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An interval of a permutation is a consecutive substring consisting of consecutive symbols. For example, 4536 is an
interval in the permutation 71453682. These arise in genetic applications. For the applications, it makes sense to
generalize so as to allow gaps of bounded size § — 1, both in the locations and the symbols. For example, 4527 has
gaps bounded by 1 (since 3 and 6 are missing) and is therefore a d-interval of 389415627 for 6 = 2.

After analyzing the distribution of the number of intervals of a uniform random permutation, we study the number of
2-intervals. This is exponentially large, but tightly clustered around its mean. Perhaps surprisingly, the quenched and
annealed means are the same. Our analysis is via a multivariate generating function enumerating pairs of potential
2-intervals by size and intersection size.

Keywords: intervals in random permutations, gene teams, annealed mean

1 Introduction

Let [n] denote the set {1,2,...,n}. We are interested in counting the common intervals of a pair of
permutations. To be precise, if G4 and G are two permutations of [n], we are interested in counting
the pairs of intervals (I, J) for which G4(I) = Gp(J). It is equivalent to count intervals I for which
G5'G A(I) is also an interval. Accordingly, we define

Definition 1.1 The interval I := [i,i + k — 1] C [n] is called an interval of the permutation G if G~1(1)
is an interval, that is, if there is a j such that

Glj,j+k—-1=1[i+k-1].

The proper intervals are those whose lengths are at least 2 and at most n — 1.

Here and throughout, we use vector notation for permutations rather than cycle notation, so that (o1, . .., 0,,)
denotes the permutation ¢ — ¢ rather than the permutation consisting of a single n-cycle.
Example: Let G be the permutation (3, 1,2,4,5). Then the proper intervals of G are [1, 2], [4, 5], [1, 3]
and [1, 4].

1365-8050 (©) 2006 Discrete Mathematics and Theoretical Computer Science (DMTCS), Nancy, France



190 Sylvie Corteel and Guy Louchard and Robin Pemantle

When G is a random variable, uniformly distributed over all permutations of [n], let X}, denote the
number of of intervals of length & of G and let X = )", X, denote the number of intervals of G. We will
show in Section 2 that as n — o0, the distribution of X converges to a Poisson with mean 2.

The number of intervals, or runs of a permutation, was studied in the forties by Kaplansky [11] and
Wolfowitz [18, 19] from a statistical point of view. See also [13]. Recently several algorithms were
designed to efficiently enumerate all common intervals of permutations [9, 17] and their time complexity
is O(n+ K) where n is the size of the permutation and K the number of intervals. These algorithms were
designed because common intervals have several applications. They relate to the consecutive arrangement
problem [7]. Genetic algorithms for sequencing problems are based on common intervals [12, 14]. In
bioinformatics [4, 5, 8, 9, 10], genomes of prokaryotes can be modeled as a permutation of genes. A
common interval is then a set of orthologous genes that appear consecutively, possibly in different orders,
in two genomes. Therefore common intervals can be used to detect groups of genes that are functionally
associated [9, 10]. As the annotation of genomes is not perfect, the notion of consecutivity in intervals
needs to be relaxed. A notion of gene teams was defined in [6], where a gene team is a maximal set of
orthologous genes, possibly occurring in different orders in the two species, but separated in each case
by gaps that do not exceed a fixed threshold, d. To study these, we consider a generalization of intervals,
namely §-intervals (the previous case corresponds to § = 1).

Definition 1.2 The set I C [n] is called a d-interval of [n] of length k if I is a set of integers {i1, ..., ik}
with 1 < i,y — i, < dforeachl < r < k — 1. We call I a é-interval of length k of G if both I and
G~Y(I) are 6-intervals. Proper S-intervals are again those of cardinality at least 2 and at most n — 1.

Example: G = (3,1,2,4,5) possesses the 2—intervals:

{123, {1,3},{1,2,3},{2,3},{1,2,3,4},{1,3,4},{2,3,4},
{2,4,5},{2,4},{2,3,5},{2,3,4,5},{1,3,4,5},{1,2,4,5},{1,2,3,5}

In [6] a polynomial time enumeration algorithm for gene teams is presented. Our notion of §-intervals
removes the maximality constraint, whence the number of these may grow exponentially and it is natural
to enumerate asymptotically rather than enumerating exactly.

The main purpose of this paper is to investigate the asymptotic properties of X ,gg), where this denotes
the number of d—intervals of length k of a uniformly chosen random permutation of [n], and of the total

number X ) := 3" kX ]ié) of d-intervals of a random permutation. We are interested in all § > 1 but in
the present manuscript we examine only the case § = 2. To reduce the number of superscripts, we let Y’

and Y}, denote X (®) and X 152) respectively.

The number X (%) of §-intervals when § > 1 behaves very differently from X. Whereas X is O(1) as
n — oo, with all the contributions coming from short intervals, there will typically be many §-intervals.
In fact for § = 2, a thumbnail computation produces numbers v, in the unit interval (as ~ 0.57939) such
that for £ ~ an and o > ay, the random variable Y}, will be typically exponentially large: the number
of 2-intervals of [n] of size k grows exponentially, the probability of G~! of one of these also being a
2-interval decays exponentially, and the growth overcomes the decay when o > .

Seeing that Y grows exponentially in n, it is natural to look at the rescaled quantity n='logY. We
compute the annealed mean, n~!log EY. The term “annealed” means that we first take an expectation
over the (uniform) measure on permutations. The more interesting quantities are the quenched quantities,
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which refer to the typical, rather than the mean behavior of Y. Often one has a so-called lottery effect,
meaning that the mean of a quantity Y comes primarily from an exponentially small number of values that
are exponentially larger than the median value, and that consequently, Elog Y < log EY. For example,
when there is a Gaussian limit law, n~*/2(log Y —nu) — N(0, o), then one will typically have a lottery
effect. Perhaps surprisingly in light of the discussion in Section 7, there is no lottery effect. Our main
result, Theorem 4.1 below, is that for § = 2, we have EY? = O(EY)2. This shows that as n — oo, the
sequence Y := Y/EY is tight on (0, 00), meaning that when Y is rescaled by its mean, the probability of
Y/EY < e is uniformly bounded by some g(€) going to zero as € — 0.

The paper is organized as follows. In Section 2 we study the case § = 1. We recall previous results
and show that the distribution of X converges to a Poisson with mean 2. In Section 3 we compute the
mean value of 2-intervals. We use basic counting arguments and then apply a saddle point argument.
Section 4 states the main result which is that the quenched and annealed means are the same, that is
EY?2 = O(EY)?2. Then we outline in Section 4 all the steps of the proof. The proof itself is presented in
Sections 5, 6 and 7. In Section 5 we present a 4-variable generating function for pairs of 2-intervals of size
k and &’ which overlap on x positions. Then in Section 6 we compute a rate function thanks to saddle point
analysis which gives us the asymptotics of the number of pairs of 2-intervals of size k and &’ which overlap
on k positions. This gives the exponential part of EY 2. The full computation of the asymptotics of the
non-exponential part of EY? seems daunting. We will show in Section 7 that EY2 — (EY)? # o(EY)2,
and that a Gaussian limit is not possible (Theorem 7.1). We are left to conjecture that Y~ converges in
distribution to an unidentified positive real random variable, whose properties are discussed in Section 7.

A preliminary version of this paper was presented at the Third International Colloquium of Mathematics
and Computer Science held at the Vienna University of Technology (Sep.2004).

2 Intervals

Recall that X}, denotes the number of of intervals of length k of G and that X = ) . X% denotes the
number of intervals of G. Uno et al [17] computed

E(Xz) = w;
B = s

24
E(X)) < — fork>4
n

Although this was not explicitly stated in [17], it is not hard to show that in fact

Proposition 2.1 As n — oo, the distribution of X converges to a Poisson with mean 2.
Letting X' := 37" X}, we see that
6 24 30
EX' < —+n-4)— < —
n n n
so X’ — 0 in probability as n — oco. Thus it suffices to show that X5 converges to a Poisson of mean 2.
Kaplansky proves this in [11]. We give here an independent argument via a more modern approach, using
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the Poisson approximation machinery first developed by Chen and Stein, and put in an explicit and usable
form in [1].

Proof: Recall that G is a random permutation of [n]. Given k& € [n — 1], let Ay be the event that
G~ Yk,k + 1} is an interval. Let By = {k — 1,k,k + 1} N [n — 1]. Write py, for P(Ax) and pg
for P(Ax N A;). Theorem 1 of [2] concludes convergence to a Poisson with mean » i Pk provided the
following three quantities go to zero. In fact the distance in total variation to the Poisson for any fixed n
is bounded above by 2(b1(n) 4 ba(n) + bs(n)), so the argument will show that the total variation distance
is O(1/n).

by = Z Z DjPk
k jEB

by = Z Z Pk,j
k k£j€By

by = ZE“E(]'Ak —prlo(A;: 7 ¢ By))l -
k

Each p, = (n —1)/(3) = 2/n, since there are (5) pairs of positions, and n — 1 pairs of adjacent
positions. Similarly there are (”;2) pairs of pairs of adjacent positions and (Z) quadruples of positions.
It follows that for |k — j| > 2, pr; = (1/3)("52)/(2) = 4/(n? — n). Immediately we see that
b1 < n[3(2/(n —2))?] = O(1/n) and that by < 3n4/(n? —n) = O(1/n).

It remains only to show that bs = O(1/n). Let o denote o (A; : j ¢ By). A simple identity is

IE(1a, —pilo)| = 221? [P(H N Ay) — prP(H)]

= 2pk||.UAk - ,UHTV )

where || - ||y is the total variation distance, y is the unconditional probability measure on o and pi4,
is the p conditioned on Ax. Now there is an easy way to generate a random permutation conditional
on Aj: pick Gy uniformly at random, pick a pair of positions {j,j + 1} independently uniformly at
random, switch the values of G~! on k and G(3), and switch the values G~! on k + 1 and G(j + 1).
With probability 1 — O(1/n), this does not change whether A; occurs for any j # k. It follows that
[lpa, — pllrv = O(1/n), which completes the proof. O

More generally, consider X,. There are T3 ;, = n — k + 1 possible k-tuples and each of them has a
probability

1
I, j, = k!
1,k kn(nfl)...(nfk+2)

of being made of k£ consecutive integers (again irrespective of their order, we denote this property by C},
). Hence

E(Xg) = =kt ) keokdl) M

nn—1)...(n—k+2) ()

Set

n—1
k=2
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We see that, as n — 0o, the dominant terms of E(X) are given by k = O(1) and k = n — O(1). Indeed,
by Stirling, and setting k = an + 1, we easily derive

n/2 1/2
E Z Xi | ~ / {a(""(l — )= an(1 — a)ny/2ra(l — a)n} nda | 0, ()
k=en €
exponentially ,n — oo, for fixed €.
We obtain s 36 998
E(X)~24 -4+ =5+ —
(X) + n + n? * n3
As an example of X}, behaviour, let us now turn to X3 and compute E2 := E (X g) First we have

T1 3 = n — 2 triplets contributing by E(X3) to E3. Next we have T 5 = 2(n — 3) couple of triplets with
two common values and the probability of one of these couples contributing by 1 to E? is given by

1 |
n(n—1)(n —2)(n —3)

H2,3 = 2!T273].
Next we have T3 3 = 2(n — 4) couples of triplets with one common value and the probability of one of
these couples contributing by 1 to E? is given by

1

s = Tt =) = 3) (=4

[(21)*T5 5.

Finally, there are T, 3 = (n — 4)(n — 5) couples of disjoint triplets and the probability of one of these
couples contributing by 1 to E? is given by

M3 =03)——""—=

Note again that

Y Tis=mn-2)+2n-3)+2n—4)+(n—4)(n-5)=(n-2)

as it should. This leads to 6 38
Ef=E(X3)~—+—+... 3
3 ( 3) n + n2 + (3)
What is the asymptotic distribution of X3? Let H; denote the event: the triplet [o;, 011, 02| is made of
three consecutive integers (again irrespective of their order). We obtain, by inclusion-exclusion,

n—2
PriXs=0] = Pr|]][ - Hi]
i=1
= 1-T13ll 3+ To3llp3/2 4 T3 3103 3/2 4+ Ty 3114 3/2 + ...
3! 1
= 1-(h-2)—> 4t (n-3 4+ 4(n—4
S ey o R Ll e g 3 e e i ()
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+ (n—4)o<1)+(”_4>(”‘5)(3!)2 ! +o

nt 2 n(n—1)(n —2)(n — 3)
n—2
PrX;=1] = Pr|> B[~ H)
=1 ot
= Tz —To3lls 3 — T3 31033 — Ty 3llsz+ ...
3! 1
= (n—2)m —2(n—3)n(n_1)(n_2)(n_3)[4+4(n—4)]
_ 2 —4)0 (nl4> (= )= S 1)(n1_ IR
PrXs;=2 = Pr|>. > mH; [] I - H
o>t k#(i,5)
= T273H2,3/2 + T373H373/2 + T4_’3H473/2 =+ ...
S ! [+ 4(n —4)] + (n — 40 (1>
N n(n—1)(n —2)(n —3) n*
(n—4)(n—5) .2 1
* 2 O e Dm 2w )
This leads to
PrX; =0 ~ 1-2+2+
PI‘[Xg = 1] ~ % - %
PriXs=2] ~ “o4... 4)

Note that this also leads to E(X3) ~ & — & + . and E(X3) ~ & + 38 + . which is of course
comptatible with (1) and (3).

A simulation of X3 based on M = 3000 trials with n = 40 is given in Figure 1 (asymptotic =line,
observed =circle). The fit is reasonable.

3 The mean number of 2-intervals

Let N(k,n) denote the number of 2-intervals that are subsets of [n] and have cardinality k. We will take
advantage of the uniformity of G. For each of the N (k, n) 2-intervals of cardinality k, its inverse image
under G is uniformly distributed on k-subsets of [n]. Therefore, the probability is exactly N (k,n)/(})
for any given 2-interval of cardinality k, that its inverse image under G is again a 2-interval. Thus

N(k,n)?
()
To evaluate N (k, n), note that there may be anywhere from 0 to my, := min{k — 1,n — k} “holes” in a
2-interval, where a hole is an element not in the 2-interval but between its endpoints. Let T} ;. denote the

EY) = &)
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Fig. 1: Observed and limiting (4) X3 distribution

195

number of 2-intervals of cardinality & with ¢ holes. These may be enumerated by the following procedure.
Pick a starting position r with 1 < r < n—k—1+1 and let r be the least element of the 2-interval. Choose
any sequence with ¢ occurrences of the word “skip” and k¥ — 1 — ¢ occurrences of the word “no-skip”.
If the first word in the sequence is “no-skip” then r + 1 is the next element of the 2-interval; if the first
word is “skip” then r + 2 is the next element. Continue in this manner until the sequence is used up. This

method of enumeration makes it clear that

Tiyk::(n—kj—&-l—i)-(

0<i<myg,and

(=

EY; =

When k/n < 1/2 then

k—1

N(k,n)=> (n+1—k—i)

=0

(6)

gk) ok—1, (7)
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When k/n > 1/2 the sum is better approximated than evaluated exactly. We find that

n—k

]

=0

which has its maximum term near the endpoint ¢ = n — k when k > %n and near k/2 when k < %n
More categorical asymptotics than we need are available by using a normal approximation near k = 2n/3.
Forn/2 < k < 2n/3) with (2n/3 — k)/\/n — oo, we have

n—k .
N(k,n) = ;(n+1—k—i)<ki 1) (8)
k—1 o
~ Z‘_0(7”L—+-1—lc—i)<ki1)

3 3
= R
<n+2 2)

which is asymptotically the same as when & < n/2. On the other hand, for (k — 2n/3)/y/n — oo, we
have

N(k,n) = g(n+1—k—z’)(kf1) 9)

; i
i=0
k—1\ ([ 2k—-1-n\>
n—k)\3k—1—-2n) °
Finally, for z := k~'/2(k — 2n/3) = O(1), the normal approximation yields directly

N(k,n) =21 (*f) 0, (10)

where U, is the expected positive part of Z + x with Z a standard normal.

Via equation (6), these asymptotics for N (k,n) lead directly to asymptotics for EY%. To obtain asymp-
totics for EY’, we then sum over k, using a saddle point approximation. The only significant terms are
near k = «,n, where v, will be determined shortly but is evidently greater than 2/3. We therefore use (9)

with n — oo and « := k/n to obtain
2
2k—n( k 2% —n\’ n\ "
k n—=k/) \3k—2n k

~  A(a)n"Y%exp [nFy ()]

 (2a—1)° 1 .
Al) = 5oy \ 2ma(1—a)’

N (k,n)?

(%)

~

where
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Fig. 2: Fi(«)
Fi(a) = 3alha—(1—-a)ln(l —a)—22a—1)In(2a—1).
When « < 2/3, we obtain, by a similar analysis,
Fi(a) = alog(a) + (1 — a)log(l — a) + 2log(2)a.
A plot of F («) is given in Figure 2. When « > 2/3, the function F () vanishes when « solves
170" — 330° + 240 —8a+ 1 =0.

The unique root in [2/3, 1] is a, & .7840013296 . . .. A saddle point approximation now gives us
n—1
EY = Z EY;
k=2

~ Z A(k/n) exp [nFy (k/n)|n~/?

k=3n/4

197

(an
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27

~  Aay) exp(nFi(ay)) —F'(a)

_ 20 70— 2)
= exp(nF1(04*))\/ (3 —2a)8

2.4253 exp(0.40122467n) .

Q

4 The second moment of the number of 2-intervals

In the next three sections, we show:
Theorem 4.1 EY?2 = O(EY )2

This section outlines, in three subsections, the argument for this. The subsequent section derives the
crucial generating function and the following one uses the generating function to verify certain key com-
putations.

4.1 Counting pairs of 2-intervals

Just as the mean of Y may be obtained from a saddle point analysis of EY}, near k/n = «.., we expect the
second moment of Y to be dominated by terms IEY,f with k near some «.,. Because we have seen from
numerical data that the quenched and annealed behavior are the same, we expect to find, and do find, that
Qi = Q.

Again we will take advantage of symmetry. This time, if I and I’ are 2-intervals, we will need to know
the cardinality of their intersection before we can determine the probability that G~ (I) and G=1(I") are
both 2-intervals. We therefore define N (k, k', n, k) to be the number of pairs of 2-intervals (I, I") of [n]
with |I| = k,|I'| = k" and |I N I'| = k. For the computation of EY,> we will want to specialize to the
case k = k', so we denote N (k,n, k) := N(k, k,n, k). Our computations will now be analogous to the
computation £} and its argmax, «... Specifically, letting

k
a = —
n
k/
o= o
n
K
p o= =
n
we will find a rate function rate(c, (3, p) such that
N(k,k',n, &) ~ Ao(a, B, p)n”"/* exp(nrate(a, 3, p)) (12)

for all parameter values in a range containing the dominant contributions to the second moment of Y.
To obtain the analogue of (5) for second moments, we will need the rate function for total number of
pairs of subsets A and B of [n] with |A| =k, |B| = k' and |A N B| = k. The total number is given by

n n!
(n,k—n,k’—mn—k—k/—i—/ﬁ) Rkl k= R)I(K —R)(n—k—K +r)
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It follows that for any pair of sets of respective cardinalities k and &’ whose intersection has cardinality
k < k, the probability that their union is a specific pair of sets is

1
Pk, K = "
(k, &, ) (n,k‘—n,k’—m,n—kz—k’—&—m)

and that the rate function for this probability, lim n~! log P, which we denote ent for entropy, is given by

ent := plogp+ (o — p)log(a — p) + (B —p)log(B—p) + (1 —a— B+ p)log(l —a—B+p). (13)

Observe that the function ent satisfies the identity
ent(a, 3, - B) = h(a) + h(B3) (14)

where h(z) = xlog(x) + (1 — ) log(1 — x) is the usual entropy function, and in particular that p = o 3
is a maximum for the function —ent for fixed a, 3.
The rate function for the expected number of pairs of 2-intervals of respective sizes k and k' with
overlap k is given by
Fy :=2-rate +ent, (15)

which we now analyze.

4.2 The exponential order of the second moment

Since EY? = 37, | EY.Y; = >, N(k,lI,n,%)*P(k,1,n, ) is the sum of polynomially many sum-
mands, it follows that the exponential order of EY? is the same as the order of the largest summand,
namely
n"1logEY? — sup Fy(a, B,p) := \*. (16)
a,B,p
In order to compute A** we must find the location, (., Bxx, Pxx), Of the maximum of F5. Without
computing, we may narrow the search considerably. First, from the inequality EY;Y; < %(]EY,? +EY?),
we see that the maximum of EY}Y; (for fixed n) can only occur when [ = k, and therefore

A = Fh(a,a,p) (17

for some a, p.

Next, consider how N (k, k', n, k) varies with « for fixed (k, k’, n). In other words, enumerate pairs of
2-intervals of fixed sizes k and &’ according to the size of their intersection, x. Observe that ) . N (k, k', n, k)
counts all pairs of 2-intervals of sizes k and &', so that

ZN(k,k',n, k)= N(k,n)N (k' ,n).

Since the number of summands is linear in n, we have at the exponential level that

suprate(a, 8, p) = u(a) + u(3) (18)
p



200 Sylvie Corteel and Guy Louchard and Robin Pemantle

where u(a) = limn~!log N(k,n) as n — oo with k/n — .

Later, we will show, for o and (3 in a range containing ., that this supremum occurs at p = « - 3.
Assume this for now. We have previously remarked that —ent(«, 3, -) has a maximum at « - 3 as well.
Both functions are smooth, so the function 5, = 2 - rate + ent has a critical point there as well. With
some work, using a four-variable generating function, we will show that this critical point is a maximum.
It will then follow from (18) and (14) that

sup Fo(a, 8,p) = Fa(a,B,a-0)
p

= 2-rate(a,B,a- f) +ent(o, 5,0 B)
= 2u() + 2u(B) + h(a) + h(B)
= Fi(a) + F1(B).
Taking the maximum over a and (3 then would give
N = 2F) (o) . (19)
4.3 End of the outline

More precise information about EY 2 is obtained by a saddle point summation. In particular, from the
form of the generating function, it will follow that there is a n~%/2 correction term:

N(k, k', n, k) ~ Ag(k/n, k' /n, k/n)n"3/? exp(nrate(k/n, k' /n, k/n))
in a neighborhood of the maximum. The product N (k, k", n, k)2 P(k, k', n, k) is then asymptotically
Ay (o, B, p)n 3/ exp(nFa(a, 3, p))

and the sum will be asymptotically C exp(nF»(c, o, a2)) where

_ Al(a*a Qs 043)
(2m)3H

and H is the Hessian of the rate function F5 in appropriate coordinates. In particular the polynomial
correction term is canceled by the summation, and the demonstration that EY2 = O(EY')? is completed.
To summarize, the foregoing outline proves Theorem 4.1 once we have verified several assertions:

(ml) that the supremum of rate(a, 3, -) occurs at « - 3;

(m2) that the critical point of F5 at p = « - 0 is a maximum,;

(m3) that exact asymptotics for EY}Y; have an n—3/2 correction term to the exponential and that the

discrete saddle point summation exactly cancels this out.

We remark that this argument does not show that EY? — (EY)? = O(EY)?2. In principle we could
compute A(a, o, a?) and H and compare to the constant computed in (11), but this computation seems
daunting. Instead, a separate argument ruling out the possibility that E(Y?) — (EY)? = o(EY)? is given
in the last section.

Before turning to the generating function, we establish some helpful numerical bounds.
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Lemma 4.2 If o < 12/17 or if a > 0.847 then
Fy(a,a,p) < 2F1(ay) .

Proof: Suppose first that & > 0.847. A crude upper bound for Fy(a, @, p) is lim,, o N(lan],n)?.
This latter quantity is equal to 2n where n := alog(a) — (1 — a)log(l — a) — (2a — 1) log(2a —
1). We may verify that when o > 0.847 then < 0.4001, which is known to be less than F} (c.).
Verification: dn/da is the log of an algebraic expression and vanishes exactly once on the interval [1, 2, 1]
namely at « = (5 + /5)/10 ~ 0.7236; in particular, 7 is decreasing on [0.73, 1] and 7(0.847) <
0.4001 < Fi (). For the case when av < 12/17, the most straightforward method is to divide the a-§
plane into small squares. In each we may easily compute separate upper and lower bounds for 2 - rate
and ent, since these functions will have extremes at a vertex of the grid square. With the grid squares
sufficiently small, one may then check that the sum of the bounds does not exceed 2F; («v,.). For details,
see http://www.math.upenn.edu/ pemantle/CLP04-gridl.mw O

5 The Generating Function

Recall that N (k, k', x,n) denotes the number of pairs of 2-intervals (I, I") of [n] with |I| = k, |I'| = ¥’
and |I N I'| = k. Define the generating function

F(uy,ug, t,2) = Z N(k, K, k,n)ubul' t7 2"

k.k' ,k,n

so that N (k, k,n) = [ulubt®z"|F.

As a warm-up, let us compute the generating function for N (k, n) and recover the asymptotic formu-
lae (7) — (9). Recall from building the generic indicator function that a 2-interval consists of any number
of unused locations, followed by a single used location, followed by any sequence of pairs (unused , used)
and single used locations, followed by any number of unused locations. Each pair (unused , used) con-
tributes a factor of uz? while each single used location gives a factor of uz. The generating function for
an arbitrary sequence of pairs and singles is thus uz/(1 — (uz + uz?)) = uz/(1 — (1 + 2)uz). Taking
into account the initial and final strings of unused positions gives

Fs(u, z) := ZN(k,n)ukz” = ( i

1-2)2(1 = (1+z)uz)

(20)

To recover the asymptotics in the different regimes, write

(1+z)F 12"

Fy(2) = [uk]Fg(u,z) = 1-2)y

and

> k—lzk
N(k,n) = [2"]Fy(z) = zlm/mdz

Writing F5 := alog(1l + z) — (1 — «) log z and setting (k — 1)/n := o we then have

N(kn) = — /Mdz.

T 2mi (1—2)2



202 Sylvie Corteel and Guy Louchard and Robin Pemantle

There is a double pole at z = 1 and a saddle point at F£(z) = 0, that is, at z, := (1 — a)/(2« — 1). when
a < 2/3 the double pole is the dominant singularity and leads by residues to

N(k,n) ~ —n2°"Fi(1) = n2°"(1 — 3a/2)
which is (7). When « > 2/3 the saddle point is dominant and leads to

1

(1 —2.)%2/—2mnFY (2:)

N(k,n) ~ exp(nFs(z:))

which agrees with (9).
Now to derive F', we follow a similar route. A canonical way to build a pair of sets and keep track of
the intersection is as follows.

1. An initial sequence of positions before the first common position;

2. A common position followed by zero or more segments of the form: a sequence of positions not
common to either set, in such a way that no two positions in a row are absent from either set,
followed by a common position;

3. A final sequence of positions after the last common position.

The crucial part of the generating function is the one that grows exponentially with s, namely the second
of the three parts. Nevertheless, in order to compute a valid leading order asymptotic, we must keep track
of all three parts.

To enumerate the second of the three parts, note that each segment between common positions can be
one of six possible classes of configuration. We list these here, along with the factor contributed by such
a step to the generating function.

a Empty. f, = 1.
b A single position, which can belong to either set or neither, but not both. f, = z(1 4+ u1 + u2).
¢ A positive number of pairs (j, j+1) where j € I\I'and j+1 € I'\I. f. = 22ujuz/(1—2%ujuz).
¢’ A positive number of pairs (j,j + 1) where j € '\ Tand j+1 € I\ I'. fo = fe.
d the same as (c) but there is a single position in I \ I’ at the end. fq = zuy f.
d’ the same as (c’) but there is a single position in I’ \ I at the end. fy = zus for.
The generating function for an arbitrary sequence of these is

_ zZuiust
ro= 1 — zuguot(fa + fo + (2 + 2(u1 +u2) fe) ey

zugust(1 — 22ujug)

(1 — 22ugu2)(1 — zugugt — 22ugust(l + uy + ug)) — 2ugust(2 + 2(u1 + ug))22urug
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Fig. 3: shaded squares in each row correspond to positions present in that set

For the first and last of the three parts, we first recall from (20) the generating function

uz

Fs(u,z) := T~ (12w

for that part of a 2-interval between its first and last point. By symmetry, parts 1 and 3 have the same
generating function, which is equal to 1/(1 — z) times the generating function g for the segment to the
right of the last common position but to the left of the last position in I U I’. We may write g as the sum
of several cases.

e Empty. g. = 1.

f A position in neither set, followed by a non-empty string of positions, each of which is in neither
set or I, with no two in a row notin I. g5 = zFg(uq, 2).

f' A position in neither set, followed by a non-empty string of positions, each of which is in neither
set or I’, with no two in a row notin I'. gy = zFg(us, 2).

g A string of pairs as in case (c) above, followed by a nonempty sequence as in case (f). g, =
Fs(u1,2)/(1 — 22ujusg).

g’ A string of pairs as in case (c’) above, followed by a nonempty sequence as in case (f'). g, =
Fs(ug, 2)/(1 — 2%uqus).
h The same as (g) except with a position in I’ \ I in the beginning. g5, = zus F(u1, 2)/(1 — 2%uius).
h’ The same as (g’) except with a position in 7\ I’ in the beginning. g, = zuy Fs(uz, 2)/(1—22ujus).
Summing, we see that the factor from the first and last parts is

1
1—=2

g:

Fs(uy,2) + Fg(us, 2) n uszFg(u1, z) + u1 2Fg(usg, 2)
1 — 22uqus 1 — 22uqus '

(1 + 2Fs(u1, 2) + 2Fg(ug, 2) +

Finally,
F(ui,ug,t,z) = fg°. (22)
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6 The rate function

Let £ denote the logarithmic gradient, that is, £ is the vector whose j*" coordinate is z 0Q/0x;.

Let h(z,y,z,7) =1 —a2y —7(l + 2+ y + z + xy — xzyz) and let V, be the set of smooth points of
the variety where h vanishes. Let (u, v, ¢) denote (o — p, 3 — p,1 — a — 8 + p). In the next subsection
we will prove:

Theorem 6.1 Let Sg := (Quux, Bix, Pxx) be the argmax for Fy as in (16). There is a neighborhood N of
so in RP?~! and a continuous map x : N' — V N (R*)* such for every s € N there is a point x(s)
satisfying:

1. h(x)=0;
2. Lh(x) =s;
3. ifa=s1+ 84, B = 52+ s4 and p = s4 with s normalized so that Zj sj =1, then
rate(a, 5, p) = —plogxy — vlogxe — dlogxs — plogxy (23)

and
N(k, k' ,n, k) ~ Ag(a, B, p)n~/? exp[nrate(a, 5, p)] .

Readers not interested where this comes from may skip now to Section 6.1.

The general approach to extracting asymptotics from the generating function is taken from [3]. Let F' be
a rational generating function in d variables, written as the quotient of polynomials P/Q with Q(0) # 0.
The coefficients of F' =) _a,z" may be evaluated via Cauchy’s integral formula

1 r dz
ar—w/’rz F(Z)?

The cycle of integration, 7', is, initially, the product of small circles around the origin in each coordinate.
But, letting Dom denote the domain of holomorphy of F (that is (C*)? \ V where V is the variety on
which @Q vanishes), we may replace 7' by anything in the homology class [T'] € Hy(Dom).

It is shown in [3] that H;(Dom) is generated by cycles of the following sort. Fix a vector s € (R?)¥,
projecting to a direction also denoted s in RP4~1. positive orthant of RP?~!, for which one wishes to
compute asymptotics of a, asr — s. Let {S3} be a Whitney decomposition of V' into strata (e.g., if V' is
smooth, then one has simply {V'}). For generic values of s, the function hs := — ijl s; log |z;| will be
a Morse function on all strata of V" and there will be a finite set of critical points {x ;} of the restriction
to stratum Sg of hs. Then Hy(Dom) is generated by cycles C' such that

o ('is the product of a cycle C'; in some Sg with an arbitrarily small cycle C5 orthogonal to Sg;
o () passes through some x3 ; and hg is maximized on C; at xg ;.

The integral of w := z~*Fdz/z over Cy will be computable as a residue, w;. The integral of wy over Cy
will be a saddle point integral, in the sense that it will be the integral of P;(z)z* dz/z where for r — s,
the dominant term in the integrand, z~*, has maximum modulus and stationary phase at xg ;. It is easy
to evaluate |, o, w1asa stationary phase integral. Asymptotics of a, are then obtained by summing over
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critical points X ; in the support of [T'] (when [T] is written as a linear combination of these, which have
positive coefficient). Among these, only those with the highest value of hs need be considered.
Carrying out this programme will require several steps:

1 Find the critical points (routine but messy exercise in computer algebra)

ii Determine which of these are in the support of [T'] (nontrivial topological problem with tidy answer
in terms of local tangent cone)

iii Compute the functions rate and Ag (straightforward)

iv Optimize F3 in o, 3 and p (cajole the computer into performing the right simplifications)

v Sum in a neighborhood of the optimum (fairly routine discrete saddle point computation)
The first three of these are carried out in the next subsection, and the last two in the subsequent one.

6.1 Finding the dominating point

We now specialize to the generating function F' = fg2. It will turn out to simplify the computations if we
change variables to 7 := ztujus, 4 = zuy and v = zug. The [k, k', n, k] coefficient of F' now becomes
the [k — k, k' — k,n — k — k' + &, ] coefficient of the function F'(z,y, z, 7). Thus

1 1 ~
—log[na, nB, n,nplF = — log[nu, nv,nd, np|F
n n

whena=pu+p, 0=v+pp=a+F+J—1and F is F under the change of variables. In the new
variables,
7o 7(1 —zy)
Cl—ay—7t(l+rtytaytzay—2)

The other divisors in V' are factors in the denominator of g, namely, g1 ;== 1 — 2, go := 1 — 2y, g3 :=
1—(1+2)zand g4 :=1— (1 + 2)y. The variety Vf where fvanishes is not smooth, since vaanishes
on the curve 7 := (—1,—1,1/t,t). Thus V has the strata V;, := V\ v and . The other divisors of V/
are smooth.

Define the function D : V' — CP3 by D(x) = Lx for smooth points of V and otherwise by letting
D(x) be the closure of the limit points of £(y) as y — x. The point x(s) “controls” the asymptotics in
the direction s, as captured by the following result taken from [15].

Proposition 6.2 For any s in the positive orthant of RP3, there is a point x(s) with the following proper-
ties.

1. xeV
2. s e D(x)

3. if x is a smooth point of V, and if &« = s1 + S4, B = s2 + s4 and p = s4 with s normalized so that
> 8j =1, then

rate(a, 8, p) = —plogxy — vlogxe — dlogas — plogxy
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Remark 6.3 The only difference between this proposition and Theorem 6.1 is that we would like x € V,
rather than just x € V.

Proof: Let log D be the logarithmic domain of convergence of F, that is, the closure of the set of x € R?
such that ) a, exp(r - x) is finite. Since I’ has nonnegative coefficients, we may use the argument of [15,
Theorem 6.3] to see that there will be a minimal point x(s) for which conclusions (1) and (2) hold. Here
a minimal point means a point x which is the only intersection of V' with the polydisk {y : |y;| < x;Vj}
in C*. The minimal point in question will be the exponential (e%“1, %2, e, %) of the contact point u
for the support hyperplane to log D in direction s. In other words, choosing u to maximize s - u on log D
will yield a point x = exp(u) which is minimal in direction s. The third conclusion follows from [15,
Theorem 3.5]. O

Finding the asymptotics for n=! log[nu, nv, nd, np]ﬁ is now a matter of locating the minimal point.

Lemma 6.4 Let sg be the maximizing direction (Qes, Bax, pes) for F. There is a neighborhood N of sg
in RP3 such that for any s € N, the critical point x = (0, Yo, 20, To) With maximum value of hs among
those in the support of [T is in V,, and the coordinates are positive and real.

Proof: Exponentiating log D, we obtain a set FE in the positive orthant of R* that may be described as
follows. First we compute the intersection with the plane 7 = 0, or in other words, the positive minimal
points of the divisors of g. Recall that these divisors are {z = 1}, {z(1 + 2) = 1},{y(1 4+ 2z) = 1} and
{zy = 1}. Let E’ denote the connected component of the complement of the coordinate hyperplanes and
these four divisors that contains the origin in its closure. It is not hard to describe E’: it is the region below
the graph of the function z = min{1,1/x—1,1/y —1}. A lower boundary is the square {z = 0,0 < z <
1,0 <y < 1}, an upper boundary is the square {z = 1,0 < z < 1/2,0 < y < 1/2} and there are sloping
curved ruled surfaces for the remaining upper boundary defined by S; :={z =1/ —1,0<y <z <1}
and So :={z=1/y — 1,0 < z <y < 1}. The divisor {zy = 1} intersects E’ only at the point (1,1, 0)
and plays no role in bounding log D.

In R%, the set E will be a subset of the cylinder E” := E’ x [0, 00). In particular, it will be bounded
“below” (lowest 7) by £ x {0} and “above” (highest 7) by t = ¥(z,y,2) := (1 —zy)/(1+z+y+2+
xy — xyz). There will be side boundaries at the graph of « restricted to the boundaries of E’.

Now we rule out finding the minimal point at any place other than on the “upper” boundary, V; = V,U~.
As long as s is strictly positive, the support hyperplane to log D normal to s must contact log D either at
a smooth point whose normal is strictly positive or at a non-smooth point whose normals together have
positive values in each coordinate. Exponentiating, we see that the minimal point must be on the closure
of the “upper” surface, namely the graph of 1) on E’. We must now rule out the following places for the
minimal point to occur:

1. the graph E; of ¢ on Sy;
2. the graph E; of ¢ on Sy;
3. the graph E3 of ¥ on the upper square, [0, 1/2] x [0,1/2] x {1}.

To rule out Ey, we compute L£(y) as y in the graph of ¢ in the interior of E’ converges to the graph on
E;. Recalling that the direction corresponding to such a point on V' N Ej is given by v := Lf there, we
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compute the ratio of (vy 4+ v4)/(v1 + v2 + v3 + v4):

—22% — 422y — 2%y? — 1+ 23y + xy + 22392
322 +62%y +22y? — 223y + 2ty + 1 —223y?

(24)

Routine calculus shows this to attain a maximum value of 12/17 on V, N Sy, at (1/2,1/2,1,1/4). The
same is true of the ratio (ve + v4)/(v1 + v2 + v3 + v4). Thus points on the graph of ¢) on E; control
asymptotics of N (k, k', n, ) only when «a, 5 < 12/17. We see from Lemma 4.2 that EX, X}/ is always
exponentially less than (EX)? when o, 3 < 12/17. This rules out E1, and an analogous argument rules
out Fs.

To rule out E3, we argue combinatorially. Without the factor of 1/(1 — )2, we have a generating
function F := (1 — z)2F) that counts the number N (k, k', , n) of pairs of 2-intervals in which the union
of the two intervals contains 1 and n. Suppose, for a given (k, k', k, n) that

Nk, K, An, k) > N(k, k', n, k) (25)
for some A < 1 (this can happen, for example when 1 = o — p is small). Then
ZV(k, K an, k) Pk, k', n, k) > Nk, K n, ®)2P(k, k', An, k)
> N(k,K,n,6)?P(k, K n,rK)

by an exponential factor. But sup,, 5 , F2(a, 3, p) > 0, so if this supremum is achieved at a = k/n, § =
k' /n, p = k/n, then the inequality would be reversed. Thus, in a neighborhood of where the supremum
is achieved, it is not possible for (25) to hold. Consequently, in this neighborhood the coefficients of F
are, on the exponential scale, as large as those of F', whence the minimal point cannot occur on the divisor
1—2z.

Finally, we must rule out x(s) € . If x € y, and (p, v, 6, p) are the coordinates of s normalized to sum
to 1, witha =+ pand 8 = v + p, then

rate(a, 8, p) = plogx; —vlogas — dlogxs — plogay .

The curve ~ is parametrized by (1,1,1/t,t), so rate = (p — d) log z3. Recalling that the minimal point
must lie in the region 23 := z < 1, and that p > § for o, 3 > 2/3, we see that we have rate < 0 anywhere
controlled by a point on v with «, 3 > 2/3. It follows that for , § > 12/17 > 2/3, the minimal point
cannot lie on . By Lemma 4.2, directions with o < 12/17 are not in a neighborhood of (v, Qs psk),
which completes the proof of the lemma. g

Proof of Theorem 6.1: By Proposition 6.2, the rate function rate is controlled by a point x(«, 3, p) with
properties stated in the proposition. The foregoing lemma then shows that x € V,, N (R*)%, which proves
Theorem 6.1. |

Let us interpret Theorem 6.1 and its proof. Values of («, 3, p) whose corresponding minimal points
lie on V, correspond to values of (k, k', n, ) for which almost all the pairs of 2-intervals counted by
N(k,k',n, k) nearly span the interval [n]. In other words, when the minimal point is on V,, the exponen-
tial rate for coefficients of F' is the same as that for f, which enumerates pairs of 2-intervals both of which
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have 1 and n for their first and last element respectively™. We have interpreted f as generating a sequence
of blocks between common values; it is well known that the statistics of these blocks are asymptotically
independent. In particular, the intersection of two independent random 2-intervals, chosen uniformly
from pairs of sizes (k, k'), will be almost asymptotically of size N (k/n)N (k’/n) in probability. In other
words, when the conclusion of Theorem 6.1 holds, the assertion (1) also holds.

6.2 Optimization and algebraic simplification

Everything now rests on verifying (2), namely that the critical point for Fy(«, 3,-) at « - § is actually
a maximum. This is mostly one long computer algebra computation. For replicability, we outline the
trickier steps. Verification of the maximum can be (and later will have to be) restricted to the diagonal
« = (. But in order also to verify (3) we will need a summation over all « and /3, so we begin with all the
variables. _

To find the critical point x(a, 3, p) = (g, vo, 20, T0) € V, for f, we tell Maple to compute the Groebner
basis for the ideal generated by

(h ,

(alphatbeta-1+delta)»vv[1l] - (l-alpha-delta)xvv[4] ,
vv[2]*(l-alpha-delta) - vv[l]*(l-beta-delta) ,
(l-alpha-delta)*vv[3] - delta » vv[1l]

17

where
h (=1 - u*xv - (1 + u*sv + z — zxu*v + U + Vv)=*t;
vv := simplify ([uxdiff(h,u) , v«diff(h,v) , z*xdiff(h,z) , t*xdiff(h,t)]);

this is done using the Basis command of the Groebner package in Maple 10 (earlier versions use
variants such as gbasis and name the package differently).

In order to get Maple to halt we had to first use the term ordering tdeg [z, t, alpha, beta,delta, u, v]
and then compute a basis in the order plex [z, t,u, alpha, beta, delta, v] for the Groebner basis
coming from the previous computation. The resulting Groebner basis has 27 generators, that first one of
which (it will be the the last rather than the first in versions of Maple before Maple 10) is an elimination
polynomial for v, that is, it contains v, «, 3 and § but not z, u or ¢. Factoring out (v + 1) and the constant
term (1 — a — §), we solve for v to obtain

v0 := 1/2«% (alpha”2+4+betaxalpha-4+alphat+2+alphaxdelta-beta”2
-2+betaxdelta+l-(5-16*xalpha-8xdelta-16+beta+l8xbeta”2
-l6xbeta”2xdelta-32+xalpha”2+beta+40+betaralphat20+xbetaxdelta
+18%alpha”2+20xalphaxdeltatdxdelta”2+alpha”4+4xalpha”3+xdelta
—-8xbeta”3+8xalphaxdelta”2+betat+8«beta”3xalphat+4xbeta”3xdelta
+l4xbeta”2xalpha”2-8+alpha”3+4xalpha”2xdelta”2
+12xbetaxdeltaxalpha”2-16+alpha”2+«deltatbeta”™4
—-32xalphaxbetaxdeltatdxdelta”2+«beta”2-8+xdelta”2+beta
—-8xalphaxdelta”2-32xbeta”2+xalpha+l2xbeta”2+xalpha*delta
+8+betaxalpha”3) " (1/2))/ (-delta+2+beta”2+2xbetaxdelta+l-3xbeta)

(@) As an aside: when the minimal point is on E1, the first 2-interval tends to span only (1 — ©(1))n of the interval [n]; when it is
on E>, the second 2-interval is similarly short; when it is on E3, the union of the two 2-intervals is short.
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Luckily this can be simplified. First, we find the elimination polynomial for « in terms of v, a, 8, §, which
is the 377 basis element, divided by (1 + v)?:

upoly := —-uxdeltaxv-uxbetaxv+uxv+alphatdelta-u-1+2+xalphax*u;

Solving for w and plugging in the value vy above yields

(28-1)(—1+a+95)
200 —2B5—14+4p8+a?2 —4Ba—32-Q "

U0:2

where

Q=1(0? 1106 —6a+68a—63+F +486—85+462+5)(-1+a+B)>. (6
We then recover a simplified version of vy by symmetry, switching « and :

(2a-1)(-1+6+5)
285 —2ad—1+4a+3F -4Ba—-a2-Q "

1)0:2

Continuing with elimination polynomials, we find that

(@®+4Ba—4a+2a6+382+2B5+3-Q—26—-68)6

T T 515021 680+1 48 —a2+2a0+Q —4afot2a28 -2 — 4325250
and
o= —(28-1)(-F+28-286-1+0>+20-200-Q))

+(Ta+55+98-982+58%6+5a°8—143a— 1085 —5a% —8ad — 26+ 33
+Q+0a®>—3+3a*5+8aBd+28°B+2a8°+7a—-Q—aQ—35Q) .

When we set § = «, things become a little simpler. We get

_ 204—1—R'
YT et _1)’
Lo (2a —1—R)é '
0 402 — 60 + 20R+45a —6a + 3 +4a2 — R’
- 462 — 65 + 20R + 46 — 6ac + 3+ 402 — R
0 =

T 26a—0-0R—4da+4a®+q+1—2aR

here,

R:= /802 — 120+ 5 + 85cr — 83 + 462 .

This is now manageable, meaning we can take two derivatives in §. We get a mess, several pages long,
but when we evaluate it at § = (1 — a)? (i.e., p = &), the radical becomes a polynomial and we get —8
times the following rational function of « for the second derivative.
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[—2+ 360 — 4940 " + 1472 0° — 672" — 296 o* + 18580 o’ (27)
— 942400 +3232a™ + 11816 ¢° — 20728 a® + 27008 " + 64 a'® — 26146 o®] /

[[a* (2-12a 42602 - 2407 + 80%)" (<40 +2+20%) (1 - 20+ 20%) (-1 + a)?]

We may verify, by sign-change rules for polynomials, that twice this plus the second derivative 1/(a?(1—
«)?) of the entropy function is negative for all o > 2/3. This shows p = o to be a local maximum for all
a > 2/3. [Our research assistant points out that if the derivatives are taken directly in p rather than in 6,
then the second derivative comes out to be —(2a—1) /[a?(1—a)?(1—2a+2a?)]; doubling and adding the
second derivative of the entropy function gives a quantity which is negative for a > (v/3—1)/2 ~ 0.634.]

There are several crude numeric ways to see it is a global maximum. For example one may compute
an upper bound of —10 for the second derivative at § = (1 — «)? for & > 12/17. One may then compute
an upper bound for the third derivative of 1700 on the region o < 0.847 and any J. Taylor’s Theorem
then tells us that the region in which the local maximum is global extends at least 3/170 in the ¢ direction
on either side of the curve § = (1 — «)2. Away from this curve one may then divide the a-§ plane into
grid squares sufficiently small so that when one bounds 2 - rate and ent separately from above on the grid
square, the sum of the bounds is less than 2F} (). For details, see

http://www.math.upenn.edu/ pemantle/CLP04-grid2.mw

The final piece of the proof of Theorem 4.1 is the verification of (3).
From Theorem 6.1 we know that equation (12) holds with rate given by (23). Having maximized the
smooth function F5, we see that for a fixed n,
E(k, K\ n,k) == N(k, K ,n,&)?P(k, k' ,n, k)
has a global maximum at
ri=(r1,7r9,73,74) = (n+ O(1)) (0w, s, 1,02) .
If |7 — 7| < n'/2t¢ for 1 <i < 4 and any € < 1/6, then

E(r') ~ B(r)exp(—n~'Q(r' — 1))

where () is the quadratic approximation to Fb.
Checking that () is non-degenerate, we see that we may use a Gaussian approximation to sum the values

of E(r') to yield
5 B() = | oy E0) = Olexp (20 a.)

with H denoting the determinant of the quadratic form @). This proves Theorem 4.1. O



Common Intervals in Permutations 211

7 A lower variance bound and a related model

Let us call a subset of [n] a strong J-interval if it intersects all of the intervals of size ¢ of [n], including
cyclic ones, e.g., {n,1,...,6 — 1}. For § = 2, this means a strong interval must be an interval and also
must intersect {1, 2}, {1,n} and {n—1,n}. So, for example, the set {1, 3,4, 6, 7, 8} is always a 2-interval
of [n], n > 8, but is only a strong 2-interval if n = 8 or 9. A strong d-interval of the permutation G is
a strong interval such that I and G~!(I) are strong intervals of [n]. This is a symmetrized definition,
aimed at making some of the analysis easier without fundamentally changing the problem. We may
reason heuristically that the least and greatest elements of a typical interval of G will be respectively O(1)
and n — O(1), and that the strong intervals of G are a positive fraction of all intervals of G, so that in
some sense, the number of strong J-intervals of a random permutation should behave like the number of
d-intervals of a random permutation.

Given a permutation G, let us look at the complement I¢ := [n] \ I of a 2-interval I of G. To say
that I is a strong 2-interval of [r] is exactly to say that I¢ is an independent set of the cycle graph C' with
edges between each j and (§ + 1)modn. To say that G=1(I) is a strong 2-interval is equivalent to saying
that 7 is an independent set of the cycle graph G(C) with edges between G(5) and G((j + 1)moan ). Let
H = H(G) denote graph with vertex set [n] whose edges are the union of the two n-cycles C and G(C).
Then a strong 2-interval of G is exactly the complement of an independent set of H(G). There is a natural
question, analogous to the question of how many 2-intervals there are in a typical permutation, namely,
Problem: Determine the (quenched) behavior of the random number Z of independent sets of the graph
CUG(0O).

This appears difficult, and the simplest heuristics misleading. One might expect that Z is asymptotically
log-normal for the following reason. Adding or deleting an edge should change the number of independent
sets by a factor of ©(1). Changing an edge to a different edge should therefore also change by such a
factor. The randomness in G is the result of ©(n) random selections, thus there should be a variance of
O(n) in log Z. We know this reasoning fails for 2-intervals, so it probably fails for strong 2-intervals as
well.

Indeed, one may think that for graphs of high girth and average degree d, the log of the number of
independent sets is very well approximated by the following mean field heuristic. If n is the number of
vertices, then the number of vertex subsets of size k = an is

1
~ Cn Y2 exp |nalog = + (1—a)log
« 11—«
Such a set contains ~ «?n?/2 pairs, each being an edge of the graph with probability ~ d/n. A mean
field heuristic would say that the probability of a k-set being independent is roughly exp(—a?dn/2).
Multiplying by the number of k-sets and taking the log gives
a?d

11—« 2

1
~ alog— + (1 — a)log
et

For fixed d one may optimize in «. For d = 4, one finds that the optimal « is roughly 0.26064 . . . and that
the number of independent sets would then be roughly exp(0.43786 . ..n). For the random graph H this
surely fails, since the number of 2-intervals is exponentially lower than this. It appears that d-regularity
is a stronger constraint than average degree d. Perhaps a large family of graphs, such as those of average
degree d, tends to be subject to the lottery phenomenon, with the typical log number of independent sets
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falling below the mean of &~ exp(.437n), while the more homogeneous family of d-regular graphs exhibits
the quenched behavior even in the mean.

Amid all this speculation, let us prove that the variance of Y must be at least of order (EY)?, ruling
out Gaussian behavior. We give a proof for Z instead of Y because the bookkeeping is simpler, with the
proof for Y being entirely analogous.

Theorem 7.1 There exists a positive number § such that there is no number c for which Z € [c, (1 + §)c]
with probability at least 1 — ¢. It follows that Z /EZ, which has been shown to be tight, cannot converge
to a constant in probability.

Lemma 7.2 Let K be any finite graph with degrees bounded by d and let 11 be the probability measure
which is uniform on independent sets of K. Then for any non-adjacent vertices x,y of K,

p{l :xy eI} >eq:=272172,

Proof: Let K’ be the subgraph of K induced on the vertices of K at distance at least 2 from both x and
y. Each independent set I of K’ has at most 2292 supersets that are subsets of the vertices of K, and at
least one of these is an independent set containing both x and y. a

Remark 7.3 This is a bad bound, but on the other hand it is sharp (let K be the union of two stars). What
is the right constant for d-regular graphs?

Proof of Theorem. Let G be a permutation for which {¢,¢ + 1} and {4’, ¢ + 1} are both intervals, and
both ascending, i.e., G71(i) = j,G" (i +1) = j+ 1,G71(i') = j/and G~1(i’ + 1) = j’ + 1 for some
1,7,1,j'. Suppose further that i’ > ¢ + 3 and that G has no other intervals of size 2. Let A denote the
set of such permutations, G. Reasoning from Proposition 2.1, we know that P(A) = (1/4)(2e72 +o(1)).
For G € A, define ¢(G) to be the permutation G’ such that G'(j + 1) = ¢ + 1, G(j' + 1) = i + 1,
and G’ agrees with G except on j + 1 and j' + 1. The graph H(¢(Q)) is the graph H(G) with two extra
edges, namely {i,i' + 1} and {¢’,7 + 1}. The set of independent sets of ¢(G) is therefore a subset of
the set of independent sets of G, namely those not containing both endpoints of either new edge. Taking
just one new edge into consideration and using Lemma 7.2, we see that the number of independent sets
of ¢(G) is most 1 — 2719 times the number of independent sets of G. On the other hand, the measure
of the collection {¢(G) : G € A} is (1/2)e~* + o(1) by reasoning similar to that used in the proof of
Proposition 2.1. [The probability of no intervals of size 2 is e =2 and the probability of seeing (4,4, j, j')
as above is (1/4) - 2e72.] Choosing § < 271° completes the proof. O

8 Conclusion

We could also have dealt with a more general problem. We could have allowed gaps of bounded size § — 1
in the positions and gaps of bounded size vy — 1 in the positions in the symbols. We call these d, y-intervals.
We conjecture that similar results hold for these 8, y-intervals. Let X (*7) be the number of §, y-intervals
of G.

For example, the case 6 = 2 and v = 1 would follow using our previous analysis as,

Ex@D _ Z N(n,k)(n—k+1)

; (x)
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and
JE(X(Q’U)2 = Z Nk, t,n,k)(n—k—L+Kk+1)P(k,l,n, k).
k4K
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