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Recently, Green and Losonczy [5, 6] introdudeskly braidedpermutations as a special class of restricted permuta-

tions that has arisen in the study of Schubert varieties. They suggest as an open problem to enumerate the number
of freely braided permutations i8,. In this paper, we prove that the generating function for the number of freely
braided permutations i, is given by

1—3x— 2%+ (1+x)v/1—4x
1—4x—x24 (1—x2)y/1—4x’
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1 Introduction

Leta € §, andt € & be two permutations. Them containst if there exists a subsequencelli; <
i2 < --- <ix < nsuch that(aj,, ..., ) is order-isomorphic ta; in such a context is usually called a
pattern a avoidst, or isT-avoiding if o does not contain such a subsequence. The set ofalbiding
permutations ir§, is denoted by5,(1). For a collection of pattern§, a avoids Tif a avoids allt € T;
the corresponding subset &f is denoted by&,(T).

One important and often difficult problem in the study of restricted permutations is the enumeration
problem: given a set of permutations, enumerate the &tT) consisting of those permutations in
S, which avoid every element of. The first systematic study was not undertaken until 1985, when
Simion and Schmidi[15] solved the enumeration problem for eVefyS;. More recent work on various
instances of the enumeration problem may be foundlin([1], 2], 3], [4], [ 7], [8], [2], [10], [11], [12], [13],

[14] and the references therein, [16], [17],[18].[19], and [20].

Recently, a special class of restricted permutations has arisen in the study of Schubert varieties. Green
and Losonczy[[5] defined, for any simply laced Coxeter group, a subset of “freely braided elements” (for
details, se€ [5] and [6]), and they suggest as an open problem to enumerate the number of freely-braided
permutations irg,.
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Definition 1.1. A permutation is said to befreely-braidedif and only if it avoids each of the four
patterns1234 1243 1324 and2134 We denote the set of all freely-braided permutations,if\s7,,
i.e., In = $(1234 12431324 2134).

Remark 1.2. In [5], a permutationttis "freely braided” if and only ifrtavoids each of the four patterns
4321, 3421, 4231, and4312 Note, however, that a permutatioravoids these four patterns if and only if
r(m) avoids each of the four patteri®34 1243 1324 and2134 where r: TqT. .. Th — Th...TkTy. SO,
foralln >0,

#5,(1234 124313242134 = #S,(4321,4231 4312 3421).

In this paper we give a complete answer for the number of freely-braided permutatifnsline main
result of this paper can be formulated as follows.

Theorem 1.3. The generating function for the number of freely-braided permutatiorfs is given by

1-3x— 2+ (1+Xx)v1—4x 1
1—4x—x2+ (1—x)/1—4x 1—4x—x?

(1—3x—x2 4+ x> = x3(1+x)°C(x)),

where Gx) = 4= is the generating function for the Catalan numbg@s = -1; (7).
The proof of the above theorem is presented in Seflion 2.

2 Proof Theorem
Givenby,by,..., by € N, we define
fa(ba, by, ... ,bm) =#H{TT=TuT...THh € Fn | TUTR... Thn = b1by... by}

It is natural to extend, to the casen= 0 by settingf,(&) = f, = #%,. The following properties of the
numbersf,(bs,...,by) can be deduced easily from the definitions.

Lemma 2.1.

(1) Letm>1andn—-2>b; >by>--->by>1 Then, forallp,+1<j<n-2,
fa(by,...,bm, j) =0.

(2) Letm>2andn—2>b; >by>--->by>1 Then, forallp,+1<j<n-1,
fa(by,...,bm,j) =0.

(3) Letm>l1landn—2>hby >by>--->by>1 Then

fa(b1,...,bm,n) = fr_1(bg,...,bm).
(4) Letm>1andn—2>b; >by>--->by>1 Then

fa(n, by, bm) = fa(N—1,by, ..., bm) = fo_1(bs,...,bm).
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(5) Letm>1andn—1>b;>by>--->by>1 Then
fn(b]_, n, ey bm) == fnfl(b]_, ey bm)

Proof. For (1), observe that ift€ S, is such thatt ... TinTin:1 = by ... bnj, then the entrieby, j, n—1,
n give an occurrence of the pattern 1234 or 1248.in

For (3), observe that ifte S, is such that . .. TinTin; 1 = b1...bmj, then either the entridsy_1, b,
n— 1, n give an occurrence of the pattern 2134nir the entriedn, j, n— 1, n give an occurrence of
1234 or 1243 int.

For (3), observe that ift€ S, is such thaft ... TinTiny 1 = by ... bmn, wheren—2>by > --- > by > 1,
then no occurrence of the patterns 1234, 1243, 1324, 2184an involve the entryg,, 1 = n. Hence,
there is a bijection between the set of permutatimms#, with 14 . . . Tt Ty 1 = b1 ... byn and the set of
permutation® € F,_1 such thaoy...on=Db;y...bm.

Using similar arguments as in the proof of (3) we get that (4) ghd (5) hold. O

Next we introduce object&y(n), Bym(n) andCry(n) which organize suitably the information about the
numbersf,(by, by, ...,by) and play an important role in the proof of the main result.

Definition 2.2. For1 < m< n set

Am(n) = z fn(bl,bz,...,bm),
n—2>by>by>-->bm>1

Bm(n) = ) fa(b1,n—1,bp,bs,...,bym), and
n—2>by>by>-->byn>1

Cm(n) - z fn(bl,bz,...7bm).

n—1>by>by>-->bp>1

As before, this definition is extended to
the case m= 0 by setting A(n) = Co(n) = f, and By(n) = 0.

In the following two subsections we derive expressiong¥gfn) andB; (n), which are used in subsec-
tion[2.3 to complete the proof of Theor¢m|1.3.

2.1 Arecurrence for the fj, also involving By(n)
In the following result we derive an expression fgi(n).
Proposition 2.3.

(1) Foralln>2,
Al(n) = fn - 2fnfl.

(2) Foralln> 3,

Ao(n) = fn—3f_1+ fr2 — B1(n).
(3) Forall2<m<n-2,
Am(n) = Ams1(n) +An(n—1)+---+Ag(n—1—m).
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Proof. For (1), Definitior{ 2.P forA1 (n) gives that

n-2
AN = T fa(by) = fo— fa(n—1) — fn(n).
b1=1

Observe that ift€ S, is such thaty = n— 1 or Ty = n, then no occurrence of the patterns 1234, 1243,
1324, 2134 intcan involve the entryr. So we get that the number of permutationginstarting withn
(resp.n—1)is f,_1. Hence A1 (n) = f, — 2f,_1, as claimed inml).

For (2), Definitior] 2.2 forA;(n) andAx(n) gives that

n-2 n
Ar(n) = Ax(n) + blz=1b2=%1+1 fn(bg,by).
Using Lemma4 21, part§](1) ar[d (5), and Definifior] 2.2 we obtain that
Al(n) = Az(n) + Bl(n) —|—A1(n — l) + fn_l(n — 2).
Hence, by using the proof df|(1) and Definitjon]2.2 we get the desired result.
For (3), let 2< m < n— 2. Definition[2.2 yields

Am(n) = Amy1(n) + fn(by,...,bm, ).

n
n—22b1>b2>~~~>bm21j=;m+1

Using Lemma 21, part§](2) ar[d (3), we have

Am(n) :Am+1(n)+ z fn(blvb27---7bma n)
n—2>by>by>-->bp>1
= Amt1(n) + > fa-1(b1, b2, ..., bm)

n—2>by>by>-->bm>1

— Ami1(n) +Cm(n—1).
Definition[2.2 and Lemmia 2.[|(4) give

Cm(n) :Am<n)+n—2>b §-~>b - fn(n_1» b27"'abm)
=An(M+ Y faa(bp....bm) (2.1)

n—2>by>-->bm>1

= Am(n) +Cm-1(n—1).
Hence, by induction omtogether with[(IL) we get the desired result. O

We next find an explicit expression f8(n) in terms ofAg(n) = f,, A1(n) andAx(n).
Theorem 2.4. Foralln>5and2<m<n-2,

Aol = 3 (1) (m‘jl‘j)Azm— -3 ) (m‘f" j)<A1<n—2—j>+Ao<n—3— i),

with the usual convention th¢f) = 0ifa < b ora<O0.
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Proof. Form= 2 we have thaf\;(n) = Az(n), so the theorem holds. Assume the theorenmi@nd all
appropriaten, and let us prove the equality far+ 1. Using Propositioh 2]B[3) we get that

i) = An() = 5 A1 =1-1),

and by the induction hypothesis, we arrive at

Am;1(n) | _
_lgo( nimy N Ag(n J')—Jgo(—l)l(m_f_J)(Al(n—Z—j)+A0(n_3_j))
_igojgo(_l)j (miliilij)Az(n_ 1-i-j)
+35 2 DI (A (n—3—i— ) +Ag(n—4—i— )
:jgo(_l)j(mfilfj)/*z(n—J)—jgo(—l)'(m Sh(A(n—2—])+Ao(n—3—1]))

- (_io(_l)i(mili)Az(n_ 1-]) _éo(_l)i(m*?*i)(Alm_s_ )+ Ao(n—4— j))) .

Using the familiar identity() — (7) +---+(=1)9(§) = (—1)q(pal) we obtain that

Ania() = 3 (<D™ T)Aeln—) = 5 (=D (") (Aa(n—2= )+ Ao(n—3- 1))
_Jéo(_l)j(m]z*j)A e(n=1-)+ 3 (- 1)) (™) (A(n—3— ) + Ao(n— 4 ),

and by using the identity?) = (pal) + (gj) we get that

Ana() = 3 (=1} (") A(n— )= 3 (DI (") (Ag(n—2—}) +Ao(n—3—})).

j=0 j=0
Hence, by induction omwe get the desired result. O

Using Theorerp 2]4 faom= n— 2, together with Propositidn 2.3, paift$ (1) ahl (2), Apcx(n) =1 (see
Definition[2.2) we get the main result of this subsection.

Theorem 2.5. For alln > 5,
n—3

J;(—1)1( —j—i>(fn j—3fn 1 j+fnoj— 1+Z] (n 5_J>(fn—2—j—fn—3_]‘).

2.2 A recursive formula for B1(n)

We next we find a recurrence f84(n) in terms off,.
Proposition 2.6. We have

Bi(n) =Co(n—2)+Cy(n—=2)+---+Ch_2(n—2) foralln > 3.
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Bi(n)—Bi(n—1) =As(n—2)+A1(N—2)+---+An_a(n—2) foralln > 4.
Proof. For (2.6), by Definitiof 22 we get that
Bi(n) = fo(n—2,n—1) + % fa(by,n—1).
n-3>b;>1

Observe that if a permutatione S, is such thaty = n— 2 andm = n— 1, then no occurrence of the
patterns 1234, 1243, 1324, 2134 can involve either the entry or the entryn. Thus,f,(n—2,n—1) =
fn_2 = Co(n—2), and for alin > 3, By(n) = Co(n—2) 4 L1(n), where we define

Lm(n) = z fa(b1,n—1,by,...,by) form>1.
n—3>by>-->bm>1

Using Lemma4 2]1, partf](1) ar{d (2), we get that
Lm(n) = Lm+]_(n)+ Z fn(bl,n_lvaa"'7bmvn)v

n—3>hy 5= >bm>1
and by Lemma@ 2]1, parts|(3) arid (5), together with Definitioh 2.2 we arrive at
Lm(n) = Lmt1(n) +Cm(n—2)
for all m> 1. Hence, by induction om together with the fact thdt,_1(n) = 0 we have
B1(n) =Co(N—2)+Cy(n—2) +---+Ch-2(n—2),

as claimed.
For (2.6), using Equatiof (2.1) together with (2.6) &gn) = A,_1(n) = 0 (see Definitioh 2]2) we get
the desired result. O

Theorem 2.7. For alln > 4,
Bl(n) — Bl(n— 2) = fho1—2f o+ fros

—jgo(—l)j (") Aa(n—1- j)+j§0(—1)i (") (Aa(n=3= ) +Ag(n—4- ).

Proof. It is easy to check that the theorem holdsrict 4,5,6. Now, letn > 7. By using Propositiop 26
(2.6) and Theorein 2.4 we get that

Bi(n) —Bi(n—1) = Ag(n—2)+ Ay (n—2) + nf > (~DI(™ ) Ag(n—2-j)

2%
m;gjgg(l)"J (") (Aa(n—4— ) +Ao(n—5- )
=Ao(N—2)+A1(n—2) —Ay(n—2) +:§jj§0(—1)1 (™) A(n—2-)
=S D) A= a— )+ Aon=5- )
—ho(n=2) + Ax(n=2) ~Aon-2)+ 3 "3 (1)1 () Aatn -2 )
n-7-

=3 3 (DI (An—4—j)+A(n—-5-])).

j=0 i=j
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Therefore, using the identitff) + (pgl) +ot(p) = (4+1) gives that

p+1
Bi(n) —Bi(n—1)
=Ao(N=2) +A1(N—2) —Ax(n— 2)+Az( — 1) —A(n—3) —Ao(n—4)
-3 DI(" ) Ag(n— 1-i)+ 3 (-1 ) (") (Ag(n—3— }) + Ao(n—4— ).

Hence, using Propositi¢n 2.3, paft$ (1) gnd (2), we obtain the desired identity.

2.3 Proof of Theorem [1.3|
We start by showing the following result.
Lemma 2.8. Let t(x) be the generating function for the sequefiggn>o, that is, {x) = S n>otaX". Then

. S m-s—1
n (—lj n—r_n_J tn—s_->:Xm_S<t 1-x))— txi(1— j>.
n;m (X J; ) ( J ) ) (1—x) (X(1=x)) J:E X (1—x)

Proof. We have
R . n . .
ngm <Xn j§0(71)1 (nrjnj)tnsj> = ngojzo(fl)J (?)Xn+m+ltn+mis

= 5 tam ™LX = s [ Hx(1-x)) - m_zs_ tixi(1— x))

n>0
as claimed. m

Now we are ready to prove the main result of this paper, namely Thgorém 1.3, which is restated here
for easy reference.
Theorem[1.3 The generating function for the number of freely-braided permutatioffs is given by

1—3x—2x%+ (1+x)v/1—4x
1-4X— X2+ (1-x2)y/1—4x

Proof. We denote the generating function for the number of freely-braided permutatigison F (x),
that is,F (x) = S -0 faX". Also, we denote the generating function for the sequgBaén) }n>0 by B(x),
that is,B(x) = 3 n>0B1(n)X"

Theorenj 2.f gives

n—3

,;(_1)]( j‘j>(fn j—3fn1j+ oo — 1+% ( )Un_z_j_fn_s_j)’

for all n > 5. Multiplying by x” and summing over afi > 5 together with using Lemnja 2.8 we arrive at
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—x* ﬁ ((1=3x(1—%) +X3(1 - X)?)F (X(1 - X)) — 1+ 2x(1—x) — B(x(1 - X)))

= 25 e (F L =%) = 1-x(1-%) = 28(1- %)) + 5 (F(X(1-%) — 1-X(1-x)),

or equivalently,
F (1)) — 3 BOK(1 X)) =

= 2.2)

1
1-x
Theorenj 2.J7 gives

Bi(n) —B1(n—2) = fpn_1—2fn_2+ fn_3

— S DT A1)+ 5 DN (Aaln=3-1) +Aoln—4- ),

for all n > 4. Multiplying by x" and summing over ath > 4 together with using Lemnja 2.8 we arrive
at
(1—-x2)B(x) —x3 = ety —X+X%(1—X)
— X 72 (1= 3x(1-x) +x°(1—=x)?)F (x(1—X)) — 1+ 2x(1—x) — B(x(1—X)))

(1—x
(F(X(1—x)) = L—X(1—x)) = £5 (F(x(1—x) — 1),

2
Tax?

or equivalently,

(1—3)B(X) = X% — X(1 — X)F (X(L— X)) +X(1 — X)2F (X) + F);)Zs(x(l— X)). 2.3)

Using Equationf 2|2 arjd 2.3 we get that

{ B(X(1—X)) = (1—=x)°F(x(1—x)) — (1 —x)?
(1+x)B(X) = —x+x(1— x)F (x),

or equivalently,

(1+XB(x) = —x+x(1-x)F(x) '
The rest is easy to check. 0
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