ Fa)+ (o — Fa)* 2! 5 x],
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and w.r.t. the parameters f11, fi2, f21, fo2

Olo
8f1g1q (7,2") = x1 211 (2] — fuu @1 — fr2@2) + 21 D12 (2h — far 21 — far 22) ,
dlo
afiq(:c,:c’) = 22 %11 (¢} — fuar — fr222) + 22512 (25 — far 21 — fa2 22)
01
a;iq (z,2") = @1 X2 () — fri@r — frz@2) + 21 D2 (25 — fr 21 — far 32)
01
8;g2q(:v,x’) = 22 12 (27 — fr1 @1 — fra@2) + 22 Xao (25 — for 21 — fao 2) ,
2
and
Nedo') = 2 0. an!) = 1(0.0%) Qo)

where 6 € { f11, f12, f21, f2o}. Diflerentiating with respect to the parameter 6, throughout the recursions

Uy (z) piir—1(de)

pk(dx) = (W 'Mk|k—1)(d$) = T ) (27)
/_ W (") pugp—1 (d”)
and
sk (dz) = Q i (da') = /jo pix(dx) Q(x, dz’) (28)
yields
Ol 1 e aﬂk\k 1
/_ Wi (2") g1 (da’) / Wi (2") g1 (da’) /_ Wy (") puggp—1(da’)
hence
w(dz) = (Fi(prk—1)wrp—1)(dz)
W@ wgppoa (d) [oo V(@) wip (d) Ui () pgjo—1 (de) (29)
[ @) [ @) mpe @) [0 (o)
and
Witk (de’) = Quy(da’) + T pg(da’) = /jo [wi(dx) + I(z,2") pr(dz)] Q(z,dx") . (30)

Since wyjp—1 <K pjp—1, it holds Fi(ppjk—1)wrjk—1 < Wi - pijr—1, with Radon-Nikodym derivative

dw

) =

d(Fy () k—1) Wk k—1) dwy|k—1 /OO dwyk—1, , ,
T) = T) — —(2") (P - _1)(dx")
d(Wg - pgjk—1) A k-1 —oo Aptkjk—1 ) (T pg—a) ()
and
* dw
Wiy 1)k (d’) = Qi (da’) + T py(da’) :/ [W:(x) +I(z,2") ] px(dz) Q(z,dx’) .
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4.3.3 A particle approximation scheme
Assuming that the following particle approximations
Likjk—1 & 17 :iz(g. and Whik—1 = W :izpi O (31)
[k— klk—1 N = §k‘k,1 lke— klk—1 N P klk—1 gk“kflv
are available at time index k, and plugging these approximations into equations (27) and (29), yields
U (
N N Z k 5klk 1) gk‘k L N
N N Zw 5§k|k 1)
i=1
Z‘yk(fi\k_ﬂ
j=1
and
N
mek 1 Uk(Ehpe1) O €t D Phier V(&) Z‘I’k Ehpe—1) 0 €y
=1 Jj=1 B
“’I]cV:Fk(ﬂg\k—l)wﬁk—l = - N
Z ‘I/k(giuc—ﬂ Z ‘I’k(fi\k—ﬂ Z ‘I’k(giw—ﬂ
j=1 j=1 j=1
N N N
= 1 Wh O - J w! Wi 8.
;Pkw 1 Wk §k|k71 [;pklk—l ] ; k §k|k71
N N 4
= Z[p;c\k—l - [Zpi|k_1 wy, 1] wy, 55’ .
— — klk—1
i J
Plugging these expressions into equations (28) and (30), yields
N
Qi (da') = Y wi, Qs da’) (32)
i=1
and
N
Quy (') + T Y (da') = [Py — me LR I 7) ] w0 Qo da’) . (33)
i=1
which can be interpreted as the marginals of the finite signed measures m = (m',i = 1,---,N) and

s=(s",i=1,---,N) defined on the product space EN = {1,--- N} x R by

s'(da') = [prpp_r + T(Epprr @ mek Lwr]] v Q&1 da’)
r(x’) mt(dz")

Notice that

Z/ ) m? (dx) Zpk‘k 1 ,

is just a normalizing constant. Introducing the particle approximation

N z; Tka ’

€k 1 k
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and the weighted particle approximation

where independently for any ¢ = 1, -

ability distribution m = i=1,-

i

(m?,

N(wiv‘j:]_’...,

and marginalizing, yields

1
N
1|k & Hipie = 77 E Ogi :
N = §k+1\k

1 N .
) [y 2T €)1 0 g
j=1

N)

N
W1k = wk+1|k = N Z §k+1|k

Notice that the weight

where

7
Pry1k =

7 .
vk (Skt1/x)

and

glchrl\k ~

o
Zr Gl

(§k+1|k

1
N

N

§k+1|k

Qe

Tk7§;c+1|k) ’

7
k /
‘k,ladx) )

Zpk+1\k 0

j
-
§ :7" R ( §k+1|k )

i i _
- pk\kkﬂ + I(gkfkfl’g;c-i-l\k) )

i
does not depend only on the position §}€+1|k, but on the position of the pair (f;’“k_l,f}cﬂ‘k).

Numerical results

[ Xo | %o ] F | = | S ][ N (# particles) |
0 10 0.8 0.2 10 10 10 1000, 5000,
0 01 0.1 0.7 01 01 01 10000, 50000

SERTT

, N, the pair (7{, & +1| «) is jointly distributed according to the prob-
,N), e
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Score of F(1,1) Score of F(1,2)
0.7 0.2
0.61 ~ Kalman 01 ~ Kalman
0.5 ~ Particle : 7articlc
0
0.41
Approximations made 0.31 —0.
with 1000 particles 0.21 _02|
0.1
—0.
(O im
N o4
—-0.4
02— 7T —0.5+——T—————T——T——T——T——1—
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Log-likelihood Score of F(2,1) Score of F(2,2)
0 1.2 0.4
— Kalman 1.01 ~ Kalman 03 — Kalman
—H ~ Particle 0.8 ~ Particle 02 ~ Particle
0.6 0.1
=2 0.4
0
0.2 o1
-3 0 VAVW e
W —02 7
—4 04 —0.3
—0.6 —0.4
B —O B —05
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Score of F(1,1) Score of F(1,2)
0.7 0.2
0.61 ~ Kalman ~ Kalman

| ~ Particle /k ~ Particle
05 ol A yE

0.4 o DA
Approximations made 0.3 —0.1
with 10000 particles 0.21 02
0.1
-03
0

' o
—o.H —0.4
02— —0.5+——T—————T——T——T——T——1—
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Log-likelihood Score of F(2,1) Score of F(2,2)
0 0.9 0.4
~ Kalman 0 ~ Kalman 03 — Kalman
—H ~ Particle ~ Particle 02 ~ Particle
0.5 -
0.1
9l 0.31
0.1 0
-3 o1 ‘VA“W —0.h
W N 7
—0.3
—4 —0.3
—0.5 -0.4
=5 T U U 0.7 T T T T T T —0.5 T T T T T T
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
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4.3.4 An alternate particle approximation scheme

Equations (32) and (33) read

N N
Qui (da') =Y wi Q(€pmyy dr’) = [Y wi, alElyy—y,2)] da’
i=1

i=1
and
szjcv(dml) + FMkN(dﬂfl) = Z[P'Lmq - [Zpgv\k—l wy ]+ ](ffc\kﬂ’x')] wj, Q(fi\kfudml)
i=1 j=1
= [Z[Pz\kq - [prqk_l wy, ]+ I(glzqk—lax/)] wj, q(§11c|k—1730/)] dx’
i=1 j=1
= 74 (@) Q i (da')
where

WE

[pi\k,1 +I(§i‘k71,z/)] wi Q(fim,px/) N
TllcVJrl(x,) = N - [prgucq wy |
) ) —
Zwi Q(fiw_px/) ’
j=1

~
Il
—

WE

[pi\kfl + I(gi‘k,pl'/)] wi exp{f% (:C/ - ng‘kfﬁ* Eil (l‘/ - Ffi“c,l)} N
= ~ *[Zpgc\kq wi,] -
. . o i =1
> wl exp{—3 (&'~ F&, ) =7 (@ ~ P&} ’
j=1

~
Il
—

Resampling yields the particle approximation

N
1
N, N
~ = — 5 i 5
Q1 = Mgk N ; 3

where independently for any i =1,--- | N
flicﬂ\k ~ Qﬂzlcv(dfvl) )
which can be achieved for instance by taking
gltc ~ MkN(dx) and g}c—i—llk ~ Q(gllwdxl) )

or even more explicitly by taking
i P -~ s ; o
Tli ~ (Wiaj =1,-- 7N) ) gllc :gk‘kk,1 and glchrl\k NQ(gltcvdxl) )
and the weighted particle approximation
N

1 _
= — 4 5. ,
N ;pk+1\k 5k+1\k

N
1 _
N NN N _
Quy + Ty =wily, = N E Tiet1 (Eg)i) 5&1“%
=1
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where the weight

_ N
Pi+1\k = 7“k+1(§12+1|k)
N

Z[pi|k_1 + I(§i|k_17§11+1|k)] wi exp{—% (flic-i-l\k - ng“f_l)* 2_1 (flic-i-l\k - Ffi‘k_l)}
j=1

N
Yotk exp{=5 G = F &y 1) =7 G — F &)}
Jj=1

N
- [Zpilk—l wil,
j=1
depends only on the position of §Z+1|k.

Numerical results

[ Xo [ % | r | X | H | S || N (# particles) |
0 10 0.8 0.2 10 10 10
(0) <o 1> <0.1 0.7> (o 1) <0 1) <o 1> 1000, 5000

Score of F(1,1) Score of F(1,2)
0.7 0.2

0.6 — Kalman 0.1 — Kalman

0.5 ~ Particle .0 A /k\ 7fg’article

S Y
0.4 ot
Approximations made 0.3 o
with 1000 particles 0.21 ’
-0.3]
0.1
0 —0.

! A
—0.H —0.
=0. UL S SR S —0. T T T T T T T T
0 10 20 30 40 50 60 70 80 90 100 L{) 10 20 30 40 50 60 70 80 90 100
Log-likelihood Score of F(2,1) Score of F(2,2)
0 1.2 04
— Kalman 1.01 ~ Kalman 03 ~ Kalman
—H ~ Particle 0.81 ~ Particle 0.2 ~ Particle
0.6 0.1
2 0.4
0
02 0.}
- o VAW o
L/\MH‘-’—*”” —02 07
—4 -0.4 —03
—-0.6 —0.4
ST -0.8———T————T——T———T—T—T— 05—
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
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Score of F(1,1) Score of F(1,2)
0.7 0.1
0.6 ~ Kalman \ /jk ~ Kalman
051 ~ Particle Y u N 't
0.41 —0.4
Approximations made 0.3
. . -0.2
with 5000 particles 0.21
0.1 0.3
(0]
' ~ -0.4
—0.1
-0 —0.5

. U S S S S S 05—
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100

Log-likelihood Score of F(2,1) Score of F(2,2)
0 0.9 04
— Kalman 0 — Kalman 03 — Kalman
—H ~ Particle ~ Particle 02 ~ Particle
0.51 §
0.1
_D 0.34
0.1 0
_3 i vAv —0.}
L/\/W e 7
—0.3]
—4 —0.3
—0.5 -0.4
=5 T U T 0.7 T T T T T 0.5 T T T T T T
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
4.4 Part D : General case
In this last section, we consider a more general model :
Xir1 = F X+ Wy (34)
Yo = HXp+ Vi,

where {Wy,, k > 0} and {Vi, k > 0} are standard Gaussian independent white noise sequences, with
covariance matrix ¥ and S respectively. Here
fir o fime hip -+ him 0 --- 0
F=| i and  H=| i .1
fmll fm/m/ h’!‘l h'r'm 0---0
are considered as unknown parameters and X, ~ N(Xp, o). As X is a vector with 2m rows, we set m’ = 2m.
It follows from the model that

Xk;Jrl |Xk:£L'NN(FCL',E),

ie.
Q(z,dr') =P Xy €da’ | X = 2] = L exp{f1 (' = Fa)*> (2! — Fx)} da’
’ (2m)™' /2 \/det © 2 ’
q(z,2)
and
Yk|Xk:£L'NN(Hl‘,S) 5
ie.

m 1(?J—Hﬂc)*s_l(y—HJU)} dy ,

PY,edy| Xy =2z]= 5

exp{—
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and let
\I/k(.lﬁ) = g(I,Yk) B

denote the likelihood function. The goal here is to design a particle approximation scheme for the derivative,
with respect to the parameters fi1, -, fimrms, P11, -+, Arm, Of the conditional probability distribution of
the hidden state, given the observations.

4.4.1 Exact expressions (Kalman filter)

In such a simple model, an exact expression can easily be obtained, via the prediction / correction steps of
the Kalman filter framework. Indeed, the prediction step reads

Xi | Y1, Yaor ~ N(X g1, Skjp_1)

ie.
pij—1(dr) = P[Xy €dw [ Y1, -, Yi 1]
= @ \}m eXP{*% (x — Xpp—1)” E;Zﬁc,1 (x — Xppe—1)} dx
pk|k71($)
where
Xpppo1 = F Xi1 and Skpo1 = FSp 1  FF+ 3.

The log—density of the r.v. X | Y1,---,Y5_1 is

log pyjk—1(z) = cste — 3 log det Eyp1 — 5 (2 — Xppp1)* E;Zﬁc,1 (z — Xijp—1) »

hence the logarithmic derivative w.r.t. the parameter 6 where 8 € {f11,-- , frm/, h11,- , hrm}
ddet Ek|k—1 .
0log prjr—1 1 90 OXpk—1\4 <1 N
= i L = 1 |- 2 — Xiip—
90 (I) 2 det Ek\k—l + ( o0 ) k|k—1 (37 k|k 1)
oy L 0X
; « 9%k k- 5 5 o k|k—

— (2 — Xpjp—1) # (= Xpjp—1) + (. — Xpjp—1) Zk‘i_l # ,

and
Otgk—1 0log prk—1
w1 (dz) = T;(dﬂf) = Ty(fﬂ)ukwq(dﬂf) ;

where

aX}c\kq oF OXp1

el L S O

06 96 Tt T
8Ek‘k_1 OF 0¥k 1 OF
— = — Y, 4+ F———F"+FY_ (=)
06 gg DL E A e T F R (5g)7
0 det Ek\k—l
00 klk=1 -1
— 9090  _y ¥
det Sy race[—5p— Zapa ]
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and
-1
et oo Ot oy
90 = T TElk—1 90 klk—1 -
The last equality comes from the differentiation of X, _; E;‘i_l =1.

The correction step reads
Xk | Ylv"' 7Yk NN(XIC)EIC) )

i.e.

1

1 . .
pr(dr) =P[X), €dx | Y3, - ,Y3] = —= (v = Xp)* 2 (@ — Xp)} da

(27 )™ /2 /det S exp{=3
pr()

where the Kalman gain is defined by

* * -1
Ky = Spp—1 H* [H Sg—1 H* + X

and where
Xie = Xpppo1 + Kie (Vi — H Xjp—1)
and
Sp= (I — Ky H) Sy -
Therefore
Jdet Ek R
91og pk 1 06 Xy -1 o
=1 - Sl - X
90 =2 T qer s, e ) B (B X
) s . C el OX,
7(Z7Xk) ag (l'*Xk)+(x7Xk) Eklw s
and
O 0log py
wn(d) = S () = TEPE (0) g ()
where
0X OXppo1 0K X OH
0 (I_KkH)T"’W(Yk _HXk|k71)_KkWXk|kfl ;
o, ! L 0%k
= > —3
o7} k99 Tk
0 det Ek
90 _ 0%k 1
ot 3 el Bl
0%y Ok 0Ky 0
— = [ -K.H — H+K,— |2
89 ( k ) 89 [ 89 + k 89 ] klk—1 »
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and
0K, 0H 1 OBk 1
— = Y (— )" [HYpp1 H* + 2 ——— H"'HYy 1 H +32
20 klk 1(89) [H X1 H* + %] + BT [H Spjp—1 H* + X
. ., w-1 |9OH . N - OH .,
— Sippor H* [H Sgpo H + 5] WZWAH +H#H +sz|kfl(W)
[H Sy H*+ 37"
From the decomposition
Ve = H Xy + Ik,
where the innovation
I :Yk*HXk\k—l = H (Xp, — Xpjp—1) + Vi ~ N(0, Si) with Sp=HXpp1H +5,

is independent of the past observations Y7, ---, Yy _1, it follows that
Yk | Y17 e 7Yk—1 ~ N(HXk\kflﬂs’k) )

i.e.
1

P dy Y el = o ae s

exp{—3 (y — HXk\kq)* Sty — HXklkfl)} dy .

9x(y)

Using the straightforward identity

=

n
Py € dyr,---,Yi € dys] = [[PYk € dye | Y1 = w1, Y1 = vka] = [ ] 9w (un) dusc
k=1

k=1

yields the following expression for the (suitably normalized) log-likelihood function

1 n
b=~ log [ [ gx(%3)

1 n
- > log (Vi)
k=1 k=1

n

1 5 _
= cste — % Z[log(det Sk) + (y — HXk\k*l)* Sk ! (y — HXk|k71)] 5

k=1
and for the score function
ddet Sk .
oty 1 & 90 an\k—l OH N
96 " 2 | aens, T H g g Kk S H Ki)
k=1
. as,;l N
—(y — H Xpgjp—1) (y — H Xpjp—1)
ol
~ % o an k—1 OH -
+(y— H Xgjp—1)* S; ' (H 819 WXk\k—l) ,
where
oS, OH 0% k-1 OH oS, 108k 4
ok e H + H H*+HY Sy — g1 %ok g1
00~ g -1, +H 2 () and a0 = Ok g
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Notice that in full generality

o
P[YkEdy|Y1,--- ;Yk—l] = / PYkGdy,XkEd$|Y1, 7Yk—1]

o

= / P[Yy € dy | X = 2] P[X €da | Y1, -, Yi_1]

o0

= / g(z,y) Mok k— 1(dx) ] dy

o

9x(y)

hence the following equivalent expression for the log-likelihood function

Zloggk (Yx) = Zlog/ () prjr—1(dz) (35)

and for the score function

e Opk|k—1 0V (z)
o 1o M T+ T @)
00 e
oyt / () ppejr—1(de)
e OV (x
1 /_OO Uy (2) wyjp—1(dz) + 59( )Mk|k71(dx)
T n
k=1

/ " W) uagps (de)

— 00

4.4.2 Preliminary computations

We have to design a particle approximation scheme for the derivative w.r.t. fi1, -, fovrms, P11, 5 Brme
The transition log—density is

log g(z,2") = cste — 1 log(det ©) — % (2' — Fa)*S7" (2/ — Fa) |

hence the logarithmic derivative w.r.t. the parameter 6 is

I(z,2') = alggq(x,x’) =1 [(Z—Zx)* Sl — Fa)+ (2 — Fa)* £ %—gx] ,
and
[(z,dz’) = aag (x,dz’) = I(x,2") Q(z,dz")
where 0 € {fi1, -, fm'm’, P11, -, hem }. Differentiating with respect to the parameter 6, throughout the
recursions
Uy (x) pg|p—1 (dx
pr(dx) = (U, - pgjp—1)(dr) = —=5 () i (d7) ; (36)
/ (") puggp—1 (d”)
and
pesii(dn) = @) (dx') = [ pulde) Qe de') (37)
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yields
Okl k-1 o aﬂk\k L
(i) = D gy _ ) g e B e g )
k - 90 - 3 ES) , ,
[ (") pugpp—1 (dz’) / (") puggp—1(dz’) [ Wy (') pg)p—1(d’)
Olog W alog Uy 2 2 o
. égoook(m)\lfk(m)ukwl(dx)_/_oo 7802 (") U (2") pg|p—1(da’) Ooq/k(x)uk‘k,l(dm) |
| ) e (a) [ owe@mes) [ ) me )
hence, with Si(x) = aloage\llk (x)
wy(dz) = (Fk(ﬂk|k71)wk|k71)(dx) + (Gk(ﬂkm—l))(dx)
_ Uy () wk\k—l(dfﬂ) B /_oo ‘Ilk(xl) wklkil(dxl) Wy (z) ﬂk\k—1(dfﬂ)
[ @@ [ @ me @) [ ) ()
. Si(x) ‘I’k(x),uk\k,l(da:) B [m Sk(x/) \Pk(x/)ﬂk\k—l(d:c’) ‘I/k(w)ﬂk|k71(d$) |
[ n@me) [ w@ ) [ ) i)
and
Wiy 1)k (de’) = Quy(da’) + T py(da’) = /_OO [wi(dz) + I(z,2") pr(dz)] Q(z, dz’) . (38)

Since wyp—1 <K pijk—1, it holds Fr(ppp—1)wWrp—1 < Vi - pjp—1, and Gr(pgp—1) < Vi - ppjp—1 with
Radon—Nikodym derivative

D g PR (0 4 () — / B 1) 15 (0] (W - g ) ()

dpuk duk\kq —o0 dlik\kq
and
/ ’ / * dwy, ’ ’
Wik (dr’) = Quy(da’) + T puy(da’) = [m(x) + I(z,2") ] pi(dz) Q(z, dx’) .
—o0
4.4.3 A particle approximation scheme
Assuming that the following particle approximations
[ik—1 & Jp| =i25' and Wijk—1 ~ W =izpi O (39)
[ke— klk=1 = e fk\k—1 [k— klk—=1 = 7 v k|k—1 fk\k—1 )

are available at time index k, and plugging these approximations into equations (36) and (38), yields

fklk 1 g;’dk_l

H'Mz

)

||Mz

N N
M = W ki = §k|k 1

WE

W i\kq)
1

<.
Il
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and

=

N N
> Pk ‘I’k(ﬁi\k_ﬂ%lilk_l D P Ve Z k(Ehpr—r)

N i=1 =1 =1

wy, = -
\Ijk(fiucq)

§2|k—1

k|k )

H'Mz
M-
.MZ

\I’k(fimq)

1

~
Il
—

J

M-

ZSk fk\k 1)‘I’k(€k\k 1) 0 §|k L

+’Ll _

N N N
E: k\kl E: k|k1 E: k|k1

Sk(gimq) qjk(fi\kq) Z‘I’k(fi\k—ﬂ 0
i=1

1 512|k71

J

N N
= Z[Pkuc 1+ Sk( gk\k 1) Z Pk‘k 1+ Sk( fk‘k ) Wk” wj, 552%_1 .
i=1 j=1
Plugging these expressions into equations (37) and (38), yields
N
QukN(dxl) = Zwllc Q(flz\k—ladx,) ) (40)
i=1
and
N N
Quy (da') + T pyf (da’) = Z[pk\k 1+ Sk( §k|k 1) Z pk\k 1+ Sk( §k|k 1)) wi ]
i=1 Jj=1 (41)
I(gli\kfl’zl)] wi Q(glic‘kflvdxl) ’
which can be interpreted as the marginals of the finite signed measures m = (m',i = 1,---,N) and

s=(s",i=1,---,N) defined on the product space EN = {1,--- N} x R by

N
Si(dfc ) [pk\k 1 + Sk(gk\k 1) =+ I £k|k 1, Z pk\k 1 + Sk gk\k 1)) Wk” W?; Q(flicw—lvdx/) .
. =1 —
r(a’) j mt(dz")

Notice that

N e N
Z/ ) m? (da') Z pk|k 1+ Sk( §k|k D)) wk ’
j=1 j=1

is just a normalizing constant. Introducing the particle approximation
1N
N
msm" = — 0 i s ,
N 20 )
and the weighted particle approximation

. 1 N j
k T ( P
7“ €k+1\k N ZT €k+1\k (Tli7§ltc+1|k) P

||Mz
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where independently for any ¢ = 1,--- , N, the pair (77, fk 41 «) is jointly distributed according to the prob-
ability distribution m = (m®,i=1,---,N), i.e.

i i i Ti
e~ Wi, j=1,---,N) and Sl ™ Q(fk\kkfpdx/) ,

and marginalizing, yields

1
N
1|k & Hipie = 77 E Ogi :
N P €k+1\k

2

N

Whi 1|k w;iv+1|k = E r k §k+1|k 1 E :TT’Z (S 1] 0gi - = Zp;@rl\k Ogi :
N §k+1|k N p S|k

Notice that the weight

N
Ly
Pk+1\k =r k(§k+1|k N ZT k( §k+1|k )

where

Th (i u 7 g i
TR (i) = Prfp—1 T Sk (1) F L&kt Shprii) -
does not depend only on the position §,i+1|k.

4.4.4 An alternate particle approximation scheme

Equations (40) and (41) read

N N
Qui (dz') =) wi Q(€pprrda’) = 1D wh alEhyp,@)] da’
i=1 i=1

and
N N
lejgv(dx/) JFFﬂch(de/) = [Z[Pk\k 1+ Sk( §k|k 1) Z pk|k 1+ Sk( §k|k 1) wk]
i=1 j=1
I(Epem1r @) ] i a(Ehpors @) ] da’ = il (2) Q i (da”)
where
N . .
Z[pk\k 1+Sk(§k|k 1)+I(§k|k 17 )]wi q(§£|k,17xl) N
@) = = < I3 Py + Sk 1)) wh]

j j j=1
> wlal€_y-) !
j=1

Mz

D [Phjp1 + Skl€lp ) + 1(Gpprsa) ] wp exp{=3 (@' = F &y )" 37" (@ = F & 1)}

<.
Il
—

N
R R (SULRICE

N
Z pk|k 1+ Sk( §k|k 1)) wk] .
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Resampling yields the particle approximation

1
N N
~ - =5 1) 7 )
Q pr, Hi+1)k N ; €k+1\k

where independently for any i =1,--- | N

fzi+1\k ~ Quff(dm’) )
which can be achieved for instance by taking

glzc ~ MkN(dx) and glic—i-llk ~ Q(f;,d:ﬁ/) )
or even more explicitly by taking
T]iN(w‘]]ca.jzla 7N) ’ fk_fk\k 1 and €]Zc+1‘kNQ(§]Lg7dml) )

and the weighted particle approximation

N
1 ) 1 )
QuY + T ul ~wl :—ETN 1 0pi :—E ? 0pi ,
k M k1l = £ k+1(€k+1\k) €llc+1\k N i:1pk+1\k flchrl\k

where the weight

Pi+1\k = Tliv+1(§li+1|k)
Z[pfclk—l + Sk(fi‘k_l) + ](fi‘k_pf;ﬁ-l\k)] Wé exp{_%(aﬁ-uk - F§é|k—1)* E_l (fllc-i-l\k - F§é|k—1)}
j=1

Zwk exp{—3 fk+1\k Ffi\kq)* DR (fliwrl\k a Ffi\kfl)}

N
Z pk\k 1+ Sk( gk\k 1) Wk]
j=1

depends only on the position of &} ;.

4.5 About the graphical outputs

The figures presented in Part B, where the HMM situation is considered, correspond to the particle approx-
imation of the prediction density and its derivative w.r.t. the parameter a, and to the re-sampled particle
approximation of the correction density and its derivative w.r.t. the parameter a.

(i) the first graphic shows the exact trajectory of the log-likelihood function, displayed in black solid
line, as provided by the Kalman filter, and the approximate trajectory, displayed in blue solid line, as
provided by the particle filter approximation,

(ii) similarly, the second graphic shows the exact trajectory of the score function, displayed in black solid
line, as provided by the Kalman filter, and the approximate trajectory, displayed in blue solid line, as
provided by the particle filter approximation,

(iii) the third graphic shows the exact density, displayed in_blue solid line, and an histogram of the particle
approximation associated with the particle system {5,2%_1 ,i=1,---,N}, ie. for each subinterval A
of length | A|, a black solid bar of height

1 1 Y

Wy L en)

is drawn upwards at the center of the interval A,
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(iv) the fourth graphic shows the exact derivative of the density w.r.t. the parameter a, displayed in blue
solid line, and an histogram of the weighted particle approximation associated with the weighted
particle system {(5};“@71, /’Z\kq) ,i=1,--- N}, ie. for each subinterval A of length |A|, a black solid
bar of (either positive or negative) height

Zpk\k 1 §k|k IEA)]

is drawn (either upwards or downwards) at the center of the interval A.

Even if the second graphic shows a good match between the blue solid line and the black histogram
bars, which implies in particular a good match between the region where the green solid line lies
above the zero axis and the region where the red solid bars are drawn upwards, it could nevertheless
happen that some particles with a negative weight fall within this region, at the expense of having
their contribution compensated by the contribution of particles with a positive weight, in such a way
that the balance over each subinterval of this region has the right sign and magnitude : to detect this
situation, which denotes an unefficient allocation of signed weights to particles, the third graphic shows
the exact derivative of the density w.r.t. the parameter a, displayed in blue solid line, and separately
an histogram of the positive and negative parts of the weighted particle approximation associated with
the weighted particle system {(f,ilk_l, p};lk_l) ,i=1,--- N}, ie. for each subinterval A of length |A|,
a red solid bar of positive height

me ! Pk\k 1 20) 1(5lilk—1 € A)] ’

is drawn upwards at the center of the interval A, and a green solid bar of negative height

1.
|A| Zpklk ! pk\kfl <0) “(Ehpp—1 € A)]

is drawn downwards at the center of the interval A,

(v) the fifth graphic shows the weighted particle system {(gi‘k_l,p};lk_l), i=1,---,N}, ie. an (either
green or red) solid bar of (either positive or negative) height pi‘ x_1> is drawn (either upwards or
downwards) at each particle location f,i‘ Bt

In Part C, we have graphics of the score function for each parameter and the log-likelihood function with
the same conventions as above.

4.6 Conclusions

In this section, we have seen two different methods to approximate the derivative of the filter w.r.t. the
parameter. The second particle approximation scheme provides better results with less particles but the
first scheme is faster and very easy to compute. As our goal is to design a particle approximation scheme to
study real data with a high sampling rate, we will use the first scheme.

Moreover, the simulations show that the deterministic resampling step described before leads to very
good approximations of the optimal log—likelihood and score functions.

5 Particle implementation of the RML algorithm

The algorithm presented in this section is a recursive version of the gradient algorithm usually referred to
as recursive maximum likelihood (RML). It requires essentially the ability to compute the optimal filter and
the derivative of this filter with respect to the parameter of interest. We apply our method to approximate
the derivative of the filter to perform RML.
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5.1 Particle filter and parameter estimation

In this section, the parameter is denoted by 6 and dependence w.r.t. the parameter appears explicitly in the
notation for the transition kernel QY(x,dxz’), and for the linear tangent kernel K%(x,dx’ ds’). Tt is well-
known that in such a parametric model, the log—likelihood function for the estimation of the parameter 6
can be written as

1 n
Ei ~ Zlogmi\k_p\lf@ )
k=0

and the score function, i.e. the derivative of the log-likelihood function w.r.t. the parameter, can be written
as

8_6791 _ 1 z": <w’z“@*l’ \Ilz> + <IU’Z\IC717 ‘I’Z SI(:>
o7} n

k=0 <'u2\k—1"llz> 7
where the filter {u{ , k > 0} and the linear tangent filter {w{ k > 0} satisfy

prediction correction
0 _ o 0
Meg—1 — 7 Hije—1 = Q" pp—q

0 _ g0 0
P = Wi Hygj—1
and
adaptive

linear tangent

prediction
0 0 _ 8,0 0,0
Wy ——— Wy = Qw1

linear tangent

correction

0 _ 10,0 0 0(,0
wy, = Fy] (Mk|k71) Wie—1 t Gk(ﬂmkq) ;

respectively. It is natural to consider the RML algorithm to identify the parametric model, which is defined
by the following relation

. Or— ~ Op—1 qOn—
<wk|k717 \I/kk 1> + </1/k|k,1, ‘Ilkk ! Skk 1>

Or = O 1 + & (42)

)

~ O
(Tjk—1, V")

where typically v ~ k~2/3, and the averaged estimator (which achieves the minimum variance of the
estimation error) is obtained by post—processing

_ _ 1 ~ _ ) _ 1 &~
O = Bi—1 + (6 — 1) ie. On =~ I;ek ,

where the adaptive filter {1, K > 0} and the adaptive linear tangent filter {wy,, k > 0} satisfy the same
equations as the filter and the linear tangent filter respectively, in which the value of the parameter is adapted
at each time instant according to equation (42), i.e.

adaptive

N prediction g N correction . §k71 N
Hr—1 ——————— fpp—1 = Q" " g1 —————— ik = V" pp—1

and

adaptive
linear tangent

& prediction N N ng,,l N + F§k71 N
k=1 ——— 7 Wglk-1 = Wg—1 Hk—1

. Irisa
linear tangent

correction . Or_1,/~ —~ 5;;71 ~
—— W = F" 7 (Bkpp—1) Wijp—1 + G (Baji—1)
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respectively. The particle implementation of the RML equation (42) is

=N

N
0% =01y + Zwk [Prjp—1 + 55" (Ekjp—1)] and Op =01+ % (OF = Or_1)

i=1

and the corresponding algorithm is described below.

Particle implementation of the RML algorithm

k = 0 [initialisation]
pick 6%,
[simulation]

for i =1, ---, N independently do
€oj—1 ~ poj-1(dx) and pyy_; =0

end for

loop

[weighting]

fori=1,--- ,N do

N N Sy _ .
wp =c¢; VU, (f}flk_l) [c;) such that Zuﬂk =1] and p}, = Prjk—1 S (f}flk_l)
i=1
end for
[parameter update]
~ ~ 0 . o —N =N 1 ~ —N
O =6+ Zpk wi, [with v = (k+1)72/*] and 6, = 0;,_; + P (OF — 1)
i=1

[selection]
for i =1,--- N independently do

-~ T ~ T i

g}é = gk‘kk,1 and Pr = pkk [Wlth Ty ™ (wlia t 7wljcv>]
end for
[mutation]

for i =1, ---, N independently do
i oN (¢ i ~j ON (g0 i
Ehg1je ™ Q% (&, da’) and Prsik = Pkt 1% (ks Shogr) — ap’

N

[ap,, such that > pj.y, = 0]

end for

i=1

k «— k+ 1 [time iteration]

end loop

The mathematical analysis of the asymptotic properties of the estimator §{j as k — ooand N — oo is far
beyond the scope of this work, and would rely on joint stability properties of the filter and the linear tangent
filter, which is a very difficult question. Even the asymptotic properties of the estimator 8y as k — oo are
difficult to prove, unless some mixing assumption holds for the transition kernels Q%(x, dz’) and the linear
tangent kernels I'(z, dz’), which practically implies that the state-space E should be compact, see e.g. [10]
where only the non-recursive ML is studied.
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Numerical results

Estimation of F(1,1) with 1000 particles
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95

Estimation of frequency with 1000 particles
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5.2 Particle filter and parameter tracking

If the parameter 0 is actually time—varying but one does not have a dynamic model for its evolution, a
standard approach to track this parameter consists of using the recursive algorithm presented in Section 5.1
using a fixed—step size y instead of a decreasing sequence ;. Selecting the step size is a difficult problem. If
~ is too large, the statistical fluctuations around the parameter are too large. If 7 is too small, the algorithm
loses its tracking ability.

Numerical results
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In this section, the true parameter symbolized by a solid blue line is approximated by the estimator 6
provided by the RML in solid black line and the averaged estimator 6}, in red blue line.

We have used a reprojection method in order to ensure the convergence of our algorithm. In fact, the
parameter = (1, -- ,0;) € ©, where © is a compact subset of R¥. The updating step does not ensure that
Or+1 € © even if 6, € ©. A standard approach in stochastic approximation to prevent divergence consists

of reprojecting 041 inside © whenever the value obtained, say 641, does not belong to ©. One has © =
k

H[ei’min’ 0i.max] and the reprojection procedure simply consists of setting 0; k41 = 6; min if 0; k41 < i min
i=1
and 6; 41 = 0; max if 0; k11 > 0; max. For further results and asymptotic theory, see [8].

5.3 Conclusions

We have seen the efficiency of particle approximation through several examples. Indeed, we are able to esti-
mate and track a multidimensional parameter using good approximations of optimal filters and its derivatives.
In the estimation problem, the true parameter is well approximated by the estimator using particle methods
even in the two—dimensional case where the four coefficients of a square matrix are estimated at the same
time. The tracking problem has also been studied, with good results.
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