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Thei-th symbol of the well-known infinite word of Thue on the alphab@tl} can be characterized as the parity of
the number of occurrences of the digit 1 in the binary representatian@éneralized words of Thue are based on
counting the parity of occurrences of an arbitrary ward {0,1}* — 0* in the binary representation ofWe provide
here the standard Lyndon factorization of some subclasses of this class of infinite words.
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1 Introduction

When we are interested in getting a better insight into the structure of some object, whether in mathematics
or in computer science, one of the basic approaches how to tackle the problem is decomposition of the
object into smaller “canonical” objects. The classical example is the factorization of a natural number
into prime numbers being a powerful tool in the number theory. Natural numbers coded in unary notation
correspond to finite words (strings) over a single-letter alphabet. Words over arbitrary alphabets can be
considered to be a generalization of the concept of the natural number. A canonical decomposition of
words to concatenation factors being Lyndon words is provided by the Lyndon factorization theorem
([TQ]). Lyndon words are primitive words minimal in their conjugacy classes. They are easy to deal
with, e.g., there exists a simple linear algorithm, introduced by Duizal ([3], [2]) for generating Lyndon
words, up to a given length, in lexicographic order. A structural relationship of Lyndon words to other
important classes of words has been establistied ([1]). Application of the Lyndon factorization leads to
important results in the investigation of finite factorizations of the free moAbihd to discovery of new
unavoidable regularities in word€{([20]). Similar investigations of factorizations were performed for the
case of free partially commutative monoids ([7]). The Lyndon factorization can be generalized to Viennot
factorization by proceeding from the lexicographic ordering to Viennot orderings ([13]).

The Lyndon-factorization theorem has been further extended to infinite words (infinite sequences of
symbols - [17]). Investigation of infinite words is crucial in the area of combinatorics on words, since
properties of infinite words very often imply regularities in infinite sets of finite words. It is quite natural
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that, after the existence of the unique Lyndon factorization of infinite words had been proved, the factor-
ization of some important sequences was investigated. In particular, the factorization of the sequence of
Thue, of the Fibonacci sequence, of the regular paperfolding sequence and of the characteristic Sturmian
sequences was characterizedin [9],[10]) [12].

The sequence of Thue was historically the first sequence where the structural properties were system-
atically studied ([18],[19]; a construction of that sequence was mentioned, probably for the first time, in
[C4]). The Thue sequence is one of the simplest non-periodic sequences in the important class of auto-
matic sequences (originally called uniform tag sequendes - [6]). Automatic sequences can be equivalently
characterized by, among others, finite state automata, uniform morphisms or substittitions ([6], [5]).

In the current paper we investigate the Lyndon factorization of several subclasses of the class of gen-
eralized sequences of Thue. The generalized Thue sequences were first introdiced in [5]. Each word
on the alphabef0,1}, which contains at least one symbol 1, describes, as a parameter, a segtiance
this class. The-th symbol oft,, corresponds to the parity of occurrencesaods a factor of the binary
representation for. The Thue sequence corresponds to the single-letter parameter word 1. As is well
known, the Thue sequence does not contain cubic factors. Similarly, the segueoes not contain a
factor, which is the /-th power of a non-empty word{[3]). In fadt, does not contain any cubic factors
except powers of a single letter{[15],]16]).

The present work is, in a sense, of an experimental character. We believe that studying the factorization
pattern of a whole class of structurally related infinite sequences may bring some deeper insight to the
relationship between the structure of a sequence and its Lyndon decomposition. Though we provide here
a description of the Lyndon factorization of just a few subclasses of the generalized Thue sequences, it
seems to be apparent that the Lyndon factors follow the block structure of the sequence determined by
the iteration underlying uniform morphism or substitution. On the other hand, there does not seem to
be a straightforward way leading to the unique description of the factorization of the whole class of the
generalized words of Thue.

2 Notation and basic notions

2.1 Preliminaries

We denote a¥l ={0,1,...} the set of all natural numbers and, foe N, we denotdp] = {i € N;i < p}.
An alphabetis any finite non-empty seX (its elements are called symbols). In particular, we will use
the set[2] = {0,1} as an alphabet consisting of 2 symbols.fidite word wof length|w| =n e N on
> is a finite sequence = apa; - - -a,1 of symbols fromZ. The empty word(of length 0) is denoted by
A. An infinite word (a sequencéor short) onX is an infinite sequenc& = apay - -- of symbols fromZ.
The symbol in a word or sequeneeat the positiori is denoted asv(i) (the position numbering starts
from 0). By Z*, 2P (ZP)*, 2% we denote the sets of all words, of all words of lengttof all words of
length being a multiple op and of all sequences & respectively. Further we dendf& = =* Uz® and
(ZP)* = (ZP)* Uz
For a numbei € [24] we denote agy k € (2]« the word being the binary representationi of length
k > 0. For a wordw € [2]X we denote agw], the unique number frorf2] with binary representatiow.
The concatenatiorof the wordsx € * andy € 2 is xy € 2*. Forx,y € Z*, the wordsxy andyx are
calledconjugateslf w= xyze X%, thenx,y, zare called grefix afactor at position|x|, and asuffixof w,
respectively. In this case, we further denrtéw = yzandwz 1 = xy. A prefix, factor, or suffix is called
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proper if the remaining part ofv is not empty. A word igrimitive if it is not a concatenation of two or
more equal factors. Ifw;);”, is a sequence of finite words of unlimited length such that, for éach,
w; is a prefixwi 1, then lim_ . w; will denote the unique infinite word having eashas a prefix.

Letr > 1,s> 0 and let(Z")* = Uyen X' A (r,s)-substitution(introduced in [5]) is a mapping :
(£")* — I, satisfyingu(Z") C 'S, andu(xy) = p(x)p(y) for x € (ZM)*,y € (Z')*. Thuspis completely
determined by its values ax. The substitutionu is prolongablein a wordu € 2" if uis a proper prefix
of py(u). Then, clearlys>r > 1 and the sequenc(qai(u))f;o of words obtained by repeated application
of p starting fromu yields a limits = limj_. | (u) being a fixed point ofy, i.e., satisfyingu(s) =s. A
(1, p)-substitution is calleg-uniform morphism

Automatic sequences are described by finite state automata ([6], where these sequences are called
uniform tag sequences). We will limit here our considerations to 2-automatic sequences on the alphabet
[2] only. A 2inite-state automato(2-fsa) is a tuplel = (%, [2],d,ap, F ) whereX is a (statg alphabet d:
2 x [2] — Zis thetransition functionag € Z is theinitial stateandF C Z. We will assume thal satisfies
d(ap,0) = ap. We will consider the usual extensid : X x [2]* — X defined forae Z,w € [2]*,x € [2]
inductively asd*(a,A) = a,0"(a,wx) = 6(5*(a,w),X). A sequence = bpb;--- € [2]® is 2-automatic if
there exists a 2-fs@ as above such that, forc N, bj = 1 iff 8" (ao, iz [l0gi+1)]) € F- We say thasis
described byl. We will use here several equivalent characterizations of 2-automatic sequences - see [6],
[4] for the proof of Theorenl Z.1.1. (RemdrkZ]1.2 is based on this proof.)

Theorem 2.1.1 Let s=bgbs--- € [2]* be a sequence. The following conditigng i, iii are equivalent.
(i) sis a2-automatic sequence

(i) there is an alphabek, a 2-uniform morphisng : Z* — X and al-uniform morphismp : £* — [2]*
such that s= LlJ(Aim o"(a))

(i) sis a fixed point of somék, kp™)-substitution p [2]° — [2]*, k, m> 1.

Remark 2.1.2 Let a2-automatic sequence be described by the?fsa (Z, [2],d,a9,F). The morphisms
¢,y from[ij of Theorenj Z2.1]1 are given, foraZ, asd(a) =93(a,0)0(a,1), Y(a) = (ifa € F thenl else
0). The symbol of(¢' (a)) at position i€ [2], r > 0, is theny(&*(a, iz r))-

2.2 Lyndon words

Assume a totally ordered alphat®ewith the corresponding lexicographic order Bfi. Lyndon words

are defined as primitive words, which are minimal in the class of all their conjugiitesproof of the
following equivalent characterization of Lyndon words and the proof of the Lyndon’s theorem can be
found in [T0]

Proposition 2.2.1 A non-empty word is a Lyndon word iff it is strictly smaller than any of its non-empty
proper suffixes.

Theorem 2.2.2 (Lyndon) Any non-empty finite word can be written uniquely as a concatenation of a
non-increasing sequence of Lyndon words.

In ["4] the authors defineifinite Lyndon wordsis those sequences, which have infinitely many prefixes
being Lyndon wordsThey proved the following generalization of the Lyndon theorem.



20 AntonCerry

Theorem 2.2.3 Any infinite word s can be uniquely factorized in one of the following forms:
s=lgly---, where § > |1 > -- - are finite Lyndon words
or
s=lpl1--lxlkrr whereph>11 > ... > lgare finite Lyndon words
and k1 < I is an infinite Lyndon word.

2.3 Generalized words of Thue

The infinite word of Thue can be defined as= lim; .. ¢'(0) whereg is the 2-uniform morphism on the
alphabet{0,1} described ag(0) = 01, ¢$(1) = 10. Hencet = 0110100110010116.. The digit at the

i-th position oft can be determined as the parity of the number of occurrences of the digit 1 in the binary
representation of. In [H] generalized words of Thugere introduced. They were further investigated

in [8], [15] and [16]. Each such infinite wort}, = t,(0)tw(1)tw(2)--- € {0,1}* is based on a word

we {0,1}" — {0}*. The symboty(i) at thei-th position oft,, is defined as,(i) = #,0"li; mod 2 where
#WO"""i[Z] denotes the number of factorsoccurring in the binary representationigfadded with at least

|w| leading zeroes. Every occurrence of a factor is counted,tg.g10) = 0, since 0001010 (the binary
representation of 10 padded with 3 leading zeroes) contains two overlapping factors 010. In particular,
t=1t;.

Let for the remaining part of the paperc {0,1}" — {0}* be an arbitrary but fixed word. Denote
k=|w|, Zw = {(a,m);a is a proper prefix ofv, me [2]}. We will suppose thak > 2 since the case=1
meang,, is the sequence of Thue. For the purpose of the next theorem (the proof of the theorem can be
found in [3]), for eachx,y # A, letsp(x,y) denote the longest suffix afthat is a proper prefix of.

Theorem 2.3.1 The sequencegtis described by the fs@ly = (Zw, [2], 3w, aow, Fw) Where, for(a,m) €
Zij € [2]’

Ow((a,m),j) = (sp(aj,w),if aj =wthenl—m else m, (D)

aow = (sp(0,w),0) and Ry = {(a,1);(a,1) € Z,}. Moreover 2, is the minimal fsa, with respect to
the size of the state alphabet, describipg t

We will denote ashyy, Y the morphisms corresponding 2, according to RemarKZ:1.2 (it is worth to
observe thaty,({(a,m)) = m). The sequendg, is a fixed point of a substitution described by the following
theorem fromI5].

Theorem 2.3.2 Let  be the(2¢~1, 2¢)-substitution defined of2]* tas

Fho(XoX1- - Xok-1_1) = YoY1- - Yok _1 (2)
where, for i€ [24], yi = (X(i/2) + Xw(i)) mod 2 andxw(i) = if w = iz x then1 else0. Then (tw) = tw.
Property 2.3.3 Fori > 0 and ac X, W, (Ww (9% 1(a))) = Ww (9K 1 (@)).

Proof. Let a € 3. Since the automato?i,, is minimal, the state can be reached from the initial state
agw. RemarkZ.T]2 then implies thatoccurs in the sequence lim« ¢"(agw). Let it be at position;.
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Then Theoreni 2.3.2 implies that
(W98 (3))) = Pua(tn(2 1)
(21 +297 1)) = tw(29)--
tw(2+2- 1) = bw(y(@)
= pw(oy (9(a)))

The required assertion is obtained by a simple inductive argument. m|

®3)

Example 2.3.4 Let w= 010. The sequence (spaces are inserted for better readability)
to10= 0010 1100 1101 0000 1101 0011 0010 0000 1101 4
is described by the f$o10 = (Zo10, [2], 8010, (0, 0), Fo10) Where

2010= {<)\a0>a <070>7 <0170>> <)\>1>> <07 1)? <017 1>}a
Foio= {0\7 1>7 <07 1>7 <017 1>}

and the transition function is given by the following table

[0 [0 [1  J[3w [0 [1 ]
0 [0 ] | [AD [ ©01) K
(0,0) (0,0) ,0) (0,1) (0,1) | (O
(0L.0) | (0,1) ) (0L1) || (0,0) | (A

The morphisnmpg1g is described by the rows of the table, e.g.,

¢010(<07 1>) = <07 1> <01’ 1>a

(®)

0
0
0

) )

and
Yw({a,m)=m for ae{A 0,01}, me{0,1}.

The sequencedy is a fixed point of the substitution
0000~ 00100000 111%- 110111121
0010~ 00101100 110% 11010011 (6)
1100~ 11010000 001%- 00101111

We will further use the following two easy observations without explicitly referring to them.

Observation 2.3.5Letr > 1. x € Zj. No symbol fronk can occur ind},(x) both in an even and in an
odd position.

Observation 2.3.6 For each xe X, let X denote the word obtained by replacing each syniboin) by
(a,1—m). Similarly, for each word x [2]” let X denote the word obtained by replacing each symbol m
byl—m. Then
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1. Foreach a 2y andr>0, ¢,(a) = ¢}y (a)
2. For each a 3,y and r> 0, Wy ($5,(2)) = Ww(04,(a))
3. For each » ([25" 1%, m(X) = pw(X).

In the remaining part of this text we will omit the subscnipfrom 2y, Zw, dw, &, 8w, Fw, Ow, Ww, Hw
andyw.

3 Generalized words of Thue and the lexicographic order

3.1 Lexicographic order on the set 2*

We consider the sd2]” to be ordered lexicographically based on the ordering D of [2]. We will
investigate the factors of the sequengend their properties related to this lexicographic ordering. The
structure of the sequentg closely matches the structure of the sequengce: limp . $"(ag) € Z%. It
seems to be useful to look for an order relationofand the corresponding lexicographic orderst)
related to the order of the block factorsdbf the formy(¢ (a)), such that the morphisi is growing
onz®. Sincety, is a fixed point of thé 241, 2K)-substitutiony, one would expect that the relative order of
two symbolsa, b € = should be implied by the order of the worgigd*—(a)), y(¢*1(b)). This choice
need not be (always) suitable as illustrated by the following example.

Example 3.1.1 Consider w= 10%, s> 2, hence k-1=s, k—1+s=2s. Leta= (1,1), b= (1051, 1).
Then

o 0 fori<251, e e

(8" (aiz2s-1)) = {1 fori = 25 (& (aif2s)) =0 fori <25

im0 <2 w0 17
Therefore(§1=-2(a)) > W($ 24 2(b) and (¢ 2+5(a) < W(§* (b))

For the rest of the paper, denote $the length of the longest suffix af belonging to 0. Example
B-T1 documented that choosing for the definition of the order relatidghamexponent of smaller than
k— 1+ sresults in an order relation, with respect to whicks not a growing function. Therefore we will
consider the ordering & based on the blocks(¢X1*5(a)).

Definition 3.1.2 The (total) order relatiorn< on X is defined, for ab € %, as
a<biff Yo' (a)) < w(¢* (b)) .

The relation< is indeed an order relation due to the following Lemma.
Lemma3.1.3Letabe 3, a#b. Then, for r> 0, P(¢¥ 4" (a)) # W(dk 11" (b)).

Proof. Leta= (a,m),b= (B,n), a# band letd € [2] be different from the last symbol of. We will
use Remark 2.1.2. ih=nthena # B, assuméa| < |B|. Letw = By. Theny(&*(a,yd< -M)) =m,
W(8" (b,yd = M)) = 1—n# m If m# ntheny(&* (a,d“ 7)) = m# n= (& (b,yd M) O
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3.2 Monotonicity of ¢ and p

The total order of induces the lexicographic order @f. We will denoteW = o ¢¥-1+S. Clearly, the
(k— 1+ s)-uniform morphisni¥ : Z* — [2]* is a strictly growing function. Properfy 2.1.2 implies
Property 3.2.1 Fori > 0 and xc Z*, 4 (W(x)) = W($' (x)).

We want to show that the morphisgnis strictly growing, as well. To prove it we need Propdriy 3.2.2,
which was proved in[{3] and one more technical lemma.

Property 3.2.2 ¢ is a one-to-one function

Lemma 3.2.3Ifa,bc X, a# b, and r> O is the first position wher&(a) and W(b) contain a different
symbol then r is a multiple &.

Proof. Assumer is not a multiple of 2, i.e.,r > 1 and 0 is not a suffix ofr; x_1,s. Denotep the
word obtained front(y x_1,s by removing the last symbol. Let= (a,m),b= (B,n). Since neither of
arpzk-1+s Brizx-1+s contains the suffixv, we have

(0" (argk-1+s)) = Y(8°(a,p))and
W(8" (b, rzk-14s)) = W(&"(b,p)),

hence(ok1*S(a)) andy(o*1+5(b)) differ in position|r/2] < r - a contradiction to the minimality of
r. O

Lemma 3.2.4 Fora,be %, if a < b thend(a) < ¢(b).

Proof. Leta < b (i.e., W(a) < W(b)) and letr be the first position in whichV(a) and W(b) differ.
ThenW(a)(r) = 0 andW(b)(r) = 1. Assume by contrary that(a) > ¢(b), i.e., d(a) > ¢(b) as implied
by Property[3.2]2. The®(¢(a)) > W(¢(b)). Considering Proposition 3.2.1, this megn#(a)) >
W(W(b)). Theoren2:3]2 implies thatW(a)) andpu(W(b)) have a common prefix of lengtii 2Moreover,
the “correction” caused by the functignmust take place at positiorr 2since otherwis@(W(a))(2r) =
W(a)(r) < W(b)(r) = u(W(b))(2r) and, consequently(W(a)) < w(W(b)). Therefore 2 = 2t + [w], for
somet > 0 and Lemma 3.2.3 implies that], is a multiple of 2+1- a contradiction to the maximality of
S. O

Corollary 3.2.5 ¢ is strictly growing onx”.
The following Corollary 3216 follows from Properfy 3:2.1.
Corollary 3.2.6 p is strictly growing on{%¥(x);x € Z*}.

In the remaining part of the paper we will provide the characterization of the Lyndon factorization of the
sequence,, for four different shapes of the word

4 Factorization of four types of generalized words of Thue.

We consider here four types of generalized Thue sequences, based on the shape of the underlying word
w. For each type we provide a theorem describing the Lyndon factorization of the setyiehggically,

the Lyndon factorization dofy starts by an initial finite sequence of Lyndon factors (we will call this part

the “preamble” of the factorization) , followed by a product of a recurrently described infinite sequence of
Lyndon factors (the “body” of the factorization). The length of the preamble may grow with the increasing
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length of the wordwv. The recurrent description of the body is based on the generating substjiytion
Proofs of the theorems from this section can be found in Seftion 5.

Each theorem is followed by an example of factorization of one sequgnokthe particular type,
together with the corresponding mappingsand ¢,. In the examples, we include spaces to increase
readability oft,. The first symbol of each Lyndon factor §f is underlined. The morphisi, is given
for arguments of the fornja,0) only. The values for arguments of the forfm, 1) can be obtained by
replacing each 0 or 1 in the second position by the complementary value.

4.1 Casew=0K11

Theorem 4.1.1 Letw= 011, Then}, = [1°oW where v = 012, wy = 0121 wi g = 1-Ip(Iwm1-1)1
fori > 1. Fori > 0, the word wis a Lyndon word and w> wi_1.

Example 4.1.2w =001 (k= 3)
too1
011111111@11111 1001111 10111111 T®OO0O 10111111 10001111 10111111
10000000 01000000 10001111 10111111 10000000 10111111 10001111 10111111
10000000 01000000 01110000 01000000 10000000 10111111 10001111 10111111
10000000 01000000 10001111 10111111 10000000 10111111 10001111 10111111
10000000 01000000 01110000 01000000 01111111 01000000 01110000 01000000
10000000 01000000 10001111 10111111 10000000 10111111 10001111 10111111
10000000 01000000 01110000 01000000 10000000 10111111 10001111 10111111
10000000 01000000 10001111 10111111 10000000 10111111 10001111 10111111
10000000 01000000 01110000 01000000 01111111 01000000 01110000 01000000
0111111110111111 01110000 01000000 01111111 01000000 01110000

Hoo1 doo1

0000+— 0100 0000 111%- 1011 1111 (\,0) — (0,0)(X, 0)
0100~ 01110000 101%- 1000 1111 (0,0) — (00,0)(A,0)
0111~ 01111111 1006~ 1000 0000 (00,0) — (00,0)(A, 1)

4.2 Casew=1021
Theorem 4.2.1 Let w= 1021, k > 3f|. Then, = [ oW Where

Wo = 07107 1207 31
Wi = 0%10120%1201 ifk =3;
LT 02402 1107 M 12028 ik > 3;

wiig = 0% 2u((0% 2" w02 ) (0% T 2) 7 for P> 1.
Fori > 0, the word wis a Lyndon word and w> Wi 1.

Example 4.2.2w= 1001 (k=4)

* The casé = 2 yields a different Lyndon factorization—see Sec 4.3.
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t1001

00000000 01000000 00110000 @UDMOO 00001111 01000000 00110000.0AMO0O
00000000 10111111 00110000 01000000 00001111 01000000 00110amEOMO
00000000 0100000011001111 10111111 00001111 01000000 00110000 01000000
00000000 10111111 00110000 01000000 00001111 01000000 001100WDOMO
00000000 01000000 00110000 01000000 1111000010111111 110011112 10111112
00000000 10111111 00110000 01000000 00001111 01000000 00110000 01000000
00000000 01000000 11001111 10111111 00001111 01000000 00110000 01000000
00000000 10111111 00110000 01000000 00001111 01000000 001100mEOMO
00000000 01000000 00110000 01000000 00001111 01000000 00110000 01000000
11111111 0100000011001111101111111111000010111111 11001111

H1001

00000000— 00000000 01000000 111122242 11111111101111211
01000000— 00110000 01000000 10111142 11001111101111211
00110000— 00001111 01000000 11001142 11110000 10111111
00001111 00000000 101111112 11110060 11111111 01000000

$1001

(A,0) — (A,0)(1,0)
(1,0) > <10 0)(1,0)
<10 0) — (100,0)(1,1)
(100,0) — (A,0)(1,1)

4.3 Casew= 1K

Theorem 4.3.1Let w 1K,. k> 2. Then § = 1> oW Where vy = 0211077
Wy =Wy L2 (wp0)0 1 and w1 = Op?(0~w;0)0~ L for i > 1.
Fori > 0, the word wis a Lyndon word and yw> W 1.

Example 4.3.2w=11 (k=2)
t11
0001001000011101 00010010 11100000010010 00011101 11101101 00011101
00010010 00011101 00010010 11100010 11101101 11100010 00010010 11100010
00010010 00011101 00010010 11100010 00010010 00011101 11101101 00011101
11101101 11100010 11101101 00011101 00010010 00011101 11101101 00011101
00010010 00011101 00010010 11100010 00010010 00011101 11101101 00011101
00010010 00011101 00010010 11100010 11101101 11100010 00010010 11100010
11101101 11100010 11101101 00011101 11101101 11100010 00010010 11100010
00010010 00011101 00010010 11100010 11101101 11100010 00010010 11100010
00010010 00011101 00010010 11100010 00010010 00011101 11101101 00011101
00010010 00011101 00010010 11100010 11101101 11100010 00010010

P11 $11
00— 0001 11— 1110 (X, 0) — (X,0)(L,0)
01—0010 10— 1101 (1,0) — (A,0)(1,1)
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4.4 Casew=10<1
Theorem 4.4.1 Let w= 101 k > 2. Denote

'C

k-1 k-1 K—1_q1._
p= 2k— 2(12 )“k 1(02 )(02 1) 1’
0

)

.—..—.o

j
— |10 1102 2]
= [100007« 2]
and, forl <r < k-1, denote
fori1= {1d‘*11d<*11’0'<*21} .

fori2 = {1d‘1d<*11'0k*21}2

For 0 <i<2k—1, letw be the factor of of length j.1 — j; at the position jjand,
fori > 2k, letw = p~tu(pwi_1p71)p.
Then § = [iZoW and, fori> 0, w; > wi;1, and w is a Lyndon word.

Example 4.4.2w =100 (k= 3)
t100
00001000 11001000 11111000 11001000 11110111 11001000 11111000 11001000
11110111 00110111 11111000 11001000 11110111 11001000 11111000 11001000
11110111 001101110000111 00110111 11110111 11001000 11111000 11001000
11110111 00110111 11111000 11001000 11110111 11001000 11111000 11001000
11110111 001101110000111 00110111 0000@0 00110111 00000111 00110111
11110111 00110111 11111000 11001000 11110111 11001000 11111000 11001000
11110111 00110111 00000111 00110111 11110111 11001000 11111000 11001000
11110111 00110111 11111000 11001000 11110111 11001000 11111000 11001000
11110111 00110111 00000111 00110111 00001@0110111 00000111 00110111
00001000 11001@ 00000111 00110111 00001000 00110111 00000111

H100 $100

0000 0000 1000  111%- 1111 0111 (\,0) — (,0)(L,0)
1000~ 11001000  011%- 00110111 (1,0) ~ (10,0)(1,0)
1100+ 11111000 001> 0000 0111 (10,0) — (\,1)(1,0)

5 Proofs of the factorization results.

The present part contains proofs of the four theorems from Segtion 3. In each of the four cases, we start
by observing some specific propertiesdgf, Yw, 2Awand py for the particular shape af. The proof of
each of the theorems consists of the following parts:
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Part A. We prove the consistency of the recurrent formula for factgrand we show that the sequence
tw can be written as a concatenation of the factqrs

Part B. We prove thatvp,w, ... is a decreasing sequence.

Part C. We show that each wond; is a Lyndon word—separately for the preamble and for the body of
the factorization.
5.1 Casew=011

Letw =011, k> 2f. In this cases= 0, W = Yo $* ! and each element & is of the form(0",m) for
somer € K], me [2]. The initial state of! is (0~1,0).
We have a simple equivalent characterization of the order relatiahfonthis case.

Property 5.1.1 Letab e %, a= (0P, m), b= (0% n). Then a< b iff one of the following is true:
1. m<nor

2. m=n=0and p<qor

3. m=n=1and p>q.

Proof. If 0 = m< n=1 theny(&*(a,0%)) = 0, Y(&*(b,0v"1)) = 1, anda < b. Now letm=n. For
re{p,q},ic[2¢ we have

Lp(<or’m>)(|):w(a*(<or’m>7l[2]7k1)):{m ifi=0o0ri>2"; (7)

1-m forl<i<?2.

ThusW((0",m)) has the prefixn(1—m)Z -1 If m= 0 thena < biff p< g, if m=1 thena < b iff
p>aq. O
The following complete description of the mappipgan be easily obtained using Remark2.1.2.

Property 5.1.2 ¢((0",0)) = (0"*1,0) (A,0) for 0 <r < k—1, and$((0k"1,0)) = (0" 1,0) (A, 1).

The first of the next two properties may be obtained, considering Remark 2.1.2, by observing the
shapes of the words 1, | € [2<-1]. The second is a consequence of the trivial fact that the binary
representation of a position number has suffix 0 iff the position number is even.

Property 5.1.3 Let ac 5. If 02 is a prefix of¥(a) then a= (,0). If 02 '~1 is a suffix of¥(a) then
a=(\,0)ora= (0“1 1).

Property 5.1.4 Let xe 3*. Then(\,0) does not occur in any even positiongai) and (051, 1) does not
occur in any odd position af(x).

§ The casek = 1 corresponds to the sequence of Thue. Though the factorization in this casg (see [9]) has the same shape as for
k > 2, the proof fork > 2 will use the fact thatv contains at least one symbol 0.
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Proof of Theorem E- 11

Part A
Lemma 5.1.5 wow;, is a prefix of .
Proof. Observing the shape of the wondg », for 0<r < 21 we find

0 ifr=0;
1 ifo<r<2k
& ((0°1,0),1 = - 8
qJ( (< ’ >a [2],k+2)) 0 ifr :2k+1’ ( )
1 if2%4+1<r <2kt
Thereforet, has the prefix 030122, ]

Lemma 5.1.6 Fori > 1, 11is a suffix of wandlw;1-1 = W(¢' (A, 1)).

Proof. The assertion is true far= 1 sincew; = 0121 and w;171 is a factor oft,, at position %, as
implied by Lemmg5:1]5. Assume that the assertion is true for Somé. Then 1 is both a prefix and
a suffix of w171, Theorem[2.3]2 implies that 1 is both a prefix and a suffiy(dv1~1) sincew is

neither a suffix of @ i, nor of (2" — 1) 5. Hence 11 is a suffix ofii 1 = 1-*p(Iwi171)1. Using
Property3-Z]1 we obtain
w117 =11 tpaw 1117 = pawil ) = p(W(9 (A, 1)) = WO (A, 1)). (9)
O
Lemma5.1.7 ty = []iZqW.

Proof. Sincety, is a fixed point ofyy, the image inu of the prefix 021 of length ¥ of t,, is the prefix of
length X1 of t,,. Then

MMZow) = MO Iy w)
MO, (1w 17))
= WO LR (w1 ) (10)

(Wowa 1) [y (1w 171))
(Wowr 1) 172 (Iws 11171

= [liZoW:-

Both sequencey, and[];Z,w; are fixed points ofi starting by the same prefix of length 3, therefore
tw = |_|im:0Wi- |
Part B
Lemma 5.1.8 (w){” 4 is a decreasing sequence of words.

Proof. Clearlywo > wy. Property{5.T11 implies thah, 1) > (0,1) (A,1) = ¢((A,1)). Sincep anW¥ are
strictly growing, we get, for > 1, ¢'((A, 1)) > ¢'*1((A,1)), and, consequently,

W= 1MW ((A, 1)1 > 1MW (A, 1)1 = Wi
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Part C
We start by observing the fact thag is strictly smaller than any of its non-empty proper suffixes.
Observation 5.1.9 The word w is a Lyndon word.

Lemma5.1.10 For 1 <i < k, w = 021122, where x does not contain a factd®?
Proof. For 0<r < k—2,$((0",0)) = (0"*1,0) (A,0) and (forr = k— 1) ¢((0<"1,0)) = (0K"1,0) (A, 1).
An easy induction yields, for & i <k—1,

(' ((A.0))) = W((0,0) (A, 0)d((A,0))$2((A,0)) -6 ((A,0))) = 07

For1<i <k,

WO D)) =xy (11)
where
x= (01 1) (A, 0)d((A,0))---0'H((A,00)0' (A, 1))---d* H((A,1)))
_ 1020+21+,_,2(i71) 12i+2i+1+,_,2k71
and

Y= A L) -0 AL L))
=WO(A1)--w(O' (A1)
Hence, following Lemm&5.1.6,
w =1 (A, 1)))1
= 021122 (w17 Y- (w1701 12)
= Ozi_llzk_ziwl. W1,
wherew; - - -w;_1 does not contain a facto?0?, the latter fact follows by induction. a
Corollary 5.1.11 ws,...,w are Lyndon words

Lemma 5.1.12 For i > k+ 1, 0% is a prefix of w.

Proof. Itis enough to prove the assertion fa, 1, since, by Lemm@5.1.8, for> k+ 1, W1 > wWi. From
Lemmal®TI6 we obtain

Wiyt = 1M, 1)L
= 17'W((0 1, 1) (4,0) (0,001 (13)
= 171107 107 01 2 (x) = 07y
wherex € 2*,y € [2]* are suitable words. a
Lemmab5.1.13Fori > 1, wy is a primitive word.
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Proof. Denotew = W(¢'((\,1))). By Lemma[5.1J6w = 1 1wl. Assume thawy; is not primitive. Then
neither isw. Since the length ofo is a positive power of 2w is a concatenation of two equal factors,
implying ¢(b;) = aafor some symboh € ¥ - a contradiction to Propositidqn Z.B.5. |

Lemmab5.1.14 Fori > k, w is a Lyndon word

Proof. By induction. Fori = k the assertion follows from Corollafy 5.1]11. Liet k. Assume thatv;,_1
is a Lyndon word By Lemma[5.T.T3w; is not primitive. Assume that; is not minimal in its conjugacy
class. Letv; = uvwherevu < w; is the smallest conjugate of. The minimality ofvuimplies that the last
symbol ofuis 1. The wordvu, as a conjugate ab, is of the form&oxixoy&(, &0 # A, whereg(&o = W(co),
X1 = W(cy), xo = W(c2) for somecy, €1, C2 € Z andgpoxixoy = W(coc1C22) for some conjugatenc: Coz of
¢'((\,1)). Since Gisa prefix ofw;, 0% must be a prefix ofu. The last symbol of is 1 (the last symbol
of w;) therefore #isa prefix ofv. Hencefpx; € 0%, and, consequently; = 02t andc; = (A,0).
Property[5.114 implies thay # (A, 0), c; # (A, 0), otherwise(A, 1) occurs in two neighbor positions.
As a consequence of Propefty 5 1x@% has the prefix & *+11 or ‘1 . Thereforeo has the suffix
0%~ and, again by Properfy 5.1.& = (0k-1,1) and&}, = 1. We have

W(CoC122) = EpEoxaxy = vl < 1wt = W(9' (A, 1))) (14)

yielding coci1Coz < ¢' (A, 1)). _

The wordcocicoz = (041, 1) (A, 0) coz is a conjugate ob' ((A, 1)), hence eithet0*~1, 1) (\,0) ¢,z or
(\,0) c2z(0K1,1) is an image inp of some word fronE*, the latter case contradicting Property §.1.4.

Thus (01, 1) (A, 0) c.z= ¢(Z) for some conjugate of ¢'~%((A,1)) where the initial symbol of is
either (01, 1) or (02,1, in both cases the first symbol ¥f(Z) is 1. Since¢(Z) < ¢'((A,1)), we have
Z < §1(\,1)) andW(Z) < W('1((A,1))) implying

1MW) < 17NN D)1 =wi 1 (15)

where the left-hand side is a conjugatenpf; - a contradiction to the inductive hypothesis that; is a
Lyndon word. |

TheoremZ.T]1 now follows from Lemnia 5]1.7, Lemma %.1.8, Observation 5.1.9, Cofollary 5.1.11 and
LemmalaT14. O

5.2 Casew=10c21

Letw = 1021,k > 3. In this cass= 0, ¥ = Yo $*~ ! and each element &fis of the form(10', m) for
somer € [k—1], me [2]. The initial state ol is (A,0) .

The first of the following two properties may be observed applying Rermark 2.1.2. The second one
follows from the fact that the only proper prefix wffinished by 1 is 1.

Property 5.2.1 forr € [k—1],
W(O' ((A,0)) = W(9'({1,0))) = 07,
and
W((r,0) =07,
W((10,0)) = 07 12 02 -2,
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Property 5.2.2 If a symbol ac X occurs in an odd position of a word of the forfrix), x € *, then
a=(1,0)ora=(1,1).

Proof of Theorem £-21]

Part A
Lemma 5.2.3 wow is a prefix of §; and w = 0% '~2W($2((1,0))) (0% '-2)~1,

Proof. The sequencg, has the prefix

8000 = {0 0 oo o 0 00 o) 1h-s 0
In both cases Proper[y5.2.1 implies
W($Z((A,0)(1,0))) = wows 0> 2 and (17)
(072 twy 072 = W(92((1,0)) (18)
since the latter word is a factor §f of the length 51 starting at position'¢1. o

Lemma 5.2.4 For i > 1, 0% -2 is a suffix of i(0? "~2)~2w;0% '~2) and
k—1_ i k—1_o _
w = 072w ((1,0))) (0% )

Proof. Theoren| 2.3]2 implies that the stripgx0> '~2), wherex0® '~2 is a string of a length, which

is a multiple of -1, ends in a string of lengthk2- 4 containing 0 in all positionsexcept those where
i[2),logi] €Nds inw. This is not true for the last2® — 2 position numbers, therefore 0 occurs in these
positions. The proof of the latter part of the assertion of the lemma is a simple induction where Lemma
523 provides the basic step and Propgriy B.2.1 is applied in the inductive step. |

Lemma 5.2.5ty = {2 Wi.

Proof. Sincet, is a fixed point ofy, the image iru of the prefixwg0? 2 of length %+1 of t,, is the
prefixwow1 02 *~20f length 2 of t,,. Applying Lemmd 5.2]4 and Propeffty 312.1 we obtain

H(Zow) = HWe0? 2 (07 2) w0 -2)

= Hwo0? 2 WOT(1,0)))
HWo0 =2) [P (W(9({1,0))) (19)
wows 0% 212, W(92((1,0)))
(Wows 0% *~2) 112 (07 -2)twy 107 72

= [izoW

Both sequencely, and[];2,w; are fixed points ofi starting by the same prefix of length2, therefore
tw = |_|=w=0Wi. O
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Part B
Lemma5.2.6 Fori >0, w > W 1.

Proof. Clearly,wp > wy. Leti > 1. Property5.2]1 implies that
W((1,0)) > ¥((10,0)),

therefore

and Lemmd5.214 implies

wi = 0 29 ((1,00) (07 37> 02 P9 R((1,0)) (0 AT = i,
O
Part C
Lemma5.2.7 Fori € [k— 1], w; is a Lyndon word.
Proof. Applying Property[5:2]1, for X i < k— 2, we obtain
(0772 w022 = W(ei((1,0)))
- L|J(¢!(+'(<1, O>)) (20)
= Y("3((2102,0) (1,0)6((1,0))-- -9 3((1,0))))
= WO H((A,0)(1,1)0((1,0)---0*2((1,0)))).
If i <k—2then
(Ozkfifz)flwiozkflfz - 027+1127+1w(¢i+2(<17 0)---¢*+-1((1,0))) 21)
_ 02|+1 12|+1Xyz
where )
X = Y(9((1,0)---9*2((1,0)))
_ 02|+2+m+2k—2
_ 02k7172i+2
y = WeR((1,0)0K((1,0)) 22)
= W((1,0)(10,0) (1,0))
= (010P2)(021202 1) (01072
z = YO((1,0)--*"1((1,0)))
_ (Ozkflfz)flwl_ . .Wi_lozkflfz
and, consequentlyy; = 02 +2 1212102 T 1 0211202 1wy g,
If i =k—2then
(072 w0 2 = W((A,0)(1,1)$((1,0)$2((1,0)) 0% 2((1,0))) (23)

Xy
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where
x = W0 (L1 W($((1,0))
= (0% 1)(1012'-2)(021207 140107 -2)
W(9%((1,0)))---W($*2((1,0)))

k—1 k—1
_ (02 _2)_1W1~~Wi,102 -2

(24)

<
I

and, consequentlyy; = 0221012 *-202120% 31wy - wi_1.

In both cases, denote asthe prefix ofw; satisfyingw; = aw;---w;_1. Let us now prove the assertion
of the lemma by induction. Each of the wondg, w; is smaller than any of its non-empty proper suffixes,
therefore they are Lyndon words. Let us now assumewthat ., w1, 2<i < k-2, are Lyndon words.

If B \ is a proper suffix ofr then #+2"'-2 is not a factor o, hencew;, < B < Pwy---Wi_1. If B £ A
is a proper suffix of somwj, j € [i], then Lemmd5.4.7 implies; < wj < B < Bwy---Wi_1 Sincew; is
a Lyndon word. Moreoveny, < wj < w;j---wi_1 for j € [i]. Thereforew; is a Lyndon word, since it is
smaller than any of its non-empty proper suffixes. |

Lemma 5.2.8If (A\,0)x € =* is a conjugate of a word?(y) for some yc >* then (A,0)x = ¢?(y) for
some conjugate’ wfy and the last symbol d@f(y') is (1,0).

Proof. Assume the smallest number0 < r < 2, such thatA,0)x = $>~"(z) for some conjugate of
¢"(y). If r > 0 then, as implied by Properfy 5.p.2starts either by(1,0) or by (1,1). Consequently,
(A, 0)x = $2"(2) starts by(107~",0) or by (10", 1) - a contradiction. The second assertion of the
lemma follows from the observation, that if, for some %, ¢(a) ends in(1,0) then eithem = (102, 1)
ora= (1,0). As follows from Propertf 5.2}2, the former case is not possibkei# the last symbol of

o(y). 0
Lemma 5.2.9 Fori > 1, wy is a primitive word.
Proof. Analogous to the proof of Lemnjas.1] 13. a

Lemma 5.2.10Fori > k— 2, w; is a Lyndon word

Proof. We proceed by induction. Foe= k— 2 the assertion follows from Lemnia 5]2.7.

Leti > k—1 and letw;_; be a Lyndon wordLemma[5.2Z]9 states that is not primitive. Assume
thatw; is not minimal in its conjugacy class. L&t = uv wherevu < w; is the smallest conjugate of
w; (and ofw). The minimality ofvu implies that the last symbol af is 1. The wordvu, as a conju-
gate ofw;, is of the form&oxixoy&y, &o # A, where&p&o = W(co), X1 = W(c1), X2 = W(cp) for some
Co,C1,C2 € X and &p&oxaxoy = W(coC1C22) for some conjugateqcicyz of ¢i+1((1, 0)). The prefix of
(0% -2)~Lwy; is W($ k=D ((A,0))) being a prefix of length 21 > 2% of t,. Thereforew; has the
prefix @ 1-202*+11 — 0?~11. This must be a prefix ofy, as well.

. k—1_ . . k—1

Either&ox, € 0° or x; = 02 —11, the latter case is not possible due to Proplerty]5.2.1, hane®?
andc; = (A,0). Property[5.2]2 implies thaty # (A,0), and, again using Properfy 524, = (1,0),
§o=0%""-2 & =01, andc, = (1,0).

Following Lemmd5.2]8¢;1¢,2q = ¢2(y') for some conjugatg/of ¢'~1((1,0)) where the last symbol
of ¢'(y') is (1,0). We have

W(C1C20) = XaXoyEno = &5 VLo < &5 Wi = W('*1((1,0)))
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yielding $2(Y) = c1c2ze < ¢'71((1,0)) andd(y') < ¢'((1,0)). Since the suffiX1,0) is preserved by,
the strings on both sides of the last inequality are finishedlby) , thereforeW(¢(y')) < W(¢'((1,0)))

and the strings on both sides of the last inequality are finishéd (¥, 0)) = 0107 -2,
Hence k—1 k—1 k—1 i k—1
07 2W(o(Y))(0F )T < 0P PW(ON((L,0))(0F ) T =iy

- a contradiction, since the left-hand side is a conjugate of andw;_1 is a Lyndon word. O
TheorenT4111 now follows from Lemnia5]2.5, Lemma$.2.6, Lerhma 5.2.7 and LEmMma 5.2.10.

5.3 Case w= 1K

Letw=1X k> 2. In this cass= 0, ¥ = Yo $* 1 and each element &Fis of the form(1", m) for some
r € [k, me [2]. The initial state oRl is ag = (A,0).

The first of the following two properties follows from Remdrk2/1.2. The second is based on the fact
that the last symbol of each non-empty prefixof 1.

Property 5.3.1 forr € [k—1],

W(O'((N,0))) = W(9'((1,0))) =07,

and

and, fork>3,r > 2,
l.lJ(<1r 7 0>) _ 02k71_2r7112r7202r73 12r—402r—5' ) d20(1 B d)

where d=0ifris odd and d= 1ifr is even.

Property 5.3.2 If a symbol ac X occurs in an even position of a word of the fodrfx), x € Z*, then
a= (A,0) ora= (A, 1). No symbol fronk can occur both in an even and in an odd positiorp¢X).

Proof of Theorem B3

Part A

Lemma 5.3.3 wowy is a prefix of §, wy = 0W(¢2((1,0))$3((1,0)))0~ and 0?1 is a prefix of w.
Proof. Property(5.311 implies that

Wo = W((A,0) (1,0) (\,0)(1,1))0° L ifk=2

and
wo = W((\,0) (1,0) (A\,0)(11,0)07 1 if k> 3.
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In both caseswo =.W($2((A,0)))0~1. The sequenci, has the prefixl($2((A,0))) = wo0. Using Prop-
erty[32Z]l we obtain

= #(Wo0)
= W($*((A,0)))) (25)
= W($%((A,0)(1,0)))W(¢3((1,0)))

3

Thuswpwsis a prefix ofty,

wy = OW($2((1,0)$((1,0))0*
andw; has the prefix

OW((A,0)(1,0)) = 007 0> 11 =071,

as implied by Property5:3.1. a
Lemmab5.3.4 Fori > 1, _ _

= 0W (9% ((1,00)97*((1,0))0* (26)
and the last symbol of the word (@ w;_;0) is 0.

Proof. Theorem[2.3]2 implies, that the last symbolpgk) is complementary to the last symbol xf
Therefore? preserves the last symbol of its argument.

The assertion of the lemma is true fot 1 as follows from Lemm&®a3.3.

Now let the assertion be true for sofine 1 > 1. Then

020~ tw;_10)071
—Ouz( Low(9?2((1,0))0?((1,0))0"H)0)0 !
4 (27)
= 0W(9%(6?2((1,0))9? 1((1,0))))0*
= 0(W($?((1,0))0?*((1,0)))0 %
O

Lemma5.3.5ty = []iZoW
Proof. Itis enough to prove that the sequengg,wi, having the same prefixg0 of length ¥+1 ast,, is
a fixed point ofp?. Applying Lemmd5.3]3 we obtain
2/ 2 2 -1
(W) = (W0 [](0~w;0))
[ o

= Wo(Wy T2 (Wo0) [ (0~ 1wi10) = _|_Lwi.

(28)

8
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Part B

Lemmab5.3.6 Fori >0, w > W, 1.

Proof. By Lemmwl has the prefix @51, thereforewp > wy. Leti > 1. Propertl implies that

w((1,0)) > P((r,0)), (29)
therefore
(1,0) > (A,0) (30)
and
(1,0) > $*((1,0)) (31)
since the first symbol ap?((1,0)) is (A, 0). Corollary[3.2.5 and Lemnia 5.8.3 imply
= 0W(9?((1,0)9?T1((1,0)))0 > OW(9**3((1,0))0*3((1,0)))0~* = Wi . (32)
O
Part C

Lemmab5.3.7 Fori > 2, 0?isa prefix of w.

Proof. An easy application of Theorem Z3.2. ]
Lemma 5.3.8 Fori > 1, w; is a primitive word.

Proof. Denotew = 0~w;0 = W(¢Z ((1,0))$Z*+1((1,0))) = W($Z~1((A,0)a(A,0) (1,0) bc))

a=(1,1),b=(\1),c=(1,0) if k=2;
whereq a=(110),b=(\0),c=(111) ifk=3; (33)
a=(11,0),b=(A,0),c=(1110) ifk>3.

If w; is not primitive then neither is. The length ofwis 3- 24, thereforew is a concatenation of either
two or three identical factors. Since bdthand¢ are strictly growing, this impliegh,0) = (1,0) in the
former case and = (1,0) in the latter case. O

Lemma 5.3.9 Fori > 1, w; is a Lyndon word.

wp is clearly a Lyndon word, since it is smaller than any of its non-empty proper suffixes. It is easy to
check, thatvy is of the form

o (x(A,0) (1,0)x(\,0) (1, 1) x(\, 1) (1, 1>)0*1 0*1041031031021041021 ifk=2;
OW(x(A,0) (12,1)x(\,0) (12,0)x (A, 1) (12,1))0~ 1 = 0°10*12010/10°1CP150%1  ifk = 3;
OW(x(A,0) (1%,0)x (A, 0) (1%,0)x (A, 0) (1° >)01 (34)

016101212010151014101610814021 ifk = 4;
OW(x(A,0) (13,0)x(\,0) (12,0)x (A, 0) (14,0))0~* =
021074120107~ 1107 2107107 814021 if k > 4.

0
0
W1 =
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In each casay; is smaller than any of its non-empty proper suffix
Let nowi > 2. By Lemmé&5:314,

W = 0W(97 ((1,0))97**((1,0)))0 = 0W(9? (A, 0) (1,0))07**((1,0)))0™, (35)

therefore 0w has the same prefix011 ast, andw; has the prefix §1. Lemma[5.3]8 implies that
w; is a primitive word. The wordw; is a conjugate of($%((1,0))$?*+1((1,0))). Assume thaty; is
not minimal in its conjugacy class. L&t = uv wherevu < w; is the smallest conjugate @f. The
minimality of vu implies that the last symbol af is 1. The wordvu is of the form&oxixoy&, &0 # A,
whereg(&o = W(cp), x1 = W(c1), xo = W(cp) for somecy,c1,C, € X andpEoxixoy = W(CoC1Cp2) for
some conjugateocyCoz of $2 ((1,0))92+1((1,0)). Since 6 is a prefix ofw;, 0 must be a prefix of
vu. Thereforefpx, € 0%, X1 = 02 and, consequentlyg; = (A,0). Propert2 then implies thed #
(A,0), c2 # (A,0) and from Propert.l we obtain th#{c,) does not have the prefixzkﬁl. Hence
W(co) has the suffix 10thereforego = 0.

This further implies thak, = 02 *~11 andc, = (1,0). Now eithercociCoz Or €1C2G is of the form
®(Z) whereZ is a conjugate o2 —1((1,0))$%((1,0)).

The former case is not possible, since, by Progerty]5¢3.2, (A,0) can occur only at even positions.

If Z =aZ’ wherea € X then¢(a) = c1c2 = (A, 0) ((1,0), hencea = (A,0) . Now eitheraz’ = ¢(y') or
Z'a=¢(y) for somey € I* being a conjugate a§?2((1,0))$?~1((1,0)). Considering Property 5.3.2
again,a must appear ip(y') at an even position, thus the former case takes place and

0~1vU0 = xaXay&ogo = W(9(2)) = W(O*(Y))- (36)

Moreover, sincea = (A,0), the first symbol of $*~1(y) is (\,0), and the first symbol of(y) is 0.
Sincevu < wi,

W((y)) = 0" tvuo < 0 w0 = W($7((1,0))971((1,0))). 37)
Thus _ _
O2(y) < 07((1,0))971((1,0)), (38)
y < 6?72((1,0))6%7*((1,0)) (39)
and
0~ 'W(y)0 < 07t W($?2((1,0))$*1((1,0)))0 = wi_1. (40)

However, the left-hand side is a conjugate of the right-hand side and we have a contradiction to the
inductive hypothesis that;_; is a Lyndon word. This concludes the proof of Theofem #.1.1

Theoreni4.311 follows from Lemnia’s.B.5, Lemma3.3.6, and Leimmd 5.3.9..

5.4 Casew=10<1

Letw= 101 k> 2. Inthis cass =k — 1, ¥ = Yo $>*~2 and each element & is of the form(\, m)
or (10',m) for somer € [k— 1], me [2]. The initial state oRlis ag = (A, 0).

The first of the next two properties may be observed applying Remark 2.1.2. The second follows from
the fact that the only prefix ofr, which ends in 1 is 1.
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Property 5.4.1

() ¢((2,0)) = (A,0)(1,0), $({1,0)) = (A, 1) (1,0),

(i) WOK1((A,0))) = 02" and, for re [k—1], p(¢k-1((10,0))) = 12 02 -2

Property 5.4.2 If a symbol ac X occurs in an odd position of a word of the forfrix), x € *, then
a=(L0)ora=(1,1).

Proof of Theorem £-41]
Part A
Lemma5.4.3

(i) p<1(0% ) has the suffig? 1.
(i) p=WOL((A1))W(A,0)(0* L,
(iii) Fori >0, W($2~1+i((1,0))) has the prefip0?‘1.
(iv) wok_» has the suffixp.
(v) Fori>2k—1,w =p tW(¢'((1,0)))p and Kpwip~1) has the prefip.
Proof.
(i) Property[Z:313 implies
L) = L WO (N.0))) = W(OZ2((A,0)) = W@ HOKL((A,0))). (41)
Using RemarK 2.1]2 it is easy to observe that the last symbdi“of((\,0)) is (1,0). Hence
U102 ") has the suffixp(¢k-1((1,0))) = 107 .
(i) Again applying Propert} 2.3.3 we obtaif<2(12 ") = W(¢k-1((A,0))) andp1(02 ') = W((A,0))
and, consequentlp = W(dk (A, 1)))W((A,0))(0% -1)~1,

(ii) Let i > 0. Denotev = W(21((1,0))) = WOk 1(¢! ((¢* 1((1,0))))). The wordd*~1((1,0))
has the prefixA, 1) thereforev has the prefix
WO (9 (B((A, 1)) = W@ HO'((N, 1) (1,1)))).
Now either
i =0andd'((\,1)(1,1)) = A, 1)(1,1) (42)
or
i > 0andd'((A,1))has the prefix\,1) (1,1), (43)
in either case has the prefix= (0K 1((A,1)))W(0%1((1,1))). Thusv has the prefix
WO (A, 1)W(A,0)(1,1))

having the prefixp0?*~1)02 "+11, sinced*~1((1,1)) starts by(\,0) (1, 1).



Lyndon factorization of generalized words of Thue 39
(iv) wak_» is the factor ot,, of lengthjox_1 — jok_» at positionjok_». The length op is
233 | o%k-2_ ok-1, 9

The suffix ofwy_» of length|p| is a factor oty at position

jok2+ [War_1| — |p| = jake1 — |p| = 2% 3.

This is the starting position of the facté($2~1((1,0))), which by (iil) has the prefix.

(v) We will prove the assertion by induction. Let fiist 2k — 1. The factor of lengttp| preceding the
factorwy_1 in ty Starts at positiorjx-1 — |p| = 2%=3_ This is the starting position of the factor
W($%1((1,0))), which by (iil) has the prefip. Thus the first part of the assertion has been proved
in ([ii).

Since|wa 1| = jx_1— |p| = 2%3, the wordpwy_1p~ ! is identical with¥($p>1((1,0))) and
Wa-1 = p (9% 1((1,0)))p. Now

H(pwa-1p™ 1) = (W07 1((1,0)))) = W(9™((1,0))) (44)
having the prefisp by ().
Assume now that the assertion is true for samezk — 1. Then
Wis1 =P H(PWIPT P = p (W' ((1,0))p = p~TW(97H((1,0)))p (45)
and
M(pwi1p™ 1) = p(W(9'T((1,0)))) = W(9'"%((1,0))) (46)

has the prefiyp according to[fi]i).

Lemma 5.4.4 ty, = [ oW

Proof. Sincety is a fixed point ofxwith the prefixwg of length greater thark2?, it is enough to prove that
the sequencp];> W having the same prefix is a fixed pointjohs well From the definition of the words
Wo, Wo_1, P We can observe thaow; - - -Wox_oWoy_1 is a prefix ofty, the length ofwgwy - - -wo_op L is
twice the length ofvow: - - -wor_op~t and the length of the latter word is a multiple &f 2.We obtain:

HMEowWi) = H(Wowa- - - (Wok—2p™ 1) pwak—1p~ 1) [T s (PWip 1))

= H(WoWa- - Wa_2p~ ) p(pWar—1p 1) i o M(PWip L) (47)
= (WoWy- - W pWai— 1P~ 1) pWap 112 (PWi1p ™)
= [iZoWi-

since|wows - - ~(W2k,2p_l)| = 24k—3 and |WOW1~ . 'W2k,2(W2k,1p_l)‘ = 24k—2. O
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Part B
Lemma 5.4.5 For 0 <i < 2k— 1 the last symbol in wis 1.

Proof. The last symbol ofy; occurs at positiorj;.1 — 1 inty. The binary representation of eah; — 1
contains an odd number of occurrencesvof a

Lemma 5.4.6
Wo has the prefio? ‘1,
Wi, We, have the prefik)zkflﬂl, fori<r<k-—2,
Wor 1 and W have the prefig? " ~1+2'1 and
Wax_1 has the prefi>02k1.

Proof. A simple observation of the shape of binary representation of the position numbers follpwing
0<i<2k a

Lemmab5.4.7 For0<i <2k—2, W > Wj.1.

Proof. Lemma[5.4]6 implies thatip > w1 and, for 2<r < k—1, wy > Wor 1.
Let 0<r < k— 2. The wordwsy, 1 occurs as a factor of lengt#22" in t,, at position

Jorq = 2324 o224 | k=t _ k=1 g
whered =0 if r = 0 andd = 1 otherwise.

Therefore the suffix of
V=% ((1,0))) = W(9'(94((1,0)))

at position
22k72+r + 2k71+r _ 2k71 + 1

is a prefix ofwy 1.

SincedX((1,0)) starts by(A, 1) (1,1) b whereb = (10,0) if k > 3 andb = (\,1) if k = 2, the suffix of
W(¢"((1,1) b)) at position 21" — 2%~1 1 d is a prefix ofwy ., 1.

In a similar way, the suffix of

V=% HH((1,0)) = WO (9"TH((1,0))

at position 2k-2+1 4 ok-1+r _2k-1_4  is a prefix ofwa».

Sincedkt1((1,0)) starts by(A, 1) (1,1) c wherec = (10,1) if k > 3 andc = (A, 0) if k= 2, the suffix of
W($"((1,1)c)) at position F1+" — 21 1 d is a prefix ofwy,». In any caselW(b) starts by 1 and¥(c)
starts by Qhencewy 1 > Wor 2.

We still have to prove that, > ws for k > 3.

Since$*~1((1,1)) has the prefix(A,0) (1,1) (10,1) (1,1), the suffix of W((1,1)(10,1)) at position
2k-140_2k=1_ 0 = 0 has the prefix

(Ozk—l)(o:l-zk—l_l) (0212k—1_2) (Olzk—l_l)
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andw, has the prefix g2t
The word¢((1,1) (10,0)) has the prefiX10,1) (1,1) andp*~2((10,1) (1,1)) has the prefix

(A,0)(1,0)(10,1) (1,1).
Therefore the suffix of

P(9((1,1)(10,0))

at position
2k—1+l _ Zk—l 4+1= 2k—l +1

has the prefix
(0% (P Y01 ) 017
andws has the prefix
02 12t 2gq2 -1
Clearly,w, > ws. O
Lemmab5.4.8Fori>2k—1, W > Wi

Proof. Using Remark{ 2.1L2, it is not difficult to observe thHd{(1,0)) has the prefix 31 while
W((A,1)) has the prefix 0. HenceW((1,0)) > W((A,1)) and(1,0) > (A, 1). Propertl implies
that(1,0) > ¢((1,0)) and[y of Lemm&5.4]3 implies; > W1. O
Part C

Lemma 5.4.9 Let1=1imu_» ®"((A, 0)).

(i) The first two occurrences of the factgx, 0) in T are at positiong jo/2"1| and| j1/21].
(i) The first two occurrences of the factx,0) (1,1) in T are at positiong j1 /21| and | jo/2<1].

(i) For 1 <r <k—2, the first two occurrences of the fact(r,0) (10',1) are at positiong jor;1/25 1|
and | jor2/271).

(iv) The first two occurrences of the factt,0) (A,0) (1,1) in T are at positions| jx_1/21| and
Liz/271).

(v) The first occurrence of the fact¢t,0) (A,0) (1,0) in T is at a position greater thafjz_1/2% 1.

Proof.

(i) The first occurrence ofA,0) after position 0= | jo/2¢~1| is at the position
(10110 g = [jo/271).

(i) If the factor (A,0) (1,1) occurs inT at (an even) positiorj then the symbol at positiof/2 is
(10K2,1). This must be a prefix of a factapk~2((1,1)). Since the first two occurrences of
(1,1) in T are at positions‘eld‘*ll)[Z] =2¢t1 and(ld‘l)[z] = 2Kt1 1, the first two occurrences
of the factor(A,0)(1,1) in T are at positiong2X + 1).2k2.2 = 221 4 k=1 — | j; /2k=1| and
(2014 1). 222 =% g ok — | /2K 1.
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(iii) If the factor (1,0) (10",1) occurs int then(10,1) is the prefix of a factop'((1,1)). In that case
(1,0) is a suffix of somep' (b), b € . Thenb = (a,0) wherea # 1, sinceb(1,1) is a factor oft
and(1,1) must be in an odd positioThenb(1,1) = ¢(c) for somec € Z. This is only possible if
c= (10¢2,1) andc s a prefix of a factoh*—2((1,1)). Since the first two occurrences (f, 1) in T
are at position$10¢11) 5 = 24 1 and(10¢1) 5 = 21+ 1, the first two occurrences of the factor
(1,0) (10',1) in T are at positions

(K4 1).2 2200 428 — 1= &1 L kL | ot g |y /25 Y (48)
and
(214 1) 2K 2220 42N 1 =22 L I Lot — o p/27 L) (49)

(iv) Let the factor(1,0) (A,0) (1,1) occur inT at (an odd) positiorj. Then the factor of length 2 at
position | j/2] is (1,0) (10-2,1) and in the same way (taking= k — 2) as in the proof of iji we
deduce that j/2|corresponds to the positiofZ2 — 1) + 1 of a factorg+k-2+1+(k=2)((1 1)) |
hence the first two occurrences of the fagthi0) (A,0) (1,1) in T are at positions

(24 1).2.22 2262 ol %2 o2 DKL) — | joppn /27 (50)
and
(214 1). 22622202 4 1 =21 A2 Dkl — | /2. (BD)

(v) Let the factor(1,0) (A,0) (1,0) occur inT for the first time at (an odd) position Then the factor
of length 3 at position j /2] is either(1,0) (A,0) (1,0) or (1,0) (A,0) (1,1). The former case would
mean an earlier occurrence of the factor, hence the latter case take place. Th@fagtar 0) (1,0)
hence occurs later thgd, 0) (A, 0) (1,1).

Lemma5.4.10For0<i < 2k—1, w is a Lyndon word.

Proof. The binary representation of eagh; — 1 contains an odd number of occurrences df 1pand
therefore the last symbol of eaehis 1. To prove thawy; is a Lyndon word, we will show that; besides
in its prefix 1 (as described by Lemnja54.6), does not contain any occurrence of the fadtde Will
use Lemmd5.4.9, which will imply in each particular case that the next occurrendeimot Oafter the
prefix of w;, is in some of the following factors;.

l.i=0. Propertl implies that a factot 0'occurs inty at some positiorj only if either (A, 0) or,
for somer >s>0, (10°5,0) (10', 1) occurs at positiot j /2571 | of T=limp_. $"((A,0)). Property5.4]2
implies that in the latter case exactly oneragfmust be equal to 0, hence> s= 0 and the factor has
the form(1,0) (10", 1) for somer > 1. We apphyf]i andTji of Lemm§&5.4.9.

2. i=1ori = 2. Afactor & 1 occurs int, at positionj only if either (A, 0) (1,1) or (1,0) (10',1), for
somer > 1, or (1,0) (A, 0) occurs at positior j /21| of 1. We apphfii andili of Lemm45.4]9.
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3. i=3ori =4,k > 3. As shown in the proof of Lemnla 5.4\ has the prefix 8 '+112*-2012 -1
andw, the same or smaller prefix. If a factof 01 occurs inw3 or wy at the positionj of t, then the
factor (\,0) (1, 1) occurs at position j /21| of 1. Hence 8"+ occurs inwz orw, as a prefix of the

factor @ 101211~ g2 1922921

4. i=2r+1lori=2r+2,2<r<k—2. Afactor & -+ occurs inty at positionj only if either
(1,0) (A, 0) or (1,0) (10", 1)occurs at position j /2<°1| of 1. If the factor(1,0) (A,0) occurs int, then
it is a prefix of the factof1,0) (A,0) (1,1) or (1,0) (A,0) (1,0). We applyii and1V and]v of Lemma
bZ79.

5. i = 2k— 1. A factor & occurs irt, at positionj only if (1,0) (A,0) (1,1) occurs at position j /21|
of 1. We apphyfiy of Lemma&5.21.9.

Lemma 5.4.11 Fori > 2k — 1, wy is a primitive word.
Proof. Analogous to the proof of Lemnia5.1]13. ]
Lemma5.4.12Fori > 2k—1, w; is a Lyndon word.

Proof. We proceed by induction. The assertionifer 2k — 1 is implied by Lemm&5.4:10.

Let the assertion be true for some 1 > 2k—1. Lemma[5.4:11 implies that; is a primitive word.
By Lemma[5.4]3w; is a conjugate of?(¢'((1,0))). Assume thaty; is not minimal in its conjugacy
class. Letw; = uvwherevu < w; is the smallest conjugate of. According to Lemma&5.4.8y; < Wok_1,
hencew;, andvu have the same prefixzﬁ aswx_1 because no conjugate #f(¢'((1,0))) may contain
the factor 6+1, as one easily observes using Prop.4.1. The worig of the form&oxix2x&p,
€0 7# A, wheregogo — W(O**(co)), X1 = W(P*(c1)), X2 = W(9**(cy)) for somecy,c1, ¢, € T and
ELEoxaxax = W($KL(cicoX'co) for some conjugate; coX co of §K-1+1((1,0)).

Property[5.4]1 in combination with Propefty 54.2 implies that the only possibilig is 022,
&=1x= 0% % = 0121 gy = (1,0),¢c1 = (A\,0) andc, = (1,1).

A repeated application of Propeffy 514.2 leads to the conclusiomibat cy is a conjugate of

o< 11((1,0)) of the formd*~1((1,1) y(a,0)),

where(1,1) y(a,0) is a conjugate o' ((1,0)), sincec;c, may occur only as a prefix @< 1((1,1)).

Hence&, Vo = x1%280&0 = W((1,1) y(a,0)) for a conjugate(1,1)y(a,0) of ¢((1,0)). Property
now implies thata, 0) (1,1)y = ¢(y’) for some conjugatg of ¢'~1((1,0)).

Again, the only possibility is thata = A and (A,0) (1,1)y = ¢¥~1((1,1) by”) for some conjugate
(1,1)by” of ¢ '~V ((1,0)) whereb is some symbol fron occurring at an even position and there-
fore different from(1,0) and(1,1). We will use the fact that, sinde# (1,0) andb # (1,1), $*~?(b)
starts byc € X where eithec = (\,0) orc = (A, 1). Hencey = ¢*2((1,1))czfor somez € Z*.

We have(),0) (1,1)y = ¢ 1((1,1))d(c2), where eithec = (A,0) orc = (A, 1) andp*2((1,1))czis a
conjugate ofp'~1((1,0)).
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Furthermoref,'vi€o = W((1,1)y(\,0)) and, finally,p = W($* ((A,1)) (A,0))&,* as stated by]ii of
Lemma[5:4713. We get

i< wi=p W(i(L0))p
pvu < W(P'((1,0)))p
(PE0)(Eo Vo) < W(9'((1,0)))po
WO\ D) (N 0NWILD)Y(A0) < WO'((1,00))W (N 1) (A,0)
O (A, 1)) (A,0)(1,1)y(A\,0) < ¢'((1,0)6*((A,1))(A,0)
O LA H(L1)d(c) < ¢'((1,0)0F (A1)
o2 (< Aok A(L))ez < 9H(L,0)9K (N 1))
(N (L )ez < 9H(L,0)9R (N 1)
O (A 1))ez < (1,004 2((A, 1))
O (A 1)z < ¢' l(<1,0>)¢k 2 <;\,1>)

A
%
s
B
o
\_/

WOk, 1))ed

The wordW(¢'~1((1,0))) = pwi_1p* has the prefip = LIJ(¢k—1(<)\,1>))lP(<)\,O> &, L. The latter in-
equality therefore implies that the first symbol ¥fc) is not greater than O being the first symbol of
W((A,0))&,2. The wordW((A,0)) starts by 0 an@((A, 1)) starts by 1, hence= (A,0). Then

WO D) (N0)2) < WO H((1,0)0%((A,1)))
WO (A D)WN0)W(2) < WO H((1,0))W(H2((A,1)))
PEW(Z(O*2((L,1)) (A,0)E < W(O'1((1,0)))v
where
Vo= WMD) W0 2((1,1) (A,0))Ep "
= WOK((\1) (A, 0)E"
= p.
Therefore

EoW(Z 2((L1))0)E" < p WO (L,0)p
EW(Z0*2((L,1))0)Es" < wis

where the left-hand side is a conjugateWfd'1((1,0))) and hence ofvi_1. This contradicts to the
inductive hypothesis that;_4 is a Lyndon word. |

TheoreniZZ]1 follows from Lemnias.4.4, Lemmayg.4.7, Lemimal5.4.8, Ldmmal5.4.10 and CeEmMma 5.4.12.

6 Concluding remarks

Out of the four subclasses of the generalized Thue sequences, for three subclasses the canonical Lyndon
factors grow proportionally with applications of the substitutjonin the only case, whew = 1¥, the
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factors are growing withi. This fact prevents us from trying to make any kind of conjecture on the
general shape of the Lyndon factors for the whole class of generalized sequences of Thue. A study of the
Lyndon factorization of further subclasses will be necessary to have a kind of general result. We hope that
Definition[3-L.P together with Lemnja3.P.4 may be equally useful as they proved to be in the investigation
of the four subclasses in the present work.
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