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We study on-line version of size-Ramsey numbers of graphs defined via a game played between Builder and Painter:
in one round Builder joins two vertices by an edge and Painter paints it red or blue. The goal of Builder is to force
Painter to create a monochromatic copy of a fixed grBpim as few rounds as possible. The minimum number of
rounds (assuming both players play perfectly) isthdine Ramsey numbe( /) of the graph/{. We determine exact

values ofr( H) for a few short paths and obtain a general upper bo#]) < 4n — 7. We also study asymmetric

version of this parameter when one of the target graphs is &staith n edges. We prove tha(.S,,, H) < n-e(H)

whenH is any tree, cycle or clique.

Keywords: size Ramsey number, online Ramsey games

1 Introduction

In this paper we are concerned with on-line variant of size-Ramsey numbers of graphs. For given graphs
G andH we writeG — H if there is a monochromatic copy éf in any red-blue coloring of the edges of
G. Thesize-Ramsey numbef a graphH, denoted by*(H), is the smallest possible number of edges in
a graphG satisfyingG — H. This notion was first studied by Erdés, Faudree, Rousseau, and Schelp (8),
as a variation on the usual Ramsey numtiéf) (which is the least: such thatk',, — H, whereK,, is
a clique onn vertices). Clearlyr(H) is at most(r(f)) for every graphH. Somewhat surprisingly this
bound is attained iff = K, (8). Howevery(P,,) < cn for some absolute constantwhereP,, is a path
onn vertices. This was proved by Beck (2) in response to a one-hundred-dollar question of Erdés. The
proof uses random graphs and is nonconstructive (cf. (5)). Explicit construction based on expanders was
provided by Alon and Chung (1). Since then many deep results for other natural classes of graphs were
obtained (cf. (3; 7; 15; 22)).

On-line version of size-Ramsey numbers was introduced independently by Beck (4) and Kurek and
Rucinski (14). It is best explained by the following game betwBeitdder andPainter, played on a large
set of vertices. In one round Builder joins two nonadjacent vertices by an edge and Painter colors this
edge red or blue. The goal of Builder is to create a monochromatic copy of a fixed Hraplas few
rounds as possible. Painter will try to resist doing it for as long as possibleorFlire Ramsey number
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r(H) of a graphH is the minimum number of rounds in which Builder achieves his goal, assuming both
players play perfectly. Clearly(H) < 7(H) and it is natural to ask how much these two parameters may
differ. We study this question in several typical situations. For instance we show(fPal < 4n — 7,
while currently best bound in the off-line caseris’,,) < 594n (cf. (5)). In general the problem may be
hard as it is not even known if the rati¢ K ,,) /7(K,,) tends to zero as — oo (cf. (14)). Other open
problems and related versions of the game can be found in (10; 12; 13).

One can also consider an asymmetric version of the on-line Ramsey number. W& w+it€¢G, H)
if in any red-blue coloring of the edges éf there is a red copy off or a blue copy ofd. Similarly,
(G, H) stands for the minimum number of edges in a grapbuch thatF" — (G, H), andr(G, H) is
defined accordingly.

Similar to the classical Ramsey numbers (see a dynamic survey of Radziszowski (21) which includes all
known nontrivial values and bounds for Ramsey numbers), it is hard to compute the exact vdlGe of
unlessG are trivial. In this relatively new area of small on-line Ramsey numbers, very little is known.

2 Paths

As a warm-up we start with exact determination of the on-line Ramsey numbers for a few short paths. Let
e(H) denote the number of edges of a grdph Note first that in general we hav¢H) > 2¢(H) — 1,

since Painter may color safely the fiegti/) — 1 edges red, and the nextH) — 1 edges blue. Since
e(P,) =n — 1 we haver(P,) > 2n — 3. This lower bound is attained for= 2,3, 4, 5.

Proposition 2.1 7(P,) = 2n — 3,forn = 2,3,4,5.

The cases = 2, 3 are trivial. The case = 4 is also very easy; after presenting three edges of aPath

there are only two possible patterns (up to symmetiy) andbrb. Then Builder creates a monochromatic
path P in the next two moves, as depicted in Figure 1. (The final edge is drawn in two colors.) To prove
thatr(P5) = 7 we have to analyze more subcases. In the first four moves Builder constructsissath

that essentially one of the three possible color patterns appears, as displayed in Figure 2. Then he obtains
a monochromati@s; in next three moves, as shown in Figure 3. (A circled number means that Painter had

a choice in that move, which led to a branching into subcases.)

5
4 2 3 %

1 PY 2 3 PY ‘ 1 ’
5 4 1
(a) Case 1 (b) Case 2

Fig. 1. Forcing a pathP,

The pattern breaks already for= 6.

Proposition 2.2 7(Pg) = 10.
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*——o—o—0 *—o—o—o—0
*———o—o *—o—o—o—0
*r—o—o—9o
*——o *r—o—o—o—90
*—o—0—0—0
—=—=o | &——0 o
" —o—o—0—0

Fig. 2: Forcing a monochromati€ (first four moves)

GRS

(a) Case 1 — bbbr (b) Case 2 —rbbr (c) Case 2’ —rbbr (d) Case 3 — brbr (e) Case 3'—brbr

Fig. 3: Forcing a pathPs (last three moves)



66 J.A. Grytczuk, H.A. Kierstead, and P. Pratat

Proof: For the lower bound consider a natural strategy for Painter: color an edge blue if it does not create
a blue copy ofPg, otherwise use red. Suppose first that the graph constructed by Builder in the first four
moves is not a pati?’s. Then clearly Painter will be able to use the color blue in the very next move and
we are done. So, suppose that after first four rounds there is a blu€paifhe only way for Builder to
finish the game in the total of nine rounds is to create in next four rounds Bgethis is possible only
by using both ends of the blue pafty, making the last winning move impossible.

The upper bound is achieved by case-by-case analysis shown in Figure 4 (first five moves) and Figure 5

(last five moves). O
— o oo —e———o— (1)
— oo —o—o——— (2
— e oo (3
—s — oo (4
o ——e e (3
— ———o oo (1)
o —————" (5
oo oo (2
— o o oo (5
o —e—o——o— (0
oo oo (5

Fig. 4: Forcing a monochromati€s (first five moves)

Further computer assisted results for small paths can be found in (18; 19). (It has been shown that
7¥(P;) = 12,7(Ps) = 15, andr(Py) = 17. The values for an asymmetric version of the on-line Ramsey
number for paths of lengths at m@sare also determined.) In general we have the following upper bound.

Theorem 2.3 Let k£ > 1. In 2k — 1 rounds Builder can force Painter to create two vertex disjoint
monochromatic paths (the red one and the blue one) the sum of whose lengths is égual to
In particular,7(P,) < 4n — 7 forall n > 2.
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N\ N\
-

(a) Case 1 — bbbbr (b) Case 2a — bbbrb (c) Case 2b — bbbrb (d) Case 3a — bbbrr

8 © ©
© O
(e) Case 3b — bbbrr (f) Case 3c — bbbrr (g) Case 4a — bbrbr (h) Case 4b — bbrbr
@ ® ®
10
9 7 ~ 9
6y

(i) Case 4c — bbrbr (j) Case 5a— brbbr (k) Case 5b — brbbr

@ © X ®
8
10
9 8
(m) Case 5d — brbbr (n) Case 6a— brrbb (o) Case 6b —brrbb (p) Case 6¢ — brrbb

Fig. 5: Forcing a pathPs (last five moves)
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Proof: The proof goes by induction dn The basis step = 1 is trivial. For the inductive step assume
that the statement holds for somé> 1, that is afte2k — 1 rounds there is a red pathand a blue patli
such that’ (R) N V(B) = ) and|E(R) U E(B)| = k. Letvg andvp denote any end vertices & and
B, respectively (take any isolated vertexiasor v g if the corresponding path has no edge). If there is no
edgevgrvp, then Builder draws the edge;vp and Painter does her job (note that it is only to Builder's
advantage if it already exists).

Suppose Painter colors this edge red. Then Builder draws an edge fromwgrtexa new vertex.
If Painter uses red color, then there are two vertex disjoint monochromatic BatasR + v + v and
B’ = B — vp, with k + 1 edges in total. If Painter coloisszv blue, the path®2’ = RandB’ = B+ v
satisfy the assertion. If initially Painter colors the edggvr blue, then Builder draws an edge framg
to a new vertew instead, and the situation is symmetric.

In order to finish the proof notice that aftet—7 = 2(2n—3)—1 rounds there must be a monochromatic
path with at least. — 1 edges, that is, a monochromaiis. O

3 Trees

Let f(n) be the maximum value of(7T") taken over all trees withh edges. In (9) Erdés and Graham
proved that(T") < 4e(T') + 1 for every tre€l’. From this it follows thatf (n) = O(n?). We show that
this bound cannot be improved asymptotically, thatfig;) = ©(n?). First we derive a general lower
bound for7(H) for arbitrary graphs and then present an example that proves the statement.Hlet
denote the smallest number of vertices covering all edgé$.of he size-Ramsey number &f can be
bounded from below in terms of(H) and the maximum degre&(H) of a graphH. A similar bound
holds in the on-line case.

Proposition 3.1 7(H) > $7(H)(A(H) — 1) + e(H) for every graphH .

Proof: Painter’s strategy is to color an edge red as long as the red subgraph has maximum degree strictly
less thanA(H); otherwise she colors an edge blue. So, a red cog¥ @fill never appear. Suppose a

blue copy ofH has appeared in a graph constructed by Builder. Then at least one end vertex of each blue
edge must be incident with exactly(H) — 1 red edges. Hence the red subgraph must have atledst

vertices of degreg\ (H) — 1 and thus the number of red edges is at lepstH ) (A(H) — 1). O

Now, we are ready to show th#tn) = Q(n?). Let B,, be a graph witln edges, obtained from a star
S|n/2) = Ki,n/2) by subdividing each edge, and with an additional edge attached to the center of the
star ifn is odd.

Corollary3.2 f(n) > 7(B,) > % + 3%, for everyn > 1.

Proof: We haveA(B,,) = 7(B,,) = [n/2] as each cover must contain a non-center vertex from each
subdivided edge and one extra vertex for an additional edgésibdd. |

If Builder knows that Painter will follow the strategy from Proposition 3.1, then he can fBrgén
(/1) 4 n = 2 1 O(n) moves. He starts by building[a,/2]-clique, which Painter colors entirely red.
From now on, Painter will color any vertex incident to a clique vertex blue. So Builder can force a blue
B,, in n moves by using the clique vertices as subdivision vertice3 af Painter can delay her agony a
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little by coloring edges that are incident to the clique and do not create forbidden graph with red, but her
real problem was allowing the red clique.
On the other hand, at mo%t:'— + O(n) moves are enough to force Painter to create monochroBatic

Proposition 3.3 7(B,,) < % + §n — 7 for every evem = 2k > 4.

Proof: Builder starts by playingk — 5 independent edges. Painter is forced to create a monochromatic
matchingM = {z;y; : i € [3k — 2|}; suppose the edges &f are blue. Add a new vertexand edges
vz, for i € [3k — 2]. To avoid creating3,,, Painter must colo2k — 1 of these edges with red. Say she
colorsz;y; red fori € [2k — 1]. In the nextk? steps, Builder introducesnew vertices;; (I € [k]) and
edges:;x,, (for some values ofn), forcing Painter to either create a blue star with center at son{thus
finishing a blueB,,), or a red matching/” = {zx.,, : | € [k]} (thus finishing a red3,,). To do this, he
simply playsk edges betweery andk vertices of the form:,,,, wherez,,, is not incident with an edge in
M.

This takeg 6k — 5) + (3k — 2) + k? edges. Builder can save some edges by being more careful at the
beginning. m]

If we restrict to trees of bounded degree then even the size-Ramsey numbers are linearly bounded
(cf. (12)).

4 Stars versus trees, cycles, and cliques

In this section we focus on asymmetric version of the on-line Ramsey number where one of the graphs is
a stars,,.

It is clear that the Proposition 3.1 can be easily generalized to the asymmetric version we consider.
Since the proof is almost identical, we omit it here.

Proposition 4.1 7(G, H) > 1 max{r(H)(A(G) — 1) + e(H),7(G)(A(H) — 1) + ¢(G)} for arbitrary
graphsG and H.
In particular, 7(S,,, H) > 17(H)(n — 1) + e(H).

Before we state a general upper bound we need a few more definitions.bleeh permutation of the
vertices ofG. For a vertexw € V(G), let N (v) be the number of neighbors ofthat follow it in the
permutation. Similarly, we defin& - (v). Letd,(G) be the maximum “back degree”, that is,

dr(G) = max{N_ (v) : v € V(G)},
and/,(G) be the number of vertices with no “forward neighbors”, that is,
(G)= Y 6(NS(v)=0)
veV(G)

whered(A) is the Kronecker delta function

1, if Aistrue
0(4) = { 0, otherwise.

Finally, letn(G) denote the number of vertices in a gragh
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Proposition 4.2 7(S,, H) < min; d.(H)(n(H) — l-(H))(n — 1) + e(H) for any graphH.

Proof: Fix a permutationr of vertices of H. We present Builder’s strategy to constrdttin an order

yielded by permutatiomr. When we consider a new vertexof H, we choose a new vertex in the

graph we are constructing and add all edges froto previously assigned vertices that correspond to the
neighbors ofv in H. If Painter uses blue color only, we assigrto v and move to the next vertex ii..
Otherwise we try again starting from a new vertexin total we can have at mogt(H) —1 . (H))(n—1)

retries since that is exactly an upper bound for the number of red edges when Painter is trying to avoid red
S, and each retry can be associated with a unique red edge generated in the previous try. In each retry we
use at most. (H) edges. O

Now, we are ready to prove bounds &S ,,, H) in a few special cases where graghis any tree,
cycle or clique.

Proposition 4.3 LetT be any tree witle(7') > 2 edges and vertices of degreé (leaves). Then for every
neN
(S, T)<e(T)n—(I—1)(n—1).
The proof follows immediately from Proposition 4.2 since there is a permutatieith d . (G) = 1
andl,(G) = I. We present an alternative proof below.

Proof: Letr € V(T') be any vertex of degree at le@stind select this vertex as a root of the tfemaking
this tree a rooted one. Lé{v) denote the degree of a vertein the treel’. In the firstd(r)+n —1 moves
Builder draws a sta$y(, ., forcing Painter to create a blue staj,. This is the first level of". Then
for every leafv of the blue starS 4,.), which is not a leaf of", Builder draws a sta$'(j(,)—1)4(n—1) With
center inv. This creates the second levelDfsee Figure 6). And so on, until a complete blue cop¥ of
(or ared copy of,,) appears. The total number of edges drawn by Builder is

(n =DV =) +e(T) = e(T)n — (I = 1)(n—1)

as asserted. O

Fig. 6: Forcing a redk, ,, or blueT’

In next proposition we show that the on-line Ramsey number for aSstarersus a fixed cycle grows
linearly inn. This is different than in the off-line case, where for odd cycles we have a quadratic growth
(cf. (16; 17)).
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Proposition 4.4 For everyn, k € N, k > 3

k
Z(n +3) <7(Sn, C) < nk.

Proof: The lower bound follows immediately from Proposition 4.1 sin¢€'y) > k/2.

For the upper bound, Builder first forces a blue path with 2 edges. By Proposition 4.3 this takes
at mostn(k — 3) + 1 rounds. Let; andv,_; be the two end vertices of this path. Builder draws a star
Son_1 With center invg_, and new vertices, ..., us,_1 as its leaves. Clearly at leastedges of this
star must be blue. Then he joins these vertices to the veitelt there is no red star yet, then there must
be a vertex;; such that both edgesv, andu;v;_; are blue. Hence a blue cycle is created (see Figure 7).

Total number of edges is equalttk — 3)n + 1) + (2n — 1) + n = kn. 0
Vg—3 gf-eeeman Us
Vi —2
Vk—1
(a) First phase (b) Second phase (c) Third phase

Fig. 7: Forcing a redk,, or blueCj,

Itis clear that better bounds can be achieved with more effort. For example let us mention the following
small improvement. If Painter creates réd_, in the first phase, then Builder can start growing a path
from the other direction so that vertex is attached to the red star. Now in the second phase we can
generate one blue edge only (instead @fs before). This saves at leasin{n — 1,k — 3} edges. Since
there is no hope for a general exact formula, we are happy with the bound which is optimal up to a
multiplicative constant.

A similar bounds hold for clique®’;. The bound is optimal up to a factor ot for some constant
c>0.

Proposition 4.5 For everyn, k € N, k > 2
1 k _ k
—(k—1 -1 < ', K1) < .
0= 001+ (3) <m0 < (3)n

Proof: Again, the lower bound is a simple consequence of Proposition 4.1 s{icg) = k£ — 1.

For the upper bound, 18t be a set of V| = (k — 1)n + 1 vertices. First Builder proposés — 1)n
edges of a staf(;,_1), on the sefl;. Since Painter is trying to avoid a red star wittedges, at least
(k —2)n + 1 edges must be colored blue. Uét C Vg, |[Vi| = (k — 2)n + 1 be a set of vertices of degree
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1 connected with a blue edge. In the second phase Builder is drawing®stay,, on'V; forcing Painter

to use blue color at least — 3)n + 1 times. Thus, there is a s&t C Vi, |Va| = (k — 3)n + 1 of vertices

of degree2 incident with a blue edges only. Repeating this strategy in each phase, Builder eventually
forces Painter to draw either a red sty or a blue clique(;,. An example of the game in case &f »

and K4 is shown on Figure 8. Note that the game consists 6f1 phases and during théh round, the
Builderis drawing a star witlix — i)n edges. Thus

F(Sn, Ki) <k —i)n =

and the assertion follows. O

(a) First phase (b) Second phase (c) Third phase

Fig. 8: Forcing a redk ,, or blue K,

The above results suggest that perh@ps,, H) < n - e(H ) for every graph.

5 Discussion

We conclude the paper with some questions for future considerationF beta fixed family of graphs
and letr(n) = max{r(H) : H € F,|V(H)| = n}. Also letr(n) andr(n) be defined analogously for
size-Ramsey and Ramsey numbers of graphs ffomespectively. Clearly for any class we have

F(n) < 7(n) < (”(2”)).

A general problem is to determine the asymptotic growth of the functian for some basic graph
classes. In particular, to decide whether

lim @ = 00. (1)

n—oo T(n)
It is natural to expect that (1) should hold for most reasonable families of graphs. Clearly (1) cannot
hold if 7(n) is linear, but, as we demonstrated, it also does not hold for trees, whergrows quadrat-
ically. We do not know what happens for graphs of bounded degree. A well known theorem of Chvatal,
Rodl, Szemerédi, and Trotter (6) asserts that) grows linearly for every fixed\ (hencer(n) is at
most quadratic). On the other hand, as proved by Rodl and Szemerédi (22), there are cubic graphs with
guadratic size-Ramsey number.
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Itis obvious that the real challenge is in computing the on-line Ramsey numbers for cliques. Therefore,
the following intriguing question was posed by Kurek and Rucinski (14): does (1) hold for the family of
all cliques? A natural strategy for Builder is to mimic a recursive construction giving the upper bound for
classical Ramsey numbe(K,,). This gives for instancé(K;) < 8 (in fact, 7(K5) = 8; the proof of
the lower bound is elementary but nontrivial). Moreover, it has been showi(that) < 2k(°F ) ~
ﬁ\/ﬁzﬂ“. The third author of this note, with computer support, showed that an asymmetric version of

the on-line Ramsey numbeé(K s, K4) is equal tol7, provided a general upper bound K ., K;),
which gives a slightly better asymptotic upper boundg%‘*—\/% for a symmetric version of the on-line
Ramsey numbers (see (20) for more details).
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