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Scalar conservation laws with moving constraints
arising in traffic flow modeling: an existence result

M. L. Delle Monache®*, P. Goatin®

@INRIA Sophia Antipolis - Méditerranée, EPI OPALE, Sophia Antipolis, (FRANCE)

Abstract

We consider a strongly coupled PDE-ODE system that describes the influence
of a slow and large vehicle on road traffic. The model consists of a scalar
conservation law accounting for the main traffic evolution, while the trajectory
of the slower vehicle is given by an ODE depending on the downstream traffic
density. The moving constraint is expressed by an inequality on the flux, which
models the bottleneck created in the road by the presence of the slower vehicle.
We prove the existence of solutions to the Cauchy problem for initial data of
bounded variation.

Keywords: Scalar conservation laws with constraints, Traffic flow modeling,
PDE-ODE coupling, Wave-front tracking approximations.
2010 MSC: 35L65, 90B20

1. Introduction

A slow moving large vehicle, like a bus or a truck, reduces the road capacity
and thus generates a moving bottleneck for the surrounding traffic flow. This
situation can be modeled by a PDE-ODE strongly coupled system consisting
of a scalar conservation law with moving flux constraint accounting for traffic
evolution and an ODE describing the slower vehicle motion, i.e.

dip+9:f(p) =0, (t,z) e R* xR,
p(0,7) = po(x), R x € R,

Flo(t,y(1)) — 9(t)p(t, y(t) < Zv (V—9(t)?* teR", (1)
Eg)) ( (t,y(t)+)), t e RY,

Above, p = p(t,z) € [0, R] is the mean traffic density, R the maximal density
allowed on the road and the flux function f : [0, R] — R* is a strictly concave
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function such that f(0) = f(R) = 0, see Figure la. It is given by the following
flux-density relation

f(p) = pv(p),

where v is a smooth decreasing function denoting the mean traffic speed. In this
paper, we will take v(p) = V(1 — p/R), V being the maximal velocity allowed
on the road.
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Figure 1: A typical example of flux function for traffic flow (left). Every road
has a specific fundamental diagram. For roads with different number of lanes
we can consider that the fundamental diagrams are in a ratio corresponding to
their maximal capacities (right).

The time-dependent variable y denotes the bus position. When the traffic
conditions allow it, the bus moves at its own maximal speed denoted by V}, < V.
When the surrounding traffic is too dense, the bus adapts its velocity accord-
ingly, therefore it is not possible for the bus to overtake the cars, see Figure 2.
From a mathematical point of view, the velocity of the bus can be described by
a traffic density dependent speed of the form:

“r) = { :)/E)P) gtﬁefw@;e.i RL=W/V). 2)

Model (1) was introduced in [16] to describe the effects of urban transport
systems in a road network. Other macroscopic models for moving bottlenecks
in road traffic were recently proposed in [2, 18]. Compared to those approaches,
the model described here offers a more realistic definition of the slower vehicle
speed, and a description of its impact on traffic conditions which is simpler to
handle both analytically and numerically.

From the analytical point of view, the model can be viewed as a general-
ization to moving constraints of the problem consisting in a scalar conservation
law with a (fixed in space) constraint on the flux, introduced and studied in
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Figure 2: Bus and cars speed.

[1, 9, 8], see also [15] for an extension to systems. In the present case, the con-
straint location moves due to the surrounding traffic conditions, which in turn
are modified by the presence of the slower vehicle, thus resulting in a strong
non-trivial coupling between the conservation equation and the trajectory of
the vehicle.

The study of coupled PDE-ODE systems is not new in the conservation
laws framework, we refer the reader to [3, 7, 10, 18]. Nevertheless, the problem
posed here is slightly different. On one side, we deal with a strong coupling
with the PDE and the ODE affecting each other, unlike [7, 10], where the PDE
solution does not depend on the ODE. On the other side, even if the ODE has
discontinuous right-hand side, the particular definition of the model allows us
to consider classical Carathéodory solutions, as in [3, 2, 4, 7], instead of the
weaker Filippov’s generalized solutions needed in [10, 18].

Some numerical methods related to (1) have been developed in [11, 12, 13].
In particular, in [11, 12] the moving constraints are replaced by a sequence of
fixed ones and the discontinuity is applied at the upstream cell interface with
respect to the bottleneck position. The main disadvantage of this approach is
that the approximate flows, densities and speeds at a point do not converge to
the exact ones. Hence, to provide the necessary estimates one needs to average
their values over multiple cells. In [13] we introduce a Lagrangian algorithm
that follows the bus position with a non-uniform moving mesh.

In this article, we provide an existence result for the Cauchy problem with

data of bounded variation, as stated by Theorem 1 in Section 4. The proof relies
on wave-front tracking approximations. The stability of solutions with respect
to the initial data is still an open problem.
The article is organized as follows. Section 2 gives a description of the model
from an analytic point of view, Section 3 is dedicated to the solution of the
Riemann problem and Section 4 contains the proof of the existence result for
the Cauchy problem.



2. Model derivation

To describe the interaction between the bus and the traffic we consider the
bus as a mobile obstacle, i.e., as a moving restriction of the road. The situation
is the following: upstream and downstream with respect to the bus, the cars
behave normally while besides the bus the road capacity is reduced, generating
a bottleneck, see Figure 3.

Figure 3: Moving bottleneck.

This pointwise discontinuity moves at the bus speed. To better capture the
influence of the bus, we choose to study the problem in the bus reference frame,
which means setting X = x — y(¢). In this coordinate system, the velocity of
the bus is equal to zero and the conservation law becomes:

Op + 0x (f(p) —yp) = 0. ()
The corresponding constraint on the flux can be written as

aR
<

< =P, @

Fp(t,y(0)) — 9()p(t, y(1))

with the constant coefficient « € ]0,1[ giving the reduction rate of the road
capacity due to the presence of the bus. Indeed, let f, : [0,aR] — R™ be the
rescaled flux function describing the reduced flow at z = y(t), i.e.

falp) = Vo (1= L2).

and p, € |0, aR/2] such that f(pa) =9, i.e.

_aR (Y
Pa =" V)’

see Figure 4. Therefore, the right-hand side of (4) is given by

aft

oV i)

fa (pa) —Ypa =
Note that inequality (4) is always satisfied if y(t) = v(p), since the left hand
side is 0. Moreover, it is well defined even if p has a jump at y(t) because of the
Rankine-Hugoniot conditions.
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Figure 4: Flux functions for y = V3. The big fundamental diagram describes
the whole road and, the smaller one, the constrained flux at the bus location.

For our analytical purposes, it is not restrictive to assume that R =V =1,
so that the model becomes

Op + 0:(p(1—p)) =0, (t,z) e R* x R,
p(0,2) = po(x), N r e R,

Flo(t,y(8) = 9(@O)p(ty(1) < 71— 9(1))* = Fa ¢ €RY, (5)
y(t) = w(p(t, y(t)+)), teRT,

y(0) = Yo-

We will refer to this system in the following sections.

3. The Riemann problem with moving density constraint

We devote this section to the study of the Riemann problem. Consider (5)
with Riemann type initial data

o PL if x < 0, -
polz) = { on ifz>0, and gy, =0. (6)

We aim at defining a Riemann solver for the conservation law with moving flux
constraint. Therefore we consider the following Riemann problem

if 7
pl0.2) = PE TS "
pr ifx >0,



under the constraint

Flolty() = g(t)p(t, y(t) < —(1—4(t))?,

~] e

where the bus velocity §(t) is assumed to be constant by self-similarity.

The definition of the Riemann solver for (5), (6) follows [16, §V]. Denote
by R the standard (i.e., without the constraint (4)) Riemann solver for (7),
i.e., the (right continuous) map (¢, x) — R(prL,pr)(x/t) given by the standard
weak entropy solution to (7). Moreover, let g, and p,, with g, < p, be the
intersection points of the flux function f(p) with the line f,(pa) + Vi(p — pa)
(see Figure 4).

Definition 3.1. The constrained Riemann solver R* : [0,1]*> — Li .
for (5), (6) is defined as follows.

L If f(R(pL, pr) (Vb)) > Fo + ViR(pL, pr)(Vs), then

(R; [0, 1])

ReGuoneft) = { RG2 LI W Sw e w0

2. If ViR(pr, pr) (Vo) < f(R(pL, pr) (Vo)) < Fo + VoR(pL, pr)(V3), then
R%(pr,pr) = R(pr,pr) and y(t) = Vel
3. If f(R(pr: pr) (Vb)) < VsR(pL, pr)(Vs), then
R%(pr.pr) = R(pL,pr) and y(t) =v(pr)t.

Note that, when the constraint is enforced (point 1. in the above definition),
a non-classical shock arises, which satisfies the Rankine-Hugoniot condition but
violates the Lax entropy condition.

Remark 1. The above definition is well-posed even if the classical solution
R(pr,pr)(z/t) displays a shock at © = Vjt. In fact, due to Rankine-Hugoniot
equation, we have

flpr) = f(pr) + Vo(pL — pR)

and hence

flpr) > fa(pa) + Vo(pr —pa) <= f(pr) > falpa) + Vo(pr — pa)-

4. The Cauchy problem: existence of solutions

The aim of this section is to study existence of solutions of problems (1) and
(5). A bus travels along a road whose traffic evolution is modeled by

Op+ 0z(p(1 = p)) =0,
p(va) = po(x)ﬂ
flp(t,y(1)) —9()p(t, y(t)) < Fa.

—
=~
S ©
= = 2



The bus influences the traffic along the road but it is also influenced by the
downstream traffic conditions. The bus trajectory y = y(t) then solves

(1) = w(plt, y(1)4)),
y(0) = o )

Solutions to (11) are intended in Carathéodory sense, i.e., as absolutely con-
tinuous functions which satisfy (11) for a.e. ¢ > 0. Observe that the function
F(t,x) = w(p(t, z)) is discontinuous w.r.t. x and it does not satisfy general con-
ditions which imply well-posedness of the Cauchy problem (11), see [14, §1] for
the Carathéodory conditions, and [4, 7] for ODEs which are discontinuous w.r.t.
x. In particular, the bus velocity function (2) does not fulfill the assumptions in
[7, (A1)-(A2)] and [10, Eq. (2.1)]. In our setting, due to the strong PDE-ODE
coupling, we will prove existence and continuous dependence of both solutions
to (8) and (11) at the same time.

Definition 4.1. A couple (p,y) € C° (RT;L* N BV(R;[0,1])) x WHL(RT;R)
is a solution to (5) if

1. p is a weak solution of (8), (9), i.e. for all p € CL(R?%;R)
[ [ 6o+ rospydo it [ pufaroo.) d=0; (120
R+ JR R

moreover, p satisfies Kruzhkov entropy conditions [17] on (RT x R) \
{(t,y(t)): t € RT}, d.e. for every k € [0,1] and for all ¢ € CL(R?*RT)
and (t,y(t)) =0, £ >0,

[ o= Hiong -+ sento = ) (700) = 10 9 o
+ [ 0o = kle(0.) dz > 0. (120)

2. y is a Carathéodory solution of (11), i.e. for a.e. t € RT

t
o(t) =+ [ wlploy(s) ) ds (12¢)
0
3. the constraint (10) is satisfied, in the sense that for a.e. t € RT

mjzrg;)i (f(p) —w(p)p) (t,z) < Fa. (12d)

Remark that the above traces exist because p(t,-) € BV(R;[0,1]) for all t € RT.

Remark 2. Our choice of Carathéodory solutions for (11) is justified by the
particular bus velocity defined by (2). With this choice it is not possible for
the bus to end up trapped in a queue unless its speed is equal to V}, in which
case w(p(t,y(t)+)) = w(p(t,y(t)—)) = V. Therefore Carathéodory solutions
are always well defined.



We are now ready to state the main result of the paper.

Theorem 1. Let p, € BV(R;[0,1]), then the Cauchy problem (5) admits a
solution in the sense of Definition 4.1.

The rest of the section is devoted to the proof of Theorem 1. In particular, we
will construct a sequence of approximate solutions via the wave-front tracking
method, and prove its convergence. Finally we will check that the limit functions
satisfy conditions (12a)-(12d) of Definition 4.1.

4.1. Wawve-front tracking
To construct piecewise constant approximate solutions, we adapt the stan-
dard wave-front tracking method, see for example [5, §6]. Fix a positive n € N,

n > 0 and introduce in [0, 1] the mesh M,, = {p?}io defined by
M, = (27"Nn[0,1]).

In order to include the critical points pg, po, we modify the above mesh as
follows:

e if min; |pn — p!| = 27771, then we simply add the new point to the mesh:
Mvn =M,U {ﬁa}§
o if [po — pI'| = min; |po — p'| < 2771, then we replace pJ' by pa:
Moy = Mo U{pa \ {of'};

e we perform the same operations for p.

In this way the distance between two points of the mesh M,, = {p'} satisfies
the lower bound |5 — /3;?| >2 1

Let f,, be the piecewise linear function which coincides with f on M, and
let p2 be a piecewise constant function defined by

n o__ n : n
po - Zpo,j X]zj,l,a:j] Wlth po,j € M?L?
j€z
which approximates p, in the sense of the strong L' topology, that is
Jim {|pg = pollpr @) = 0,

and such that TV(pl) < TV(p,). Above, we have set g = ¥,.
For small times ¢t > 0, a piecewise approximate solution (p",y,) to (5) is
constructed piecing together the solutions to the Riemann problems

dp+ 05 (f"(p)) ?0»< Op+ 05 (f"(p)) =0
) poo L T < Yo, oifr<a;
0,z) = . _J pri 1 i
P( ) Po,1 if > yoaa ,0(0,33) o Pi+1 if x> zj,

(13)



where y, satisfies
Un(t) = w(p™(t, yn(t)+)),
{ Yn(0) = Yo. (14)

Note that the solutions to the constrained Riemann problem in (13), left, cou-
pled with (14), is constructed by means of R, see Definition 3.1.

The approximate solution p™ constructed above can be prolonged up to the
first time ¢ > 0, where two discontinuities collide, or a discontinuity hits the
bus trajectory. In both cases, a new Riemann problem arises and its solution,
obtained in the former case with R and in the latter case with R%, allows to
extend p™ further in time.

4.2. Bounds on the total variation

Given an approximate solution p™ = p"(t,-) constructed by the wave-front
tracking method, we define the Glimm type functional

T(t) =T(p"(t) =TV (p") +~ = Z P51 = 05|+, (15)

where v is given by

(16)

0 if p"(t, yn(t)=) = pa, P" (£, Yn(t)+) = pa
T=EAO =90 :
2|po — Pa| otherwise.

The value of  is chosen to get the following interaction estimates.

Lemma 2. For any n € N, the map t — Y(t) = Y(p"(t,-)) at any interaction
either decreases by at least 27", or remains constant and the number of waves
does not increases.

Lemma 2 in particular implies that the wave-front tracking procedure can
be prolonged to any time 7' > 0.

PrOOF. In order to obtain a uniform bound on the total variation we will
consider the different types of interactions separately. In particular, it is not
restrictive to assume that at any interaction time ¢ = # either two waves interact
or a single wave hits the bus trajectory.

(I1) We consider a classical collision between two waves (see Figure 5). In
this case either two shocks collide (which means that the number of waves
diminishes) or a shock and a rarefaction cancel. In any case, TV (p") is
not increasing and + is constant and we get Y(t+) < T(¢—).
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Figure 5: Interaction between two waves away from the bus trajectory.

A particular case is when the bus trajectory coincides with one of the
interacting waves. In this case the wave must be a classical shock between
a left state belonging to [0, p,] and a right state in [p,, p*], and it must
move with speed equal to V;,. This interaction cannot generate a non-
classical shock, therefore it can be treated as the general case above.

(I2) Assume that a wave between two states py, pr € [0, fa]U[pPa, 1] hits the bus
trajectory (see Figure 6). In this case the front crosses the bus trajectory
and no new wave is created. Notice that this collision may eventually lead
to a modification of the bus trajectory (for example, if p,. > p*, after the
collision the bus takes the velocity v(p,) # w(p;)). In any case, TV (p"),
T and the number of waves remain constant.

Figure 6: Interaction between a wave and the bus trajectory.

(I3) Assume that we are in the presence of the non-classical shock along the
bus trajectory. Different types of interactions may occur.

(I3.1) Assume the non-classical shock is present at ¢ < ¢, and a shock
between p; € [0, po] and p, hits the bus trajectory on the left (Figure
7a). After the collision, the number of discontinuities in p™ diminishes
and the functional Y remains constant:

AY(t) = T(t+) — T (t—)
= |p1 = Pal + 2|pa — pal — (|p1 = Pal + |pa — Pal)
=0.

10



Assume now a shock between g, and p, € [pa, 1] hits the bus tra-
jectory on the right (Figure 7b). Then, after the collision, the bus
assumes the velocity v(p,.) of the traffic mainstream, the number of
discontinuities in p™ diminishes and the functional T remains con-
stant:

AY(F) = T(I+) - T(I-)
= [pa = pr| +2|pa — pal = (|Pa — pr| + |Pa — pal)
=0.

(a) Shock from the left. (b) Shock from the right.
Figure 7: Interaction between a shock and the bus trajectory.
(I3.2) Consider now the case of a non-classical shock arising at t = ¢. We

first analyze the case of a rarefaction front hitting the bus trajectory
from the left (Figure 8a). We have p, = po < pi < po. In this case

Pa | Pa
Pr
"
Pl :,Ipa
/
Vi
(a) Rarefaction from (b) Rarefaction from
the left. the right.

Figure 8: Interaction between a rarefaction and the bus trajectory.

new waves are created at ¢ and the total variation is given by:

o TV(t—) = [pa —pu| =277

o TV(Z'H = |pa = Pal + |pa — p1| < 2|pa — pal;
where the second estimate is obtained by simple algebraic manipula-
tion of the total variation TV (¢+). Then we are able to compute the

11



changes in the functional as follows:

AT() = Y(+) - T(-)
= (ma - ﬁa| + ‘pAa - ,01|) - (|pa - Pl| + 2|f6a - f’a|)
= Q(ﬁa - Pl) S 727713

hence the functional is strictly decreasing.
Let us consider now the case of a rarefaction front hitting the bus
trajectory from the right (Figure 8, right). In this case we have
Pa < pr < pi = Pa- A mew wave is created at ¢ and the total
variation is given by:

e TV(l—) = [pa — pr| > 27"

o TV(t+) = |pa — pal + |pa — pr| < 2|pa — pal,

The functional changes as follows:

AY(@) =T ({+) — T(E-)
= ([pa = Pal + 1o = prl) = (1P — pr| + 2|pe — Pal)
=2(pa —pr) <277,

making the functional strictly decreasing.

4.8. Convergence of approximate solutions

In this section we prove that the limit of wave-front tracking approximations
provides a solution (p,y) of the PDE-ODE model (5) in the sense of Definition
4.1.

We start showing the convergence of the wave-front tracking approximations.

Lemma 3. Let p" and y,, n € N, be the wave-front tracking approzimations to
(5) constructed as detailed in Section 4.1, and assume TV(p,) < C be bounded,
0 <p, <1. Then, up to a subsequence, we have the following convergences

P = p in Ligo(RT x R; [0, 1]); (17a)
Yn() = y(*) in L>=°([0, T|;R), for all T > 0; (17b)
Un () = () in L1([0, T];R), for all T > 0; (17¢)

for some p € C° (RT;L* N BV(R; [0,1])) and y € WH1(RT,R).

PROOF. Lemma 2 gives a uniform bound on the total variation of approximate
solutions: TV (p"(t,-)) < T(t) < Y(0). A standard procedure based on Helly’s
Theorem (see [5, Theorem 2.4]) ensures the existence of a subsequence converg-
ing to some function p € C° (RT;L* N BV(R; [0,1])), proving (17a).

Since |y, (t)| < Vp, the sequence {y,} is uniformly bounded and equicontin-
uous on any compact interval [0, 7]. By Ascoli-Arzeld Theorem, there exists a
subsequence converging uniformly, giving (17b).

12



In order to prove (17c), we have to show that TV (¢,;[0,7]) is uniformly
bounded. In fact, the analysis performed in Section 4.2 shows that g, can
change only at interactions with waves coming from its right. We can estimate
the speed variation at interactions times ¢ by the size of the interacting front:

|9 (t4+) = G (E=)] = |w(pr) — w(pr)] < lo1 = prl.

In particular, g, is non-increasing at interactions with shock fronts and non-
decreasing at interactions with rarefaction fronts, which must be originated
at t = 0. In fact, the analysis performed in Section 4.2 shows that no new
rarefaction front can arise at interactions. Therefore,

TV (4n; [0, T]) < 2PV (§n; [0, T]) + gl oo 0,77y < 2TV (p0) + Vi

is uniformly bounded. Above, PV (¢,;[0,T]) denotes the positive variation of
Un, i.e. the total amount of positive jumps in the interval [0, T].

4.3.1. Proof of (12a) and (12Db)

Since p™ converge strongly to p in L (RT x R;[0,1]), it is straightforward
to pass to the limit in the weak formulation of the conservation law, proving
that the limit function p satisfies (12a). Kruzhkov entropy condition (12b) can

be recovered in the same way.

4.3.2. Proof of (12c) and (12d)

We will prove that

nh%rréo "t yn () +) = pT(t) = p(t,y(t)+) for ae. t € RT. (18)

By pointwise convergence a.e. of p" to p, there exists a sequence z, > y,(t)
such that z, — y(t) and p"(t,z,) — pT(t).

For a.e. t > 0, the point (¢,y(t)) is for p(t,-) either a continuity point, or
it belongs to a discontinuity curve (represented by y(-)) that can be either a
classical shock or a non-classical discontinuity between p(t,y(t)—) = po and
p(t, y(t)+) = Pa-

Fix € > 0 and assume TV (p(t,-); Jy(t) — 8, y(t) + 0[) < €*, for some & > 0.
Then by weak convergence of measures (see [6, Lemma 15]) we have
TV (p"™(t,-);]y(t) — 3, y(t) + &[) < 2€* for n large enough, and we can estimate

0" (& yn()+) = pT (O] < 1p" (L yn(B)+) = p"(t 20)| + |7 (E 20) — p*(1)] < 3€7

for n large enough.

If p(t,-) has a discontinuity of strength greater then e* at y(t), then also
[0 (&, yn (t)+) — p™(t, yn(t)—)| > €* /2 for n sufficiently large, and we proceed as
in [6, Section 4]. That is, we set p™* = p™(t, y,(t)+) and we show that for each
€ > 0 there exists § > 0 such that for all n large enough there holds

|p"(s,2) = p™T| <e for|s—t| <6, |z —yt)] <8, x> yn(s). (19)

13



In fact, if (19) does not hold, we could find € > 0 and sequences ¢,, — ¢, §,, — 0
such that TV (" (tn, );yn(tn), Yn(tn) + 0,[) > e. By strict concavity of the
flux function f, there should be a uniformly positive amount of interactions in
an arbitrarily small neighborhood of (¢,y(t)), giving a contradiction. Therefore
(19) holds and we get

|p" (t, yn(t)4) — pT ()] < 0"t yn (E)+) — p" (8, 20) | + | 0" (t, 20) — pT(£)] < 2¢

for n large enough, thus proving (18). Combining (17¢) and (18) we get y(¢) =
w(p(t,y(t)+)) for a.e. t > 0.

In order to verify that the limit solutions satisfy the constraint (12d), we can
use directly (18) and the fact that wave-front tracking approximations satisfy
the constraint (4) by construction.
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