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A (k,t)-track layoutof a graphG consists of a (proper) vertéxcolouring ofG, a total order of each vertex colour

class, and a (non-proper) edgeolouring such that between each pair of colour classes no two monochromatic edges
cross. This structure has recently arisen in the study of three-dimensional graph drawings. This paper presents the
beginnings of a theory of track layouts. First we determine the maximum number of edgés if-@mack layout,

and show how to colour the edges given fixed linear orderings of the vertex colour classes. We then describe methods
for the manipulation of track layouts. For example, we show how to decrease the number of edge colours in a track
layout at the expense of increasing the number of tracks, and vice versa. We then study the relationship between
track layouts and other models of graph layout, namely stack and queue layouts, and geometric thickness. One of our
principle results is that the queue-number and track-number of a graph are tied, in the sense that one is bounded by a
function of the other. As corollaries we prove that acyclic chromatic number is bounded by both queue-number and
stack-number. Finally we consider track layouts of planar graphs. While it is an open problem whether planar graphs
have bounded track-number, we prove bounds on the track-number of outerplanar graphs, and give the best known
lower bound on the track-number of planar graphs.
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1 Introduction

In its simplest form, arack layoutof a graph consists of a vertex colouring and a total order on each
colour class, such that there is no pair of crossing edges between any two colour classes. The purpose
of this paper is to develop the beginnings of a theory of track layouts. Our focus is on methods for
the manipulation of track layouts, and the relationship between track layouts and other models of graph
layout. We consider undirected, finite, and simple graphégth vertex seV (G) and edge seéE(G). The
number of vertices and edges®fare respectively denoted ly= |V (G)| andm= |[E(G)|.

A vertex|l |-colouringof a graphG is a partition{V; : i € 1} of V(G) such that for every edgave E(G),
if veVi andw € Vj theni # j. The elements of arecolours and each se¥; is acolour class The
chromatic numbeof G, denoted by (G), is the minimum numbek such thats has a vertek-colouring.

Consider a vertek-colouring{V; : i € I} of a graphG. Suppose that; is a total order on each colour
classVi. Then each paifVi, <) is atrack and{(M, <) :i € |} is an|l|-track assignmendf G. To ease
the notation we denote track assignmentg¥y. i € | } when the ordering on each colour class is implicit.

An X-crossingn a track assignment consists of two edgesandxy such that, x € Vi, w,y € Vj, v < X
andy <; w, for distinct colours and j. An edge k-colouringf G is simply a partition{E; : 1 <i <k}
of E(G). A (k,t)-track layoutof G consists of &-track assignment o and an edgé-colouring of
G with no monochromatic X-crossing; that is, edges of the same colour do not form an X-crossing. A
graph admitting gk,t)-track layout is called &k,t)-track graph The minimunt such that a grapfs is
a (k,t)-track graph is denoted hyik(G).

(1,t)-track layouts (that is, with no X-crossing) are of particular interest due to applications in three-
dimensional graph drawing (see below)(At)-track layout is called &track layout A graph admitting
at-track layout is called &track graph Thetrack-numberof G is tn1(G), simply denoted byn(G). Du-
jmovic et al. [26] first introduced track layouts and track-number, although similar structures are implicit
in many previous works [32, 39, 40,150].

The graphs that admit 2-track layouts are easily characterised as follows, wtetex@illar is a tree
such that deleting the leaves gives a path, as illustrated in Higure 1.

Lemma 1. [37] A graph has &-track layout if and only if it is a forest of caterpillars.

AN

Fig. 1: A 2-track layout of a forest of caterpillars.

Table[1 summarises the known bounds on the track-number.

Part of the motivation for studying track layouts is a connection with three-dimensional graph drawings.
A three-dimensional straight-line grid drawiraf a graph, henceforth called3® drawing is a placement
of the vertices at distinct points i3 (called gridpoint9, such that the line-segments representing the
edges are pairwise non-crossing. That is, distinct edges only intersect at common endpoints, and each
edge only intersects a vertex that is an endpoint of that edge bdineding boxof a 3D drawing is the
minimum axis-aligned box containing the drawing. If the bounding box has side leKgthk, Y — 1
andZ — 1, then we speak of a x Y x Z drawing withvolume XY -Z. That is, the volume of a 3D
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Tab. 1: Upper bounds on the track-number.

graph family track-number reference

n vertices n trivial

medges 15m?/3 Dujmovic and Wood[[28]
medges, max. degree 14v/Am Dujmovic and Wood[[28]
no Kp-minor 0(h%/2n1/2) Dujmovi¢ and Wood[[28]
genusy O(y+?n%/2) Dujmovi¢ and Wood([2B]
tree-widthw 3w.g(@"-3w-1)/9  pyjmovic et al.[26]
tree-widthw, max. degreé 720w Dujmovic et al. [26]
queue-numbek, acyclic chromatic number o(2k)ct Dujmovic et al.[26]]; see Theorelﬂz
queue-numbek 4k - 4KZ-1)(-1) " Theore

path-widthp p+1 Dujmovic et al. [26]
band-widthb b+1 Lemmg 17

series-parallel graphs 15 Di Giacorabal.[21]

Halin gt Di Giacomo and Meijer [23]
X-trees 6" Di Giacomo and Meijer[23]
outerplanar 57 Lemmg 2P

1-queue graphs 4 Theorem| 11

trees 3 Felsneet al. [32]

drawing is the number of gridpoints in the bounding box. Minimising the volume in 3D drawings is a
widely studied problem [15, 18, 19, 20,122, 23] 6l [28,/32,[38, 47]. The following general bounds are
known for the volume of 3D drawings in terms of the track-number. Other papers to employ track layouts
in the production of 3D drawings include [20,/123] 28} 132, 38].

Theorem 1. [26] 28]Let G be a c-colourable t-track graph with n vertices. Then
(@) G has aO(t) x O(t) x O(n) straight-line drawing withO(tn) volume, and
(b) G has a0(c) x O(c?t) x O(c*n) straight-line drawing withO(c’tn) volume.

Moreover, if G has an X Y x Z straight-line drawing then G has track-numhe(G) < 2XY .

The purpose of this paper is to present fundamental results in the theory of track layouts. In[Section 2.1
we show how to colour the edges of a track assignment to obtain a track layout. In §$edtion 2.2 we answer
the extremal question: what is the maximum number of edgegkrt ptrack layout? Section|3 presents
methods for manipulating track layouts. In particular, we show how to ‘wrap’ a track layout. This process
can be used to produce a track layout of a graph given track layouts of its biconnected components.
Sectior{ 4 studies the tradeoff between the number of tracks and the number of edge colours in a track

T A track layout that allows edges between consecutive vertices in a track is callegmper track layouf26]. This concept, in
the case of three tracks, was introduced by Felshet. [32], who proved that every outerplanar graph has an improper 3-track
layout. It is easily seen that the tracks can be ‘doubled’ to obtain a (proper) 6-track layout [26]. [elnma 22 improves this bound
to 5. Similarly, Di Giacomo and Meijef [23] proved that X-trees have improper 3-track layouts, and Halin graphs have improper
4-track layouts. Thus X-trees have (proper) 6-track layouts, and Halin graphs have (proper) 8-track layouts.
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layout. In Sectionf]5 ar{d 6 we explore the relationship between track layouts and other models of graph
layout; in particular, stack and queue layouts in Sedtion 5, and geometric thickness in Section 6. One
of our main results is that track-number is tied to queue-number. As corollaries we prove that acyclic
chromatic number is bounded by both stack-number and queue-number. In §ection 7 we prove bounds on
the track-number of outerplanar graphs, and prove the best known lower bound on the track-number of
planar graphs. Secti¢n 8 concludes with some open problems regarding the computational complexity of
recognising(k,t)-track graphs. Note that a number of results in this paper are used to prove results in our
companion paper on layouts of graph subdivisions [29].

1.1 Definitions

Before we move on, here are some definitions. The subgraph of a Graptuced by a set of vertices
A CV(G) is denoted by5[A]. For all disjointA, B C V(G), we denote by5[A, B] the bipartite subgraph of
G with vertex seAUB and edge setvw e E(G) : ve A w € B}. The spanning subgraph &finduced by
a set of edgeS C E(G) is denoted by3[g. Forv,w € V(G), we denote bys Uvwthe graph with vertex
setV(G) and edge seéE(G) U {vw}.

A graphH is aminor of G if H is isomorphic to a graph obtained from a subgrapf &fy contracting
edges. A minor-closed class of graphgisperif it is not the class of all graphs.

A graph parameteis a functiona that assigns to every graggha non-negative integer(G). Let G
be a class of graphs. By(G) we denote the functiofi : N — N, wheref(n) is the maximum ofx(G),
taken over alh-vertex graph$ € G. We sayG hasboundeda if a(G) € O(1). A graph parametex is
bounded by graph parametd, if there exists aindingfunctiong such thati(G) < g(B(G)) for every
graphG. If a is bounded by3 andf is bounded by thena and aretied. Clearly, ifa andf are tied
then a graph familyg has bounded if and only if G has boundef. These notions were introduced by
Gyarfas [36] in relation to near-perfect graph families for which the chromatic number is bounded by the
clique-number.

A vertex orderingof ann-vertex graphG is a bijectiono : V(G) — {1,2,...,n}. We writev <g w to
mean that(v) < a(w). One can thus view s as a total order o (G). We sayG (or V(G)) is ordered
by <s. At times, it will be convenient to expressby the list(vq, vo,...,Vn), Wherey; <g v; if and only if
1<i< j<n. These notions extend to subsets of vertices in the natural way. SuppoSeg that. ., Vi
are disjoint sets of vertices, such that e&tls ordered by<;. Then(V1,Vs,...,V) denotes the vertex
orderingo such tha < wwhenever € Vi andw € V; withi < j, orveV;, w e V;, andv <; w. We write
Vi <gVo <g -+ <g Wk

2 Basics

2.1 Fixed Track Assignment

We now show how to colour the edges in a track assignment so that no monochromatic edges form an
X-crossing. A seSof k edges in a track assignmeftis called acrossing k-tupléf each pair of edges in
Sform an X-crossing ir.

Lemma 2. At-track assignmené of a graph G can be extended intqlat)-track layout if and only if
4 has no crossingk+ 1)-tuple.

Proof. Suppose thafl has a crossingk+ 1)-tuple S. Each edge irs must receive a distinct colour. Thus
A4 cannot be extended into(&,t)-track layout. Now supposé has no crossingk+ 1)-tuple. Consider
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any two tracksA, B € 4. For all edgesw, xy of G[A, B], sayvw < xyif v<xin Aandw <yin B. Clearly

=< is a partial order orE(G[A, B]). Two edges are incomparable undeif and only if they form an X-
crossing. Thus an antichain # (that is, a set of pairwise incomparable elements) is a crossing tuple. By
assumptionz has no antichain of size+ 1. By Dilworth’s Theorem([25]E(GJ[A, B]) can be partitioned

into k chains. A chain in< is a set of edges dB[A, B], no two of which form an X-crossing. Thus the
partition intok chains defines the desired edge colouring @€ &)-track layout. O

Note that Lemm@]2 essentially says that permutation graphs are perfect (see [16]).

2.2 Extremal Questions

Consider the maximum number of edges in a track layout. It follows from Lefjma 1 thawvartex
2-track graph has at most- 1 edges, which generalises(iq 2)-track graphs as follows.

Lemma 3. Every(k,2)-track graph with n> 1 vertices has at most(k — 1) edges. Moreover, if &
2k — 1, then there are at most(k— k) edges. Conversely, for allk 1 and n,ny > k, there exists a
(k, 2)-track layout with Kn; + n, — k) edges, and with nvertices in the first track and,nvertices in the
second track.

Proof. First we prove the upper bounds. L@t,Vs,...,Vn,) and(we,Wo,...,Wn,) be the tracks, where
n=n;+np. For each edgaw;, letA(viwj) =i+ j. Observe that Z A(viwj) < n. Thus there are at most
n—1 possible\ values. If distinct edgesand f haveA(e) = A(f) theneandf form an X-crossing. Thus
at mostk edges have the samevalue. Hence the number of edges is at nikgst— 1). Now suppose that
n>2k—1. Forall 1<i <k-1, at most edgese haveA(e) =i+ 1 (< k), and at most edgese have
A(e) =n+1—i (> k+1). Thus the number of edges is at most

2I_(ili + (n—1-2(k-1))k = k(n—K) .

Now we prove the lower bound. Lé&t= (v1,Va,...,Vn,) andB = (W, Ws,...,Wy,). Construct a graph
G with V(G) = AUB. For each K ¢ <k, letE; be the set of edges

{vewj 1 1< j<mp+1— 0} J{ViWnpp1—¢ 1 0+1<i<m} .

Observe thak,, NE,, = 0 for distinct¢; and/>. LetE(G) = |J, E;. Clearly no two edges in eaéh form
an X-crossing, as illustrated in Figdre 2. THB$as a(k, 2)-track layout. The number of edges is

i((nz+l—€)+(n1—£)) = k(n1+nz)—/§(2€—1) = k(n1+n2—k) .
=1

=1
O

Note that the condition > 2k— 1 in Lemm4 B is implied if in fact there is a crossikguple. Lemma 3
generalises tgk,t)-track layouts as follows.

Lemma 4. Every (k,t)-track graph with n vertices and no empty tracks has at mégt-k1)n— (3))
edges. Moreover, if every pair of tracks has at le2lst- 1 vertices, then there are at mos@(k— n—
k(;)) edges. Conversely, for allk 1, t > 2 and n> kt there exists dk,t)-track layout with n vertices
and k((t—1)n—k(3)) edges.
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Fig. 2: An edge-maxima(3,2)-track layout.

Proof. First we prove the upper bounds. lretbe the number of vertices in theh track. Letm j be the
number of edges between th¢h and j-th tracks. By LemmE]3m,j < k(ni +n; —1). Hence the total
number of edges is at most

Y kokn-1) =k 3 (nen) - () =k(E-n-()) -

<i<j<t 1<i<<

Now suppose that every pair of tracks has at le&st 2 vertices. By LemmE]Cm,j < k(n +nj — k).
Hence the total number of edges is at most

k(ni+nj—k) = k(Y (ni+m) k() = k((t=1n—k()) -

1I<i<j<t 1I<i<j<t

Now we prove the lower bound. Given aky> 1,t > 2 andn > kt, arbitrarily partitionn intot integers
n=n;+n+---+n with eachn; > k. Construct gk, t)-track layout withn; vertices in the-th track,
andk(n; +n;j — k) edges between thieth andj-th tracks, as in Lemn@ 3. By the above analysis, the total
number of edges i&((t — 1)n—K(3)). O

Since(}) > 1, Lemmaﬂl implies the following lower bound o (G).

Corollary 1. Forallk > 1, every graph G with n vertices andml edges satisfiesy(G) > m{—nk +1. O

3 Manipulating Track Layouts
3.1 The Wrapping Lemma

Consider a track assignmef); : 1 <i <t} with a fixed ordering of the tracks. Ttepanof an edgevw
in{Vi:1<i<t}is|i— j| whereveV; andw e V;. It will also be useful to consider track layouts whose
index set is two-dimensional. LgV; j : i > 0,1 < j < b} be a track assignment of a graph Define the
partial spanof an edgevw € E(G) with v e V,, j, andw € 4, j, to beli1 —i>|.

The following lemma describes how to ‘wrap’ a track layout, and is a generalisation of a result by
Dujmovic et al. [26], which in turn is based on an idea due to Felsteal. [32].

Lemmab. Let{Vj:i>0,1<j<bi} bea(kt)-track layout of a graph G with maximum partial span
s (for some irrelevant value)t For eachO < a <s, lety = max{b; : i =a (mods+1)}. For each
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0<a<2s,let, =max{bj:i=a (mod Z+1)}. Then
(@) tnx(G) < Zt“ , and (b) tnk(G) < Zt

Proof. Let {E,: 1 < ¢ <k} be the edge colouring in the given track layout. First we prove (a). By adding
extra empty tracks where necessary, we can assume that the track layout is indexed

{M;j:i>0,1<j<ty,a=imod(s+1)} .
Foreach (X a < sand 1< j <tg, let
Woj=J{Mj:i=a (mods+1),i>0} .
OrderW,; by
(Va.,jaVa+(s+1),j7Vu+2(s+1),jv )

Since every edgew € E(G) has partial span at most if ve Wy, j, andw € Wg, j, thenay # a, or
j1# Jo. Hence{Wa j:0<a<s1<]j<ty}isatrack assignment @. For each K ¢ <Kk, let

{VWE Ef Ve\/ll Jl ﬂqu jla WE\/IZ 12 ﬁWGz,jzail S i27 G]_ S a2}a and
E/ ={weEs: VeV j; NWay,j;, WE My, j, "Wy, jy, 11 < iz, 02 < a1} .

An X-crossing between edges both from soBjeor both from someg;’) implies that the same edges
form an X-crossing in the original track layout. Th{i§),E/ : 1 < ¢ < k} defines an edgekolouring
with no monochromatic X-crossing. Thus we havel S5 _,ty)-track layout ofG.

We now prove (b). Again by adding extra empty tracks where necessary, we can assume that the track
layout is indexedV; j :i > 0,1 < j <tg,a =imod(2s+1)}. Foreach 0< o < 2sand 1< j <tg, let

Woj=J{M,j:i=a (mod Z+1),i>0} .
OrderW,; by
(Vaj» Vs (2s+1),j» Vo 2(2s41),j5 -+ ) -

Clearly {Wg,; : 0<a <2s1<j<ty} is atrack assignment @&. It remains to prove that there is no
monochromatic X-crossing, where edge colours are inherited from the given track layout. Notice that
eachE, = E;UE/. As in part (a), edges i&; or in E; do not form an X-crossing.

Consider the track layout defined for part (b). Although the original track layout has maximum partial
spans, wrapping modulo 8+ 1 produces edges having partial span greater shamparticular, edges in

E, have partial span at mostand edges it have partial span at Ieasi% 1. Thus an edge frorl; and
an edge fronk, do not form an X-crossing. Hence we havé_kaz oty )-track layout ofG. O

The full generality of Lemma]5 is used in our companion paper [29]. For other applications, the
following two special cases suffice. By Lemfrja 5 wlith= b for all i > 0, we have:
Lemma6. Let{Vi;:i>0,1<j<b} bea(kt)-track layout of a graph G with maximum partial span
s. Then@) tnx(G) < (s+1)b, and(b) tnk(G) < (2s+ 1)b. O

The next special case is Lemfia 6 with- 1. Lemmd J(b) withk = 1 was proved by Dujmofiet al.
[26].
Lemma 7. Let G be a(k,t)-track graph with maximum span s. Théa) thx(G) < s+ 1, and (b)
tnk(G) < 2s+ 1. O
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3.2 Biconnected Components

Clearly the track-number of a graph is at most the maximum track-number of its connected components.
We now prove a similar result for maximal biconnected compondrisks.

Lemma 8. For every k> 1, every graph G satisfies:
(@) tnk(G) < 2-maxX{tnk(B) : B is a block of G, and
(b) tnk(G) < 3-max{tnk(B) : B is a block of G.

Proof. Suppose we have(#,t)-track layout of each block @, wheret = max{tnk(B) : B is a block ofG}.
Clearly we can assume th@tis connected. Let be theblock-cut-treeof G. That is, there is one vertex
in T for each block and for each cut-vertex@f Two vertices ofT are adjacent if one corresponds to
a blockB and the other corresponds to a cut-venexB. T is a tree, as otherwise a cycle Thwould
correspond to a single block & RootT at a node corresponding to an arbitrary block.

A node ofT that corresponds to a block Gfis at even distance from and a node of that corresponds
to a cut-vertex ofG is at odd distance from. For alli > 0, let D; be the set of blocks o6 whose
corresponding node il is at distance 2from r. Consider a blockB € D;. Let x be the node off
corresponding t@. Let p be the parent node afin T. Thenp corresponds to a cut-vertex & which
we call theparent cut-vertexof B. Sayi > 1. Lety be the parent node qfin T. Theny corresponds to
some blockB’ of G. We sayB' is the parent blockof B, andB is achild blockof B'. Observe that each
cut-vertexv is the parent cut-vertex of all but one block containinglf a vertexv of G is in only one
block B then we saw is groupedwith B. Otherwisev is a cut-vertex and we sayis groupedwith the
block for which it is not the parent cut-vertex.

Now order eachD; firstly with respect to the order of the parent blocksdn 1, and secondly with
respect to the order of the parent cut-vertices in the track layouts of the parent blocks. More formally, for
eachi > 1, let<; be a total order ob; such that for all block#\, B € D; with parent block#\',B’ € D;_1,
we haveA <; Bwhenever (1A <;_1 B, or 2)A' =B, AnA = {v}, BNB = {w}, andv < win some
track of the(k,t)-track layout ofA'. (If v andw are in different tracks of thék,t)-track layout of the
parent block then the relative orderAfindB is not important.)

Foreach >0 and 1< j <t, letV j be the set of verticesof G in a some blockB € D; such that is
grouped withB, andv is in the j-th track of the track layout dB. Now order eacl, j firstly with respect
to the order<; of the blocks inD;, and within a blockB, by the order of thg-th track of the track layout
of B. Colour each edge of G by the same colour assignedéan the (k,t)-track layout of the block
containinge. We claim there is no monochromatic X-crossing.

The parent cut-vertex of a blodkis grouped with the parent block & and no block and its parent
block are in the samB;. Thus ifvwis an edge wittv € V, j, andw €V, j, then bothv andw are grouped
with the block containing/w. Since within each track vertices are ordered primarily by their block,
and by assumption there is no monochromatic X-crossing between edges in the same block, there is no
monochromatic X-crossing between tratkg, andV; j, foralli > 0 and 1< jq, j» <t.

If vwis an edge withv €V, j, andw €V, j, for distinctiy andi,, then without loss of generality,
io = i1+ 1 andvis the parent cut-vertex of the block containwng Since sibling blocks are ordered with
respect to the ordering of their parent cut-vertices, there is ho X-crossing amongst edges between tracks
Vi, j; andVi, j, for all i1, iz > 0 and 1< jq, jo <t. Thus{Vij:i > 0,1 < j <t} is ak-edge colour track
layout of G such that every edge has a partial span of one. By Le[r]lrﬁal'ﬁ,stnzk(G) < 2t, andG has
tnk(G) < 3t. O
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4 Tracks vs. Colours

We now show how to reduce the number of tracks in a track layout, at the expense of increasing the
number of edge colours.

Lemma 9. Let G be a(k,t)-track graph with maximum span(s< t —1). For every vertex colouring
{Mi:1<i<c} of G, there is & 2sk c)-track layout of G with trackgV; : 1 <i < c}.

Proof. Let {T; : 1 < j <t} be a(k,t)-track layout ofG with maximum spars and edge colouringE; :
1 < ¢ <k}. Given a vertex colouringVi : 1 <i < c} of G, order eaci by (ViNTi,ViNT,,...,ViNT).
Thus{V; : 1 <i < c} is ac-track assignment db. Now we define an edgesRcolouring. For all integers
¢ anda such that i< ¢ <k and 1< |a| < s, let

EAO( :{VWE EgZVEVilﬂle,WGVizﬂsz, i1 < iz, jlszzct} .

Consider two edgesw andxy in someE,q between a pair of trackg, andVi,. Without loss of
generalityis <iz, ve Vi, NTj,, We Vi, NTj4a, XEV;, NTj,, YEVI, NTjpqa, and j1 < jo. If jr=j2
thenvw andxy are between the same pair of tracks in the given track layout, and the relative order of
the vertices is preserved. Thusvifv andxy form an X-crossing in the-track assignment then they are
coloured differently. Ifj; < j» thenv <, xandw <;, y, and the edges do not form an X-crossing. Hence
vw andxy do not form a monochromatic X-crossing, and we hay2sk c)-track layout ofG. O

We now show how to reduce the number of edge colours in a track layout, at the expense of increas-
ing the number of tracks. A vertex colouringasyclicif there is no bichromatic cycle; that is, every
cycle receives at least three colours. Bugclic chromatic numbeof a graphG, denoted byxa(G), is
the minimum number of colours in an acyclic vertex colouringof This concept was introduced by
Grinbaum[[35], and has since been widely studied|[3] 4,15, 10, 11, 12,113,114 14] 17,3334, 42, 46]. By
Lemmd ], each 2-track subgraph in an (edge-monochromatic) track layout is a forest of caterpillars. Thus
the underlying vertex colouring is acyclic. Hence,

Xa(G) <tn(G) . 1)

A number of the results in this paper bound the acyclic chromatic number by various ‘geometric’ graph
parameters. Many other variations of the chromatic number (including star chromatic nuber [1, 34, 35]
and oriented chromatic number [43,149] 51]) are bounded by the acyclic chromatic number. Thus our
results also apply to these other types of colourings—we omit the details.

Alon and Marshall([2] proved the following application of acyclic colourings that we will repeatedly
use. Loosely speaking, it says how to transform an edge colouring into a vertex colouring. A vertex
colouringC; is arefinementf a vertex colouring:; if every colour class of; is a subset of some colour
class ofC;.

Lemma 10. [2] Given an edge k-colouring of a graph G, any acyclic c-colouring of G can be refined to a
ck~1-colouring so that the edges between any paifwdrtex colour classes are monochromatic.

The following result, which is implicit in Lemma 5.3 of Dujmavet al. [26], easily follows from
Lemmd10.

Theorem 2. [26]Let G be ak,t)-track graph in which the underlying vertex t-colouring is acyclic. Then
G has track-numbetn (G) < tk!~1.
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The following result is similar to Theorem 2 but without the assumption@tzas an acyclic colouring.
A track layoutT; is arefinemenbf a track layoufT; if every track inT; is a subset of, and has the same
order as, some track ifp.

Theorem 3. Every(k,t)-track layout of a graph G can be refined to (ﬂdge—monochromatja:-4(5)“‘1)—
track layout of G. That is, G has track-numhe(G) < t - 4(2)(t-1).

We will prove Theorem|3 by a series of lemmas. Recall thabasing triplein a track assignment is a
set of three edges, each pair of which forms an X-crossing. The following result is the key idea.

Lemma 11. Every2-track assignment with no crossing triple can be refined t¢eatye-monochromafic
8-track layout, with four tracks arising from each of the two given tracks.

Proof. Let {A,B} be a 2-track assignment of a gra@hwith no crossing triple. We consider each track
to be ordered left-to-right. Construct a p&istarting at the first vertex iA as follows. Ifvis the current
endpoint ofP, choosevw to be the next edge iR, wherew is the rightmost vertex in the track that does
not containv, such thatGUvw has no crossing triple. (Note thetv is not necessarily an edge &f)
Repeat this process untiis the rightmost vertex iB. Then{A, B} is a 2-track assignment &U P with

no crossing triple.

In the construction oP, we can always choose the edge since ifuvis the edge most recently added
to P, then the first vertew to the right ofu satisfies the conditions am(since if{vw e, e,} is a crossing
triple, then{uv,e1, e} is a crossing triple, ov was not chosen rightmost.) This also proves thiplane
(that is, non-self-crossing). Moreovét,is an induced path, as otherwise some verteR imould not be
rightmost.

Claim. Each edge o6 crosses at most one edgeRof

Proof. Assume for the sake of contradiction that an edgef G crosses two edges Bf Thenxy crosses
some 2-edge patlvw € P, such that without loss of generalityc B, v € A, w € B, andu < win B. We
can assume thatis the rightmost vertex in its track that has an incident exigthat crossesivw, and
X<vinAorx<uinB.

Case 1.x € A (see Figur¢]3(a)): Sincew was added t& (andvy was not added t®), there are two
edgespq,rs € E(G) (with p,r € Aandq,s € B), such thaf pg,rs, vy} is a crossing triple. Ipqor rs does
not crossxy, thenx < p<vorx <r <v, in which casepg or rs crossesivwwith p > xorr > x, which
contradicts our choice of Otherwise{paq,rs,xy} is a crossing triple, which is again a contradiction.

Case 2.x € B (see Figuré¢]3(b)): Sincevwas added t® (anduy was not added t®), there are two
edgespq,rs € E(G) (with p,r € Aandq,s € B), such thaf pqg, rs, uy} is a crossing triple. Ipgor rs does
not crosxy thenx < g < u or x < s< u, in which casepqor rs crossesivwwith x < g or x < s, which
contradicts our choice of Otherwise{pq,rs,xy} is a crossing triple, which is again a contradiction.]

Let P = (v1,Wq,V2,Wo,...,\t,W ), Wherevy is the first vertex im, andvy < vo < --- < w in A, andw
is the last vertex i3, andw; < wp < --- < w; in B.

For 1<i<t-—1, letA be the subset oA consisting of the vertices strictly betwegnandv;, 1. Let
A: be the subset oA consisting of the vertices strictly aftey. Let By be the subset d consisting of the
vertices strictly beforev;. For 1<i <t —1, letB; be the subset dB consisting of the vertices strictly
betweernw; andw;, 1.

LetX; ={vi:iodd}, Xo ={vi :i ever}, Xg = U{A :i odd}, andXs = U{A :i evert.
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y
(a) (b)
Fig. 3: lllustration to show that every edge Gfcrosses at most one edgerof

LetY; = {w; :iodd}, Yo = {w; : i ever}, Y3 = U{B; : i odd}, andYs = U{B; : i even}.

Consider each oKy, Xo, X3 and X, to be tracks ordered as f\ Consider each ofy, Y2, Yz andY;, to
be tracks ordered as B Note that every vertex d& is in one of these tracks. We claim that there is no
X-crossing between these tracks.

SinceP is an induced path dBU P, every edge o65[X; U X2,Y1 UY>] is in P. SinceP is non-crossing,
there is no X-crossing between tracksandY; for all o, € {1,2}.

Consider the subgrapl@Xi, Yz UYa] andG[Xz, Yz U Yy]. By the construction oP, G[Xi,Ys UYy] only
has edges;x wherei is odd andk € Bj_1 UB;j_3, andG[Xz, Y3UY4] only has edgegx wherei is even and
X € Bi_1UBj_,. ThusG[X1,Y3UYs] andG[Xy, Y3 U Ys] consist of non-crossing stars rooted at vertiges
of P. Similarly, G[Y1, X3 U X4] andG[Y2, X3 U X4] consist of non-crossing stars rooted at vertioes P.
Thus there is no X-crossing @[X1, Yz UYa], G[X2,Y3U Y], G[Y1,X3 U X4] andG[Y2, Xz U Xq].

Now, assume for the sake of contradiction that two edgeandxy in G[Xs, Y3] form an X-crossing.
Sayv < xin Aandy < win B. Since no edge 06[X3,Ys] crosses two edges &f we havev,x € A
andw,y € B; for somei. Thusv < x < viy1 andw; <y <w. Hence{vw xy,wivi,1} is a crossing triple,
which is a contradiction. It is simple to verify that the same arguments prove that there is no X-crossing
in G[X3, Ya], G[X4,Y3] andG[X4, Ya].

This completes the proof thé&X, Xo, X3, X4, Y1, Y2,Y3,Ys} is the desired 8-track layout @. O

€eXi AICXs €Xo ACXy, €Xi A3CXs €Xp A4CXy €X1 AsCXy €Xo AgCXy

VI —A— V2 —A— V3 — A WV — A V5 — A V6 A
® ® ® ® & & ® ® ® & & & ® ® ® & & &

A

B.® & & ® ® ® ® & & ® ® ® ® & & ® ® ®
wi Y~——~v— wp Y~—~— w3 V—— Wy V—~— w5 Y—— wy
ByCYy €1 BICY; €Y, B,CYy € BiCYs €Y BsCYy €V BsCY3 €bh

Fig. 4: Construction of an 8-track refinement of2 2)-track layout.
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Lemma 12. Every(k,2)-track layout can be refined to a(ledge—monochromatiQA(E) -track layout,
with 4(3) tracks arising from each of the two given tracks.

Proof. Let {A,B} be the tracks and I€iE, Ep, ..., Ex} be the edge colouring in &, 2)-track layout of

a graphG. By Lemm, for each paifi, j} € (), there is an 8-track layoutXy’, Yo' : 1 < a < 4}

of G[E; UE;], where every<;' C AandYy! C B. For each vertex € A, define the vectofXs' : {i, j} €

(4),v e Xg!). For each vertew € B, define the vectotYy! : {i,j} € (%),w e Yg!). Now group the
vertices with a common vector into a track, orderedfgr B accordingly. Since each of the 8-track
layouts is a refinement ¢fA, B}, the order of the vertices within each of the 8-track layouts is preserved.
If two edges colouredform an X-crossing, then the same pair of edges would form an X-crossing in the
(k,2)-track layout ofG. If two edges colouredand j form an X-crossing, then the same edges would
form an X-crossing in the 8-track layout G{E; UE;]. Hence there is no X-crossing. The number tracks

for each ofA andB is 4(5). O

Proof of Theorerp|3Let {V1,V5,...,Vt} be the tracks in &k,t)-track layout ofG. For each vertex €V,
and for every other tracy;, let ¢;(v) be the track containingin the track layout of5)V,,V;| determined

by Lemm, where ¥ @;j(v) < 4(5). For each vertex ¢ V;, define the vector

(I,(pl(V), e 7(9—1(V)a(ﬂ+1(v)7 e 7([)((\/)) :

Group the vertices with a common vector into a track, ordered by the approgriance each track

layout of GM;, V] is a refinement of},V; }, the order of the vertices within each track layouG¥;, Vj]

is preserved. If two edges are between the same pair of tracks, then their endpoints must be from the same
pair of colour classes. Thus there is no X-crossing, as otherwise there would be an X-crossing in the track

layout of someG[V;,Vj]. The total number of tracks ts 4()-1), O

Note that Lemm&-12 can re-stated as follows:

Corollary 2. The vertices of gk,2)-track graph can be coloured WitB~4® colours so that each
bichromatic subgraph is a plane caterpillar; that is, each bichromatic subgraph has no X-crossing.

Theorenj B and (1) imply:
Corollary 3. Acyclic chromatic number is bounded by track-number. In particular, eyiety-track
graph G has acyclic chromatic numbes(G) < t - 4(2)t-1) O
Note that the converse of CoroII 3is not true. Kétbe the graph obtained from the complete graph
Ky by subdividing every edge twice. Colour each original verteXgfed, and colour the two division
vertices of each edge blue and green. Clearly there is no bichromatic cyclexd(Ks = 3 forn > 3.

However, K/ has track-numbetn (K/) € Q(n*4) [29]. Thus track-number is not bounded by acyclic
chromatic number.
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5 Stack and Queue Layouts

Let o be a vertex ordering of a grafih Let L(e) andR(e) denote the endpoints of each edge E(G)
such that.(e) <4 R(e). Consider two edges f € E(G) with no common endpoint such that without loss
of generalityl(e) <g L(f). If L(e) <¢ L(f) <¢ R(€) <¢ R(f) theneand f cross If L(e) < L(f) <¢
R(f) <¢ R(e) theneandf nest andf is nested inside.e

A stack(respectivelygueu@ in o is a set of edges no two of which cross (nestyirA k-stack(queu¢
layoutof G consists of a vertex ordering of G and a partition{E; : 1 < ¢ < k} of E(G), such that each
E/ is a stack (queue) ig. A graph admitting &-stack (queue) layout is calledkastack(queug graph
The stack-numbefqueue-numbérof a graphG, denoted byn(G) (gn(G)), is the minimurk such that
G is ak-stack k-queue) graph. Note that stack-number is also calbgke-numbeandbook-thicknesm
the literature.

Bernhart and Kainen [6] observed that the 1-stack graphs are precisely the outerplanar graphs, and that
2-stack graphs are characterised as the subgraphs of planar Hamiltonian graphs. Heath and Rosenberg
[40] characterised 1-queue graphs as the ‘arched levelled planar’ graphs. See our companionlpaper [27]
for other results and numerous references related to stack and queue layouts.

The following lemma highlights the fundamental relationship between track layouts, and queue and
stack layouts. Its proof follows immediately from the definitions, and is illustrated in Higurels=fat.

Lemma 13. Let{A, B} be a track assignment of a bipartite graph G. Then the following are equivalent:
(a) {A B} admits a(k, 2)-track layout of G,
(b) the vertex orderingA, B) admits a k-queue layout of G, and
(c) the vertex orderingA, E) admits a k-stack layout of G,

where B denotes the reverse vertex ordering of B. O

(a) (b) (©)

Fig. 5: Layouts of a caterpillar: (a) 2-track, (b) 1-queue, (c) 1-stack.

Lemmd 138 implies that &, 2)-track layout can be thought of akastack layout of a bipartite graph in
which the two colour classes are ‘separated’ in the ordering. In Corfllary 2 we proved that the vertices of
k
(k,2)-track layout can be coloured with 2(2) colours so that each bichromatic subgraph is crossing-free.
This result can be generalised as follows.

Theorem 4. Every k-stack graph has a vert@O(g)—colouring so that each bichromatic subgraph is
contained in a single stack, and is thus crossing-free and outerplanar.
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Proof. Every 2-stack graph is planarl[6], and thus has an acyclic 5-colouring [10]. By L¢mma 10 using
the stack assignment as an edge 2-colouring, every 2-stack graph has a vertex colourin@ivitt86
colours, so that the edges of each bichromatic subgraph are in a single stack.

Now suppose thab is ak-stack graph. LefE;,Ey,...,Ex} be the stacks. For each pditj} € (“5]),
there is a vertex 80-colouring GfE; UE;], such that the edges in each bichromatic subgraph are contained
in a single stack. Lep j(v) € {1,2,...,80} be the colour assigned to each vereedNow colourv by the
vectorg(v) = (@;(v) : {i,j} € (¥)).

Suppose there are two edgasandxyin some bichromatic subgraph @fandvwandxyare in distinct
stacksE; andE;. Without loss of generalityp(v) = @(x) and@(w) = ¢@(y). Thus@ j(v) = @ j(x) and
@ j(w) =@ j(y). Hence in the vertex 80-colouring G[E; UE;], there is a bichromatic subgraph with
two edges in distinct stacks, which is a contradiction. Thus each bichromatic subgrahauntained

in a single stack. The number of colours i<80 O

Theorem 5. Acyclic chromatic number is bounded by stack-number. In particular, every k-stack graph G
has acyclic chromatic numbeg,(G) < 8021,

Proof. The edges of an outerplanar graph can be partitioned into two acyclic subdraphs [45( fasis
a X-stack layout in which each stack is acyclic. The result follows from Thepiem 4. O

Note that the converse of Theor€in 5 is not true. Blankenship and Oporowski [7, 8, 9] proved that the
stack-number oK{/ is unbounded, buta(K}) = 3 for n > 3 (see Sectioh|4). Thus stack-number is not
bounded by acyclic chromatic number.

5.1 Queue and Track Layouts

Consider how to convert a track layout into a queue layout. The following lemma was proved by Daijmovi
et al.[26] for k = 1, and witht = 2 is nothing more than Lemnia[13(b).

Lemma 14. Queue-number is bounded by track-number. In particular, eykr)-track graph with
maximum span &<t — 1) has a ks-queue layout.

Proof. Let {V; : 1 <i <t} be a(k,t)-track layout of a grapis with maximum spars and edge colouring
{E;: 1< /¢ <Kk}. Leto be the vertex ordering/1, V2, ..., \t) of G. LetE, o be the set of edges By with
spana in the given track layout. Two edges from the same pair of tracks are nestgfiand only if they
form an X-crossing in the track layout. Since no two edge iform an X-crossing in the track layout,
no two edges i, and between the same pair of tracks are nested ifitwo edges not from the same
pair of tracks have the same span then they are not nestedTitis idea is due to Heath and Rosenberg
[40].) Thus no two edges are nested in ekgh, and we have &s-queue layout 0. O

While the relationship between stack and track layouts is not as pronounced as that between queue and
track layouts, Lemmafg 9 ahd]13 imply the following analogous result to Lg§mina 14 for stack layouts of
bipartite graphs.

Lemma 15. Stack-number is bounded by track-number for bipartite graphs. In particular, every bipartite
(k,t)-track graph with maximum span(s. t — 1) has a2ks-stack layout. O

Now consider how to convert a vertex ordering into a track layout. The proof of the next result follows
immediately from the definitions, and is illustrated in Figre 6.
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Lemma 16. Let o be a vertex ordering of a graph G. L€V, : 1 <i < c} be a vertex colouring of
G. Forall1<i,j <c, apair of edges vy € E(G]V,,V;]) form an X-crossing in the track assignment
{(Mi,0):1<i<c}ifand only if:

e vw and xy are nested im (Figureq 6(a)-(b))or

e vw and xy cross i with v<g y <g W <¢ X, and yx € Vi and wy € V; (Figure[6(e)) O
U I I
(a) (b) ©
4 4 I
(d) (e) ()

Fig. 6: From a linear layout to a track layout: (a)-(b) nested, (c)-(d) disjoint, (e)-(f) crossing.

Consider a vertex ordering = (v1,Vo,...,Vn) Of a graphG. For each edgev; € E(G), let thewidth
of vivj in o beli — j|. Theband-widthof o is the maximum width of an edge &fin 0. Theband-width
of G, denoted byw(G), is the minimum band-width of a vertex ordering®f

Lemma 17. Every graph G with band-widtbw(G) has track-numbein (G) < bw(G) + 1.

Proof. Leta = (vp,Vi,...,Vn_1) be a vertex ordering @ with band-widthb = bw(G). For each &< £ <h,
letV, ={vi:i=¢mod(b+1)}. Notonly is{V, : 0 < ¢ < b} avertex colouring of5, but for every edge
vw, if there is a vertex with v <g X <5 w, then all three vertices are in distinct colour classes. Thus, it
follows from Lemmad 1p that with eadly ordered byo, there is no X-crossing. O

Note that Lemm@ 17 is in fact weaker than the bound due to Dufirehal. [26] that track-number is
at most one more than the path-width. However, we consider that this particularly simple proof deserves
mention. The following observation is implicit in Lemma 5.3 of Dujmoet al. [26].

Lemma 18. For every vertex colouringVi : 1 <i < c} of a g-queue graph G, there is(&q, c)-track
layout of G with trackgVi : 1 <i < c}.
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Proof. Let ¢ be the vertex ordering in @queue layout o5 with queues(E, : 1 < ¢ < q}. Let{(M,0):
1 <i <c} be ac-track assignment db, and for each K ¢ < q, let

E, = {WWeE/:veV,weV,,i< j,v<ow}, and
E/ ={weE/ :veVi,weV,i<jw<sV} .

By Lemm, an X-crossing in the track assignment between edges both fronEs¢oreboth from
someE/) implies that these edges are nestedl.iSince no two edges i, are nested iw, the se{E),E/' :
1 < ¢ < g} defines an edgecolouring with no monochromatic X-crossing in the track assignment. Thus
we have g2q, c)-track layout ofG. O

Lemmd 18 is similar to a result by Pemmaraju [48] which says that a queue layout can be ‘separated’ by
a vertex colouring, although the proof by Pemmaraju, which is based on the characterisation of 1-queue
graphs as ‘arched levelled planar’, is much longer. Pemmaraju [48] used separated queue layouts to prove
the next result, which follows from Lemmdia]13 &ndl 18.

Theorem 6. [48]Stack-number is bounded by queue-number for bipartite graphs. In partisal@,) <
2qgn(G) for every bipartite graph G. O

The2-track thicknessf a bipartite graplt is the minimumk such thatG has a(k, 2)-track layout (see
[29]). Lemmata IB and 18 imply:
Theorem 7. Queue-number and 2-track thickness are tied for bipartite graphs. In particular, for every

bipartite graph G, ifqgn(G) < k then G has 42k, 2)-track layout, and if G has &k, 2)-track layout then
gn(G) <k. O

In our companion paper [27], we prove that evergueue graph isgtcolourable. Thus Lemnja L8
implies:

Corollary 4. Every g-queue graph has(&q, 4q)-track layout. O
The next corollary of Theorefr] 2 and Lemfng 18 is by Dujraaitial. [26].

Corollary 5. [26] Every g-queue graph G with acyclic chromatic numigfG) < c has track-number
tn(G) < c(2g)° L. O

NeSefil and Ossona de Mendez [46] proved that every proper minor-closed graph family has bounded
acyclic chromatic number. Thus Corolldry 5 implies that for every proper minor-closed graph family,
track-number is bounded by queue-number [26]. However, this does not imply that track-number is
bounded by queue-number fall graphs. For example, in our companion paper [29] we prove that
there are 2-queue graphs with unbounded clique minors, for which we cannot apply the resgkkbf Ne
and Ossona de Mendez [46]. By Theorgm 3 and Coroflary 4, we have the following result which is
qualitatively stronger than Corollafy 5.

Theorem 8. Track-number is bounded by queue-number. In particular, every graph G with queue-number

gn(G) < g has track-numbetn (G) < 4q- 49(2a-1(4a-1), O
Theorenj 8 and {1) imply:

Corollary 6. Acyclic chromatic number is bounded by queue-number. In particular, every graph G with

queue-numbenn(G) < q has acyclic chromatic numbgg(G) < 4q- 49(2a-1)(4a-1), O
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Again the converse of Corollaﬂ 6 is not true. In particutprtK/) € Q(nY/4) [29], butxa(K) = 3 for
n > 3 (see Section|4). Thus queue-number is not bounded by acyclic chromatic number.
Lemmd I and Corollafy] 6 imply:
Theorem 9. Every g-queue graph has (@q- 4924-1(4a-1) 4%V -1_0516uring in which each
bichromatic subgraph is contained in a single queue, and is taiched-levellediplanar. O
Theoren| B and Lemnfa [L4 prove the following result, which is one of the main contributions of the
paper.
Theorem 10. Queue-number and track-number are tied. O

5.2 1-Queue Graphs

In the case of 1-queue graphs, much improved bounds can be obtained. Di Giacomo and Meijer [23]
proved that every 1-queue graph has a 5-track layout, and that there exists a 1-queue graph with track-
number at least 4. We now prove that the lower bound is the right answer.

Theorem 11. Everyl-queue graph has &2, 3)-track layout and a-track layout.

To prove Theorem 11 we will use the following characterisation of 1-queue graphs that may be of
independent interest. It is similar but not the same as the characterisation in terms of ‘arched levelled
planar graphs due to Heath and Rosenberg [40].

Lemma 19. A graph G has al-queue layout if and only if G has a track layodd; : 1 <i <t} with
maximum span two, such that for every edgesvis(G) that has span tw@v € Vi, w € Vi, 2), w is the first
vertex in V¥, 2, and there is no edge xyE(G) with v<; x €V and y&€ Vi;1.

Proof. Suppose thal = {V; : 1 <i <t} is a track layout of a grapl® that satisfies the conditions of
the lemma. Leb be the vertex orderingvi,Vs,...,Vt). Suppose that there is an edgenested inside
another edgew in 0. Without loss of generalityy <¢ X <g Yy < W. By the proof of Lemmé 14, edges
that have the same spaninare not nested io. Thus the span ofy is one, and the span efvis two.
Hencev €V, andw € V;,» for some 1< i <t — 2. By assumptiony is the first vertex in its track. Thus
x €V, andy € Viy1. But this contradicts the assumption abdutThus no two edges are nesteddinand
we have a 1-queue layout Gf

Now suppose that is the vertex ordering in a 1-queue layout of a gr&hPartition the vertices into
non-empty independent s&tg, Vo, ...\t such thaio = (V1,Vs,...,\t), and for all 2<i <t, there exists
an edge from the first vertex M to some vertex itv,_1. Such a partition can be computed greedily as
follows. First letV; be the largest independent set at the stact. ofhen for alli = 2,3, ... ,t, letV; be the
largest independent set starting with the vertex immediately after the last veNgx inWe claim that
T ={(V;,0):1<i <t} isthe desired track layout.

Sinceo has no nested edges, by Lemma T6s a track layout (with no X-crossing). For al> 3,
there is no edge in ang[M, Vi g|, as otherwise it would be nestedarwith the edge from the first vertex
in Vi1» to some vertex iV, 1. Thus the track layout has span at most two. If an edgéas span two
with v e V; andw € Vi, thenw is the first vertex invi,», as otherwisevw would be nested with the
edge between the first vertexVf., and some vertex ik 1. Moreover, there is no edge € E(G) with
v <jX €V andy € Vi1, as otherwisexy would be nested insidew in o. O
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Proof of Theorerp Jl1Let Ty = {V, : i > 0} be the track layout oG from Lemm. Sincd; has
maximum span at most tw@ has a(2,3)-track layout and a 5-track layout by Lemina 7. Oet=
{Wo, W1, W, W5} be the track assignment obtained by wrapgipgrodulo four; that is, foij € {0,1,2,3},

ij = (Vjvvj+4avj+8v“') :

An edge that has span oneTi has span one or three Ta. An edge that has span two T has span
two in To. Suppose for the sake of contradiction that two edgeandxy form an X-crossing iff,. As in
Lemmd%, two edges that have span on&irdo not form an X-crossing ifi,. Two edges, one with span
one and the other with span twoTa do not form an X-crossing ifi;, as they have different spansTp
Thusvw andxy both have span two if;. Thus, by the above observation and without loss of generality,
v is the first vertex in som¥; andx is the first vertex in som¥; with i < j. Moreover,j > i+ 2 sincev,

w, X andy belong to two tracks of,. Thus eithely € V, such tha¥ > i ory € i andy > v. In either case,

as in Lemmépyw andxy do not form an X-crossing ifip, which is a contradiction, as desired. O

Theorenj Il and{1) imply:
Corollary 7. Everyl-queue graph G has acyclic chromatic numigg(G) < 4. O

6 Geometric Thickness

The geometric thicknessf a graphG, denoted byd(G), is the minimum number of colours such ti@t

can be drawn in the plane with edges as coloured straight-line segments, and monochromatic edges do not
cross[24| 30, 41]. Stack-number (when viewed as book-thickness) is equivalent to geometric thickness
with the additional requirement that the vertices are in convex position [6]. Bis< sn(G) for every

graphG. While it is an open problem whether stack number is bounded by track-number or by queue-
number (see our companion paperi[29]), we prove the weaker results that geometric thickness is bounded
by track-number, and geometric thickness is bounded by queue-number.

Theorem 12. Geometric thickness is bounded by track-number. In particular, eflety-track graph G
has geometric thickne€§G) < k[5][5].

Proof. Let p >t be a prime. Position th@th vertex in the-th track at(i, pj -+ (i mod p)). Wood [53
proved that in this layout no three vertices are collinear, unless all three are in a single track. Since a
track is an independent set, the only vertices that an edge intersects are its own endpoints. The vertices
in each track are positioned on a line parallel toYhaxis, in the order defined by the track layout. Thus
monochromatic edges between any pair of tracks do not cross. If we let each pair of tracks use a distinct
palette ofk edge colours, then we obtain a drawing@®With k(;) edge colours, such that monochromatic
edges do not cross. That B(G) < k(5).

This bound can be improved by partitioning the pairs of tracks into sets that can use the same palette of
colours. This amounts to edge-colouring the complete gikaptith a fixed vertex orderingva, vo, ..., ),
so that overlapping edges receive distinct colours. To this end, define a partial ofgl@€;9ms follows.
For all edgesyv; andvaw, (With | < j anda < b), letvivj < vaw if j < a. Clearly < is a partial order
on E(K;), such that distinct edges are overlapping if and only if they are incomparable ghdBy
Dilworth’s Theorem|[[25], there is a partition &f(K;) into r sets, each pairwise non-overlapping, where
is the size of the largest set of pairwise overlapping edges. Clearliy5]| 5 |. For each such set, assign



Track Layouts of Graphs 515

a distinct palette ok colours to the edges between pairs of tracks corresponding to edgemadhis set.

In total we havekr edge colours, anfl(G) < kr =k[5][5]. O
Theorenj IP and Lemnjafl8 imply:
Corollary 8. Every g-queue c-colourable graph G has geometric thickB&8$ < 29[5115)- O

Theorenj IR and Corollafy 4 imply:

Corollary 9. Geometric thickness is bounded by queue-number. In particular, every graph G has geo-
metric thicknes§(G) < 8qn(G)°. O

Note that queue-number is not bounded by geometric thickness. For example, thig@ghined
from K, by subdividing every edge once has geometric thickness[two [31] but has queue-r@iymgr
[29]. Similarly, acyclic chromatic number is not bounded by geometric thickness, gificg) € ©(,/n)
[52]. In fact, in Lemm4 20 below we prove a stronger result that provides a counterpoint to Thgprems 4
and?9.

Let G be a graph with a straight line drawing in the plane with the vertices in convex position. Suppose
that there is &-colouring of the edges so that monochromatic edges do not cross. Then Théorem 4 implies

G has a vertex colouring with 80 colours so that each bichromatic subgraph is plane (that is, no two
edges cross). Theorgm 9 gives a similar resultkfqueue graphs. This type of result does not extend
to the case of graphs with geometric thicknéss 2. Again our example i«/, which has geometric
thickness two[[3[1].

Lemma 20. For every ce N there is an ne N, such that in every vertex c-colouring of, khere is a
bichromatic subgraph that is not planar.

To prove Lemma 40 we need the following lemma.

Lemma 21. Let {V; : 1 <i < c} be a vertex vertex c-colouring of a graph G such that each bichro-
matic subgraph @4,V;] has acyclic chromatic number at most k. Then G has acyclic chromatic number
Xa(G) < c-ke L,

Proof. For each vertew € V; and for all j # i, let @j(v) be the colour assigned tin an acyclick-
colouring of G|V;,V;]. Colourv by the vectorg(v) = (i;@1(V),...,@-1(V),@41(V),...,&(v)). If Cis
a bichromatic cycle between colour clas$gy, ..., Ai—1,Ait1,...,Ac) and (j;ya,...,Yj-1,Yj+1,---»Ye)
thenC is a bichromatic cycle between colour clasdgsindy; in the acyclic colouring oGV, V;j]. Thus
@is an acyclic colouring o6s. The number of colours is- k¢ 1. O

Proof of Lemm@ 20 Suppose on the contrary that there is @ N such that everK;, has a vertex-
colouring in which every bichromatic subgraph is planar. By Lerinja 21 and since planar graphs have
acyclic 5-colourings[[10], everK/ has ac- 5 *-acyclic colouring. However, the acyclic chromatic
number oK}, is Q(/n) [52]. Thus we obtain a contradiction for sufficiently lange O
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7 Planar Graphs

Whether planar graphs have bounded track-number is probably the most important open problem in the
field. A crossing-free drawing of a graph in the plane in which all the vertices are on the boundary of the
outerface is calleduterplanar A graph isouterplanarif it has an outerplanar drawing. In this section

we prove bounds on the track-number of outerplanar graphs, and prove the best known lower bound on
the track-number of planar graphs.

Lemma 22. Every outerplanar graph has %track layout.

Proof. We proceed by induction amwith the following hypothesis: Every maximal outerplanar gré&ph
onn > 2 vertices has a straight-line outerplanar drawing (in which the coordinates of eachwartex
denoted by X(v),Y(v))) such that:

e Y(v) € Z for every vertex € V(G),
o |Y(V)—Y(W)| € {1,2} for every edgerw € E(G),

o the boundary of the drawing is a strictly monotone polygon; that is, every vertical line intersects the
boundary in at most two places.

The result will follow since this drawing obviously defines a track layouGokith span two, which
can be wrapped onto five tracks by Lemina 7(b). The basis of the inductiomwitR is trivial. Every
maximal outerplanar graph an> 3 vertices has a vertexthat is adjacent to exactly two verticasnd
w, such thauw is an edge on the boundary. L8t = G\v. ThenG' is also maximal outerplanar. By
induction,G’ has the desired drawing. Thper envelopef the drawing is the portion of the boundary
that is visible from(0, +), and thelower envelopef the drawing is the portion of the boundary that is
visible from (0, —). By the third invariant, every edge that is on the boundary of the drawing is on the
upper or lower envelope. Without loss of generaity) < Y(w). As illustrated in Figurg]7, positionin
the drawing ofG’ as follows. (For an edge on both envelopes we can use either rule.)

Case (a)uwis on the upper envelope agw) = Y (u) + 1: Positionv at (X (w) + $X(u),Y(w) + 1).
Case (b)uwis on the upper envelope algw) = Y (u) + 2: Positionv at (%X(u) + %X(w),Y(u) +1).
Case (c)uwis on the lower envelope ant{w) = Y (u) + 1: Positionv at (3X(u) + X (w),Y (u) — 1)

Case (d)uwis on the lower envelope ant{w) =Y (u) +2: Positionv at (3X(w) + 1X(u),Y (u) +1).
Draw the edgesuandvw straight. It is simple to check that the invariants are maintained. O

We now consider lower bounds on the track-number of outerplanar and planar graphs.
Lemma 23. There is an outerplanar graph H with track-numhe(H) > 4.

Proof. Let Hy,Hp,...,Hs be copies oKz. Nominate a vertew; of eachH;. ConstructH by adding an
additional vertex adjacent to eacl;. ClearlyH is outerplanar. Suppose thatH) < 3. Without loss of
generalityvis in track 1. Thugwi,w», w3, Ws,Ws} are in tracks 2 and 3. Hence there are thweeertices
in a single track. Without loss of generality; < w, < ws in track 2. One vertex of Hy is in track 1,
sinceH, = K3. But this implies thatv,x forms an X-crossing withwiv or wav. Hencetn(H) > 4. O

Whether every outerplanar graph has a 4-track layout is an interesting open problem. We conjecture
that a large enough outerplanar graph whose weak dual is the ‘cubic’ tree has track-number 5.
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Fig. 7: Construction of a track layout of an outerplanar graph in Lefnma 22.

Lemma 24. For every outerplanar graph H, there is a planar graph G with track-numipé) >
tn(H)+3.

Proof. We constructG incrementally. Start with an edgavs. Lett =tn(H) andn=2t+1. Addn
new vertices{wy,Wo, ..., Wy} each adjacent to both andv,. LetH;,Ho, ..., H, be copies oH. For all
1< j <n, add an edge betweer) and every vertex dflj. As illustrated in FigurE]éI; is planar. Suppose
thatG has a{(+ 2)-track layout. Without loss of generality, is in tracki. Thus{wy,w,,...,w,} are in
tracks{3,4,...,t +2}. Hence there are threg; vertices in a single track. Without loss of generality,
w1 < Wp < Ws in track 3. No vertex of H is in track 1 or 2, as otherwisew, would form an X-crossing
with one of{viwi,viws, vowq, vows}. No vertexx of Hy is in track 3, sincex andw, are adjacent, and,

is in track 3. Thus all the vertices &f, are in tracks{4,5, ...t + 2}, implyingtn(H) <t —1, which is a
contradiction. Therefors(G) >t+ 3. O

Vi
V2

Fig. 8: The graphG in Lemmd 2.

Lemmatg 2B and 24 imply:
Theorem 13. There is a planar graph G with track-numberG) > 7. O
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The best previous lower bound for the track-number of a planar graph was six due to Giuseppe Liotta
and the third author [unpublished].

Corollary 10. There is a planar graph with ‘improper track-number’ at ledst

Proof. LetG be the planar graph from Theorénj 13. Gétbe the graph obtained fro@ by the following
construction. For each edgev of G, add six new vertices t6', each adjacent teandw. ClearlyG' is
planar. Dujmowvt et al.[26] proved that ifG' has an improper 6-track layout, th€rhas a (proper) 6-track
layout. ThusG' has no improper 6-track layout by Theor@ 13. O

8 Computational Complexity

We conclude with some open problems regarding the computational complexity of determining whether
a given graph admits a particular type of track layout. Note that there is a simple linear time algorithm
to recognise 2-track graphs. IsAfP-complete to recognisg, 2)-track graphs? Is if\’P-complete to
recognise 3-track graphs? Given a vertex ordedraf a graphG, is it ALP-complete to test if5 has a
3-colouring{V1,V»,V3} such that{ (V1,0), (V»2,0), (V3,0)} is a track layout?
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