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Priority trees are a certain data structure used for priority queue administration. Under the model that all permutations
of the numbers 1,...,n are equally likely to construct a priority tree of size n we study the following parameters
in size-n trees: depth of a random node, number of right edges to a random node, and number of descendants of a
random node. For all parameters studied we give limiting distribution results.

Keywords: priority trees, node depth, descendants, limiting distribution

1 Introduction

The data structure of priority trees (also called p-trees) is used to implement priority queues. Priority
queues are important for many scheduling problems (e.g., for jobs, events, etc.). Typical applications are
given in operation systems (scheduling the execution of different jobs, resource management, etc.) and
in discrete event simulation models (scheduling events according to their time of occurrence). To each
element in a priority queue there is associated a fixed key, whose value determines its priority. We will
here assume that low key values correspond to high priority. Two basic operations are fundamental for
priority queue administration: inserting an element with arbitrary priority (INSERT), and removing the
element with the highest priority (DELETE).

Priority trees can be considered as a special implementation of binary trees that make them suitable for
usage as a priority queue. Formally they are defined as follows: a priority tree either is empty or consists
of a sequence of nodes with non-increasing keys, the so called left path, such that to each node on the
left path except the last one, there is associated a possibly empty priority tree, the so called right subtree.
All nodes of the right subtree that are associated with a node z on the left path are ranked between z and
the left successor of z. More precisely, if z with key k denotes the left successor of z with key [, then all
nodes in the right subtree of z have key values s: k < s < [. k = s can occur as is seen by considering
the insertion algorithm defined in the sequel.
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exchange program “Amadée”.
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Of course it follows from this definition that not every binary tree of size n, where the size of a tree
is given as usual by the number of internal nodes, can appear as a priority tree. The number P,, of
different size-n priority trees is given by the number of size-n Motzkin-trees (also called unary-binary
trees). Although this is not mentioned explicitly in [10] it is a direct consequence of the formula for P,
presented in that work. Priority trees are generated from the empty tree by successively inserting new
elements via the recursive algorithm INSERT. Inserting a new element p into a priority tree 7" works as
follows:

o If T is empty or the key associated to the root of 7" is not larger than p, then let p be the new root
and 7' its left subtree.

e Otherwise follow the left path of 7" and look for the first node = that has a key not larger than the
key of p.

— If no such node exists, then append p to the left path as a new left leaf.

— Otherwise let us denote by z the predecessor of x; thus the key of p is ranked between the
keys of = and z. In this case algorithm INSERT will be applied recursively to the right subtree
of z to insert node p.

We give in Figure[I]an example of constructing a priority tree with the algorithm INSERT.

(® (&)
e¢@¢f¢ (3 = @ © =
@ @

Fig. 1: Construction of a priority tree of size 6 from the keys 3, 1, 6, 4, 5, 2 starting with the empty tree (denoted by
€). The node with key 3 has in the resulting tree exactly 2 ascendants (i.e., there are exactly 2 nodes lying on the path
from the root to the node 3; therefore the depth of this node is 2) and 3 descendants (i.e., the size of the subtree with
node 3 as root-node is 3). The number of right edges on the path from the root to node 3 is 0.

Priority trees were investigated in the early 1960’s as a data structure for maintaining priority queues
in the implementation of the programming language SIMULA, which was developed at the Norwegian
Computer Center in Oslo by Dahl and Nygaard. A first average-case analysis of the behaviour of priority
trees was given by Jonassen and Dahl in [10]. They are also mentioned in handbooks of algorithms and
data structure, e.g., in [[6], where some of the results obtained in [[10] are cited. In the average-case analysis
it has been used always the so called random permutation model as the underlying probability model. This
means that all n! permutations of {1,2,...,n} are assumed to be chosen equally likely as data arrays to
construct a priority tree of size n starting with the empty tree using algorithm INSERT repeatedly. As main
results in their analysis we cite the expected number of key comparisons I,, and the expected recursion
depth R,, when inserting a random element into a random size-n priority tree, and the expected size of the
left path L,, in a random size-n priority tree (this gives the depth of the node with the smallest key value,
the so called left leaf, and thus the depth of the data with the highest priority, where the depth of a node =
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in the tree is here always measured by the number of nodes lying on the direct path from the root to z):

H2 H(2)
]E(In) — n+1 + 10Hn+1 _ Tn+l @7 for n > 2’
3 9 3 27
2 1
E(R,) = an—&-l + g’ for n > 2, E(L,) =2H, — 1.

Here H, := > }_, % and Hff) =0 k% denote the first and second order harmonic numbers. Since
E(1,) ~ % log? n, it follows that the operation INSERT is for priority trees asymptotically more expensive
than for other priority queue structures (like heaps or leftist trees, see, e.g., [6]). We further remark that
the dynamic behaviour of priority trees was considered in [9].

The average case analysis of this data structure under the random permutation model has been extended
in [13]], see also [[12]]. The focus has been given there in computing exact formula for the mean of several
tree statistics for nodes in size-n trees with a fixed key j (and not for random nodes). In particular we
obtained for size-n priority trees among others exact and asymptotic results for the expected depth of node
J (= number of ancestors of j and also called height of 7), the expected number of right edges (and left
edges) to the node j, the expected number of descendants of node j, and the number of key comparisons
when inserting a node with key j + % Moreover, we have shown that the length of the left path L,,
is asymptotically Gaussian distributed with mean E(L,,) ~ 2logn and variance V(L,,) ~ 2logn. We
remark that the latter result can be obtained directly by applying the theory of records (see, e.g., [3]]).

In the present work we will reconsider some of these parameters, where we will focus here on estab-
lishing limiting distribution results for randomly chosen nodes in size-n priority trees: in particular we
will analyse the depth ALIH] of a random node, the number of right edges Ag{] to a random node and the
number of descendants ALD] of a random node. We remark that we use throughout this paper the conven-
tion that a node is considered as its own ancestor (and is thus counted for the depth) and descendant. The
results obtained for these tree statistics are given in Section [2]

The motivation of the author for a detailed study of this tree family is three-fold.

e Up to now there exist only few results, which describe the average-case behaviour of the operations
in priority trees that are of interest when using them as a data structure for priority queue adminis-
tration. In particular the behaviour of the algorithm INSERT when inserting a random node into a
randomly grown priority tree of size n is little analyzed: everything known was obtained more than
30 years ago in [[10] leading to the exact and asymptotic formula for the expectation of the num-
ber of key comparisons I,, and the expectation of the recursion depth R,, given above. Although
we will not carry out the distributional analysis of I,, and R,, in the present paper state that these
parameters are closely related to ALH] and ALR] studied here: one obtains that, asymptotically, I,
behaves like A%H] and R,, behaves like ALZR], or to be more precise, Theorem also holds for I,,
and Theorem 2] also holds for R,,. We state these results as Corollary 4] We remark that Corollary []
is not a consequence of Theorem (e.g., it does not seem that there is a simple relation between
I,, and ALH]), but a consequence of the proof of these theorems, which is fully analogous. A very
raw sketch of the proof of these results appeared in [11]] as an extended abstract of a conference.

o This tree model seems to be also of some purely mathematical interest, since the algorithm INSERT
gives a quite simple construction rule, which generates a tree family with an unusual behaviour.
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Most random tree models are either a member of the class of log n-trees (a randomly chosen node
has expected depth ©(logn), like, e. g., the data structures binary search trees, digital search trees,
and Quad-trees) or of the class of /n-trees (a randomly chosen node has expected depth ©(y/n),
like, e. g., binary trees or unordered labelled trees, so called Cayley trees). As a consequence of
Theorem it is shown in this paper that priority trees are neither log n-trees nor /n-trees, but the
depth of a randomly chosen node has expectation ~ % log? n and variance ~ g log® n and is, after
normalization, asymptotically standard normally distributed.
e The proof of the asymptotic normality of the centered and scaled version of the parameter Agﬂ
as stated in Theorem |I| could be of some methodological interest, since it was shown by using the
method of moments without shifting by the exact or asymptotic mean. This requires of course a
very detailed description of the asymptotic behaviour of the ordinary or factorial moments of ALfI] to
take care of the huge cancellations when considering the centered random variable. The motivation
comes from the fact that there are several parameters in the study of discrete structures, where one
has a simple description of the random variable of interest by means of generating functions leading
to functional equations, differential equations, etc., but when applying the method of moments, after
shifting by the asymptotic mean, one often (apart from the instance E(X,,) ~ ¢n) cannot directly
continue the computations at the level of generating functions, but one is rather forced to go back
and do it at the level of coefficients. In general certainly shifting the mean, i.e., to study directly
the recurrences for the centered moments, is advantageous; see, e.g., [[1] for an impressive example.
However, there might be some intrinsic interest in the question what is necessary to know (and
how to obtain this knowledge) about the behaviour of the generating functions of the ordinary
(or factorial) moments of a random variable X,, to show asymptotic normality of the normalized
version of X, in particular for instances, where the so called quasi-power theorem is not applicable.

2 Results and mathematical preliminaries

2.1 Results
As already mentioned in the introduction we use as mathematical model for our analysis of priority trees
the random permutation model, i.e., all n! permutations of the numbers 1,...,n are equally likely for

constructing a priority tree of size n. For this model we give here in Theorems limiting distribution
results for the following three parameters:

° ALH] is the random variable that counts the depth (= height) of a randomly chosen node in a random
priority tree of size n, i.e., the number of nodes (= ancestors) lying on the unique path from the
root to a randomly chosen node.

° AW is the random variable that counts the number of right edges on the path from the root to a
randomly chosen node in a random priority tree of size n

) ALD] is the random variable that counts the number of descendants of a randomly chosen node in a
random priority tree of size n. The number of descendants of a node z is here defined as the size of
the subtree rooted at node z, i.e., a chosen node is always counted as a descendant of itself.
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. . d . .
We formulate now the main results of this paper, where we denote as usual by 9@, convergence in dis-
tribution and where ®(z) denotes the distribution function of the standard normal distribution N (0, 1).

Theorem 1 The depth ALH] of a random node in a random size-n priority tree is asymptotically Gaussian
distributed:

AT Log?
sup | P T T3 N, —®(x) | = o(1).

z 3 -
€R \/ 52 log’ n
The expectation IE(ALZH]) and the variance V(ALLH]) satisfy

1 1
E(AH]) = 3 log?n 4+ O(logn), V(AH = 87(1) log® n + O(log® n).

Theorem 2 The number ALR] of right edges on the path from the root to a random node in a random size-
n priority tree is asymptotically Gaussian distributed, where the convergence rate is of order O( L )

Viegn
A2y 1
sup | P ng — O(x) :0(7).
z€R /%7(7) log n Vdiogn

The expectation IE(ALZR]) and the variance V(A%R]) satisfy

2 10
E(AF) = 3 logn + O(1), V(AF) = 57 logn 4+ O(1).

Theorem 3 The number ALLD] of descendants of a random node in a random size-n priority tree converges
in distribution to a discrete random variable AP (with non-existing r-th moments E ((A[D])T), for

r>1) ALID] @), ALY which has the distribution

2 m—1
Pl AP — - H,, — > 1.
{ m} 3m(m +1) 3m(m +1)2’ for m =

The r-th moments of ALLD] are given asymptotically by

E((AlP)") = T Hogn +O(n ), for r>2,
" | tlog®n+O(logn), for r=1.

We further present here limiting distribution results for the following two parameters, which describe
the insertion costs when inserting a random element into randomly grown priority trees.

e ], : the number of key comparisons that are made when inserting a random element into a random
priority tree of size n with the algorithm INSERT. For the model of randomness we assume further
Fhat all values of the set {%, %, cooyn+ %} can occur with equal probability ﬁ as the key of the
inserted element.
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e R,: therecursion depth, i. e., the number of calls of the algorithm INSERT, when inserting a random
element into a random priority tree of size n.

By applying the methods used for the proof of Theorem[T}2] we obtained the following results (see [11]]).

Corollary 4 The number of key comparisons I, when inserting a random element into a random size-n
priority tree with the algorithm INSERT is asymptotically Gaussian distributed.:

I, — log?
sup |[P{ 328 % o b g) | =o(1).

zeR 10 3 o
\/ 51 log" n

The expectation E(I,,) and the variance V(1,,) satisfy

1
E(I,) = 3 log?n 4+ O(logn), V(I,) = ;—(1) log® n 4 O(log® n).

The recursion depth R, when inserting a random element into a random size-n priority tree with
the algorithm INSERT is asymptotically Gaussian distributed, where the convergence rate is of order

O(\/liﬂ)"

R, — 21 1
sup |P ﬂgx — ®(x) =O<7).

z€R /;72 log n Viogn

The expectation E(R,,) and the variance V(R,,) satisfy

2 10
E(Ra) = 5 logn+O(1),  V(Ry) = = logn +O(1).

2.2 Mathematical preliminaries and outline of the proofs

In our analysis we use the approach introduced in [13|]: we work with three families of combinatorial
objects denoted by A, B and C. The family .A contains ordinary priority trees generated from random
permutations (applying algorithm INSERT repeatedly) starting with the empty tree, the auxiliary family B
contains priority trees generated from random permutations starting with the additional element “+00”,
the auxiliary family C contains priority trees generated from random permutations starting with the addi-
tional element “—oc0”. We always assume that these additional elements are not counted for the size of an
object, which means that the size of an object is given by the number of nodes without elements —oo and
+00.

The analysis of the tree statistics introduced above relies heavily on the decomposition of the families
A, B and C according to the first element &k of a random permutation of the numbers 1,2, ..., n. These
fundamental combinatorial decompositions are given in Figure 2]

They will lead to systems of recurrences for the probabilities P{A,, = m}, P{B, = m} and P{C,, =
m} of the random variables A,,, B,, and C,,, where A, is either ALH], ALR] or ALD], and B,, and C,
are defined as the corresponding random variables for objects in B and C. To obtain them we introduce
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object of C
with nodes k+1,...,n

object of A
with nodes k+1,...,n

object of B
with nodes 1,...,k—1

object of B
with nodes 1,...,k—1

Decomposition of family A Decomposition of family B

object of C
with nodes k+1,...,n

object of A
with nodes 1,...,k—1

Decomposition of family C

Fig. 2: Decomposition of the families .4, BB and C according to the first element.

random variables A,, ;, B,, ; and C,, ;, which count the corresponding tree parameters in objects of size
n in the families A, B and C for a fixed node j (instead of a random node). Of course we have then

An = Z Jn,j An,ja
1

n

J

where J,, ; is the indicator variable of the event U,, = j, where U,, is uniformly (and independently of the
A, ;) distributed on {1,2,...,n}. Corresponding equations hold for the B,, and C,,, too. It holds then
that P{A,, = m} = £ 3% | P{A, ; = m}, etc.

This approach was used in [13] and one can translate the decompositions of Figure[J]easily into systems
of recurrences for the probabilities P{A,, ; = m}, etc. By introducing trivariate generating functions

A(z,u,v) = Z i Z P{A, ; = m}z"ulv™, etc.

n>1j=1m>0
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we obtain then systems of linear differential equations for A(z,u,v), B(z,u,v) and C(z,u,v), which
lead after specializing u = 1 to systems of linear differential equations for

A(z,v) = A(z,1,v) = Z Z nP{A4, = m}z"v™

n>1m>0

and the corresponding functions B(z,v) and C(z,v). All systems of differential equations can be trans-
formed into single higher order linear differential equations for A(z,v).

Before we outline how to proceed from these differential equations we introduce some notation used
throughout this paper. We denote by 2™ := x(xz — 1) - - - (x — m + 1) the falling factorials and by || the
floor function (see, e.g., [7])). In order to avoid clumsy notations we use the abbreviation Bol, (d) for any
polynomial in 2 of degree at most d, which can vary in every occurrence of Pol . (d). If d < 0 then we
use the convention that Bol(d) = 0. With [2"] f(z) we denote the n-th coefficient f,, of a power series

f(x) = Y450 fex® or polynomial f(x) = S2¢_, fxx*. Furthermore we use the abbreviation L(z) :=

log (liz) and the Iverson-notation [Statement], which gives 1 if Statement is true and 0 otherwise.

In the instance of A%H] we will use the method of moments to show the stated central limit theorem.
First we can reduce the order of the third order differential equation for A(z,v) to a second order linear
differential equation for a function H(z,v). The functions H,.(z) := aa;TH (z, v)‘vz1 satisfy for all
integers r > 0 second order Cauchy-Euler differential equations and one can easily pump out the structure

of the solutions for H,.(z) as linear combinations of functions ﬁL(z)QT—m, with 0 < m < 2r and
(1= 2)L(2)*~2=™, with 0 < m < 2r — 2. This is shown in Lemmal5| This structure will follow also
directly from the general study of Cauchy-Euler differential equations given in [2]. But it is essential in

our analysis to obtain a full recursive description for the coefficients asm) of the functions ﬁL(z)m

in these linear combinations, which is also established in Lemma [3

Next, these recurrences for the coefficients agm) are studied for fixed m as a function of r. In Lemmala
we show the representation o™ = %r%‘po[r@m — [EL 1), which holds for fixed m and 7 > 0.
Moreover, the leading coefficients ("™ in the polynomials are given.

Lemma (8| translates these results to the generating functions A,.(z) of the r-th factorial moments of
AT A,(2) = 2oA(z,0)|,_, = Y5 nE ((ALH})L> 2", In particular we obtain the asymptotic

expansion A, (z) ~ Zfr::o al™ (1_1Z)2L(z)2“m around the dominant singularity z = 1, where the

coefficients a\™ are for fixed m and r > 0 again given by a™ = %rﬁ‘ﬁo[rﬂm — [2H ), with

(™) and o™,

the same leading coefficients (™ of the polynomials occurring in a
This detailed description of the a&m) is now used together with a description of the appearing sums via

higher order differences to treat the massive cancellations and to determine the leading terms of the 7-th
centered moments E ((A%H] — % log2 n)r) It follows that after normalization these centered moments
converge to the moments of the standard normal distribution A/(0,1). This is established in Lemma E}
Together with the Theorem of Fréchet and Shohat (see, e.g., [4]) Theoremﬂ] is shown.

In the instance of ALLR] the second order differential equation for A(z,v) is of Cauchy-Euler type,
which has an explicit solution. Extracting coefficients [2"] A(z,v) uniformly in a neighbourhood of v = 1
only requires singularity analysis of generating functions [5]. Theorem [2| follows from this expansion
immediately by an application of the quasi-power theorem due to Hwang [8]].
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In the instance of A[D} the second order differential equation for A(z, v) is again of Cauchy-Euler type.
Although the solution is not given in closed form, it is here not hard to extract coefficients [z"v™]A(z, v)

and thus to give explicit results for the probabilities IP’{AL I = m}. From this explicit formula we obtain

immediately the first part of Theorem To obtain the asymptotic formule for the r-th moments of ALD]
as given in the second part of Theorem [3| we expand the solution of A(z,v) in terms of w := v — 1 and
determine for fixed r the asymptotic expansion of [w"]A(z,v) around the dominant singularity z = 1.

Singularity analysis leads then to asymptotic results for E ( (ALD] ) T) .
The complete proofs of Theorems[TH3|are given in Sections 3H3]

3 Depth of a random node
3.1 A system of recurrences

Using the combinatorial decomposition given in Figure[2] i.e., the decomposition with respect to the first
element k of a random permutation of {1,...,n}, we obtain the following system of recurrences for the
probabilities IP’{A = m}, P{B, ; — m} and P{C, H] m}, which give the probabilities that node j
has depth m in a random generated ob]ect of size n of the families A, Band C for 1 < j < n (see [13]).
We recall the convention used in this paper that the depth of a node x is always measured by the number
of nodes lying on the direct path from the root to x.

1 Jj—1 n m
IP{A[TiI]]:m}:E (ZP{C[HM f =) Prgmo1 DD paki P{BT lj—m—z}) (1a)
k=1

k=j+1 i=0
P{Bgﬁlzm}_ (ZP{An pr=m—1+[m=21+ > P{BI 1j—m—1}>, (1b)
k=j+1

1 j—1 n m—1 .
P{C] =m} = - (ZP{CLHk i =m A Paimet YD pak P{A  =m -1 z}) ,
k=1

k=j+1 i=0

(o)

The appearing functions p,, ,,, give the probabilities that the size of the left path, i.e., the number of nodes
from the root to the left leaf, in a random object of size n of the family C is m. We will here make
the convention to count the element oo but not the element —oo for the depth of a node and the size
of the left path. It has been shown already in [13] that these probabilities and their generating function

P(2,0) = 32,50 2 m>0 Pn,mz" 0™ are given by:

_ L] _ 1
Prm == & and p(z,0) = m,

where [:;] denote the signless Stirling numbers of first kind. This can be seen easily by the observation
that when starting with the element —oo and inserting n distinct elements, an element x will be inserted
into the left path if and only if x is larger than all elements already inserted. Thus p,, ,,, is nothing else than
the probability that the number of left-to-right maxima of a random permutation of {1, ..., n} is exactly
m, and it is well-known that these probabilities are given by the formula stated above.



10 Alois Panholzer

3.2 The generating functions approach

Introducing the generating function A(z,u,v) = 37,51 > 1 <cicn D ms0 ]P’{ALLH] = m}z"u/v™, and

the corresponding functions B(z,u, v) and C(z, u, v), this system of recurrences (]71[) gives the following
system of linear differential equations:

0 u

&A(z7u7 U) - 1— UZC(Z7u’ U) + 1 — UZP(Z7U) +p(z,u)B(z,u,v),
0 uv uv? v

aB(z,u, v) = T uZA(z,u,v) + =20 —w) + T zB(z,u,v),
0 u uv

“ — A

with initial conditions A(0, u,v) = B(0,u,v) = C(0,u,v) =

The generating function of interest A(z,v) := A(z,1,v) = Zn>1 > m>0 n]P’{A[H] = m}z"v™, and
the corresponding auxiliary functions B(z,v) and C(z,v), are thus satisfying the following system of
differential equations with initial conditions A(0,v) = B(0,v) = C(0,v) = 0:

0 1 v

%A(Z v) = 1_ZC(Z,U)+ = B(Z,v)—Fm, (2a)
0 v v?

&B(z v) = 17214(,2 v)—i——ZB(z v) + =27 (2b)
0 o 1 o A v )
@ (Z,U) = iz (Z,'U)"‘ (1 )T) (Z,’U)"‘ (1_72)1)_,’_1. ( C)

Using the substitutions C(z,v) := (1 — 2)C(z,v) and B(z,v) := (1 — 2)"B(z,v) we can simplify
system (2)) and get

0 1 ~ 1 . v
aA(Z, 1}) = WC(Z, U) + mB(Z’, U) + W, (38.)
%B(z, v) = (1l —2)" " A(z,v) + (1 — 2)" 72, (3b)
0 = v v

50(2, v) = Z)U_lA(z, v) + i (3c)

Now one can successively eliminate B(z,v) and C/(z,v) from (3a) by comparing with (3b) and and
get eventually the following homogeneous third order linear differential equation for A(z, v):

93 34+ 20 62
7 G R e v

2 1 9
A(Z,’U) + 211((1 — Z)Q - (1 _ Z)v-&-l)&
2v

+ (1 _ Z)v+2

Alz,0) =0, (4)

with initial conditions A(0,v) = 0, 2 A(z,v)|

= 2v(v + 1) resulting from

z=0

2
o =V 3z Az,0)

P{A =1y =1, p{Af =1y —ppall =2y = 1
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Since one solution of @) is given by i, which is checked easily, we can reduce the order of this
differential equation when substituting

H(z,v) := %((1 — 2)A(z,v)). 3)

This leads to the following homogeneous second order linear differential equation, which is the starting
point of our studiegV}

02 2v 0 2v
@H(z,v) 11—z &H(Z’U) (11— 2t

H(z,v) =0, (6)

with initial values H(0,v) = vand £ H(z,v)|,_, = 2v.
In order to apply the method of moments we define for integers r > 0 the functions H,.(z) via

I

H.(2):

= 8UTH(Z,U)

v=1

Differentiating equation (6] r times with respect to v and evaluating at v = 1 leads then to the following
differential equations for H,.(z) of Cauchy-Euler type:

2
1—=2

() = () = 5.(2). )

Hy(2) -

where the inhomogeneous parts are given by Sy(z) = 0 and for r > 1:

r—1
2r r 1 r—k
Sp(2) = ——H! 2 Hy(2) (=g L) ™ 4 g L) F) 8
(= 72 )+ 23 ()1 (g + =k ®
The corresponding homogeneous differential equation has the general solution (with arbitrary constants
C1, Ca):

H7[‘hom] (Z) =0, 5 + 02(1 — Z)

1
(1-2)
The variation of parameters method (see, e.g., [14]) gives then immediately the general solution of the
required H,.(z):

S S e _l-z 7 _Cra _
() = g [ (-0 - 57 [ sars g2 v 0a0-2). ©)

where the constants C..; and C). o are specified by the initial conditions: adapting to the initial values
leads to the linear system of equations

"
|: 1 1 :| < CT’ : ) - ( W \ ! T >
_ - 9" 9,2 ’
2 1 CT’Q ov” 2v |v:1
@ Tt should be remarked that the general solution of this differential equation can be expressed via hypergeometric functions or

alternatively via Bessel functions. Maple is capable of finding a required solution basis. However it seems quite involved to show
the given central limit theorem directly from the solution obtained after adapting to the initial values.




12 Alois Panholzer

and thus to the solutions

5 2 4 4
Con=1, Cp2=0, Cip= 3’ Cip=—5, Ch1=

3 1T 22Ty (10)
Cr1=0, Cro=0, for r>3.
We get immediately that Ho(2) = ﬁ, which, of course, follows also from the definition.

3.3 The exact solution of H,(z)

We will give now the exact solutions of the functions H,.(z) satisfying (9), where we make throughout this
paper the convention that Zzza f(k) =0if b < a. We also recall the abbreviation L(z) := log (1X).

Lemma 5 The solution H,.(z) of the differential equation ) is given by
2r 2r—2

Hy(z) = ) o™ g _1Z) )T Z B (1= 2)L(z)* 27, (11

with certain constants agm) and ﬁﬁm) that are defined recursively via

ag]) 3 50)1 for r > 1, (12a)
m 1 m—1 m—2 m—k
( ) = 73(21"— ){41”045,71 )—|—2r(2r— ( )—|—Z 5 i ,)C
m—1
+ > 2k +1)( e ’“] (12b)
k=0
m—1 m—1 m—Il—1
(=1 2r—1-1) -1 1—2 r I—k
; AU ) e el
1=0
-1
+D 2k +1)( )l ,fﬂ, for 1<m<2r—1,
k=0
= (2r —1—1)!
al®r -1- -1 1—2 ok
o= 3 VR ool e a2 Yo el
-1
+> 2k + 1>(rfifk)a£’ifi;f>} (12¢)
k=0
er—3-1) :
—-3—1)! -1 1—2 r I—k
Tog2r—1-1 { - 27"57(-71 ) +2r(2r—2-— 1)57(-71 ) + 22(r717k)5£717)k
1=0 k=0
-1
+ ZQ(k + 1)(r7;7k)6£l:11:kk):| + Cr,
k=0

() Tt must be noticed that in the further proof only the recurrences for aE?") ,for 0 < m < 2r — 1, are required. Thus in particular

the recurrences for ,8,(«m) will not be used in the sequel, but they are stated here to keep the paper self-contained.
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,
(0 = ~3r 1),3931, for v >2,
1
(m):_ _9 (m 1) (2 — 2 — (m 2) (m k)
) = g | 2 e 2 3 e
m—1
+ 2(k+1)(r,1,k)ﬁi’l‘ff;’“)] (12d)
k=0
(2 -3-pm (- B 4 505
D { 2B +2r(2r — 2 - Z B,

1=0
-1

+> 20k +1)(,_] B f_‘k’”}, for 1<m<2r—3,
k=0

=2 — oY 4 Cry + Crs. (12e)

The constants C'. 1 and C,. o are given by (]E[) Furthermore we make the convention that agm) =0if

m<0orr <0orm > 2r, andthatﬂ(m)*Olfm<00r7’§00rm>2r—2.

Remark: Due to the conventlon Z vy f(k) = 01if b < a used throughout this paper Lemmagives in
particular the values % = Cp1 = 1and B(()O) = 0. Proof: To show this result we use induction on r,

where we show in parallel the following formule for the inhomogeneous parts S,.(z) of (7):

2r—1 2r—3

Z ’)’ 2T 1— l+ Z 5(l )27“737[’ (13)

)

where the 'yﬁl and 5,(}) are for > 0 given recursively by

W =aral") +2r@r — Dal"P + > 2(, 7, )l 1k>k+22 k+1)(,_7_)e 50, (14a)
k=0
l
00 = —2rp" P +or(2r —2 - )BT + > " 2(, 5, )8 k+22 (k+1)(,_7_)BY 5. (4b)

k=0

For » = 0 we obtain from the recurrences a =Chy =1, ﬂ(o =0, 7, (0) = 0 and 6(0 = 0, which
corresponds with So(z) = 0 and Hy(z) = ; thus formula (TT) and (]EI) and also the recurrences

(T2) and (T4), hold for r = 0.

Now we assume that formulee (TT)) and (T3) together with the recurrences of the appearing coefficients
are proven for all 0 < k < r with a given » > 1. To show them also for r we use at first the recursive
definition of S,.(z) via (8) and compute by using the induction hypothesis:

- (1 2)2 B

2r—2
1

— ZH£—1( _ 4 Z (l) ( 277271 r(2r—2- l)L(z)27'737l)

2r—4

+ % Z ﬁ(l) (_ (2)27'—4—l + (27” 4 l)L(Z)Qr_s_l),

1=0
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2k 2k—2

L(z) " 1 1 et 1 yrt
H}C(Z)(l_z)QZZaL)WL + +Zﬁ() + 2 for0§k:§r—1
=0

Plugging in equation (8) these representations we get after collecting terms:

2r—1 l
1 r—1— -1 -2 -k
Sh(a) = = S L(z)! l[4m£1> +2r(2r - Dal"P + 3 2(, 1 )Y,
=0 k=0
-1
+ 2k + 1>(T1"k)a£l:f_‘:’] (15)
k=0
1 2r—3 l
+ 1— 2 Z L(Z)QT'_g_l [ - 27’ﬂ£l:11) +2r(2r—2— D+ Z 2 rl 1k)k
=0 k=0

-1
#3220k + 1><r;k>ﬁﬁlf;>].
k=0

Extracting in equation (T3) the coefficients from the powers of L(z) shows then the validity of the given
formulae @ for vg) and 6@ also forr > 1.

To compute H,.(z) using (O) we require the following antiderivative formulas (for integers m > 0),
which are obtained easily via integration by parts:

1 * 9 m L ek 1 m!

k=0
z 1 1 " (—1)rmkE —1)™ iyl
(=2 /t:o TEDACC s kZ:O ( 3k)+1 L™+ (1~ Z)(:a)miﬂ'

Plugging in the representation (13) of S, (z) into the solution (9) for H,.(z) gives then after a few
manipulations and collecting terms:

7£0) 1 ) 6(0 -
H(2) = - mL(Z) " m( —2)L(2)""
2r—1 m—
1 r—m, m l(2’l‘—1—l)m -1
i X (s z_j L
2r—1 (1) 2r—3 (z)
1 ! (=) 2r —1=1)! r—3—1)!
T ( > 5371 Z A (16)
=0 =0

2r—3

oo 5 w sW(r -3 —m=t=tL
+(1-2) ) L(z) (_3(2T2+Z 3m EE )
=

m=1
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2r—1 2r—

o l)
W (=) 2r — 1 —1)! (2r—3-1)!
+(1-2) < - Z 32r—I+1 Z 32r—1—1 +Crz ).
=0

=0

Extracting in equation the coefficients from the powers of L(z) gives then the relations:

’Y(O)
aﬁo): 6T , for r>1,
r

(m) m—1 (1) m—I m—Il—1
( O qym=t(gr 11

for 1 <m < 2r—1,

3(2r — m) i gm—i+1 ,
2r—1 2r—3 (1)
o fyr (-Di2r —1-1)! o (2r —3 —=1)!
) = Z 32r—i11 + Z BT — +Cra,
1=0
5(0)
ﬁ(o) = _m fOF T Z 2,
r_
m s e (@r -3 - pymetet
572):_3(%_72_+Z T , for 1<m<2r—3,
1=
2r=1 (1) 2r—3 (1)
or_2) (=D 2r —1 —1)! o’ (2r =3 —=1)!
g == 32r—I+1 -2 T O
1=0 1=0

Plugging in the already proved equations (14) for ~{Y and 6" shows thus the required recurrences (12)
O} (1)
for o’ and 3y also for r > 1. |

Lemma [5| (together with equation (3)) allows now to compute at least in principle closed formulz for

the moments of ALH] involving higher order harmonic numbers (see [15]). The expectation IE(A[ ]) has

been computed already in [13]:
n+1 o 2(2n+5) n+1H(2)_13n—|—1

n

for n>2, KA =1.
n 9n 3, m om0 form=2, E(AT)

This immediately gives IE(A[H]) ~ i log2 n as asymptotic equivalent of the expectation. A (somewhat

lengthy) exact formula for the variance V(A[ ]) appears in [12| p. 47], which gives the asymptotic equiv-
alent V(AL ]) ~ 39 log® n.

3.4 Description of the coefficients o™

Of great importance in our proof of Theorem [l|is a quite detailed description of the structure of the

coefficients aS’”) for m fixed as a function of r. This is done in the following lemma, where we recall

the abbreviation Pol, (d) for a certain polynomial in = of degree at most d, which can vary in every
occurrence of Pol . (d). If d < 0 then we use the convention that ol (d) = 0.

Lemma 6 The coefficients aﬁm) are for m fixed and r > 0 given by

1 |m
alm) = ?TTTL = Ipol, (2m — | L)), (17a)
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Moreover, the leading coefficients n™) = [r2m]3’“a§«m) are given by
é m
nm = () (17b)
m!

Remark: Equation (T7a) is obviously equivalent to the formulation that for every m there exist constants
Cmyi» 0 <0 < 2m — [ L], such that for all 7 > 0:

. QW*LmS—lJ X
m-+1 _ m—+ .
agm) :§TL . E cm’ir2m I 2 ] L
=0

Thus, for all ¢ > 0, one can define functions ¢;(m), with m € N, via:

ei(m) = Cmyi, for 2m — [ | >4,
0, otherwise,

and obtains the following lemma equivalent to Lemmal6]

Lemma 7 There exist functions co(m), c1(m), ca(m), ..., such that for all m > 0, r > 0 the coefficients

a,(-m) are given as follows:

1 m41 2m—|_m;1J m+1 .
Olg‘m) — STTL 2 cl(m) sz— LTJ -, (18a)
i=0
Moreover, the function 1™ := ¢o(m) = [er]STafﬂm) is given by
5\™
nm = G (18b)

m!

The formulation used in Lemma 7] has the advantage that we have indeed a description of the coefficients
a&m) valid for all m > 0, » > 0. However, the formulation used in Lemmalais the direct outcome of the

proof by induction carried out in the following.

Proof: We use induction on m.
Step 0: The initial step. For m = 0 we have due to (12a) the recurrence

1
a&o) = fafg)l, for r > 1, a(go) =1,
which has the solution a$.0 ) — 3% for » > 0. Thus the given representation (]17[) is true for m = 0.

Step 1: The recurrence. Now we assume that for 0 < & < m and given m > 1 the representation (17))

holds. We will now study the coefficients as,m) for m fixed as a function of r. First we write recurrence
(T2B), which holds for m < 2r — 1, as

2r o) L (m-1) (=2 Ng( T\ k)
alm = maPl + 3@ —m) dra,” 7+ 2r(2r —m)a,] 7+ ;2(%171@)0%—1—1@
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m—1
+ > 2k +1)(, ] k)ai,’f;_l,;’“)} (19)
k=0
m—1
(—1)mt@2r —1—m=t=d (-1 (-2) oy (I=k)
+ Z 37n—l+1 4TOé + 27“(27" - l) + Z k)ar—l—k
=0 k=0

-1
Y20k 1><rik>a£l:f::>} |

k=0

Step 2: Simplifying the recurrence. In the following we will examine every term of the inhomogeneous
part of this first order linear recurrence for a&m) using the induction hypothesis, where we consider m as

fixed as mentioned before. We start with

o 1 n 1 yjm
dralmTY = = 5= DY por (2m —2 — [2]) = = por (2m — 2 — [ 2)), (20)

37‘

— 1 m m=1 —
2r(2r — m)al™7 Y = (=B~ D ol (2m — 4 — 251 ))
]_ m—1 ]_ m
=5 (r= m S g, (2m — 4 — |51 ]) = ?HH o, 2m—3-12)), @D

where we combined in the last equation the cases m even and m odd.
Next we consider

T m—k 1 m—k+1 -
2( k) al" R = Sl 1 - ) el (2m — 2k — | Mokt ))

3"
:yrwmolr(k+1+Lm_Tk+lJ*Q*L%JJerkafLm—T’“HJ)
1 m
:yrw‘po[r@mflfkf[%b, for 1 <k <m.
Thus we get
(m—k 24| m m
22 Q1 I)c_?r +L2J‘~B0[T(2m—2— L2]).
k=1

For computing the leading coefficient (") it is necessary to determine the leading coefficient of the
appearing polynomial. It is seen easily that only the case & = 1 gives a contribution and we obtain:

m

[r>m137 Y 2(, ey = 2 ()

k=1
2m 37y 2 -9 LZ] (m—1),.2m—2—| % | [(2m —3 — |
= [r""] 3r— s (r = 2)=2=(n " +Pol, (2m 12])

— g2 2 EL (=D 2n=2= L8] ol (2m — 3 — | 7])) = 9n( ),
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Combining these computations we get
< — 1 oym m
So2( el = B (g p2no2o LR o ol (2m — 3 — | 2])).

One shows similarly that

2k +1)(,_] k)a(m R —rﬂ‘ﬁo[rﬂm—?—k—\_%ﬁa for 0 <k<m-—1,

r—1— r—1—k 3r
and thus
m—1
2k +1)(,_1_ ol = yrmmolr@m—Q— EI) (22)
k=0

Next we consider for 0 <[ <m — 1:

1 1 gt
araf =) = r(r - DEdgor (20 — 2 — [L]) = —r1FEqor (21— 2 1)),

and thus

(—)m@r—1—pm=t=l 1 1 1t LL
ST aralH = g (2r =1 mett Leltlalgor (21— 2 — [ 1)),

We distinguish the cases [ even and [ odd. Fist we consider the case [ even, where we use | |+ ==L ] =
| =L | (for arbitrary integers m):

1 —l— L
g (2r—1-pm=t=d Ll lger (21 —2 - |1))

1 m—Il—1 | m=l-1 1
3T2m — 1(7,_%“_ 2 J(T_HTI)'” -1 I_ 2 Jrl-HéJmo[T(zl_Q_L%D

= (= 1= (B ol (m - 11— [l o, (21— 2 - )

= S o (- 3 (4] - [2L))
1=
3"

(Lm0 — 2 — | mL]).
Next we consider the case [ odd, where we use L%J + LmT*lj = LmT’lj (for arbitrary integers m):

1 i L
—(2r — 1 — m=t=lp g (21 — 2 — L)

37‘
1 m=l mel—1—| m=t 1
3T2m - 1(T_l+71)|_ ) J(T_HT2) -1 I_ ) JT1+LéJmU[r(2l—2—LéJ)
1

= g (r = 1= ) o, (m — 1 — 1 — |25 ) %ol (21 =2 = |§))
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1 3 2= 1 |m+1
= grw‘ﬁolr(erl—iﬁ - L%J — LT—lJ) - ?rL ;1J‘}30[T(m+l7 9 |mtL)),

Thus we get for all 0 < ! < m — 1 the equation

—1)mt2r —1 — )=zt _
(=1) @r ) dra, | = —=1

gm—I+1 r— 3r ‘BO[r(m +1-2- LmTHJ)a

which gives

m—1

m l(2’l”— 1-— l)m -1 -1 1 m41 m
S aral=} = yr@mo[mm — 3 [mfl), (23)

1=0
We further have for0 <[ <m — 1:

1 -1 _ 1 L
F= (e = )0 = Dol (20— 4 - [151]) = SRl (21 -3 - L5),

27‘(27’ — l)a,(rl:f 3r

where the last equation is obtained when distinguishing the cases [ even and [ odd. Similar to the last
computation we obtain for 0 < I < m — 1 when considering the cases [ even and [ odd separately:

(—1)7"_1(27“ — 1= l)m—l—l 1—9 1
T 2r(2r — l)aLl) ==

3’“(
_ 37« L2 8ol (m +1— 3 — |mEL),

2r — 1 — ym=l=tplFlalpor (21— 3 — | L))

and further

m—1

1)m7l(27’ -1 l)mfl*l (1-2) 1 Lm;rl
gm—I+1 r—1 ar' T

=0

Next we get for 0 < [ < m — 1 due to considerations as above:

+

ZQ(T—I k) gl 1k)k = 3* % Jmo[ (2 Ll2lj)'

We are now interested in

(71)m71(27,.71 m -1 l 2 (l K 1
3m—l+1 P T 1-k — 3r

—(2r =1 — = S g (2 — L)),

for 0 <! < m — 1. Again when distinguishing the cases [ even and [ odd we obtain for 0 <! < m — 1:

l
(_1)’m—l(2r_1 m -1 1 " .
e > 2( a5 = et ol (m 1 - L)),
k=0
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and thus

m—1 l
(—1)™H(2r — 1 — [)m=t=] Ik 1 |mi

gm—1+1 22(7«77"%)@&—131« = 37 J‘,Bo[ (2m—1- " 1)
1=0 k=0

Here we are also interested in the leading coefficient of the polynomial, where it is seen easily that only
the summand with K = 0 and [ = m — 1 gives a contribution. We compute

m—1 m—1 m—1—-1 !
2m—11qr (_1) (QT —-1- l) T (I—k) 2m—11qr2( r (m—1)
[r I3 Z gm—i+1 22(r—1—k)a7'—1—k =-[r 1375 (1) s
=0 k=0
m m 2
— _[TZHL—I]%TlJrL > (n(m—l)r2m—2—|_7j + ‘330[7«(27” —3_ I_%J)) — _gn(m—l),

and get thus the more detailed description

m—1
()™ t@r -1 - pm=tt r (1—k)
m—I+1 22 K01
1=0

L(2m =2 [ ZH])). @25)

m+1 2
:37# ;1)( Sn(m 1),

The last term in (T9) can be treated analogous to the previous cases and we get for 0 <[ < m — 1:

T 1 1 L
a4, ] )alnind = gt e 2 -2 14))

and further

m—1 -1

(=)™ t2r—1- 1 r (1—1—k)
Z 3m—l+1 22 k + ]‘ —1—k O 1k
=0

[(2m =3 —[2F]). (26)

Now we collect all terms using (20)—(26) and obtain then from (T9) the recurrence:
alm) — La(m) + e J(gn(m Dp2m=1-L%] L ol (2m — 2 — |2 J))
r 302r —m) "1 3(2r —m) 3"

1 jmt1 2 m1
+ 3771 = ( _ g77(m—1)742m—1— 3] + Pol,.(2m — 2 — \_mTHJ)) (27)

With the substitution di’”) =37 agm) we obtain after multiplying by 3" the following recurrence which
holds for1 < m < 2r — 1:

1 m m
dgm) =- r ~£m)1 b 1+\_2J<;,’7(m71),’ﬂ2m71*L7J + Pol,.(2m — 2 — L%J))
-3 2
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m41 2 m
e ( — S0 ol (2m — 2 - LWTHJ)) 28)
We will now study this recurrence, where we have to distinguish the cases m even and m odd.

Step 3: Solving the recurrence for m even. We start with m even (and m > 0) and set m = 2q, where the
recurrence holds for all > ¢. We get

1 3
G20 = - o?f?_qi+mrm(§n(2q—l>r3q‘l+morr(3q—2>)

2
72— Zy®I D 4 ol (39 - 2))

5
= S+ o (21 Dri! 4+ ol (3¢ — 2) ). (29)

Dividing equation (29) by r< leads then for r > ¢ to

~(2q) ~(29) ~(2q)

Qy’ Qg 5 (2q—1),3¢—1 Qp 9 (2q—1),.3¢—1

ar %1 2 [ (3q—2) = —r=l_ | 2,Ca-1)3a-1 4 qo[ (3¢ — 2).

T T o el TReLBa—2) = g A g e+ Pl (30 - 2)
!

Now we write the appearing polynomial of degree 3¢ —2 in the basis of the falling factorials as 25’152 are
with certain constants ¢;. After solving this recurrence by summation we get

ay*? 5&(12[1) ~ 5 (2q—1) 1.3¢—1 L l
S Y S 3 Yk
k=q+1 k=q+1 1=0
Pol,.(3g—1)
(2 3¢—2
R  l (R Vil S UUR R el (R e
qg 6 3(] =0 ! l + 1 '
Since the polynomial in r of degree 3¢ — 1 is zero at r = ¢ we can write
~(2q) ~(2q) 3q 3q
Qr Qg 5 (ag-1)(r+1)=—(g+1)=2 (
= - — 3q — 2),
T Z 75" 30 + (r — ¢)Pol, (3¢ - 2)
and further
d(QQ) 5
60 = r (S e (DR (g + D) 4 (- Bl (3g - 2)). GO)
From the validity of the recurrence we get that this formula is valid for » > ¢. But when plugging in
r = ¢, the second and third term of @]) vanish and only 07512‘1) remains, thus the formula is also valid
for r = g. Moreover, when plugging in values 0 < r < ¢, the formula gives &£2q> = 0 or equivalently
a,(«zq) = 0, which matches with the definition of the a?q). Thus the formula is actually true for all » > 0,
if m = 2q. After back substitution we can write for even m > 0 as
1 |mn 5 m
of) = Lplz (Tn(mfl)rmnﬂ =) 4 Pol,(2m — 1 — LT“J)), (la)
r m
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and get in this case the following recurrence for the leading coefficients n(™):

(m) —

D pm=1), (31b)
I9m

Step 4: Solving the recurrence for m odd. The case m odd in recurrence (28)) is studied next. We assume
that m = 2q + 1, then we have for r > ¢:

1 3
Gt = L GRAEY 4 el (2203050 4 ol (3q) )
r—q—3 T—q—3 2
2
+ rlﬂ( - gn(zq)rg’q + Pol,. (3¢ — 1))
r - rita 5
= T e e (G e ). (32)
rT—q-— r—q—3\6
(r-g-3)7=%
Multiplying (32) by the factor ———2— gives for > ¢ the recurrence
< (2q+1 .- - (2q+1 1
@ —q— )=t &M -1 —g -y
ri=4 (r—1)r=1=¢
(r—1-g-Yr-tmatt

5
(én(zq)rgq“ + Pol, (39)).

r’—4

We write the polynomial of degree 3q as Zf’io c;r! with certain constants ¢; and obtain after solving this
recurrence by summation the following formula which holds for > ¢:

~(2¢+1 r— ~(2¢+1 r L )
agq )(qufé) 1 _ t(Iq )(*%)7_’_ Z 5 (2q) 17q7%)ukﬂk3q+l
r—q - 0 k—
" - k= q+1 k==t
k—1—q1.g+1 34
—q- *) A
+ Z = chk’l
k=q+1
Since a(2q+ ) — = 0 or equivalently a(2q+1) = 0 per definition, we obtain for > ¢ the formula
r— r 1\k—1—q7.g4+17.3g+1
G2a+1) — T—ql Z §77(2(J) (k—1—¢q— ili‘lkqik q+
s _ 1 r—q —
(r—gq 2)7 Pt 6 kk—a

—q r )k 1— qkq+1 3q

ety Bt d > o

(T_q_ 5)7 k=q+1

"\ 5p2a)prtatls kk3q+1 prati-k

6(r — q— L)rti=k + Z Iy kzclkl

k= q+1

k=q+1
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where we use here and in the following computations the identity z™+" = ™ (1 — m)2 repeatedly. After

shifting k£ by —q — 1 and making a base change to the falling factorials we get the following expression
with certain constants d;:

Sat1) _ §n(2® zq: pr—kp3a+1 +Zdl Til pr=kpl
r 6 2 (=g Lyr—a=k £ ~ (r—q— b=k
5 r—g—1 Jr3at1—k r—g—-1 pri=k
7617(2(1) = r—a-3 qu+zd Z—;) (r—q—g)—=*
sneort IS (k- )kk?’q“ a dir! " (k- )kkl
T 6(r—q- 5L~ +IZ; (r—q—3)—1 kzzo -3

To evaluate the sums in (33) we use the identity (for s a non-negative integer, where D, denotes the
differential operator with respect to z):

" — Lkps 25 25 s— 1)E(n 4 Lynzsps
Z(k Q)k Z[Zn] DS 1 _[n](s_l)g ( 2)( +2) )

k! 1—2 % -
k=0

= |Z 3
1—2 (1—2z)st2 n!
We get then from equation (33):
sqrn) _ D13 4 )2 (r — g — 5) 2 (r — g - 1M
" 6(r—q—3)=%(r—q—1)!
3¢ 11 l
dirl(l = 5)(r — T (r—qg—1)
I e L e e (e R
P (r—q—3)=%r—q-1)

and due to obvious simplifications the following result, which holds for r > ¢:

lL

5n(20) (3¢+3 1yda+l B
5(2a+1) _ q+1 1)3atL d a1l _ g _ 1)t
S = T gy g +z Tr o
577(2(1) a+1 3q+1 1 1
= ——— 1 (r - + ratl( —-1)
By Z i

2

(34)
5n(29) . 5n(24)
=L (2T (r - g = 1ML o, (3q) ) = (2T ol (3q) ).
r (9(2q+1)< g = P ol (30) ) = r2EL (ot ol (3a)
But this formula @I) gives a(2q+ ) — = 0 or equivalently a?q“) = 0 for all » < ¢, and this matches with
the definition of o>, Thus (34) holds for all » > 0. Back substitution leads thus for odd m to

1 | m+1 (m—1)
alm — 1,1 ;1J(577 2m—

T g 9m

H2m =1 [241))), (352)
and we get in this case the following recurrence for the leading coefficient 1("):

5p(m—1)
pom =2 (35b)

Im
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Step 5: The leading coefficients. Therefore the only thing remaining in the proof of Lemma [f]is to show
formula for (™), but due to formule (31b) and (B5b) together with the initial value n(®) = 1 we
obtain finally
pom = 120 (36)
m!
O

3.5 Asymptotic expansion of A, (z)

Lemma@leads easily to a description of the generating functions of the factorial moments of ALIH], which
is given next.

Lemma 8 The generating functions A.(z) = é?vTA (z,v ‘ 1 = 2> nE ((ALH])L) 2" have the

following local expansion around the dominant singularity z = 1:

Za e L(z)%*m—k(’)(liz).

The coefficients a&m) are for m fixed and v > 0 given by the following formula, where the same leading

e
coefficients n(™) = (j’n), as in appear:

1 | m+1
alm) — — L il

s 3T

(nmr2m =) s, (2m — 1 — [ 1)), G)

Remark: Again one could also use the following description of the coefficients a,(f”) , which is equivalent

to the formulation given above: there exist functions ¢q(m), é1(m), éa(m), ..., such that for all m > 0,

r > 0 the coefficients aﬁm) are given as follows:

2m— I_mT—HJ

m m—+1 .
PR
i=0
(3)"
where the function é(m) is given by &(m) = n™ = 22— Proof: Since A(z,v) =

= [, H(t,v)dt due to (3, we obtain

A(z) = 1:;,« /t_o H,(t)dt,

and with Lemmaand the coefficients aﬁm) appearing there we obtain further the following local expan-

sion in a complex neighbourhood of z = 1:

Za 1_Z/Z (1_1t) L(t>2“mdt+o(1iz). (38)
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Since integration by parts gives

! / L L(t)?~™dt
1—2 Jimg (1—1)2

2r—m

1 1
— -1 k ™ — EL 2r—-m—k __ -1 2r—m 0 — !
oo X Ve Ly - m
we get from (38) after easy manipulations
2r 1 2r—m 1
AT’ — (m) 1 k o — EL 2r—m—k O
(1= Dl o 3 (VA er AL O

2r m
= LS L Y-k - btal®) 4 O(—).
(1-2) — — >

This leads to the stated asymptotic expansion of A,.(z) in Lemma with coefficients

al™ = "(=1)"F(2r — k)=t k) (39)
k=0
Using the representation an“) = S%rt%hﬁolr(% — L%J) obtained in Lemma |§| one gets after

distinguishing the cases k even and k odd for 0 < & < m:

1 |mi1
gt (m 4 k- (2 )),

(1) *@2r — k)=o) = o

and equation (39) leads to

L=

Pol,.(2m — [ 5L ]). (40)

al™ = Z(fl)m*k(% — k)ym=kq (k) — Sirr
k=0

It remains to examine the leading coefficient, where it turns out that only the summand k = m gives a
contribution, and by using equation (I7b) we get

m 5\™M
[T277L]37'a£nz) — [T2m} Z(_l)m—k(Qr _ k)77z—k3ra£m) — [TZm]?)raSm) — n(m) — (?T)“ )
k=0

This completes the proof of Lemma ] O

3.6 The r-th centered moments of ALH ]

. . H T
The last step is to compute the asymptotic growth of the r-th centered moments E ( (A% I +log”n) ) .
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Lemma 9 The r-th centered and normalized moments of Agﬂ satisfy, for r fixed:

E (ALH] — §10g2n>7' _ {gﬁnnz: +O(logn) if T =2m even,

/é—tl)log3n C’)(#) if rodd.

Viegn/’
Proof: The basic thing to compute these moments is of course extracting coefficients from the generating
functions A, (z) asymptotically via singularity analysis, which leads to asymptotic expansions for the

factorial moments: E ((ALH])E) = 1[2"]A,(2). We will require here the full expansion given in [3|
p. 227] as Theorem 3A to get (e denotes an arbitrarily small constant > 0):

m

l[z"]ﬁL(z)m = Z (7;) /ik(logn)mfk + (9( 1_ ), 41)

n nl €
k=0

where the constants «y, are given as follows (it is here important that they are not depending on m):

ki = (~1)F f:k(r(l—sﬂ L=

In particular it holds that ko = 1. This expansion is necessary since every term of Ay(z), 0 < k < r,

-2

in the asymptotic expansion in Lemma [8| gives a contribution to the r-th centered moment E(( ALLH I _

%log2 n)r), and only a very detailed knowledge about the structure of the coefficients of Ay(z) can
explain the huge cancellations. Using equation (1), Lemma|[§]leads to

(A[H ) Z (1)711 1_12) L(z)217j+0(%)

21 2l—j

=SS (e o)
§=0 i=0 ‘ "
2 T (2 1
= (log n)*~™ Z alm (m - j) Fom—j + O(nlfe )- (42)
m=0 =0

The ordinary moments of A%H]

=) - S {1} ()
_Z{ },;)log”m mz ( ) g+ O(), @)

where {:fn} denote the Stirling numbers of second kind.

are of course related to the corresponding factorial moments via
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Using @3)) gives then the following expansion of the centered moments:

(Al - élOgQ D) =3 @ (17" (4 10g” n)" 'E ((4U7)") (44)

_Z<> (% 1og” n)r_kg{];}z logn)?~ ’"Za ( B )Hm j+(9( 16)

The crucial step now is to control the massive cancellations appearing in (44). This is managed with

(m)

the detailed description of the a, ~ given in Lemma First we obtain after routine manipulations

IE((ALH] — % log? n)r)

» (logn)?r 2" : k 2k 2 () [2k—21 1
-3 e S LS oS G s 0

3

k=0 =0 m=21 J=0

r 1 2k L5] k m—21 .
e Sl S B S =

k=0 m=0 1=0

2r r L% m—21

r'fvnl T r—k k 1

-y 2 Oy S e 0. @

m=0 k:ng-lJ 1=0

=: S (k)
Now we have a closer look at the sum S, (k) in (43)) for fixed m as a function of k. First we obtain for
m, I, 7 fixed, with 0 < j < m — 2, after distinguishing the cases j even and j odd and using Lemma

o 2k =21 — J
3%;&( j)ﬂm a1 = (k= EE 2k — 21 — j)m=2igpor, (2 — | 152

—2l—3j
= (k -zt

1n+ 1

l . m
oty (m + 5 — 1 — | L)),
and thus for m, [ fixed:

m—21

N 2k — 21 —
Z Skal(cj)l< _9] — J)“m a—j = (k — l)
3=0

Next we require the following property of the Stirling numbers of second kind {kli l} for fixed [ as a
function of k: these functions are for every integer [ > 0 a polynomial in k£ of degree 2/ with zeros
0,1,...,1—1(see [Z, p. 271]), thus

2Bl (2m — 31 — [ L), (46)

kel
{kl} = kLol (1). (47)

Combining equations and gives for all m, [ fixed, with 0 <1 < [ ]:

2 2% — 21—3 m1
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and further that, for m fixed, S,,(k) is a polynomial in k& of degree (at most) 2m with the following
factorization:

S (k) = LT ot (2m — | L)), (48)

Of course there is again the equivalent formulation that there exist functions fo(m), fi(m), fa(m), ...,
such that we have for all m > 0, £ > 0 the representation

m+1 2m—|_m;1J +1
Sm(k) _ kL 5 Z fz(m) k2m7L 3 in.
=0

Later on we will require also the leading coefficient [k*™]S,,, (k) of S, (k), i.e., the function fo(m). It
is seen easily from the computations above that the only summand that gives a contribution to the main
term of order k>™ is obtained for the values I = 0 and j = m in the sum defining S,,, (k). We get thus for
allm > 0:

L%J m—21
m m k j —2l—j m k —m
R CUD IR AN D DT iNcre R et (SRRl
1=0 =0
5\™
_ [k2m]3k)a§€m) — n("”) — (7373/' (49)

Now we evaluate the following sum F(r,m) in equation (43)) for arbitrary pairs (r, m) with r > 0,
m > 0:

T

From) = 30 (1)),

k=257

m-+41
First we use that S,,, (k) has the factor k21 and it holds thus Sm(k) = 0for 0 < k < | ], which
means that we can sum over the whole rangd™|from 0 to 7:

F(r,m) = Z (;) (—1)" kS, (k). (50)

k=0

Next we use the calculus of higher order differences (see, e.g., [7]]); that means we can interpret this sum
as

T
r T T
F(r,m) = Z <k>(_1) FSm(k) = A Sm(x)|x:0,
k=0
where A denotes the forward difference operator (A f(z) := f(z+1) — f(x) for functions f(z)). If f(x)
is a polynomial in « of degree at most r, i.e., f(z) = >_,_, fiz!, it holds then that

5 () (1010 = A )y = e 51)

k=0

m+1
(i) Now it becomes apparent, why we had to give attention to the factor 7"M

of a&m) in Lemma It is considerably less effort

in Lemma|6|and Lemma 8[to show only the representation a&m) = %‘Ba[r(Zm) for m < 2r — 1, but this is not sufficient for
the proof.
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But due to equation {@8), for arbitrary m > 0, S, (z) is a polynomial in = of degree 2m, which implies
that the r-th power of the difference operator annihilates .S,,, (x) for all pairs (r, m), which satisfy > 2m,

ie., ZT: (]7;) (—1)"k8,,. (k) = 0, (52)

k=0

: r—1
whenever r > 2m or equivalently m < [%5

|. Thus the first non-vanishing term in the expansion of

E((ALH] — Llog? n)r> as given in (@3) can occur for m = |3+ |, which gives after distinguishing the
cases r even and r odd:

1 r ( logn TT) for r even,
E( (AH) — Z1og? =
(41 = F108%n)") {O((logn)32 ), forr odd.

»—A\.

To obtain the leading coefficient in this expansion for r even we use again formula (5I)) together with
and get for r = 2m:

2m 2m k 1 2m 1 (m) (2m) (10)
32m Z ( ) Sm(k) = 327171(27”)![7€ JSm (k) = 971(27”)!77 = o
Expansion (43) gives then:
(2m)! (10 ar_ _
E((ALL 1 log? n)v) _ ) 2 (8—)3rgllogn) 2 + O((logn)= 1), forr =2m even, (53)
3 O((logn) =), for  odd.
Therefore normalization with the main term @ log3 n of the variance of AL,H] proves this lemma. O

. Al 1
Thus we have shown in Lemma|9|that the r-th moments of ﬁog converge to the r-th moments of
5 og ' n

a standard normally distributed random variable X with

E(X") = S:Z',, for r = 2m even,
0 for r odd.

Together with the Theorem of Fréchet and Shohat this shows the limiting distribution result for A[H]

stated as Theorem[1]

4 Number of right edges to a random node

Due to the decomposition of the families A, 5 and C we obtain the following system of recurrences for

the probabilities IP{A ny = m}s IP’{B[R- = m} and P{C, LRl m}, which give the probabilities that the
number of right edges on the path from the root to node j ‘in a random generated object of size n are m
(for1 < j <mn):

k=j+1

HJ’{A[TLI?;:m}— (Z]P’{C’ ik =m}+[m=0]+ zn: ]P{Bllcli]l,j_m}>7
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]P’{BL]—m}— (ZP{ALR]M p=m—1}+[m=0] + Zn: P{Bl[c}i]l,j_m}>7

k=j+1

n

P{C = m} = T (Z]P’{C Yegoe=m}+In=0]+ > P{Aiml,j—ml})

k=j+1

. . . . R] ;

Introducing .the generating function A(z,u,v) 1= 3,51 > 1<j<n Zmzo P{4,; = m}z”ufv.m, and
the corresponding functions B(z, u,v) and C(z, u,v), we can convert this system of recurrences into the
following system of linear differential equations:

d u 1 u
5;A<A1hv>_‘14—uZCxZﬂhv>+_Ijj;B(%ihv)+_(fiiﬁ?r:z&j’
9 uv 1 u
%B(z,u,v) =1 uZA(z,u,v) + EB(Z’U’U) + A=2(1—u)’
0 U v

gC(z,u,v)— 1_uZC(ZaU7U)+EA(ZaU7U)+m

with initial conditions A(0, u,v) = B(0,u,v) = C(0,u,v) = 0.
We obtain thus the following system of differential equations for the generating function A(z,v) :=

Az, L,v) =32 51D >0 n]P’{A[ = m}z"v™, and the corresponding auxiliary functions B(z,v) and
C(z,v), with initial conditions A(0,v) = B(0, v) =C(0,v) =0:

0 1 1

&A(z,v) =1 ZC’(z,v) + EB(Z,U) + e (54a)
O Bzy0) =~ A(,0) + ——B(z0) + —— (54b)
9.\ T e T e (1—2)%’

0 1 v 1

&C(z, 'U) = :C(Z, 'U) + EA(Z’,U) + (1 — 2)2 . (540)

With the substitutions C'(z,v) := (1 — 2)C(z,v) and B(z,v) := (1 — z) B(z,v) we obtain after adding

equations (54b) and (34c):

) 1 (4 - L
5oAGEY) = = (B(z,v) +Cz,v)) + i
% (B(z,v) + C’(Z,v)) = 20A(z,v) + E o

Now a simple elimination leads to the following second order linear differential equation of Cauchy-Euler
type for A(z,v):

92 2 9 2v 2
@A(Z,U) — 1= Z@A(Z,’U) — WA(Z7U) - m7

(55)

with initial conditions A(0,v) = 0, gZA(z v)} _o = 1 coming from ]P’{A[lR] =0} =1.
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The corresponding homogeneous differential equation has the general solution

Aloml(z,0) = Cy(1— 2) 355 4 (1 - 2) 4T,

with arbitrary constants C;, Co. Variation of the parameters method gives after adapting to the initial
conditions the solution

Az, 0) = 1+2’U+\/1+8’U(172)7%7¢12+8v71+2v7 \/1+8v(1—z)7%+\/1381j7#. (56)
2vy/1 + 8v 2v4/1 + 8v v(l = 2)

Singularity analysis applied to equation (56) gives then immediately the following asymptotic expan-
sion of the coefficients uniformly in a complex neighbourhood of v = 1 (e denotes an arbitrary small
constant > 0):

[2"]A(z,v) 120+ vi+8 %(14—(’)( ! ))

= n
21)\/1—|—811F(1+7 VQH&’) nl—e

Thus we get the following asymptotic expansion of the moment generating function ]E(eAEF]S)

112" A(z, €*), which holds uniformly in a neighbourhood of s = 0:

[R] ¢ s)logn s 1
E(eAs) — (Vo) logn v >(1+@(n176)), (57a)
with

U(s) = and  V(s) = log ( (57b)

1+42e° +/1+8e® )
2 ) '

2esy/1+ 8es I'(H 8

An application of the quasi-power theorem (see [8]) gives then with U’(0) = 2 and U”(0) = 32 the
stated central limit theorem for AELR] (Theorem .

5 Number of descendants of a random node
5.1 A system of recurrences

Here we want to obtain a system of recurrences for the probabilities IP’{ALZ] = m}, P{an?j] = m} and

P{C}ﬂl = m}, which give the probabilities that node j has exactly m descendants in a random generated
object of size n of the families A, B and C for 1 < j < n. To obtain such equations from the combinatorial
decomposition described in Figure 2] we will condition upon the event that the node with key j of object
C is lying on the left path, i.e., node j is lying on the path from the root to the left leaf; we write j € LP,
or not, j ¢ LP. Furthermore we denote by ¢,, ; the probability that node j in a random object of size n in
family C is positioned on the left path, i.e., P{j € LP(T') : T a random object of size n in family C}. As
already pointed out in [13] this is equivalent to the condition that node j is a left-to-right maximum in a
random permutation of size n, thus
1

(A}
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We get then directly from Figure 2] the recursive equations

1[4
P{A;?}—m}—R(Z(qn_k,j_kp{cn v =m—k|j—keLP}

k=1

£ qurg PO =m i~ kL)) +m =]+ Y P{BY U—m}),
k=j+1

P{BDl—m}%(]iP{A%J c=mh e Im=gl e Y P{BLlem})’

k=j+1
1[(& .
PO = mp = (Z (01 1PEC7,, = m— K| ke LP)
k=1

(U= Gt P{O o =m j— K ELPY) +[m =]+ 3 {AEf’u—m})

k=j+1

If node j is lying on the left path in an object of C it has exactly j descendants, namely the nodes
{1,2,...,7}. We get therefore

(D] _ : _ —
]P’{Cn’j =m|j € LP} = [m =j].
Together with

P{CD) = m} = o P{CL) =m | j € LP} + (1 = 4, )P{CY} = m | j & LP},

n,j

we get the following system of recurrences:

o (£ et oy A

Fm=ilt Y P{BLDH—m})

k=j+1

j—1
P =m} =1 (ZP{ALDM =m}+In=il+ > P{BY, :m}) LG
k=1

k=j+1
1 j—1 — 19 — = —k
P{C) =m} = n (Z (P{CLD—]k,jfk =m}+ b ]7]]1 - Eﬂi 1 : ]]) (350
k=1

Sim=il+ 3 B =m).
k=j+1
5.2 The generating functions approach

Introducing the generating functions A(2,u,v) 1= >, 51D 1<j<pn dm>0 ]P’{A[D = m}z"ulv™, etc.
we get from the system of recurrences @) the following system of linear dlfferenual equations W1th



Analysis of some parameters for random nodes in priority trees 33

initial conditions A(0, u,v) = B(0,u,v) = C(0,u,v) = 0:

0 u 1
@A('Z’ u,v) = T uZC(z, u,v) + 1sz(z,u,v) + R(z,u,v),
0 u 1 uv
S B 0) = T ) + T Bl + T
0 U 1
&C(z, u,v) = T uzC(Z’ u,v) + EA(,Z?um) + R(z,u,v),
with
2
uv uw uv
= L L
R(z u,v) (1—2)(1 — uvz2) * 2(1 —uvz)? (2) + 2(1 —v)(1 — uvz) (2)

uv

T Ao —u

This leads to the following system of differential equations for the generating functions A(z,v) :=
Az, 1,0) = 3o 30 o onP{AlPl = m}zmom, ete. with initial conditions A(0,v) = B(0,v)
C(0,v) = 0: - N

0 1

%A(z,v) =1 ZC’(z,'U) + EB(z, v) + R(z,v), (592)
0 1 1 v

aB(Z,U) = I—ZA(Z7U)+:B(Z’U)+m7 (59b)
0 1

&C(z,v) =7 ZC(Z,U) + EA(Z, v) + R(z,v), (59¢)

where R(z,v) is given as

v v U2 v

R(zv) = (1-2)(1—wv2) * z(1— UZ)QL(Z) i z(1—wv)(1— vz)L(z) S 2(1—0)(1 - z)L(z)

With the substitutions C'(z,v) = (1 — 2)C(z,v) and B(z,v) = (1 — 2)B(z,v) we obtain after adding

equations (59b) and (59¢):

%A(z,v) = ﬁ (B(z,v) + C’(z,v)) + R(z,v),
;Z (B(z, )+ C(z, v)) = 24(z,0) + (1 — 2) (u_z)z’ﬂ + R(, v)),

and a simple elimination leads to the following second order linear differential equation of Cauchy-Euler
type for A(z,v):

o 2,0 29 )= 2 A(z0) = 20° _ - P
822A(’ ) 1—z82A( ') (1—,2)214(7 ) (1—-2)(1—vz)? (1—2)(1—vz)3L( ), 60)

with initial conditions A(0,v) = 0 and %A(z, v) ‘Z = v resulting from P{A[lD] =1} =1

=0
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The general solution of the corresponding homogeneous differential equation is given by

AN (2, 0) = € (v) S+ Ca(v)(1 - 2),

1
(1-2)
with arbitrary functions C (v) and Cy(v). Variation of the parameters method gives then after adapting
to the initial conditions the solution of differential equation (60):

B 1 22021 =) 20%(1 —v)(1 —t)?
4G = g [ o) ©

1=z f7 202 B 202(1 — v) v vl =2)
3 /t_o(u 0w (I-D- vt)3L(t)> At 32 5

5.3 The limiting distribution

To characterize the limiting distribution of ALD] we will first compute an explicit formula for the proba-

bilities IP{ALD] = m}. To do this we will extract coefficients from (61)), where we require the following
formulee, which are obtained by routine (but somehow lengthy) computations. It holds then for m > 2:

oo 1 7 20%(1 —t)? 4n 4

= ](1—2)2 /t:o Ao “= mmr ) T mm 1)

09 [ =T

. _1z)2 /:0 2v2(1(1*_v)v(53* D L ar
i 7;) ([Pt 2 = 2L (01— 1)
[P R ] [ P )
_ 2<m2— 1) ([Pt — 258 (o Hy o)

n—m-+2 n+1 n—m-+1 n+1
_2[7Hn+l—m - (Hn_Hm—l)] + [7Hn—m_ (Hn_Hm)] )
m—1 m—1 m m

z 202 (1 — v)
t=0 (1= 1)(1 —vt)?

-9 m Hn—m+1 _ H’n—m _9 m—1 Hn—m+2 _ Hn—m+1
7\ 2 n n—1 2 n n—1 )~

Using these equations we obtain from (61) the following explicit formula for the probabilities ]P’{AELD] =
m} = L[z"vm Az, v):

n

2"v™)(1 - 2) L(t)dt

(n —m)(n?+mn+m? —1)
3n2(n—1)m(m+1)

2(n+1)

2
P{AY! =m} = San(m 5 1)
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n+l n—-1  2(n+1) _2n—m—1+ 1
3nm  3n(m+1) 3n(m+1)2 3n2(n—-1) nnh-—m+1)’

form > 1.

[D]

discrete limiting distribution of A;,

With the asymptotic expansion H,, = logn + v + (’)( of the harmonic numbers we get from (62) the
given in Theorem

5.4 The r-th moments

To compute the r-th moments of AL,D} we define w := v — 1 and use

[2"w"|A(z,v) = —E((A[ ]) )

Thus we want to extract the coefficients [z"w"] A(z, v) asymptotically for fixed r and n — oo. To do this
we use the following formulz:

w” 1 ? 2031 —t)? — [w" 2 ? (w+1)*(1—1)?
[]ML%piﬂu_mPﬁ [bu—leu_w@—ﬁwfﬁ

1 c r—2 1 r—1 1 r 1
u—mZQOW}a—twﬁ+m}]w—tmﬂ“”u—tmﬁﬁ

1-t 1-t

LLVXZF%*NLZY2+%QiJT“HH4Kﬂ¥YPt

2
3
2
3(
%(1_1z)2 :*% a= Z)r T+ O((l_zl)rfg)) ) for r > 3,
- %(1—12)2 1Z+O( ())), for r =2,
%(171;;)2 (2L(z) + O(1)), for r =1,
O( +1)7 fOr T 2 2,
= E 63
{O( _1 zL(z)),  for r=1. (632)
, 1 Z 20%(1 —v)(1 —t)?
. 1 / 2(w +1)2w(1 — t)?
=—|w L(t)dt
[ ]3(1 —2)% Jimo 1 —1)3(1 — 5w)3 (t)
= | O (W 2 )
3(1—2)2 t:O]-_t (1_ﬁ’U))3
2 - 1 r— r—3 r r—2 r r—1
s | (G 20 () T (1) ()
_ ) 122)2 ftz 0 ((Tgl) a lt) ( )+ O(WL(TE))) dt, for r > 2,
3(1— 2)2 ft % dt for r = 1,
— _TE:JFBW (2) + O(g=ayrer),  for r>2, ©3b)
30— z)zLQ( z), for r =1.
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ml—z [F 202 7wr2(172) ® (w+1)2
I, <1—t><1—vt>2dt*[ 3 /t_ou_t)s(l_tw)?dt

1-t
1 — Z) / W' 2 T 1
= +2 + —_—dt
o e (2 )
= 1) ! @ = dt
=7 o Vg )
= O(m for r > ]_ (63C)

3 —1)(1 - vt)?

=2 [ b0 (W 2 ) g

ml=z [F 202%(1 —v) __wrl—z i 2(w + 1)%w
"] /t:o(l L(t)dt = —[w'] /t_o( gL

{—2(13_Z) I ((H_zl)r (1—t1)r+3 L(t) + O((l—tli)r-#z L(t))) dt,  for r > 2,
-2 [ e L®ydt, for r =1,

(r+1)r
_ oo b)) + O(g=er),  forr>2, (63d)
O(ﬁL(Z)), for r = 1.
Using the asymptotic expansions (63) we get from (61)):
r(r+1) 1 1
[WA(z,v0) = § 2 (=) L(zz " O((l—Z)T“)’ for 7 =2, (64)
ngQ(z) + O((172)2 (Z)), for r=1.

Singularity analysis gives then

| r(r+1) r—1 r—1
B ((AIP)) = DAy = { T’ JEnEOUTT), orr 22 g
n 5 log n+(’)(logn)7 for r =1.

since E ((A)") =E ((al)") +0(E ((al)=

6 Conclusion

1) ), the second part of Theoremis also proven.

Priority trees are an easy-to-describe binary tree model, where the behaviour of basic random node-
parameters is fundamentally different from the binary search tree model and the Catalan tree model.
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