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We consider a strongly coupled PDE-ODE system that describes the influence of a slow and large vehicle on road traffic. The model consists of a scalar conservation law accounting for the main traffic evolution, while the trajectory of the slower vehicle is given by an ODE depending on the downstream traffic density. The moving constraint is expressed by an inequality on the flux, which models the bottleneck created in the road by the presence of the slower vehicle. We prove the existence of solutions to the Cauchy problem for initial data of bounded variation.

Introduction

A slow moving large vehicle, like a bus or a truck, reduces the road capacity and thus generates a moving bottleneck for the surrounding traffic flow. This situation can be modeled by a PDE-ODE strongly coupled system consisting of a scalar conservation law with moving flux constraint accounting for traffic evolution and an ODE describing the slower vehicle motion, i.e.

             ∂ t ρ + ∂ x f (ρ) = 0, (t, x) ∈ R + × R, ρ(0, x) = ρ o (x), x ∈ R, f (ρ(t, y(t))) -ẏ(t)ρ(t, y(t)) ≤ αR 4V (V -ẏ(t)) 2 t ∈ R + , ẏ(t) = ω(ρ(t, y(t)+)), t ∈ R + , y(0) = y o . (1) 
Above, ρ = ρ(t, x) ∈ [0, R] is the mean traffic density, R the maximal density allowed on the road and the flux function f : [0, R] → R + is a strictly concave function such that f (0) = f (R) = 0, see Figure 1a. It is given by the following flux-density relation

f (ρ) = ρv(ρ),
where v is a smooth decreasing function denoting the mean traffic speed. In this paper, we will take v(ρ) = V (1 -ρ/R), V being the maximal velocity allowed on the road. The time-dependent variable y denotes the bus position. When the traffic conditions allow it, the bus moves at its own maximal speed denoted by V b < V . When the surrounding traffic is too dense, the bus adapts its velocity accordingly, therefore it is not possible for the bus to overtake the cars, see Figure 2. From a mathematical point of view, the velocity of the bus can be described by a traffic density dependent speed of the form:

ω(ρ) = V b if ρ ≤ ρ * . = R(1 -V b /V ), v(ρ) otherwise. (2) 
Model (1) was introduced in [START_REF] Giorgi | Prise en compte des transports en commun de surface dans la modélisation macroscopique de l'écoulement du trafic[END_REF] to describe the effects of urban transport systems in a road network. Other macroscopic models for moving bottlenecks in road traffic were recently proposed in [START_REF] Borsche | Mixed systems: Odesbalance laws[END_REF][START_REF] Lattanzio | Moving bottlenecks in car traffic flow: a PDE-ODE coupled model[END_REF]. Compared to those approaches, the model described here offers a more realistic definition of the slower vehicle speed, and a description of its impact on traffic conditions which is simpler to handle both analytically and numerically.

From the analytical point of view, the model can be viewed as a generalization to moving constraints of the problem consisting in a scalar conservation law with a (fixed in space) constraint on the flux, introduced and studied in
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Figure 2: Bus and cars speed. [START_REF] Andreianov | Finite volume schemes for locally constrained conservation laws[END_REF][START_REF] Colombo | A well posed conservation law with a variable unilateral constraint[END_REF][START_REF] Chalons | General constrained conservation laws. application to pedestrian flow modeling[END_REF], see also [START_REF] Garavello | The Aw-Rascle traffic model with locally constrained flow[END_REF] for an extension to systems. In the present case, the constraint location moves due to the surrounding traffic conditions, which in turn are modified by the presence of the slower vehicle, thus resulting in a strong non-trivial coupling between the conservation equation and the trajectory of the vehicle.

The study of coupled PDE-ODE systems is not new in the conservation laws framework, we refer the reader to [START_REF] Borsche | On the coupling of systems of hyperbolic conservation laws with ordinary differential equations[END_REF][START_REF] Bressan | Uniqueness for discontinuous ODE and conservation laws[END_REF][START_REF] Colombo | A Hölder continuous ODE related to traffic flow[END_REF][START_REF] Lattanzio | Moving bottlenecks in car traffic flow: a PDE-ODE coupled model[END_REF]. Nevertheless, the problem posed here is slightly different. On one side, we deal with a strong coupling with the PDE and the ODE affecting each other, unlike [START_REF] Bressan | Uniqueness for discontinuous ODE and conservation laws[END_REF][START_REF] Colombo | A Hölder continuous ODE related to traffic flow[END_REF], where the PDE solution does not depend on the ODE. On the other side, even if the ODE has discontinuous right-hand side, the particular definition of the model allows us to consider classical Carathéodory solutions, as in [START_REF] Borsche | On the coupling of systems of hyperbolic conservation laws with ordinary differential equations[END_REF][START_REF] Borsche | Mixed systems: Odesbalance laws[END_REF][START_REF] Bressan | Unique solutions for a class of discontinuous differential equations[END_REF][START_REF] Bressan | Uniqueness for discontinuous ODE and conservation laws[END_REF], instead of the weaker Filippov's generalized solutions needed in [START_REF] Colombo | A Hölder continuous ODE related to traffic flow[END_REF][START_REF] Lattanzio | Moving bottlenecks in car traffic flow: a PDE-ODE coupled model[END_REF]. Some numerical methods related to (1) have been developed in [START_REF] Daganzo | Moving bottlenecks: A numerical method that converges in flows[END_REF][START_REF] Daganzo | On the numerical treatement of moving bottlenecks[END_REF][START_REF] Delle Monache | A front tracking method for a strongly coupled pde-ode system with moving density constraints in traffic flow[END_REF]. In particular, in [START_REF] Daganzo | Moving bottlenecks: A numerical method that converges in flows[END_REF][START_REF] Daganzo | On the numerical treatement of moving bottlenecks[END_REF] the moving constraints are replaced by a sequence of fixed ones and the discontinuity is applied at the upstream cell interface with respect to the bottleneck position. The main disadvantage of this approach is that the approximate flows, densities and speeds at a point do not converge to the exact ones. Hence, to provide the necessary estimates one needs to average their values over multiple cells. In [START_REF] Delle Monache | A front tracking method for a strongly coupled pde-ode system with moving density constraints in traffic flow[END_REF] we introduce a Lagrangian algorithm that follows the bus position with a non-uniform moving mesh.

In this article, we provide an existence result for the Cauchy problem with data of bounded variation, as stated by Theorem 1 in Section 4. The proof relies on wave-front tracking approximations. The stability of solutions with respect to the initial data is still an open problem. The article is organized as follows. Section 2 gives a description of the model from an analytic point of view, Section 3 is dedicated to the solution of the Riemann problem and Section 4 contains the proof of the existence result for the Cauchy problem.

Model derivation

To describe the interaction between the bus and the traffic we consider the bus as a mobile obstacle, i.e., as a moving restriction of the road. The situation is the following: upstream and downstream with respect to the bus, the cars behave normally while besides the bus the road capacity is reduced, generating a bottleneck, see Figure 3.
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This pointwise discontinuity moves at the bus speed. To better capture the influence of the bus, we choose to study the problem in the bus reference frame, which means setting X = x -y(t). In this coordinate system, the velocity of the bus is equal to zero and the conservation law becomes:

∂ t ρ + ∂ X (f (ρ) -ẏρ) = 0. (3) 
The corresponding constraint on the flux can be written as

f (ρ(t, y(t))) -ẏ(t)ρ(t, y(t)) ≤ αR 4V (V -ẏ(t)) 2 , (4) 
with the constant coefficient α ∈ ]0, 1[ giving the reduction rate of the road capacity due to the presence of the bus. Indeed, let f α : [0, αR] → R + be the rescaled flux function describing the reduced flow at x = y(t), i.e.

f α (ρ) = V ρ 1 - ρ αR ,
and

ρ α ∈ ]0, αR/2[ such that f ′ α (ρ α ) = ẏ, i.e. ρ α = αR 2 1 - ẏ V ,
see Figure 4. Therefore, the right-hand side of ( 4) is given by

f α (ρ α ) -ẏρ α = αR 4V (V -ẏ(t)) 2 .
Note that inequality (4) is always satisfied if ẏ(t) = v(ρ), since the left hand side is 0. Moreover, it is well defined even if ρ has a jump at y(t) because of the Rankine-Hugoniot conditions. For our analytical purposes, it is not restrictive to assume that R = V = 1, so that the model becomes
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             ∂ t ρ + ∂ x (ρ(1 -ρ)) = 0, (t, x) ∈ R + × R, ρ(0, x) = ρ o (x), x ∈ R, f (ρ(t, y(t))) -ẏ(t)ρ(t, y(t)) ≤ α 4 (1 -ẏ(t)) 2 := F α t ∈ R + , ẏ(t) = ω(ρ(t, y(t)+)), t ∈ R + , y(0) = y o .
(5)

We will refer to this system in the following sections.

The Riemann problem with moving density constraint

We devote this section to the study of the Riemann problem. Consider [START_REF] Bressan | Hyperbolic systems of conservation laws[END_REF] with Riemann type initial data

ρ o (x) = ρ L if x < 0, ρ R if x > 0, and 
y o = 0. ( 6 
)
We aim at defining a Riemann solver for the conservation law with moving flux constraint. Therefore we consider the following Riemann problem

     ∂ t ρ + ∂ x f (ρ) = 0, ρ(0, x) = ρ L if x < 0, ρ R if x > 0, (7) 
under the constraint

f (ρ(t, y(t))) -ẏ(t)ρ(t, y(t)) ≤ α 4 (1 -ẏ(t)) 2 ,
where the bus velocity ẏ(t) is assumed to be constant by self-similarity.

The definition of the Riemann solver for ( 5), ( 6) follows [16, §V]. Denote by R the standard (i.e., without the constraint (4)) Riemann solver for [START_REF] Bressan | Uniqueness for discontinuous ODE and conservation laws[END_REF], i.e., the (right continuous) map (t, x) → R(ρ L , ρ R )(x/t) given by the standard weak entropy solution to [START_REF] Bressan | Uniqueness for discontinuous ODE and conservation laws[END_REF]. Moreover, let ρα and ρα , with ρα ≤ ρα , be the intersection points of the flux function f (ρ) with the line f α (ρ α ) + V b (ρ -ρ α ) (see Figure 4). 6) is defined as follows.

Definition 3.1. The constrained Riemann solver R α : [0, 1] 2 → L 1 loc (R; [0, 1]) for (5), (
1. If f (R(ρ L , ρ R )(V b )) > F α + V b R(ρ L , ρ R )(V b ), then R α (ρ L , ρ R )(x/t) = R(ρ L , ρα )(x/t) if x < V b t, R(ρ α , ρ R )(x/t) if x ≥ V b t, and 
y(t) = V b t. 2. If V b R(ρ L , ρ R )(V b ) ≤ f (R(ρ L , ρ R )(V b )) ≤ F α + V b R(ρ L , ρ R )(V b ), then R α (ρ L , ρ R ) = R(ρ L , ρ R ) and y(t) = V b t. 3. If f (R(ρ L , ρ R )(V b )) < V b R(ρ L , ρ R )(V b ), then R α (ρ L , ρ R ) = R(ρ L , ρ R ) and y(t) = v(ρ R )t.
Note that, when the constraint is enforced (point 1. in the above definition), a non-classical shock arises, which satisfies the Rankine-Hugoniot condition but violates the Lax entropy condition.

Remark 1. The above definition is well-posed even if the classical solution R(ρ L , ρ R )(x/t) displays a shock at x = V b t. In fact, due to Rankine-Hugoniot equation, we have

f (ρ L ) = f (ρ R ) + V b (ρ L -ρ R )
and hence

f (ρ L ) > f α (ρ α ) + V b (ρ L -ρ α ) ⇐⇒ f (ρ R ) > f α (ρ α ) + V b (ρ R -ρ α ).

The Cauchy problem: existence of solutions

The aim of this section is to study existence of solutions of problems (1) and [START_REF] Bressan | Hyperbolic systems of conservation laws[END_REF]. A bus travels along a road whose traffic evolution is modeled by

∂ t ρ + ∂ x (ρ(1 -ρ)) = 0, (8) 
ρ(0, x) = ρ o (x), (9) f (ρ(t, y(t))) -ẏ(t)ρ(t, y(t)) ≤ F α . ( 10 
)
The bus influences the traffic along the road but it is also influenced by the downstream traffic conditions. The bus trajectory y = y(t) then solves

ẏ(t) = ω(ρ(t, y(t)+)), y(0) = y o . (11) 
Solutions to [START_REF] Daganzo | Moving bottlenecks: A numerical method that converges in flows[END_REF] are intended in Carathéodory sense, i.e., as absolutely continuous functions which satisfy [START_REF] Daganzo | Moving bottlenecks: A numerical method that converges in flows[END_REF] for a.e. t ≥ 0. Observe that the function

F (t, x) = ω(ρ(t, x)) is discontinuous w.r.t.
x and it does not satisfy general conditions which imply well-posedness of the Cauchy problem [START_REF] Daganzo | Moving bottlenecks: A numerical method that converges in flows[END_REF], see [14, §1] for the Carathéodory conditions, and [START_REF] Bressan | Unique solutions for a class of discontinuous differential equations[END_REF][START_REF] Bressan | Uniqueness for discontinuous ODE and conservation laws[END_REF] for ODEs which are discontinuous w.r.t.

x. In particular, the bus velocity function [START_REF] Borsche | Mixed systems: Odesbalance laws[END_REF] does not fulfill the assumptions in [7, (A1)-(A2)] and [10, Eq. (2.1)]. In our setting, due to the strong PDE-ODE coupling, we will prove existence and continuous dependence of both solutions to ( 8) and ( 11) at the same time.

Definition 4.1. A couple (ρ, y) ∈ C 0 R + ; L 1 ∩ BV(R; [0, 1]) × W 1,1 (R + ; R) is a solution to (5) if 1.
ρ is a weak solution of (8), ( 9), i.e. for all ϕ ∈ C 1 c (R 2 ; R)

R + R (ρ∂ t ϕ + f (ρ)∂ x ϕ) dx dt + R ρ o (x)ϕ(0, x) dx = 0 ; (12a)
moreover, ρ satisfies Kružhkov entropy conditions [START_REF] Kružhkov | First order quasilinear equations with several independent variables[END_REF] on (R + × R) \ {(t, y(t)) : t ∈ R + }, i.e. for every k ∈ [0, 1] and for all ϕ ∈ C 1 c (R 2 ; R + ) and ϕ(t, y(t)) = 0, t > 0, 

R + R (|ρ -k|∂ t ϕ + sgn(ρ -k) (f (ρ) -f (k)) ∂ x ϕ) dx dt + R |ρ o -k|ϕ(0, x) dx ≥ 0 ; (12b)
(f (ρ) -ω(ρ)ρ) (t, x) ≤ F α . (12d) 
Remark that the above traces exist because ρ(t, •) ∈ BV(R; [0, 1]) for all t ∈ R + .

Remark 2. Our choice of Carathéodory solutions for [START_REF] Daganzo | Moving bottlenecks: A numerical method that converges in flows[END_REF] is justified by the particular bus velocity defined by [START_REF] Borsche | Mixed systems: Odesbalance laws[END_REF]. With this choice it is not possible for the bus to end up trapped in a queue unless its speed is equal to V b , in which case ω(ρ(t, y(t)+)) = ω(ρ(t, y(t)-)) = V b . Therefore Carathéodory solutions are always well defined.

We are now ready to state the main result of the paper. The rest of the section is devoted to the proof of Theorem 1. In particular, we will construct a sequence of approximate solutions via the wave-front tracking method, and prove its convergence. Finally we will check that the limit functions satisfy conditions (12a)-(12d) of Definition 4.1.

Wave-front tracking

To construct piecewise constant approximate solutions, we adapt the standard wave-front tracking method, see for example [5, §6]. Fix a positive n ∈ N, n > 0 and introduce in [0, 1] the mesh

M n = {ρ n i } 2 n i=0 defined by M n = 2 -n N ∩ [0, 1] .
In order to include the critical points ρα , ρα , we modify the above mesh as follows:

• if min i |ρ α -ρ n i | = 2 -n-1
, then we simply add the new point to the mesh:

M n = M n ∪ {ρ α }; • if |ρ α -ρ n l | = min i |ρ α -ρ n i | < 2 -n-1
, then we replace ρ n l by ρα :

M n = M n ∪ {ρ α } \ {ρ n l };
• we perform the same operations for ρα .

In this way the distance between two points of the mesh M n = {ρ n i } satisfies the lower bound ρn i -ρn j ≥ 2 -n-1 . Let f n be the piecewise linear function which coincides with f on M n , and let ρ n o be a piecewise constant function defined by

ρ n o = j∈Z ρ n o,j χ ]xj-1,xj ] with ρ n o,j ∈ M n ,
which approximates ρ o in the sense of the strong L 1 topology, that is

lim n→∞ ρ n o -ρ o L 1 (R) = 0,
and such that TV(ρ n o ) ≤ TV(ρ o ). Above, we have set x 0 = y o . For small times t > 0, a piecewise approximate solution (ρ n , y n ) to ( 5) is constructed piecing together the solutions to the Riemann problems

         ∂ t ρ + ∂ x (f n (ρ)) = 0, ρ(0, x) = ρ o,0 if x < y o , ρ o,1 if x > y o , f (ρ(t, 0)) -ẏn (t)ρ(t, 0) ≤ α 4 (1 -ẏn ) 2 ,        ∂ t ρ + ∂ x (f n (ρ)) = 0, ρ(0, x) = ρ j if x < x j , ρ j+1 if x > x j , j = 0, ( 13 
)
where y n satisfies ẏn (t) = ω(ρ n (t, y n (t)+)),

y n (0) = y o . ( 14 
)
Note that the solutions to the constrained Riemann problem in [START_REF] Delle Monache | A front tracking method for a strongly coupled pde-ode system with moving density constraints in traffic flow[END_REF], left, coupled with [START_REF] Filippov | Ordinary differential equations with discontinuous right-hand sides[END_REF], is constructed by means of R α , see Definition 3.1.

The approximate solution ρ n constructed above can be prolonged up to the first time t > 0, where two discontinuities collide, or a discontinuity hits the bus trajectory. In both cases, a new Riemann problem arises and its solution, obtained in the former case with R and in the latter case with R α , allows to extend ρ n further in time.

Bounds on the total variation

Given an approximate solution ρ n = ρ n (t, •) constructed by the wave-front tracking method, we define the Glimm type functional

Υ(t) = Υ(ρ n (t, •)) = TV(ρ n ) + γ = j ρ n j+1 -ρ n j + γ, ( 15 
)
where γ is given by

γ = γ(t) = 0 if ρ n (t, y n (t)-) = ρα , ρ n (t, y n (t)+) = ρα 2|ρ α -ρα | otherwise. ( 16 
)
The value of γ is chosen to get the following interaction estimates.

Lemma 2. For any n ∈ N, the map t → Υ(t) = Υ(ρ n (t, •)) at any interaction either decreases by at least 2 -n , or remains constant and the number of waves does not increases.

Lemma 2 in particular implies that the wave-front tracking procedure can be prolonged to any time T > 0.

Proof. In order to obtain a uniform bound on the total variation we will consider the different types of interactions separately. In particular, it is not restrictive to assume that at any interaction time t = t either two waves interact or a single wave hits the bus trajectory.

(I1) We consider a classical collision between two waves (see Figure 5). In this case either two shocks collide (which means that the number of waves diminishes) or a shock and a rarefaction cancel. In any case, TV(ρ n ) is not increasing and γ is constant and we get Υ( t+) ≤ Υ( t-). A particular case is when the bus trajectory coincides with one of the interacting waves. In this case the wave must be a classical shock between a left state belonging to [0, ρα ] and a right state in [ρ α , ρ * ], and it must move with speed equal to V b . This interaction cannot generate a nonclassical shock, therefore it can be treated as the general case above.
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(I2) Assume that a wave between two states ρ l , ρ r ∈ [0, ρα ]∪[ρ α , 1] hits the bus trajectory (see Figure 6). In this case the front crosses the bus trajectory and no new wave is created. Notice that this collision may eventually lead to a modification of the bus trajectory (for example, if ρ r > ρ * , after the collision the bus takes the velocity v(ρ r ) = ω(ρ l )). In any case, TV(ρ n ), Υ and the number of waves remain constant. (I3) Assume that we are in the presence of the non-classical shock along the bus trajectory. Different types of interactions may occur.

ρ l V b ρ r
(I3.1) Assume the non-classical shock is present at t < t, and a shock between ρ l ∈ [0, ρα ] and ρα hits the bus trajectory on the left (Figure 7a). After the collision, the number of discontinuities in ρ n diminishes and the functional Υ remains constant:

∆Υ( t) = Υ( t+) -Υ( t-) = |ρ l -ρα | + 2|ρ α -ρα | -(|ρ l -ρα | + |ρ α -ρα |) = 0.
Assume now a shock between ρα and ρ r ∈ [ρ α , 1] hits the bus trajectory on the right (Figure 7b). Then, after the collision, the bus assumes the velocity v(ρ r ) of the traffic mainstream, the number of discontinuities in ρ n diminishes and the functional Υ remains constant: new waves are created at t and the total variation is given by:

∆Υ( t) = Υ( t+) -Υ( t-) = |ρ α -ρ r | + 2|ρ α -ρα | -(|ρ α -ρ r | + |ρ α -ρα |) = 0. ρ l V b ρα ρα
• TV( t-) = |ρ α -ρ l | ≥ 2 -n-1 ; • TV( t+) = |ρ α -ρα | + |ρ α -ρ l | ≤ 2|ρ α -ρα |,
where the second estimate is obtained by simple algebraic manipulation of the total variation TV( t+). Then we are able to compute the changes in the functional as follows:

∆Υ( t) = Υ( t+) -Υ( t-) = (|ρ α -ρα | + |ρ α -ρ l |) -(|ρ α -ρ l | + 2|ρ α -ρα |) = 2(ρ α -ρ l ) ≤ -2 -n ,
hence the functional is strictly decreasing. Let us consider now the case of a rarefaction front hitting the bus trajectory from the right (Figure 8, right). In this case we have ρα ≤ ρ r < ρ l = ρα . A new wave is created at t and the total variation is given by:

• TV( t-) = |ρ α -ρ r | ≥ 2 -n-1 ; • TV( t+) = |ρ α -ρα | + |ρ α -ρ r | ≤ 2|ρ α -ρα |,
The functional changes as follows:

∆Υ( t) = Υ( t+) -Υ( t-) = (|ρ α -ρα | + |ρ α -ρ r |) -(|ρ α -ρ r | + 2|ρ α -ρα |) = 2(ρ α -ρ r ) ≤ -2 -n ,
making the functional strictly decreasing.

Convergence of approximate solutions

In this section we prove that the limit of wave-front tracking approximations provides a solution (ρ, y) of the PDE-ODE model [START_REF] Bressan | Hyperbolic systems of conservation laws[END_REF] in the sense of Definition 4.1. We start showing the convergence of the wave-front tracking approximations. Lemma 3. Let ρ n and y n , n ∈ N, be the wave-front tracking approximations to (5) constructed as detailed in Section 4.1, and assume TV(ρ o ) ≤ C be bounded, 0 ≤ ρ o ≤ 1. Then, up to a subsequence, we have the following convergences

ρ n → ρ in L 1 loc (R + × R; [0, 1]); (17a) y n (•) → y(•) in L ∞ ([0, T ]; R), for all T > 0; (17b) ẏn (•) → ẏ(•) in L 1 ([0, T ]; R), for all T > 0; (17c) for some ρ ∈ C 0 R + ; L 1 ∩ BV(R; [0, 1]) and y ∈ W 1,1 (R + , R).
Proof. Lemma 2 gives a uniform bound on the total variation of approximate solutions: TV(ρ n (t, •)) ≤ Υ(t) ≤ Υ(0). A standard procedure based on Helly's Theorem (see [START_REF] Bressan | Hyperbolic systems of conservation laws[END_REF]Theorem 2.4]) ensures the existence of a subsequence converging to some function ρ ∈ C 0 R + ; L 1 ∩ BV(R; [0, 1]) , proving (17a). Since | ẏn (t)| ≤ V b , the sequence {y n } is uniformly bounded and equicontinuous on any compact interval [0, T ]. By Ascoli-Arzelà Theorem, there exists a subsequence converging uniformly, giving (17b).

In order to prove (17c), we have to show that TV ( ẏn ; [0, T ]) is uniformly bounded. In fact, the analysis performed in Section 4.2 shows that ẏn can change only at interactions with waves coming from its right. We can estimate the speed variation at interactions times t by the size of the interacting front:

| ẏn ( t+) -ẏn ( t-)| = |ω(ρ l ) -ω(ρ r )| ≤ |ρ l -ρ r |.
In particular, ẏn is non-increasing at interactions with shock fronts and nondecreasing at interactions with rarefaction fronts, which must be originated at t = 0. In fact, the analysis performed in Section 4.2 shows that no new rarefaction front can arise at interactions. Therefore,

TV ( ẏn ; [0, T ]) ≤ 2 PV ( ẏn ; [0, T ]) + ẏn L ∞ ([0,T ]) ≤ 2 TV(ρ o ) + V b
is uniformly bounded. Above, PV ( ẏn ; [0, T ]) denotes the positive variation of ẏn , i.e. the total amount of positive jumps in the interval [0, T ].

Proof of (12a) and (12b)

Since ρ n converge strongly to ρ in L 1 loc (R + × R; [0, 1]), it is straightforward to pass to the limit in the weak formulation of the conservation law, proving that the limit function ρ satisfies (12a). Kružhkov entropy condition (12b) can be recovered in the same way.

Proof of (12c) and (12d)

We will prove that lim n→∞ ρ n (t, y n (t)+) = ρ + (t) = ρ(t, y(t)+) for a.e. t ∈ R + . [START_REF] Lattanzio | Moving bottlenecks in car traffic flow: a PDE-ODE coupled model[END_REF] By pointwise convergence a.e. of ρ n to ρ, there exists a sequence z n ≥ y n (t) such that z n → y(t) and ρ n (t, z n ) → ρ + (t). For a.e. t > 0, the point (t, y(t)) is for ρ(t, •) either a continuity point, or it belongs to a discontinuity curve (represented by y(•)) that can be either a classical shock or a non-classical discontinuity between ρ(t, y(t)-) = ρα and ρ(t, y(t)+) = ρα .

Fix ǫ * > 0 and assume TV (ρ(t, •); ]y(t) -δ, y(t) + δ[) ≤ ǫ * , for some δ > 0. Then by weak convergence of measures (see [START_REF] Bressan | Structural stability and regularity of entropy solutions to hyperbolic systems of conservation laws[END_REF]Lemma 15]) we have TV (ρ n (t, •); ]y(t) -δ, y(t) + δ[) ≤ 2ǫ * for n large enough, and we can estimate ρ n (t, y n (t)+) -ρ + (t) ≤ |ρ n (t, y n (t)+) -ρ n (t, z n )| + ρ n (t, z n ) -ρ + (t) ≤ 3ǫ * for n large enough.

If ρ(t, •) has a discontinuity of strength greater then ǫ * at y(t), then also |ρ n (t, y n (t)+) -ρ n (t, y n (t)-)| ≥ ǫ * /2 for n sufficiently large, and we proceed as in [START_REF] Bressan | Structural stability and regularity of entropy solutions to hyperbolic systems of conservation laws[END_REF]Section 4]. That is, we set ρ n,+ = ρ n (t, y n (t)+) and we show that for each ε > 0 there exists δ > 0 such that for all n large enough there holds ρ n (s, x) -ρ n,+ < ε for |s -t| ≤ δ, |x -y(t)| ≤ δ, x > y n (s).

( for n large enough, thus proving [START_REF] Lattanzio | Moving bottlenecks in car traffic flow: a PDE-ODE coupled model[END_REF]. Combining (17c) and ( 18) we get ẏ(t) = ω(ρ(t, y(t)+)) for a.e. t > 0.

In order to verify that the limit solutions satisfy the constraint (12d), we can use directly [START_REF] Lattanzio | Moving bottlenecks in car traffic flow: a PDE-ODE coupled model[END_REF] and the fact that wave-front tracking approximations satisfy the constraint (4) by construction.

Figure 1 :

 1 Figure 1: A typical example of flux function for traffic flow (left). Every road has a specific fundamental diagram. For roads with different number of lanes we can consider that the fundamental diagrams are in a ratio corresponding to their maximal capacities (right).

Figure 4 :

 4 Figure 4: Flux functions for ẏ = V b . The big fundamental diagram describes the whole road and, the smaller one, the constrained flux at the bus location.

Theorem 1 .

 1 Let ρ o ∈ BV(R; [0, 1]), then the Cauchy problem (5) admits a solution in the sense of Definition 4.1.

Figure 5 :

 5 Figure 5: Interaction between two waves away from the bus trajectory.

Figure 6 :

 6 Figure 6: Interaction between a wave and the bus trajectory.

  (a) Shock from the left.

  Shock from the right.

Figure 7 :

 7 Figure 7: Interaction between a shock and the bus trajectory.

Figure 8 :

 8 Figure 8: Interaction between a rarefaction and the bus trajectory.

  19)In fact, if (19) does not hold, we could find ε > 0 and sequences t n → t, δ n → 0 such that TV (ρ n (t n , •); ]y n (t n ), y n (t n ) + δ n [) ≥ ε. By strict concavity of the flux function f , there should be a uniformly positive amount of interactions in an arbitrarily small neighborhood of (t, y(t)), giving a contradiction. Therefore (19) holds and we getρ n (t, y n (t)+) -ρ + (t) ≤ |ρ n (t, y n (t)+) -ρ n (t, z n )| + ρ n (t, z n ) -ρ + (t) ≤ 2ε
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