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We classify, up to an isomorphism, the class of all dihedral f-tilings%fwhose prototiles are a spherical triangle
and a spherical rhombus. The equiangular case was considered and classified in Breda and Santos (2004). Here we
complete the classification considering the case of non-equiangular rhombi, sgg Tab. 1[and Fig. 24.
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1 Introduction

An isometric foldingis a non-expansive locally isometry that sends piecewise geodesic segments into
piecewise geodesic segments of the same length. An isometric folding is a continuous map that need not
to be differentiable. The points where it is not differentiable are calledular points The foundations

of isometric foldings of Riemannian manifolds are introduced by Robertson|(1977).

For surfaces, the set of singular points gives riseno colored tilings(calledf-tilings) with the pro-
perty that each vertex has even valency and obewtigge folding relationi.e., the sums of alternating
angles around each vertexis

The classification of f-tilings started out by Bréda (1992), where a complete classification of all mono-
hedral f-tilings of the sphere by triangles was done.

The complete classification of monohedral tilings of the sphere by triangles (which, obviously, includes
the monohedral triangular f-tilings) was made cleaj by Ueno and Agaokal(2002). This classification was
partially done by Sommervillé (1922), and an outline of the proof was provided by Davies (1967).

For additional information on tilings, see @thaum and Shephard (1986).

Our interest focuses in dihedral spherical f-tilings.
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the European Community fund FEDER.
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2 Preliminaries

Definition 2.1 Let S? be the euclidean 2-sphere of radius 1. A spherical mbas said well centered if

its vertices belong to the great circk” N {(z,y, z) € R3 | x = 0} and the semi-great circle bisectirg
contains the point1, 0,0). If L; and L, are two well centered spherical moons with orthogonal vertices,
thenL; and L, are said to be orthogonal.

Definition 2.2 By a well centered spherical quadrangle (WCSQ) we mean a spherical quadrangle which
is the intersection of two well centered spherical moons with distinct vertices.

The properties of WCSQ was described by Breda and Santos|(2003), where was established that any
spherical quadrangle with congruent opposite internal angles is congruent to a WCSQ.

Definition 2.3 Let@ andT be, respectively, a spherical triangle and a spherical quadrangle. A dihedral
tiling of the sphereS? with prototilesQ and T is an edge-to-edge polygonal subdivisiomf S2, such
that each tile (face) of is isometric either ta) or 7.

In addition, if the number of geodesic rays (edges) emanating from each verteis effen, making
alternated anglesvy, 31, as, Ba, . . ., &y, Bn (n > 2), Wwhere

n

Z aj = Zﬁj = (angle folding relation)

j=1 j=1
thenr is called a dihedral folding tiling or dihedral f-tiling for short.

In short, dihedral means that every tile of is congruent to one of the fixed sefsandT’, called the
prototiles ofr.

Definition 2.4 Letwv be a vertex of a (dihedral) f-tiling. The number of edges emanating frisalled
the valency of.

In Fig.[] is illustrated a vertex obeying the angle folding relatiom( + o + a3 = 81 + B2 + 85 = m)
with valency six.

Fig. 1: The angle folding relation.

In [Breda and Santb$ (2004) the classification of dihedral f-tiling$“by spherical triangles and
equiangular spherical quadrangles (i.e., spherical quadrangles that are congruent to a WCSQ which is the
intersection of two orthogonal well centered spherical moons) was presented.
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Here we extend the study of f-tilings presenting the classification of all dihedral f-tilings by spherical
triangles and non-equiangular spherical rhombi, in other words, spherical quadrangles whose edges have
the same length and with distinct pairs of opposite internal angles.

In|Breda and Santos (2003) it was shown that any non-equiangular spherical rh@nstzengruent to
a WCSQ which is the intersection of two non-orthogonal well centered spherical nioaarsd Lo with

the same angle measut¢Fig.[2).

Fig. 2: A non-equiangular spherical rhomb@s

Definition 2.5 The spherical tilings; and 7, are isomorphic if there exists an isometsyof S2, such
that¢(7-1) = To.

Notation: We shall denote b§2(Q, T') the set, up to an isomorphism, of all dihedral f-tilingsS3f whose
prototiles are a non-equiangular spherical rhomBuand a spherical triangl€.

Proposition 2.1 (Breda and Santdg (2004)) et € Q(Q,T). If M > 0 and N > 0 denote, respec-
tively, the number of spherical quadrangles congruemtand the number of spherical triangles con-
gruent toT of 7, and £ and V' denote, respectively, the number of edges and verticestbén:

) N+2M =2V -4, 3V=6+ M+ E;
i) there are at leasé + M vertices of valency four;

i)y T<fB+v+9< %’r and a3 + as > w, wherea; andas are the pairs of opposite internal angles
of @, and, v and¢ are the internal angles d¢f.

We shall describ&(Q, T'), considering separately different cases depending on the nat@ramd.

In order to get the dihedral f-tilings ¢¥(Q, T") we find useful to start by considering one ofjanar
representatior{PR), beginning with a common vertex to a spherical quadrangle and a spherical triangle
in adjacent positions (it must be pointed out that there is always a vertex satisfying this condition).

Whenever a tiling is drown in one hemisphere, it means that the ptare 0, say, is a plane of
symmetry. The whole tiling is then obtained by reflecting the picture in this plane.

Spherical trigonometry is based on the following cosine rules: The internal angleésand~ of a
spherical triangld” obey:

cosa — cos b cosc cos « + cos 3 cosy
cosa = - - and cosa = - : , (2.1)
sinb sinc sin 3 sin~y
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wherea, b andc are the lengths of the edges oppositerta? and~, respectively. This formulas are of
crucial interest to prove the results that follow. For a detailed discussion on spherical trigonometry, see
Bergef [(1995).

3 Prototiles: Non-equiangular rhombus and equilateral triangle

Proposition 3.1 If Q andT are, respectively, a non-equiangular spherical rhombus and an equilateral
spherical triangle, thef2(Q, T) is the empty set.

Proof: Let @ be a non-equiangular spherical rhombus with pairs of opposite internal angbasd oo
(1 > ), and letT” be an equilateral spherical triangle with internal angle

Suppose thaf2(Q,T) is non empty. Let be a vertex of surrounded byy;. Asa; + ag > 7
(a; > §)andp > 7, thenv has valency four, and the cells surroundinbave, in cyclic order, angles
measuréay, a1, 3, 3), with a1 + 8 = 7. A planar representatioPQ) of a f-tiling 7 € Q(Q, T') nearv is
illustrated in FigDS-I. It follows thatvw, + 8 < mandas + k3 > (k+1)8 > w, for k > 2. Hence in order
to have the angle folding relation satisfied we must haye- a; = 7, i.e.,az = 7. This information
allows us to adjust some more cells to the inif® leading to thePRillustrated in Fig[ B-Il. In order to
go on with thePR of 7 we must analyze the angles behavior aroundWe already know that the cyclic
sequence of their positions contains the sequénce g8, as, 3,...). As28 < mand23 + p > = for
all p € {3, a1, a2}, then there is no way to position another cells arounéh order to have the angle
folding relation full filled. And sd2(Q,T") = 0.

ol “ %
Og %y B B

Oy oy B B oy A, | O, oy B
Ay 4Gly B

) e e T B
oy A, B B B\B B V1

1 B\B
I II

Fig. 3: Planar representations.

O The argumentation used to prove the Propositions stated

in the following Sections are somehow similar to the one used on proof of[Pr¢p. 3.1. Thus, we decided to
present only the proofs we consider more representative. A detailed study containing the proofs of those
results can be found in a technical report placed in the web site

http://ww. mat . ua. pt/ anbreda/ r honbi . pdf


http://www.mat.ua.pt/ambreda/rhombi.pdf
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4 Prototiles: Non-equiangular rhombus and isosceles triangle

Through this sectiod is a non-equiangular spherical rhombus with pairs of opposite internal atagles
andas (a; > ag), andT is an isosceles spherical triangle with internal angles, v (8 # 7).

Any element of2(Q, T') has, at least, two cells congruent, respectivelyptandT, such that they are
in adjacent positions in one of the situations illustrated in [Hig. 4.

ap  agly o1 Galy ap - asg
B Y Y
Cg Y ag oy lB g Y
‘ A B ) C

Fig. 4: Distinct cases of adjacency.

Next, by “unique f-tiling” we mean unique up to an isomorphism.
Proposition 4.1 If (Q, T) # 0, then there cannot be a pair of tiles in the position of Fig. 4-A or[Hg. 4-B.

Proposition 4.2 If a f-tiling contains two cells in the position of Fig| 4-C, then + v = =. Moreover,

) if az # B3, thenQ(Q,T) # 0 iff ap + 3 = 7 (8 = arccos (1 —2cos T)) andy = 7, for somek > 4.
In this situation for eactk > 4, Q(Q, T') contains a unique dihedral f-tiling, denoted &}, such
that the angles around vertices are the ones represented at the head of the Fig. 7 (chnsidgr

i) if oy = B, then(Q, T) # 0iff oy = 2F, a0 = § andy = . Besides(Q,T) = {R*, Uy, Us, Us, U4},
whereR? andU;, 1 < i < 4 are non-isomorphic dihedral f-tilings, such that the angles around ver-
tices are the ones represented in fip. 7.

Proof: We only present the proof of tife i) case.

In order to obtain a complefeRof an element € Q(Q, T'), thePRillustrated in FigBﬁl—C is extended
in a unique way to get theRillustrated in Fig[ b, wherey; + v = 7, ap + 8 = m andk~y = =, for some
k > 4. (Note that the caske = 3 impliesas = 3 = 7.)

alem oy

%, 2B
Y Y% %218 Y
Y E Y
J Blag = ay)y /

Blag " aqlY

Y oy ag B

Fig. 5: PRof R*, k > 4.
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The side length of” opposite toy and the side length @ are the same. Using the formul@s {2.1) we

may show that
3 = arccos (1 — 2COS%) = 2arccos /1 — cos%7 k> 4.

3D representations fdr = 4 andk = 5 are illustrated in Fig].]6.

(4.1)

Fig. 6: 3D representations.

Fig. [1 exhibits the vertices in the dihedral f-tilings corresponding td]the i) &nd ii) cases. IfJFig. 8

oq o gl oy Y
2%z Z/ L8 R, k>3

vy B|p N

ky=m
oy |0y ‘12“12 oz | B ﬁ‘a2 Wy U
vy BB Blp aalay TN 1
oy [0y B oz ag| P U
Y|y Qg O B oz 2
oy oy ﬁ‘ﬁ Oy | O 0‘2‘3 Wy U
Yy B‘B g | oy [3‘[3 VVY 3
oy | oy Oy | Oy og| B U
Y|y Qg (O B oz 4

Fig. 7: Distinct classes of congruent vertices.

are illustrated 3D representations of the f-tilings referegd in ii) case. For additional information on these

tilings, seeTab. [1

d
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88555
N2,

Fig. 8: 3D representations.

5 Prototiles: Non-equiangular rhombus and scalene triangle

Here (@ is a non-equiangular spherical rhombus with pairs of opposite internal amgl@sdas (o >
a), andT is a scalene spherical triangle with internal angles andd, such that3 > ~ > 4.

If 7 € Q(Q,T), then there are necessarily two cellsrafongruent, respectively, 1@ andT’, such that
they are in adjacent positions in one of the situations illustrated irf Fig. 9.

n "
51 2|8 oy oy Y o; ' og Y
v * )
ag oy oy oq|B ay  0q|8
‘ B

n m
o Oz o %2l o O2ig
[ T v E ES
Oy O D Op 04 3 E oy Oq]|Y P

f

Fig. 9: Distinct cases of adjacency.

Proposition 5.1 If Q(Q, T') # 0, then there cannot be a pair of tiles in the position of E]g. 9-A or[Hg. 9-B.

Proposition 5.2 Let € Q(Q, T'), such thatr has two cells in adjacent positions as illustrated in IFig. 9-
C, thenr has six cells in adjacent positions as illustrated in [Figl 10.

oy ‘azyy

="

% 5 BB
Oy o\ BB

0|

= a\|Y
Fig. 10: Planar representation.

Suppose that thBRillustrated in Fig is contained in a compl&®R of any element € Q(Q, T).
It follows thatas + v < 7. We shall consider separately the cases+ v < w andag + v = 7.
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Proposition 5.3 Letas + v < .

) If ag >, thent = M*4;

i) If ap =+,thent = E3orr = S3;
iy If ap <y, thent = M**'orr = FE*Forr=S* k>4,

where the internal angles of the prototiles present in the dihedral f-tilings are:

k—1 /
alz% Qg =T — 27y ﬁ:g cosy = 1—cos% 5:% MF k> 4;
™ T (k—2)m g &
o =7 a2 =g B 5 v 9% — 3 cos cos” , k> 3;
I _T _T _(k—Dr 5= cos® - S k>3
o =7 az = =3 =T €088 = cos” _- , k>3.

The angles around vertices are positioned as illustrated in[Fig. 11.

Oy S
o114 BB ag\ /¥ _.'8 65 Mk k>4
518 BB Y /\Y 8 T\N\S v
Y 5/8\8
ks=m

=

g Oy
ooy B y;a’zgy ; g*/ 5
E” k>3
Y/N\Y o2 Y y =
38 B|p 7 Yo
(k-1)

k-1)og+y =T

o Olg 02
2 E Ea
Y Y : 2 k
% [ Olo S , k=23
o2 o102

kog =T

R
—

R
~
=
=

[eZ]
7]
=
=

Fig. 11: Distinct classes of congruent vertices.

Proof: We only present the proof of tife i) case.
The information given by th@Rillustrated in Fig[ ID leads to conclude that

a1>ﬂ:g>a2>7>5. (5.1)
Consider a vertex surrounded by the cyclic sequenge;,~,~,...). Then the sum of alternating
angles around containingas must beas + v + g = T or ag + 2v = .
lLoas+v4+as=m
In this case th@Rillustrated in Fig[ ID is extended as shown in [fig} 12 (observe that all cells labelled
from 2 to 8 are uniquely determined, sinegt+~y < as+2y < ™ = 2as+7 < as+vy+26). Thisleadsto a
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Fig. 12: Planar representation.

vertex surrounded by the cyclic sequence of angjes, as,,7, ... ), where2y+as < m < 2y+as+p,
forall p € {a1, a2, 8,7,6}. And so there is no way to obey the angle folding relation at that vertex.

2.00+2y=m
In this case the cyclic sequence of angles arauigdeither(as, v, v, az, v, v) or (ag,v,7,7, ¥, a2).

2.1. The first situation leads us immediately to a contradiction as illustrated Fjg. 13. In fact, this
case gives rise to a vertex surrounded by the cyclic sequen@e;, as, as, as, ... ). Asay > v, then
200+ > T = as+2v > 2a. And so the sums of alternating angles arourust obeas+9 = 7, as
illustrated in the figure. This procedure gives rise to a vertex surroundegd éyd-~ in adjacent positions,
leading us to an incompatibility between angles around this vertex (see side length of the prototiles).

Fig. 13: Planar representation.

2.2. In the second case we may extend without more restrictior2Rllustrated in Fig[ 1D to get the
one illustrated in Fig[ 4. This construction leads to two antipodal vertices surrounded by at Igast six
angles. It is a straightforward exercise to show that those vertices are enclosed exclusivelygbys.
Thereforekd = n, for somek > 4. On the other hand; + 2y = 7 with v < ap. Hencey < § <

andsod = Jord = ¢,asy+4 > 3.

Firstly, consider that = 7. Thena; = %T’T and thePRillustrated in Fig is completely determined



132 Ana M. Breda and Altino F. Santos

Fig. 14: Planar representation.

as shown in Fig_15. The sum of alternating angles around vertices verify

a+0=m, ﬂ:g, as+2y=7 (ag >~) and 5:%.

Fig. 15: Extended planar representation.

Now, we need to verify that adjacent tiles have the same side length. Denotintpéide length of
T opposite tg3, then

0
cosb = <& ﬂ_Jr CO,S O _ cot . (5.2)
sin ¢ sin y
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On the other hand s also the side length @p, therefore

n

cos @ (1 +cosay)  cos(§ —)(1+cosay) 1—co
cosb = — = — = tan~y
sin %2 z—

% sina;y sin(§ — ) sinag
By (5.3) and|[(5.B) we conclude that

I

(5.3)

I

s
cos &
tanzfy = 747r.
1 —cos g

/ 1
v = arccos /1 — cos% = 5 arccos (1-+2) ~57°.

To complete the proof we shall consider now that % (Fig. ). As before the side length @,

b, opposite ta3 is common taR, leading to conclude that = arccos /1 — cos £ = arccos 3;‘/5 =
64° > %, contradicting[(5.11).

3D representations of some of these f-tilings are illustrated in[Fip. 16. For additional information see

alsoTab.[1
M E* s°

Fig. 16: 3D representations.

And so

a

Remark: A 3D representation of the dihedral f-tilingg”, £ > 4 is obtained from a 3D representation
of RF, k > 4 (Prop.i)) by adding some edges bisectingdby: 2 arccos /1 — cos T any isosceles
triangle of R* and preserving the angle-folding relation. Compare, for instance, the f-tilihggabove,
Fig.[18) andR® (Fig.[6).

Proposition 5.4 If a; + v = m, thenQ(Q, T) is the family of f-tilings denoted br32)
cos~y + cosd = 1. (Its 3D representation is illustrated in Fi§. [L7.)

5€l0,5 " where

Remark: If 6 = %, theny = % and soa; = az = %’r giving rise to a dihedral f-tiling, which was
established ih Breda and Santos (2004).

Proposition 5.5 LetT € Q(Q, T'), such thatr has two cells in adjacent positions as illustrated in Eb 9-
D, thent has six cells in adjacent positions as illustrated in fFig} 18.
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W/
A

2
RS

Fig. 17: 3D representation.

o o
1 256
% %y BBy
R e Lo
oy ayd/s

Fig. 18: Planar representation.
Proposition 5.6 If the PR illustrated in Fig is contained in a complete PR of an elemen©)(Q, T'),
then:

|) If ag > g, thena; = 2%,0&2 =

NIE]

=p,y=Fandd = 7;

i) Ifao < Z,thenay =2, ap =22, 3=2,y=Zandj=Z.

)

Moreover, the first situation leads to two dihedral f-tilings denotedbyand 52, and in the second case
one gets three dihedral f-tilings denoted®y, G, andG3, respectively. In any cagg is decomposed in
four triangles congruent t@", bisecting twice, bya; and byas. The sum of alternating angles around
vertices are represented in Fig.]19. For a 3D representation of the mentioned f-tilings, sge|Fig. 20.

Finally we present the f-tilings obtained from the adjacency illustrated i Fig. 9-E ofJFig. 9-F.

Proposition 5.7 Let 7 be an element of2(Q,T"), such thatr has two cells in adjacent positions as
illustrated in Fig[9-E or Fig[9-F, then

1—cosT
T = RY, for somep € O,arccos% {\ {r/k}andk > 3.

Any planar representation (Rf; has the configuration of Fi@ 5 (replacing one of thangles by) and
the sum of alternating angles around vertices are given by:

) ax+0=max+B=m (8>az)andy = 7,k > 3, when considered the adjacency illustrated
in Fig.[9-E. In this case = § €]0, 7;
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o
7]
2
4
[eZ[e]]

3/5\8

Fig. 19: Distinct classes of congruent vertices.

Fig. 20: 3D representations.

135
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or

i) ay+vy=ma+B=mandé= 7,k > 3, when considered the adjacency illustrated in lﬁp 9-F.

x
1—cos

_ T
Here¢p = v € }P arccos —;

In both casesos 5 + cosy + cos§ = 1.

Proof: We shall suppose that € Q(Q,T) has two cells in adjacent positions as illustrated in [Fg. 9-E
(the other case is analogous). Using similar argumentation to the one used before we obtain in a unique
way a planar representation with the configuration of Fig. 5 (replacing one of émgles by), where
a1 +6=m, az+ f=mandy = 7, for somek > 3.
Now, as@ has all congruent sides and distinct pairs of opposite internal anglesptieecongruent to
a WCSQ, as seen [n Breda and Santos (2003). This meang thal.; N Lo, for some non-orthogonal
well centered spherical moois and L., with angle measurg = 7 (k > 3), see Fig[__le.

Fig. 21: Arhombus,Q = L; N Lo.

With the labelling of Fig[ 2]1, one gets

1—cosT 14cosT
cos 3 = 5 k_ > k sinz (5.4)

and ) )
—cos T +cos T
5 ko4 5 k sinx, (5.5)

for somez €]0, 5[ andk > 3. And socos T + cos 3+ cosd = 1.
The relations[(5]4) andl (5.5) define, respectively, an increasing continuous bijection beteger [

and 8 €] arccos %, @[, and a decreasing continuous bijection betweeg]0, 7[ andd €

10, arccos 17C208 k [

Note thaty < ¢ < arccos < g, forallk > 3. Now, as > v = 7 > 4, then exists, €0, [,
such thad < 0 = d(z) < 7, for all z €]ay, 5[ andk > 3. In fact,

cosd =

il
1—cos T

—1+3cos T

s< T o d(zx) > T & sinz >
- COS X COS — S x
k k 1+COS%
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And so
. 4
Ty = arcsin | 3 — ———— .
1+ cos E

Taking Bx = B(x) (i.e.,0 = T), then one gets), = 2arccos /1 — cos T = arccos(1 —2cos 7).

One hasis = § and§ < B <, if k> 4. And soj = B(x) > B, > § > an, forallz €|zy, 5[ and
k> 3.

The graphic representation gfando is shown in Fig[ 2P.

B =arccos(1-2cos (n/k)
/2

ﬂ::arccos 1- cozs (m/k) |-

Fig. 22: Graphic representation gfands.

In Fig. are illustrated 3D representationsi)f and R;. O

Remark: In the[il) case of Prof. 5|7 runs the interva)0, z,[. 3 and~ are determined by. Besides,
considering the limit case = 0, theny = 8 = 3} = arccos ~—<*£ and soa; = as, giving rise to a
dihedral f-tiling established in Breda and Santos (2004). Thecase;, (k > 3) leads to the f-tilingR*
obtained in Prog. 4]2 (se€fe (#.1)).

In Tab. []it is shown a complete list of all dihedral f-tilings, whose prototiles are a spherical triangle
T of angless, v, § (B > v > ) if T is scalene, or angles, ~, v (5 # ~) if T is isosceles, and, a
non-equiangular spherical rhomb@swith pairs of opposite internal angles andas (a1 > «a3). We
have used the following notation:

e [ = arccos(l — 2cos T), B = arccos : 5, andd;, = arccos(cos? 37);

At f-tilings R2, R’;) (¢ = orp =) one hasos 3 + cosy + cosd = 1;

|V| is the number of distinct classes of congruent vertices (we shall say that vertiaed v, are
congruent if and only if there is a spherical isometry that maps the faces incidentsrim the
faces incidents to,);

M andN are, respectively, the number of quadrangles congruedt emd the number of triangles
congruent tdl’, used in such dihedral f-tilings.
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a
Ry

Fig. 23: 3D representations.
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g | o | o | 8 | v | ¢ W] M | N |
Uy = z z z - 5 6 12
Uz, Us Zn z z z - 3 8 8
Us = z z z - 5 4 16
RF k>3 | B=Ur | o, B n - 3 2k 4k
R T—§8 | T—x z 12,50 110,53 | 3 4 8
RE k>3 | =6 | =08 | 16, &5 | = 10,7[ | 3 2k 4k
Ryk23 | m—vy | n=F | 166 | 1560 % 3 2k 4k
M? 5 3 3 3 T 4 6 24
MF >4 | G20 | p oy z I3 z 4 2k 8k
EF k>3 | 7-6 | 575 T B2 | Sopes | 4 | 8k—12 | 16k—24
52 2% T z z z 4 8 16
SF k>3 | m—9 z z Gl g | 4 4k 8k
Gh = = z z T 6 16 56
G2 = = z z I 5 18 48
Gs Zn Zz z z z 5 10 80

Tab. 1: Dihedral spherical f-tilings by triangles and non-equiangular rhombi.

In Fig. [24 it is shown a 3D representation of the dihedral f-tilings describethbn[ll Observe that
for the familiesM*, E* andS*~!, k > 3 we have chosen/®, E3 andS® as representatives for their 3D
representations.
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Fig. 24: 3D representations of the dihedral spherical f-tilings by triangles and non-equiangular rhombi.
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