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Let n, s be positive integers such that 2 < s < n and s # 5. An undirected double-loop network G(n; 1, s) is an
undirected graph (V, E), where V=Z,={0,1,2,...,n—1} and E={(i,i+1 (mod n)), (i,i+s (mod n)) |i € Z}.
It is a circulant graph with n nodes and degree 4. In this paper, the sufficient and necessary conditions for a class
of undirected double-loop networks to be optimal are presented. By these conditions, 6 new optimal and 5 new
suboptimal infinite families of undirected double-loop networks are given.

AMS Subject Classifications: 05C12
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1 Introduction

Double-loop networks are popular in the design and implementation of metropolitan networks and parallel
processing computer systems. They have many attractive properties like vertex symmetry, incremental
extensibility, low valency, ease of implementation, etc. Some researchers are interested in the study of
double-loop networks [1-22]. They mainly focus on designs of optimal double-loop networks [11], [2], [4],
[O, [12] — [L5]], 18], [19], diameters [1]-[4], [9]-[15], [L8]-[22] and routing [S], [7], [8], [17]. For more
details we refer readers to [3]], [L6] and the references therein.

Let n, s be positive integers such that 2 < s < n and s # 5. The undirected double-loop net-
work G(n;1,s) is an undirected graph (V| E), where V=Z,={0,1,2,...,n — 1} and E={(i,i + 1
(mod n)), (4,7 + s (mod n)) | i € Zy}. Itis a circulant graph with n nodes and degree 4. Let d(i, j) be
the length of a shortest path from node ¢ to node j. Let d(n; 1, s) denote the diameter of G(n; 1, s). Since
G(n; 1, s) is vertex symmetric, d(n;1,s) = max{d(i,j) | 0 < i,j < n} = max{d(0,7) |0 < i < n}.
Let D(n)=min {d(n;1,s) | 1 < s < n}. Wong and Coppersmith [20] gave the lower bound % (v/2n — 3)
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for D(n). Boesch and Wang [4] sharpened the bound by giving Ib(n)=[ Y2211, where [z] denotes the
minimum integer > x.

If s exists such that D(n) = d(n;1,s) = lb(n), then n, s, and G(n; 1, s) will be called optimal. If s
exists such that D(n) = d(n; 1,s) = lb(n) + 1, then n, s, and G(n; 1, s) will be called suboptimal.

A set © of natural numbers will be called an optimal (suboptimal) family if each n € © is optimal
(suboptimal).

Some optimal infinite families of undirected double-loop networks were given in [2], [1L1]], [12], [[19].
And as we know, only one suboptimal infinite family of undirected double-loop networks {2t + 2t | ¢ >
2} has been given so far [12]]. In this paper, the sufficient and necessary conditions for a class of undirected
double-loop networks to be optimal are presented. And by using these conditions, we obtain 6 new optimal
and 5 new suboptimal infinite families of undirected double-loop networks.

2 Definitions and some lemmas

Let Z and Z* be the set of integers and nonnegative integers respectively. Let |z ] denote the maximum
integer < x.

Definition 2.1 (a1, az) is said to be a non-negative solution of the equation
z4+ys=0 (modn) (1)

ifa; +a2s =0 (mod n), a; > 0,as > 0and (a1, as) # (0,0).
(u, v) is said to be the smallest non-negative solution of the equation (1)) if (u, v) is a non-negative solution
of the equation (1)) and the following conditions hold:

(1) if (a1, a2) is a non-negative solution of the equation , thenu +v < ai + as.

(2) if (a1, az2) is a non-negative solution of the equation ,where (a1,a2) # (u,v) and u+v = a1 +as,
then u > a;.

Clearly, the smallest non-negative solution of equation (I)is unique. For example, it is easy to see that
4, 1), (2, 3), (0, 5), (8, 2), (4, 6), - - - are non-negative solutions of the equation z + 6y = 0 (mod 10).
Thus (4, 1) is the smallest non-negative solution of the equation z + 6y = 0 (mod 10).

Definition 2.2 Let (u,v) be the smallest non-negative solution of the equation (). (—a1, a2) is said to be
a cross solution of the equation (1) if —a1 + ass =0 (mod n), a; >0, ag > 0, (—ay,a2) # (0,0), and
the three points (—ay, az), (0,0), (u,v) are not on the same line. (—a, b) is said to be the smallest cross
solution of the equation if (—a,b) is a cross solution of the equation and the following conditions
hold:

(1) if (—a1, az2) is a cross solution of the equation ,then a+b<a;+as.

(2) if (—a1, az) is a cross solution of the equation (I),where (—ay,as) # (—a,b) and a + b = a1 + as,
then b > as.
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Clearly, the smallest cross solution of equation is unique. For example, it is easy to see that (2,2)
is the smallest non-negative solution of the equation x 4+ 5y = 0 (mod 12), and (-5, 1), (-3, 3), (-1, 5),
(-12,0), (-10, 2), (-8, 4), (-6, 6), (-4, 8), (-2, 10), --- are cross solutions of the equation = + 5y = 0
(mod 12). Thus (-1, 5) is the smallest cross solution of the equation z + 5y = 0 (mod 12).

From [11] we have the following two lemmas.

Lemma 2.3 Let (u, v) be the smallest non-negative solution of the equation (|I|) and (—a, b) be the small-
est cross solution of the equation (1) If u < v, then a > u,a > b,b < v and n=av + bu.

Lemma 2.4 Let (u,v) be the smallest non-negative solution of the equation (1)) and (—a, b) be the small-
est cross solution of the equation (I). If u > v, then a < u,a < b,v < b and n=av + bu.

Given G(n;1,s), we construct an infinite grid G, 1 s in Z? as D. Tzvieli did in [19], labelling each
lattice point (4, j) by i + js (mod n). Every label m, 0 < m < n, is repeated in G,, 1 , infinitely many
times. We refer to a lattice point with label 7 as an é-point. If i + js = 0 (mod n), then we call (i,7) a
0-point.

The smallest non-negative solution (u, v) of the equation (1) can be seen as a O-point in the first quad-
rant with « + v is minimum (in case of tie, take the maximum u). The smallest cross solution (—a, b) of
the equation (1) can be seen as a 0-point in the second quadrant with a + b is minimum (in case of tie,
take the maximum b).

For G(12;1,5), one can see that (2, 2) is a 0-point in the first quadrant, and (—1, 5) is a 0-point in the
second quadrant(see Fig. 1).

Fig. 1 O-points in the G'12.1 5.
From Lemma 4 [10] and Lemma 5 [10] we have the following lemma:

Lemma 2.5 Given G(n;1,s) with 1 < s < nand s # 5. Suppose that (u,v) and (—a,b) are two
0-points and u,v, a,b are all non-negative integers. Let r1=|(u + v)/2], ra=|(a + b)/2], r3=|(Ju —
al +v+0)/2] and ra=[(u+a+ v =0])/2]. Ifn = av+buandb > a,u > v,u > a, v < b (or
a>bv>ua>ub<w) then

d(n;1,s) = r3 — 1, ifrs=rgand (u+a)(v+b) =1 (mod 2)
T max{ry, e, min{rs,r4}}, otherwise.
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By Lemma[2.5]it is easy to prove the following corollary.

Corollary 2.6 Given G(n;1,s) with1 < s < nand s # %. Suppose that (u,v) and (—a,b) are two 0-
points and u, v, a, b are all non-negative integers. Let d denote the diameter of G(n; 1, s). If n = av + bu
andb > a,u > v,u>a,v<b(ora>buv>ua>ub<wv)thenu+v<2d+1landa+b<2d+1.

Lemma 2.7 Suppose that u,v, a, b are all integers and there exist two integers X\, x such that \b+xv = 1.
Let so = Aa — xuand s = so (mod n). If n = av + bu, then u 4+ vs = 0 (mod n) and —a + bs = 0
(mod n), i.e., (u,v) and (—a, b) are two 0-points.

Proof: Since ( b ) (;) (510), we have n (;): (rn) (10). Thatis, u +vs = u+vsg (mod n) = n\

a —u a —b s

(mod n) =0and —a + bs = —a + bsg (mod n) = —ny (mod n) = 0. O

We use ged(ag, az) to denote the greatest common divisor of two integers a1, as. As the following
lemma is well-known and easy to prove, its proof is omitted.

Lemma 2.8 Suppose that a1,by and ¢y are integers.

(1) ged(ay,by) = 1 if and only if there exist two integers A, x such that Aa; + xby = 1.
(2) Ifged(ay,b1) =1 and ged(ay,¢q) = 1, then ged(aq, biey) = 1.

3 Main results

The sufficient and necessary conditions for a class of undirected double-loop networks to be optimal are
given in the following theorem. By using this theorem, we can give some new optimal or suboptimal
infinite families of undirected double-loop networks in this section.

Theorem 3.1 Suppose that n = 2t> + 2t — B, wheret > B > 0, and t, B € 7. Then there exists
a positive integer s such that d(n; 1,s) = t = lb(n) if and only if there exist four non-negative integers
a, b, u, v satisfying the following five conditions:

1 n=av+bu;
2a+b<2t+landu+v <2t+1;
3b>a,u>v,u>a,v<b

4 One of the following two conditions holds:

(a) x=0b—a=y yisodd, y|2B+1and1 <y <+2B+ 1.
(b)) y=0,u—v=uwzisodd, x |2B+1land1 < x < 2B+ 1. wherex =2t +1 — (a +b),
y=2t+1—(u+w).

5 ged(b,v) = 1.
Proof: Suppose that there exists a positive integer s such that d(n;1,s) = ¢. Let (u, v) be the smallest

non-negative solution of the equation (1)) and (—a, b) be the smallest cross solution of the equation (1))
In the following we consider two cases: « > v and v < v.
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Case: u > v Then by Lemma[2.4]and Corollary [2.6], we see that (IJ), (2) and (3 hold.

Now we will prove that condition (@) holds.

Let ri=[(u +v)/2], ro=|(a + b)/2], rs=[(u —a+ v+ b)/2] and r4=|(u + a + b — v)/2].

Ifr3 =rgand (u+a)(v+b) =1 (mod 2),thenasu—a+v+b=0 (mod 2) andu+a—v+b=0
(mod 2), wehave u —a+v+b =u+a—v+b ie, a = v Thus the diameter of G(n;1,s) is
t=(u+b)/2—1.Sob—a=b—v=(u+b—-(ut+v)=2t+2—-2t+1—y)=1+yand
u—v =u—a = (u+b)—(a+b) = 2t+2—(2t+1—2x) = 1+z. As (u+a)(v+b) =1 (mod 2)anda = v,
we have x = 2t+1—(a+b) = 2t+1—(v+b) =0 (mod 2)andy = 2t+1—(utv) = 2t+1—(u+a) =0
(mod 2).

As0 < (b—a)(u—v) = (14+y)(u—v) < (14+y)(u+v) and (b—a)(u—v) = 2(av+bu)—(a+b)(u+v) =
2n—(2t+1—xz)(2t+1—y), we have 2n— (2t +1—z)(2t+1—y) < (1+y)(u+v) = (1+y)(2t+1 Y),
ie, (2t+2—2+y)(2t+1—y) > 2n. Thus we have (y + 15%)? + (z —2)(2t +1—2) < 1 4+ 2B —2t.
As i +2B -2t <0and 2t +1 — 7 > 0, we have z < 2. Similarly we can prove that y < 2. Since
=0 (mod2),y =0 (mod2),z>0andy >0, wehavez =y =0. Asb—a=1+y =1,
u—v=14+zx=1La+b=2t+1—zx=2t+1landu+v=2t+1—y=2t+1,wehavea =v =t,
b=wu=t+1.Since av + bu = t*> + (t + 1)? = 2t> + 2t + 1 and n = av + bu, we get a contradiction.
Thus r3 = 4 and (u + a)(v + b) =1 (mod 2) can not hold simultaneously.

In other cases, the diameter of G(n; 1, s) is max{ry, ro, min{rs,r4}} =t. Thus rz3 < torry < t.

Ifry <t,wehaveb—a <y.AsO0 < (b—a)(u—v) <y(u+wv)and (b —a)(u—v) =2(av + bu) —
(a+b)(u+v)=2n—(2t+1—-2)(2t+1—y),wehave (2t +1 -z +y)(2t +1—y) > 2n, ie.,
42+ (4—22)t+ (1 —2+y)(1—y) > 2n. Thus we have (y— 2)?+ (z—1)(2t+1—ZH) < 14+ 2B—
Asi+2B—-2t<Oand2t+1—ZH >0, wehavex < 1. Thusz = Oandy < V2B +1. Asz =0
and0 < (b—a)(u—v)=-2B—1—ay+ (z+y)(2t+1)=-2B—-1+y(2t+1), wehavey > 1.
Asu—v = =2B= iJ’Z(%H) = 2= 23+(y 1)(2t+1) <u+v=2t+1—y, wehaveb—a >y — 1. Since
b—a<y,wehaveb—a=y. Asb+a_2t+1 b—a=b+a—2a,weseethaty = b — aisodd. As
b—a=yand (b—a)(u—v)=—-2B—1+y(2t+1),wehave 2B+ 1 =y(2t+1 — u +v). Thusy
divides 2B + 1,i.e.,y | 2B + 1.

Ifry <t,wehaveu —v < x. Asin the case of r3 < ¢, we can prove thaty = 0, u — v = z, = is odd,
xz|2B+1land1 <x <+2B+1.

From above we see that condition (@) holds.

Since u + vs = 0 (mod n) and —a + bs = 0 (mod n), there exist two integers A and x such that
(v () =n(). Thus () =(° ") (;) So Ab+(—x)v = 1. By Lemma we have ged(v, b) = 1.

S a u

Thus condition holds.

Case: u < v By a similar argument we can deduce the following:
(1) n=av+ bu;

2)a+b<2t+1landu+v <2t+1;

3) a>bv>ua>ub<uv,

(4) One of the following two conditions holds:

(@ x=0,a—b=y,yisodd,y |2B+1and 1 <y < 2B+ 1.
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b)) y=0,v—u=z,zisodd,z |[2B+1land1 <z < 2B+ 1. wherexz =2t + 1 — (a + ),
y=2t+1- (u+v).

(5) ged(b,v) = 1.

By lettinga’ = u, b = v, v =a,v' =b,2’ =2t+1—(a' +b)=yandy =2t +1— (' +0') =z, it
is routine to verify that a’, b’, v’ and v’ satisfy the five conditions of the theorem.

On the other hand, if there exist four non-negative integers a, b, u, v satisfying the five conditions of the
theorem, then by condition [3] there exist two integers A and y such that Ab 4+ xv = 1. Let s = Aa — xu
(mod n). By Lemma[2.7), we see that (u,v) and (—a, b) are two 0-points.

Asu > wv,b> a,u > a,andv < b, by Lemmawe have d(n;1,s) < t. Sinced(n; 1,s) > lb(n) = t,
we have d(n; 1,s) = t.

Corollary 3.2 Suppose that n = 2t> + 2t — B, where t > B > 0, t, B € Z* and 2B + 1 is a prime
number. Then n is optimal if and only if ged(t, B) = 1 or ged(t + 1, B) = 1.

Proof: Suppose that n is optimal, by Theorem [3.1] there exist four non-negative integers a, b, u, v satisfy-
ing the condition 4] of Theorem[3.1] Letz = 2t +1 — (a+b) and y = 2t + 1 — (u +v). Since 2B + 1 is
a prime number, we have (a) c =0, b—a=y=1lor(b)y=0,u —v=x = 1.

Whenz =0,b—a =y = 1,as (b—a)(u—v) = 2(av+bu)—(a+d)(u+v) = 2n—(2t+1)%2t = 2t—2B,
wehave a =t,b=1t+1,u =2t — B and v = B. Since a, b, u, v satisfy the condition 5]of Theorem [31]
we have 1 = ged(b,v) = ged(t + 1, B).

Wheny =0, u—v=z=1,as (b—a)(u—v) =2(av+bu) — (a+b)(u+v) =2n—2t*(2t+1) =
2t — 2B, we have a = B,b = 2t — B,u = t + 1 and v = ¢t. Since a, b, u, v satisfy the condition [3] of
Theorem (3.1} we have 1 = ged(b, v) = ged(2t — B, t) = ged(—B, t) = ged(t, B).

Thus we have proved that if n is optimal, then ged(¢, B) = 1 or ged(t + 1, B) = 1.

If ged(t, B) = 1 or ged(t + 1, B) = 1, we will prove that n is optimal.

When ged(t,B) = 1,leta = B,b = 2t — B,u = t + 1 and v = ¢. It is routine to verify that four
non-negative integers a, b, u, v satisfy the five conditions of Theorem @

When ged(t + 1,B) = 1,leta = t,b =t + 1,u = 2t — B and v = B. It is easy to see that four
non-negative integers a, b, u, v satisfy the five conditions of Theorem|3.1

From above we see that Corollary [3.2] holds. O

By Theorem [3.1] and Corollary 3.2} we can give some new optimal and suboptimal infinite families of
undirected double-loop networks in the following theorems.

Theorem 3.3 (1) Let © = {2t> +2t —6| t > 6,t # 6e+2andt # 6e + 3, ¢ € Z*}. Then O is
an optimal infinite family, and when t = 6e, 6e + 1, 6e + 4, 6e + 5 respectively, the optimal step s is
12e2,12e? 4 4e — 2,60e? + 88e + 28, 60e? + 108e + 42 correspondingly.

(2) {G(2t2 +2t —6;1,2t2 = 3) | t =6e+2o0rt = 6e+3, 1 < e € Z*} is a suboptimal infinite family.

Proof:

( Let n be 22 + 2t — 6. In the following we consider two cases: t = 6e + 1 ort = 6e¢ + 5 and t = 6e
ort = 6e + 4.
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t=6e+1lort=06e+5 Whent==6e+1ort==6e+5, wehave gcd(t,6) = 1.

t=6eort==6e+4 Whent=6eort=6e+ 4, wehave ged(t + 1,6) = 1.

As 2 x 64+ 1 = 13 and 13 is a prime number, by Corollary [3.2] we see that © is an optimal infinite
family.

Whent =6e+ 1,leta=6,b=2t —6,u =t+1,andv =1¢t. Ase x b+ (—2e+ 1) x v = 1, the
optimal step sis e x a — (—2e + 1) x u (mod n) = 12e2 + 4e — 2.

Whent =6e+5,leta=6,b=2t—6,u=t+1l,andv =1t As—(e+ 1) xb+(2e+1) xv=1,
s=—(e+1)xa—(2e+1) xu (mod n) = 60e? + 108e + 42.

Whent = 6e,leta =t,b=t+1,u=2t—6,andv =6. Asl xb—exv=1,s=1xa—(—e)xu
(mod n) = 12¢2.

Whent = 6e +4,leta =t,b=t+1,u=2t—6,andv =6. As—1xb+(e+1)xv =1,
s=—-1xa—(e+1)xu (mod n) = 60e? + 88¢ + 28.

(B) When t = 6e + 2, we have ged(t + 1,6) = ged(6e + 3,6) = ged(3,6) = 3 and ged(t,6) =
ged(6e 4+ 2,6) = ged(2,6) = 2.

When ¢t = 6e + 3, we have ged(t + 1,6) = ged(6e + 4,6) = ged(4,6) = 2 and ged(t,6) =
ged(6e + 3,6) = ged(3,6) = 3.

As 2 x 6+ 1 = 13 and 13 is a prime number, by Corollary 3.2] we see that when ¢ = Ge + 2 or
t=6e+3,1<ecZt,n=22+2t— 6 can not be optimal.

Leta=t,b=t+2u=2t—3andv=1. AsOxb+1xv=1lets=0xa—1xu=2t>—3
(mod n). By Lemma[2.7] we see that (2t — 3,1) and (—t,t + 2) are two 0-points. By Lemma 2.5 we
have d(n;1,s) =t + 1.

From above we see that when t = 6e + 2 ort = 6e + 3,1 < e € Z*, G(2t? + 2t — 6;1,2t> — 3) is
suboptimal. O

Theorem 3.4 1. Letn =2t>+2t—12and © = {2t> +2t — 12| t > 12, t # 6e +2 and t # 6e + 3,
e € Z*}. Then © is an optimal infinite family, and when t = 6e, 6¢ + 1, 6e + 4, 6¢ + 5 respectively,
the optimal step s is 6e — 36e3 (mod n), 36e® +24e? —2e —2 (mod n), —36e> —96e% — 78¢ — 16
(mod n), 36e® + 96¢? + 78¢ + 18 (mod n) correspondingly.

2. LetW = {22 +2t— 12| t =6e+2o0rt = 6e+ 3, wheree € Z" and e > 2}. Then ¥V is a
suboptimal infinite family, and whent = 6e+ 2 or 6e+ 3, the suboptimal step s is t> +2t —3,t> —4
correspondingly.

Proof:

(I By Theorem we only need to find four non-negative integers a, b, u, v which satisfy the five
conditions of Theorem[3.1} In the following we consider two cases: t = 6e ort = 6e +4, and t = 6e + 1
ort = 6e + 5.

t=6ecort=6ec+4 Whent==6ecort==6ec+4,leta=t,b=t+1,u=2t—12andv = 12.

When ¢ = 6e or t = 6e + 4, As ged(2,t + 1) = 1 and ged(3,t + 1) = 1, by Lemma[2.8] we have
that gcd(4,¢ + 1) = 1 and ged(12,¢ + 1) = 1. That is, ged(v,b) = 1. Thus it is easy to verify that four
integers a, b, u, v satisfy the five conditions of Theorem (3.1
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t=6e+lort=6e+5 Whent=6e+1lort=6e+5,leta=12,b=2t—12,u=t+1landv =t*.

When t = 6e + 1 ort = 6e + 5, As ged(2,t) = 1 and ged(3,t) = 1, by Lemma[2.8] we have that
ged(4,t) = 1 and ged(12,t) = 1. Thus ged(v, b) = ged(t, 2t — 12) = ged(t, —12) = ged(t,12) = 1.
So it is easy to verify that four integers a, b, u, v satisfy the five conditions of Theorem 3.1}

From above we see that © is an optimal infinite family.

When t = 6Ge, leta = t,b =t + 1,u = 2t — 12, and v = 12. As (1 —6e) x b+ 3e? x v = 1,
s=(1—6€) x a—3e? x u (mod n) = 6e — 36e*> (mod n).

When ¢ = 6e + 1 or 6e + 4 or 6e + 5, the corresponding optimal step s can be computed similarly.
They are 36e3 + 24e% — 2e — 2 (mod n), —36e® — 96e% — 78¢ — 16 (mod n), 36e> + 96¢2 + T8¢ + 18
(mod n) respectively.

( Forn = 2t +2t — 12, where t = 6e+2ort =6e+3,2 < e € Z7, in the following we will prove
that n can not be optimal.

If n is optimal, then there exist four non-negative integers a, b, u, v which satisfy the five conditions of
Theorem[3.1} Letz =2t +1— (a+b) and y = 2t + 1 — (u + v).

In the following we consider two cases:

(A) z=0,b—a=y,yisodd,y |2B+1land1 <y <+2B+1.
B)y=0,u—v==a,zisodd,z |2B+1and1 <2z < /2B + 1, where B = 12.
Case@ Ifz=0,b—a=y,yisodd,y|25and 1 <y < +/25,theny = lory = 5.

Subcase: z =0,y = 1: Asb—a=yand (b—a)(u—v) =2n—(a+b)(u+v) =2n—(2t+1—z)(2t+
1—y)=2t—24,wehavethatb—a=1landu—v =2t —24. Thusa =t,b=1t+1,u =2t —12
and v = 12. When t = 6e + 2 or t = Ge + 3, ged(b,v) # 1.

Subcase: z =0,y =5: Asb—a=yand (b—a)(u—v) =2n—(a+b)(u+v) =2n—(2t+1—z)(2t+
1—y) =10t —20, we have thatb—a = 5andu—v = 2t —4. Thusa =t—2,b=t+3,u =2t —4
andv = 0. So ged(b,v) =t +3 # 1.

Case@ Ify=0u—v=xzisodd, z |25and 1 < x < +/25,thenxz = 1lora =5.

Subcase: y = 0,z = 1: Asu—v=zxand (b—a)(u—v) =2n—(a+b)(utv) = 2n—(2t+1—2z)(2t+
1—y)=2t—24,wehaveu —v=1andb—a=2t—24. Thusa =12,b=2t — 12,u =t +1
and v =t. When t = 6e + 2 or t = 6¢e + 3, ged(b,v) # 1.

Subcase: y = 0,z = 5: Asu—v==xand (b—a)(u—v) =2n—(a+b)(u+v) =2n—(2t+1—x)(2t+
1—y) =10t — 20, we have thatu —v =5andb—a =2t —4. Thusa =0,b =2t —4,u =t +3
andv =t — 2. So ged(b,v) = ged(2t —4,t —2) =t — 2 # 1.

From above we see that in any cases, two non-negative integers b, v can not satisfy condition [5 of
Theorem[3.1] So n can not be optimal.

Whent = 6e+2,leta=0b=2t —4u=t+3andv=1t—3. As 55t x b+ (t —3) x v =1, let
s=%txa—(t—3)xu=9—1? (mod n) = t*>+ 2t — 3. By Lemma[2.7} we see that (¢ + 3,¢ — 3)
and (0,2t — 4) are two 0-points. By Lemma[2.5|we have d(n; 1,s) =t + 1.
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Whent = 6e+3,leta =t —2,b=t+2u=2—4andv =2 As1xb— L xv =1 1let
s=1xa+ 5 xu (mod n) =t —4. ByLemmaweseethat (2t — 4,2) and (—t +2,t + 2) are
two 0-points. By Lemma[2.5|we have d(n;1,s) =t + 1.

Thus whent = 6e +2ort = 6e + 3,2 < e € Z*, 2t2 4 2t — 12 is suboptimal. O

Theorem 3.5 Let © = {2t2 + 2t — (242 +2A-2) |A >0, A€ Z*,t > AZTJFA}. Then © is an optimal
infinite family. When t + A is odd, the optimal step s is t* — A? + 1. When t + A is even, the optimal step
sist? — A% - 2A.

Proof: Let n = 262 + 2t — (24% 424 — 2). When A > 0, A € ZT, ¢ > 454 1p(n) = ¢.
In the following we consider two cases:

t+ Ais an odd number When ¢+ A isodd, suppose thatt+A = 2j+1. Leta =t—A+1,b=t+A,u =
2t —2Aandv=2. As1xb—juo=1,lets =1 x (t — A+ 1) +j(2t —24) (mod n) =t> — A2 + 1.
By Lemma[2.7] we see that (u, v) and (—a, b) are two O-points. By Lemma[2.5 we have d(n; 1, s) = t.

t + Ais an even number Whent + Aiseven,leta =2,b =2t —2A,u=t+ Aandv=t— A+ 1.
Since S5Ab+(1—t+A)v = 1,let s = 54a— (1—t+A)xu (mod n) = t?— A2 —2A. By Lemma
we see that (u, v) and (—a, b) are two 0-points. By Lemma[2.5|we have d(n; 1,s) = t.

Thus when ¢ > A22+A, 0<AcZ%, 2t +2t — (2A4% + 2A — 2) is optimal. O

By Theorem [3.3] it is easy to prove the following corollary.
Corollary 3.6 LetT' = {2t —2|t = A2+ A—2,A > 2, A € ZT}. ThenT is an optimal infinite family.
When A is odd, the optimal step s is t?> — A? + 1. When A is even, the optimal step s is t? — A? — 2A.
By APPENDIX B [[19], we see that 390 = 2 x 142 — 2 is suboptimal. In other words, there are some
suboptimal integers in the set ¥ = {2t2 — 2 |t > 2.t € Z*}. From Corollary we see that the set I,
which is a subset of the set X, is optimal. It would be interesting to find out a subset of the set 3 which is
a suboptimal infinite family.

Theorem 3.7 (1) Letn =2t2+2t —14and © = {2t +2t — 14| t > 14,t # 1de+ 6 and t # 14e+7,
e € Z}. Then © is an optimal infinite family, and when t = 14e, 14e + 1, 14e + 2, 14e + 3, 14e +
4,14e+5,14e+8,14e+9,14e+ 10, 14de + 11, 14e 4+ 12, 14e + 13 respectively, the optimal step s is
28e2,28¢e2 + de — 2, 140e? + 48e, 140e? + 68e + 2, 84e2 4 52e + 6, 84€? + 64e + 8, —84e? — 104e —
28 (mod n), —84e? — 116e — 38 (mod n), —140e? — 212¢ — 74 (mod n), —140e? — 232e — 92
(mod n), —28e% — 52¢ — 22 (mod n), —28e? — 56e — 28 (mod n) correspondingly.

(2) Let U = {2t> + 2t — 14| t = 14e + 6 ort = 1de + 7, where e € Z" and e > 1}. Then V is a
suboptimal infinite family, and whent = 14e+6 or 14e+7, the suboptimal step s is t2 +2t —4,t> -5
correspondingly.

Proof:

(@) In the following we consider two cases:

(A) t=14e,ort =14e+2,0ort = 14de+4,0ort = 14e + 8, ort = 14de + 10, or t = 14e + 12;
B) t=14e+1,ort =14e+ 3,ort = 1de+ 5,ort = 14de +9,0rt = 14e + 11, or t = 14e + 13.
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Case[A] Whent = l14e,ort = 14de+2,0rt = 1de+4,0ort = 14e+8,ort = 14e+10,0rt = 1de+12,
we have ged(t + 1,14) = 1.

Case[B] Whent = 14e + 1,0ort = l4de + 3, 0ort = 1de + 5, 0ort = l4de + 9, or t = 1de + 11, or
t = 14e + 13, we have ged(t, 14) = 1.

As 2 x 14 + 1 = 29 and 29 is a prime number, by Corollary 3.2 we see that © is an optimal infinite
family.

Whent = 14e,leta=t,b=t+1l,u=2t—14,andv =14. As1 xb—exv=1,s=1xXa+exu
(mod n) = 28¢2.

When t = 14e 4+ 1 or 14e + 2 or 14e + 3 or 14e + 4 or 14e + 5 or 14e + 8 or 14e + 9 or 14e + 10
or 14e + 11 or 14e + 12 or 14e + 13, the corresponding optimal step s can be computed similarly.
They are 28e? + 4e — 2,140e? + 48e,140e? + 68e + 2,84e? + 52e + 6,84e? + 6de + 8, —84e? —
104e — 28 (mod n), —84e? —116e — 38 (mod n), —140e? — 212e — 74 (mod n), —140e? — 232¢ — 92
(mod n), —28e? — 52¢ — 22 (mod n), —28¢? — 56e — 28 (mod n) respectively.

(B) Whent = 14e+ 6, we have ged(t, 14) = ged(14e+6,14) = ged(6, 14) = 2 and ged(t +1,14) =
ged(14e + 7,14) = ged(7,14) = 7.

When t = 14e+7, we have ged(¢, 14) = ged(14e+7,14) = 7and ged(t+1, 14) = ged(14e+8,14) =
ged(8,14) = 2.

As 2 x 14 4+ 1 = 29 and 29 is a prime number, by Corollary [3.2] we see that when ¢t = 14e + 6 or
t=14e+7,1<e € Z*,n = 2t?> + 2t — 14 can not be optimal.

Whent = 14e +6,leta=2,b=2t —4,u=t+2andv =t — 3. As 4=t x b+ (t—3) xv=1,let
s=%t xa—(t—3)xu=10—1t? (mod n) = t* + 2t — 4. By Lemma[2.7, we see that (¢ + 2, — 3)
and (—2, 2t — 4) are two 0-points. By Lemma[2.5] we have d(n;1,s) =t + 1.

Whent = 1de+ T, leta =t —3,b=t+2,u=2t—4andv = 2. As1 xb— L x v =1, let
s=1xa+ 3 xu (mod n) =t*—5. ByLemma we see that (2t — 4,2) and (—t + 3,¢ + 2) are
two O-points. Thus by Lemma|2.5|we have d(n;1,s) =t + 1.

From above we see that when t = 1de + 6 ort = 14e + 7, where 1 < e € Z1, 2t2 + 2t — 14 is
suboptimal. O

Theorem 3.8 1. Let© = {2t +2t — 15| t > 15,t # 15e + 5andt # 15¢ + 9, e € Z*+}. Then ©
is an optimal infinite family, and when t = 15¢, 15e + 1, 15e 4+ 2, 15e + 3, 15e + 4, 15¢ 4 6, 15¢e +
7,15e + 8,15e + 10, 15e + 11,15e + 12,15e + 13, 15e + 14 respectively, the optimal step s is
30e2,240e? + 46e — 5,240e% + 78e — 3,120e? + 5de + 3,120e? + 70e + 5, —60e? — 5de — 9
(mod n), 60e? + 58e + 13,60e? + 66¢ + 15, 330e? + 460e + 150, 330e? + 504e + 180, 210e? +
348¢ + 138, —30e? — 56e — 24 (mod n), —30e? — 60e — 30 (mod n) correspondingly.

2. {G(2t2 + 2t — 15;1,2t2 — 10) | t = 15e + 5 0rt = 15e + 9, where 1 < e € Z*} is a suboptimal
infinite family.
Proof:

(@) In the following we consider two cases:

(A) t = 1be,ort = 15e+ 1,0ort = 15e+ 3,0ort = 15e + 6, 0ort = 15e + 7, or t = 15e + 10, or
t=15e+12,ort = 15e + 13;
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B) t=15e+2,ort =15e+4,ort = 15e+ 8,0ort = 15e + 11, or t = 15¢ + 14.

Case[A] Whent = 15¢,0rt = 15e+1,0rt = 15e+3,0rt = 15e¢+ 6, ort = 15e+ 7, or t = 15e + 10,
ort = 15e+ 12, or t = 15e + 13, we have ged(t + 1,15) = 1.

Case[B] Whent = 15¢+2,0rt = 15¢ + 4, ort = 15e + 8, or t = 15¢ + 11, or t = 15e + 14, we have
ged(t, 15) = 1.

As 2 x 15+ 1 = 31 and 31 is a prime number, by Corollary [3.2], we see that © is an optimal infinite
family.

Whent = 15¢e,leta =t,b=t+1,u=2t—15,andv =15. AsI xb—exv=1,s=1Xa+exu
(mod n) = 30e2.

When ¢ = 15e + 1 or 15e + 2 or 15 + 3 or 15e + 4 or 15e + 6 or 15e + 7 or 15e + 8 or 15e + 10
or 15e + 11 or 15e + 12 or 15e + 13 or 15e + 14, the corresponding optimal step s can be computed
similarly. They are 240e? + 46¢ — 5, 2402 + T8¢ — 3, 120e2 + 54e + 3, 120e? + 70e + 5, —60e? — 54e — 9
(mod n),60e? + 58e + 13, 60e? + 66¢ + 15, 330e? + 460e + 150, 330e? + 504e + 180, 210e? + 348e +
138, —30e% — 56e — 24 (mod n), —30e? — 60e — 30 (mod n) respectively.

When t = 15e + 5, we have ged(t, 15) = ged(15e + 5, 15) = ged(5,15) = 5 and ged(t + 1, 15) =
ged(15e + 6,15) = ged(6,15) = 3.

When ¢t = 15¢ 4+ 9, we have ged(t, 15) = ged(15e + 9,15) = ged(9,15) = 3 and ged(t + 1,15) =
ged(15e + 10,15) = ged(10,15) = 5.

As 2 x 154+ 1 = 31 and 31 is a prime number, by Corollary, we see that when t = 15e + 5 or
t=15e+9,1<e € Z*,n = 2t? + 2t — 15 can not be optimal.

Whent = 15e+5o0rt = 15e+9,leta =t,b=t+3,u=2t—5andv =1. AsOxb+1xv=1,let
s=0xa—1xu=5-2t (mod n) = 2t — 10. ByLemmaweseethat (2t —5,1) and (—¢,t+3)
are two O-points. By Lemma[2.5] we have d(n; 1,s) =t + 1.

From above we see that when t = 15¢+5ort = 15¢+9, where 1 < e € ZT, G(2t2 +2t — 15; 1, 2t% —
10) is suboptimal. O

Acknowledgements

The authors thank the referees for their helpful comments that improved the accuracy and clarity of our
presentation.

References

[1] F. Aguil6 and M. A. Fiol, An efficient algorithm to find optimal double loop networks, Discrete
Mathematics 138(1995), 15-29.

[2] J. -C. Bermond and D. Tzvieli, Minimal diameter double-loop networks: dense optimal families,
Networks 21(1991), 1-9.

[3] J. -C. Bermond, F. Comellas and D. F. Hsu, Distributed loop computer networks: a survey, Journal
of Parallel and Distributed Computing 24(1995), 2-10.

[4] E. T. Boesch and J. F. Wang, Reliable circulant networks with minimum transmission delay, IEEE
Trans. Circuits Syst. CAS-32(1985), 1286-1291.



310 Bao-Xing Chen, Ji-Xiang Meng and Wen-Jun Xiao

[5] N. Chalamaiah and B. Ramamurty, Finding shortest paths in distributed loop networks, Information
Processing Letters 67(1998), 157-161.

[6] R.C.-F. Chan, C.-Y. Chen, Z.-X. Hong, A simple algorithm to find the steps of double-loop networks,
Discrete Applied Mathematics 121(2002), 61-72.

[7]1 B. X. Chen, J. X. Meng and W. J. Xiao, A constant time optimal routing algorithm for undirected
double-loop networks, International Conference on Mobile Ad-hoc and Sensor Networks, Wuhan,
China, Lecture Notes in Computer Science (LNCS), Springer Verlag , 3794(2005), 308-316.

[8] B. X. Chen and W. J. Xiao, A constant time optimal routing algorithm for directed double loop
networks G(n; s1, s2), In the proceeding of 5th International Conference on Software Engineering,
Artificial Intelligence, Networking, and Parallel/Distributed Computing(SNPD 2004), 1-5.

[9] B. X. Chen and W. J. Xiao, Optimal designs of directed double-loop networks, International Sym-
posium on Computational and Information Sciences (CIS’04), Lecture Notes in Computer Science
(LNCS), Springer Verlag, 3314(2004), 19-24.

[10] B. X. Chen and W. J. Xiao, B. Parhami, Diameter Formulas for a Class of Undirected Double-loop
networks, Journal of Interconnection Networks 6(2005), 1: 1-15.

[11] B. X. Chen and W. J. Xiao, A diameter formula for an undirected double-loop network, Accepted
by Ars Combinatoria.

[12] D.Z. Du, D. F. Hsu, Li Qiao and Xu Jun-ming, A combinatorial problem related to distributed loop
networks, Networks 20(1990), 173-180.

[13] P. Esqué, F. Aguil6é and M. A. Fiol, Double commutative-step digraphs with minimum diameters,
Discrete Mathematics 114(1993), 147-157.

[14] D. F. Hsu and J. Shapiro, Bounds for the minimal number of transmission delays in double loop
networks, Journal of Combinatorics, Information & System Sciences 16(1991), 55-62.

[15] F. K. Hwang and Y. H. Xu, Double loop networks with minimum delay, Discrete Mathematics
66(1987), 109-118.

[16] F. K. Hwang, A complementary survey on double-loop networks, Theoretical Computer Science
263(2001), 211-229.

[17] K. Mukhopadhyaya and B. P. Sinha, Fault-tolerant routing in distributed loop networks, IEEE Trans-
actions on Computers 44(1995), 12:1452-1456.

[18] Q.Li, J. M. Xu and Z. L. Zhang, Infinite families of optimal double loop networks, Science in China,
Ser A 23(1993), 979-992.

[19] D. Tzvieli, Minimal diameter double-loop networks I. Large infinite Optimal families, Networks
21(1991), 387-415.

[20] C. K. Wong and D. Coppersmith, A combinatorial problem related to multimodule memory organi-
zations, Journal of the Association for Computing Machinery 21(1974), 3:392-402.



Some new optimal and suboptimal infinite families of undirected double-loop networks 311

[21] J. A. L. Yebra, M. A. Fiol, P. Morillo and 1. Alegre, The diameter of undirected graphs associated to
plane tessellations, Ars Combinatoria 20-B(1985), 151-171.

[22] J. Zerovnik and T. Pisanski, Computing the diameter in multi-loop networks, Journal of Algorithm
14(1993), 226-243.



312 Bao-Xing Chen, Ji-Xiang Meng and Wen-Jun Xiao



	Introduction
	Definitions and some lemmas
	Main results

