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Let (A,)vev be a finite family of sets. We establish an improved inclusignlusion identity for each closure
operator on the power set & having theunique base propertyThe result generalizes three improvements of the
inclusion-exclusion principle as well as Whitney’s brokermgit theorem on the chromatic polynomial of a graph.
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1 Introduction

One of the most important tools in enumerative combinataio$ combinatorial probability theory is
the principle of inclusion-exclusion, which is also known las sieve formula or the formula of Poincaré
or Sylvester. A detailed account of the principle of inctusiexclusion (and the associated Bonferroni
inequalities) is given in the textbook of Galambos and SiniDj®g.

For any finite family(A4,),cv of sets the principle of inclusion-exclusion states that

X ( U Av) = Z (—1)|J|_1X m Aj ) (1)

14 JCV jeJ
vE e J€

where for any setl, x(A4) denotes the indicator function df, that is,

1 ifweA,
0 otherwise

x(A)(w) = { )

There is no real restriction in using indicator functionthea than measures, since Eq. (1) can be integrated
with respect to any measure (e.g., the counting measurepaighbra generated by the familf, ), cv .
Since the sum on the right-hand side of Eq. (1) ranges 2Ver— 1 terms, it is natural to ask whether
fewer terms would give the same result. Partial answers toqtstion are given by several authors,
e.g., McKee [10, 11], Naiman and Wynn [12, 13], Narushima [B} ahd the present author [1-5]. The
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problem naturally arises in several situations, e.g., whssessing the reliability of a network [4, 17] or
when computing the volume of a union of balls or other geometsjects in Euclidean space [7,8,12,13].

In the proof of his famous inclusion-exclusion variant fenslattices, Narushima [15] uses a prominent
result of Rota [16] on closure operators and Mobius fumdio Although the significance of closure
operators becomes obvious by Narushima’s proof and Rota’k,wo inclusion-exclusion variant has
been established that contains a closure operator in itsipes or hypothesis. In this paper, we establish
such a variant and deduce three results from it, which for thetfime appear in a common context.

2 Improved inclusion-exclusion identities

For any set/, let P(V') denote the set afion-emptysubsets ofi”. A closure operatoron P(V) is a
mappingX — X* from P(V) into itself satisfying

() XcXxw
(i) XCV = X*CY™,
(i) X** = X*

forany X,Y € P(V). AsetX € P(V) is closedif X* = X. X is perfectly closedf all non-empty
subsets o are closed. Adase ofX is a minimal non-empty subsgtof X such thaB* = X. Evidently,
if the underlying set is finite, then each closed set has a Basksure operator is said to have tineique
base propertyf none of its closed sets has more than one base.

Closure operators having the unique base property may leedli@s natural generalizations of the
convex hull operator. Thus, there is a strong connectiowds our work and that of Edelman and
Jamison [6] on convex geometries.

Proposition 1 LetV be a finite setX — X* a closure operator ofP(V) andJ € P(V). Then,J is a
base of itself if and only iff is perfectly closed.

Proof. If J is perfectly closed thed* = J and if K C J is non-empty thelk* = K C J,soJis a
base of itself. On the other hand, assume thé closed, but not perfectly closed, thati&; = J and
K c J for some non-empty and non-closed &&tThen, pickk € K*\ K. Sok € K* C (J\ {k})* and
J\{k} C (J\{k})*. Taking the union of these last two containmedits; (J\ {k})*, so(J\{k})* = J
wherek € J, whence/ is not a base of itself

Proposition 2 Let(4,),cv be a family of sets an& — X* be a closure operator of*(V") such that
for any non-empty and non-closed suh&eof V,

N4 ¢ | 4. (3)

ze€X v¢X

Then, for any non-empty subsebf V,

N4 = () 4. (4)

jeJ jeEJT*
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Proof. Fix someJ C V, J # (. There is nothing to prove |ﬂ csAj = 0. Otherwise choose
w € [;es Aj and showthab € ), ;. A;. By the choice obv, J C V,, whereV,, := {v € V'|w € A, }.
By the defmmon ofV,, and (3), V is closed and hencel* C V,,. Hence,w € ﬂ iy A; and the
proposition is proved.Od

The following proposition from [6] generalizes and simpkfie Proposition of Narushima [15, p. 198].

Proposition 3 LetV be a finite set andd — X* be a closure operator of#(V') having the unique base
property. Then, for each closed seE P(V),

S (il = (-1 if Jis perfectly closed ©
I€P(J) a 0 otherwise
I*=J
Proof. Let Jy be the unique base ¢f Then,l* = Jifandonlyif Jo C T C J. Hence,
—)I i gy = J,
3y = (() ) 0= ©
I€P(J) otherwise
I*=J

By Proposition 1,J, = J if and only if J is perfectly closed, whence the resulil

Theorem 1 Let(A4,),cv be afinite family of sets andl — X* be a closure operator oR(V') satisfying
the unique base property and
N 4. ¢ U 4 7

zeX vgX
for any non-empty and non-closed sub&etf V. Then,

g)-gor(p)
veV JEP(V) jeJ

J perf. closed

Proof. By the classical inclusion-exclusion principle,
(Ua) - o3 e na)- ®
vEV JG?_(V) IG’JZJ) i€l
From this, the requirements of the theorem and Propositiwa 2onclude that
X<U Av> S =0T 4] - (10)
veV JE?(V) Ie?(J) JjEJ

Now, by applying Proposition 3, the result follow§l

Note that by setting(* := X for any non-empty subséf of V', Theorem 1 specializes to the classical
inclusion-exclusion principle.
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As afirst corollary we now deduce the semilattice sieve of Namialil5]. Recall that pin-semilattice
is a partially ordered sdt” such that every two elementsy € V have a least common upper bound,
which we denote by V y. A chainin V is a subseC of V' such that any two elements 6f are
comparable.

Corollary 1 (Narushima) Let(A4,),cv be afinite family of sets, whelé is a join-semilattice such that
Az NAy C Apyy foranyz,y € V. Then,

veV JEP(V) jed

X ( U AU> = > (n7 'y ( N AJ) : (11)
J isachain

Proof. Asin [6], let X* be the join-subsemilattice generatedX¥y Then, each closed s&t has a unique

base, consisting of its join-irreducibles. (Recall thas join-irreducibleif z = a vV b impliesz = a or

x = b.) Clearly, X is perfectly closed if and only iX is a chain. Condition (7) holds since any non-closed

setX # () containsr andy such thatd, N A, C A,vy andz Vy ¢ X. Theorem 1 now gives the result.

O

As a second corollary we deduce the tree sieve of Naiman and VIain [

Coroallary 2 (Naiman-Wynn) Let(A,),cv be a finite family of sets, where the indices form the vertices
ofatreeG = (V, E) suchthat4d, N 4, C A, foranyz,y € V and anyz on the path from to y. Then,

X ( U Av> = > x() = D x(4in4y). (12)

veEV 1% {i,j}€E
Proof. Again, we apply Theorem 1. As in [6] we define for any non-empty sulisof V,

X* = U {z € V| zis on the path fromx: to y} . (13)
T, ye€X

Then, each closed subs¥tof V' has a unique base, namely the set of its leavés i§ not a singleton,
otherwiseX is a base of itself. It is easy to see thétis perfectly closed if and only i is an edge
or a singleton. Condition (7) is satisfied since any nonaidosetX # () containsz andy such that
A;NA, C A, forsomez ¢ X which lies on the path betweanandy. Thus, the corollary follows from
Theorem 1.0

The dual version of the following corollary has been publishe[5] together with a generalization to
Mobius inversion over power set lattices. Note that the deadion is obtained by replacing> max C
with v < min C. As noted in [5], the result generalizes Whitney’s famousbrocircuit theorem [18].

Coroallary 3 (Dohmen) Let{A,},cv be afinite family of sets, whetéis endowed with a linear ordering
relation, and letC be a set of non-empty subsetdo$uch that for any’ € C,

ﬂ A, C A, forsomev > maxC. (14)
ceC
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Then,

veEV JEP(V) jeJ
J2C (VCER)

X < U Av) = > (nPx (ﬂ Aj> : (15)

Proof. For any non-empty subsét of V' define
X* == XU{v€eV|N.ecAc € Ay andv > max C forsomeC € €,C C X }. (16)
Then, each closed sét has a unique base, namely
X\{v € V|Neec Ac C Ay andv > max C for someC € €,C C X }. (17)

Clearly, X is perfectly closed if and only iX 2 C for anyC € €. To verify (7) observe that for any
non-closedX # § there is some& C X andv ¢ X such that), .. A. € A, andv > maxC; in
particular,(,. x Az C A, for somev ¢ X. Thus, the requirements of Theorem 1 hold and the result
follows. O

Remark.Based on the recent theory of abstract tubes due to Naiman snd A2, 13], the author [3]
proved that truncating the identity in Theorem 1 at somellévgives a lower resp. upper bound for
X( Uvev Av) depending on whethéris even or odd. These new truncation bounds are provablyast le
as sharp as the classical Bonferroni bounds although lespuational effort is required to compute
them.
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