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Superconvergence of Strang splitting for NLS in T

Philippe Chartier!, Florian Méhats?, Mechthild Thalhammer?, and Yong Zhang*
March 7, 2014

Abstract

In this paper we investigate the convergence properties of semi-discretized approx-
imations by Strang splitting method applied to fast-oscillating nonlinear Schrodinger
equations. In a first step and for further use, we briefly adapt a known convergence result
for Strang method in the context of NLS on T¢ for a large class of nonlinearities. In a
second step, we examine how errors depend on the length of the period ¢, the solutions
being considered on intervals of fixed length (independent of the period). Our main con-
tribution is to show that Strang splitting with constant step-sizes is unexpectedly more
accurate by a factor € as compared to established results when the step-size is chosen as
an integer fraction of the period, owing to an averaging effect.

Keywords: highly-oscillatory systems, averaging, partial differential equation, Schrodinger
equation, nonlinear, Strang splitting, splitting schemes.

MSC numbers: 34K33, 37L05, 35Q55.

1 Introduction

In this work, we analyze the convergence of Strang splitting method for nonlinear Schrédinger
equations of the form

10 — —éAue + (P, wf(0) = uo € HO(TY), t<T, (1)

where A is the Laplacian operator acting on the Hilbert space H? of functions on T¢ =
[0,27]? with derivatives up to order o and f is a C™-function from R into itself such that
f(0) = 0.} The operator A being self-adjoint, Stone’s theorem asserts that it generates a
strongly continuous one-parameter unitary group e'”® which, here, is in addition 1-periodic
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in the variable 7 = t/e, so that on a fixed interval of time, the number of oscillations tend
to 400 as € goes to zero, thus making the problem highly-oscillatory. It is customary for the
ease of analysis to reparametrize the time and consider the evolution in the variable 7. In
this language (but denoting again by ¢ the new variable 7), the equation reads

i = —Auf + ef(JufP)uf, uf(0) =ug € H°(T?), t<TJe, (2)

the period of the group e**? is 1, and the equation must be solved on the interval [0, 7 /e]
(where interesting dynamics of the solutions appear). Of course, the number of oscillations
|T'/e] over the interval of resolution still goes to oo for vanishing €. Albeit the occurrence
of £ in front of the nonlinearity, we insist that (2) is not a perturbation problem, owing to
the length of the interval of time which scales like 1/e. In the sequel, we give convergence
results for semi-discretized numerical schemes applied to (2), keeping in mind that they are
straightforwardly transferred to the original format (as stated in the Abstract). Accordingly,
we assume in the whole paper the following:

Hypothesis (H) There exist T > 0 and gy > 0, such that, for any 0 < ¢ < gg, equa-
tion (2) has a unique solution uf(¢,-) € C*([0,T/¢]; H(T9)) with ¢ > d/2 + 2 and o > 4.
Furthermore, there exists a positive constant K such that

V0 < € < gg, VOﬁtﬁT/E, |]u€(t)HHa gKHUOHH"' (3)
For convenience, we shall denote in the sequel, R = 2K ||ug||g- and
By ={ue H® |lullgs < p},

so that under previous hypothesis, the solution u°(t) = u®(t,-) remains in B, /2 for all
t € [0,T/e]. Note that in our context, the validity of this assumption can be rigorously
established (see for instance [3]).

In this paper, we study the approximation properties of a semi-discretization in time.
The numerical scheme that we consider is Strang splitting method, yielding approximations

h/2 h/2
o' (u) = g% 0 Pl 0 b (w),

where h is the step size and 4,052 and 4,0}{, are the exact flows of respectively
i0iu = —Au  and  idu = ef(|u|?)u. (4)

By Stone’s theorem and the gauge invariance, they can be written for all v € H® and all
heR as | | 2
Ph(u) = ™y and ol (u) = e~ thef )y,

Note that both maps are isometries of L2, that is, one has for all u € L2, || (u)|| 12 = [Jul 12
and ||l (u)|| g2 = |lul|g2. It is perfectly clear that the first map is also an isometry in H* for
all 0 <s<o.



In agreement with the results of [9] derived for NLS in R? and f(u) = u, the sequence
of approximations (®")"(ug) are expected to converge on [0,7/¢] with second-order error
estimates of the form

1(@"Y" (o) — wlta) | sro—s < Const h?

for t,, = nh < T'/e and sufficiently small h. Note that here o and d are arbitrary with the only
constraint that o > d/2 + 2 and that the convergence is uniform in €. The aim of this paper
is to show that, somehow unexpectedly at first glance, this error estimate can be refined to
obtain

(@™ (ug) — w(tn)| gro—2m < Const (eh® + h™)

where 2 < m < |0/2| depends on the smoothness of the initial value ug, provided the step
size h is chosen in such a way that 1/h is an integer.? The precise formulation of this result
is given in Theorem 5.5.

The paper is organized more or less along the following inclusions:

o o o—2 o—2 o—4 o—2m
R/ C B CBj C Bigia C H cC H
Vv S~—— 2 2
ezact solution functional bounds hl—error, Hs —stability he—error  h*e=error
In Section 2, we consider the two functions u +— F(u) = —if(ju/?)u and (1,u) — Fy(u) =

e ITAR (e”Au) which are essential ingredients of further proofs and derive bounds of their
derivatives with respect to both u and 7. In addition, we give a Lipschitz estimate for F,
which lies at the core of stability estimates derived in Section 3. In the spirit of [9] again,
stability holds in H*-norms for 0 < s < ¢ — 2 provided the numerical solutions remain in
H°~2. Bounds on derivatives of F' and F, are then used in Section 4 to analyze the local
truncation errors. In Section 5, we first briefly (re)-derive the (uniform in €) convergence
results of [9] (though without resorting to Lie-derivatives) and then analyze in great details
the accumulation of errors in the case where 1/h € N. The final result is then obtained in
two steps, by first studying the errors over one period (see Theorem 5.4) where an averaging
effect essentially kills the main error term and then extending the so-obtained estimates to
the whole interval (see Theorem 5.5) . Finally, Section 7 presents numerical experiments
confirming the occurrence of an additional e-factor in error bounds. A few more technical
results are exposed in Appendix.

2 Bounds on F, I, and their derivatives

The embeddings of H” and H°~2 into L™ implies that H° and H° 2 are algebras: there
exists a constant A > 1 such that for s = o and s = ¢ — 2, one has

V(u,v) € H® x H®, |uv||gs < Al|u||gs||v] ms-

2Such step sizes are said to be resonant and can lead to exponential error growth (see Weideman and
Herbst [12]). However, this possible very long-time instability does not contradict the convergence results
given. Instabilities are indeed typically observed on intervals of length 7'/ in this scaling.



In this context, any C°°-function G from C to itself, such that G(0) = 0, satisfies a so-called
tame estimate (see [1]): there exists a non-decreasing function yg from RT into R, such
that for s = ¢ and s = 0 — 2, one has

Vae 1, [G)lae < xallull=)lul s < xeellulme) ul s, (5)

where we have used in the second part of the inequalities the continuous embedding of H 2
and H? into L> and denoted c¢ the corresponding constant || - ||z < ¢|| - [[go—2 < ¢| - ||z--
More generally, when G(0) is not assumed to vanish, we may consider G(u) = G(u) — G(0)
and assert that there exists again a non-decreasing function yg from R™ into R™, such that
for s = 0 and s = o — 2, one has

vue H*, ||G(u)llns < (2m)%2(G(0)] + xc(|ull =) [l - (6)
In the sequel, the following functions will play an important role:

F: H° — H°
u e —if([uf)u

and

F.: [0,1]x H® — H°
(1,u) e TTAE (e A).

Let us notice that F' = Fy, so that we will mostly concentrate on estimates for F;.

A Lipschitz inequality for F.. Regarding F as a function of H°~?2 into itself, it is not
difficult to show that it a Lipschitz continuous function. Owing to Lemma 7.3 in Appendix,
it is also a Lipschitz continuous function in H*-norm for all 0 < s < ¢ — 2, provided u and v
lie in Bj'%_2. We have indeed

IF(w) = Fo)llms = [If([ul®)u = f(lul*)o + f(jul)o = (o))l g

1f (ful?) (= o) [rs + [1(F([uf®) = F(o?))vllas

Rl F () o2l = vll s + &0l o2 ([wl?) = (o) |a

K AX f(El|ullFo-2) |l Fro—2llu = ol s + o]l go—2alf, AR?)||Jul® = [vf*|| s
HAXf(02R2)R2”u —v||gs + K Ra(f, AR?)|uti — ub 4 uv — vo|| s
/{Axf(CQRQ)RQHU —v|lgs + 282 R2a(f, AR?)||u — v||gs

L||u — vl gs

IA A A TN TA

with® L = k R2(Ax;(c2R?) + 2k a(f, AR?)). The map "> being an isometry of H* for all
s, it is clear that F is also Lipschitz continuous with the same constant L.

Derivatives with respect to u. Let s = 0 or s = ¢ — 2. Function F; is C*° w.r.t.
u from H? into itself, and we have for instance

F7l_ (u) (’U) — e—iTAF/(eiTAu) (eiTAv)

3Constants x and o(f, AR?) are defined in Lemma, 7.3 in Appendix.



where F'(u)(v) = —if(|u|?)v —if'(Ju|?)(@v 4+ tu)u. From (6) for f and f’ and the identity
|2 ul| s = ||ul| s, we get the estimates for all 7 € [0,1], all u € B} and all v € H®

1F7 (w)llrrs < A%xp (e lullFo) lJullfe < Mo
and
IEL () (@)l < AP)F (e al®) e fullFps 1ol s+ AlLF(e™al®) e o] e
< Mol g
for some constants My and M;. The second derivative of F' takes the form
F"(u)(v,w) = —if"(|Jul*)u(av + vu)(aw + wu) — 2if'(|u?)(@vw + tuw + duv),
so that by similar arguments, we obtain
Vu € By, V(v,w) € H* x H®, ||F!(w)(v,w)||gs < Ma|jv| gs||wl| gs-
Note that the constants My, M7 and M5 depend on f and R. These estimates can be easily

generalized to higher derivatives FT(I), l=3,...,]0/2] for some constants M.

Derivatives with respect to 7. The first derivative of F; w.r.t. 7 can be computed
as follows:

dF;(u)
dr
Note that here, iF}(u)(Au) — F.(u)(iAu) # 0, so that the function u — dFTT( W is a function
from H? to H? 2. The H° %norm of F;(u) for u € B$ can be estimated as follows
<5
dr Ho—2

= —ie  TAAF () + e TAF (A u) (1675 Au) = —iAF, (u) + FL(u)(iAu).

< |AF, () gos + | FL(u)(idu) | o2 < Mo + My R.

More generally, the j-th derivative w.r.t. 7 reads?

and is a function from H? into H°~% provided ¢ > 2j. Its H°?/-norm can be bounded as
follows

|50, < (1) it

drd HHU*ZJ s

< P |Ha+§j< ) IO @80 o

< (1+R)y lmax_Ml.

:07"'7]
“We sometimes use the notation F")(u)(w’) as a shorthand for F (u) (w,...,w).
—_———
j times



The bounds of local truncation errors will finally require to estimate

d
Pl u)(v) = —iAFL(u)(0) + FL(u) (iA0) + FY(w)(v, iAu).
-
For w and v in B, the following bound stems directly from previous inequalities

5

dr

< 2MiR+ M>R2.
Ho'72

H?-H?® inequality for derivatives of F,. Proceeding as for F;, it is straightforward to
show that derivatives of I, w.r.t. to u satisfy a Lipschitz estimate on B%: there exists a
constant £ > 0 such that, for all 0 < 25 < o,

Yw € B2, Y(u,v) € BE x BE,  ||[FY (uw)(w?) — FU () (w) || gro—2 < L]ju — v]| o2

It then follows that

&' Fy(u) B deT(v)‘

Y(u,v) € BY, x BY, H de i

LQHU — UHHU

Ho—2j

for some constant Ls. We finally collect in next proposition the findings of this Section.

Proposition 2.1. Let m = |0/2|. For s € {o,0 — 2}, the function (T,u) — Fr(u) =
eTTTAF (A ) is a well-defined function from [0,1] x H® into H®, is C™ w.r.t. u, and for all
0 < j <m, itis j-times differentiable with values in H°~%I. Moreover, there exists a positive
constant M such that for all T € [0,1], all u € B}, and all (v1,vs) € (H*)? one has

1Fr (u)llms < M, (1P (u)(on)llms < Moillgs, 1F (u) (v, v2)llgs < Mllvil|aslvzllgs, (7)

and for all T € [0,1] and all (u,v) € (B%)?, one has

deFT(“) <M and H < M. (8)

B ae-as S s

dr

Ho—2

Finally, there exist positive constants L and Lo such that for all T € [0,1]
VO<s<o—-2, VY(uv)Ee€ B}’%_Q X Bj‘%_2, | F-(u) — Fr(v)||gs < Llju — vl gs, (9)
and for all 0 < j <m, all T € [0, 1]

&' F,(u) B &' F,(v) H <
dri dri lge-20 —

Y(u,v) € BY x BY, H Lollu — v (10)

The constants M, L and Lo depend on f, R and o.



3 Stability estimates

In order to estimate local errors in a neighborhood of the exact solution, we need to ensure
that the numerical solutions lie in B%‘? Besides, stability estimates in various norms are
required in the study of the error accumulation. These points are addressed in next lemma.

Lemma 3.1. Consider the map u — A} (u) := ®"(u) — " u and let ho = %. If v and

w are two functions of ngi, then for all0 < h < hg, ®"(v) and ®"(w) are in BS 2 and the

following statements hold for all 0 < s <o — 2
19" (v) = @"(w) g+ < e o —wlgs and AT () = A} (w) | gre < ehe™H v — w]|pge.
Proof. Denoting v(t) = ¢!, (v) and w(t) = !, (w), we have
w(t) =eF(w(t)) and 0(t) = eF(v(t))

so that .
Jott) = w(®)r < o = wlle +¢ [ [P0 = P, a

As long as w(t) and v(t) remain in B% 2, we have, according to (9)

|FeE) = F@)| < Live) —w@)la
so that, by Gronwall lemma

lo(t) = w(®)las < o —w]ps
In particular, taking w = 0, we have ||[v(h)|| go—2 < %eaLh < R. Now, we immediately get

lov(v) = v = @b (w) + wl|zs < e Lhe v — wl|g=,

and both statements then follow from the fact that €22 is an isometry of H”. O

4 Local truncation errors
Denoting t,, = nh < T'/e and i, = u®(t,), we define the local truncation errors as follows
6" (e,h) = ®"(up,) — upyy

Comparing the Taylor expansions of u®(t, + h) and ®"(uZ) and using Proposition 2.1, we

can now derive bounds for 6" (e, h).



4.1 Expansion of the exact solution

The exact solution at time ¢ + h can be written with the Duhamel formula as
U (t+ h) = eMPus(t) + ee® /Oh E-(e7AE (t 4 7))dr,
or equivalently for v°(t) = e~ us(t)
V(4 B) = v (t) + & /Oh For (v (t + 7))dr- (11)
We then use the following expansion of Fi(u + 0)
F.(u+10) = Fr(a) + F.(a) (D) + /01(1 — E)F! (0 + £0)(9?)dE.

Inserting the expression of v°(t + h) into the right-hand side of (11) and denoting v = v°(t)
for the sake of brevity, we obtain

v (t+ h)

h T
v+ E/ Fiir (v + E/ Frpr, (v°(t+ Tl))dTl)dT
0
h
= v—i—s/ Fiir(v dT—I—€ / / t+7’ V) Fiyr, (V5 (t + 11))dmidT
/! i 2
+ / / Ft+7 (1 —§)v+§v€(t+7))d§</ E+Tl(v€(t+71))d71) dr.
0

The second-order term in € can be further expanded as

/ | Feel)Fis (0)inr
—i—&?/ / Fl (v /Ft’+ﬁ((1—§)v+§v5(t+n)>d§</0nFt+T2(v€(t+7'2))d72>d71d7.

Finally, we have with u = u®(t)
h h p1
U (t 4 h) = Py + gethB / E,(u)dr 4 e2eh® / / F(u)Fyy (w)dridr + e3¢ E5(u, e, h),
0 0
with E(u,e, h) = E34(u, e, h) + E34(u, €, h) where

Exaluse.h) = / h/la—@F;’((l—£>u+5e—imu€<t+f>)d5( /0 TFH<e—mAu€(t+ﬁ>>dﬁ)2dT,

E34(us e, h) / h/ / 1 € utEemA €(t+ﬁ))d£< (e_”zAua(t—i—Tg))dTg)dTldT.

Since u®(t) remains in B, C By C Bj’%_2, we have by Proposition 2.1

1
lE3(ul(t), &, h)|| fo—2 < gM3h3. (12)



4.2 Expansion of numerical solutions

Assume here that u € By R/24 and 0 < h < hg where hg is defined in Lemma 3.1. Using that

d
el () = eF (g (w)
we get immediately

O (u) = u+ehF(u)+ 1(sh)2F'(u)F(u) +

[\

h(h— )2
£ / = T (P70 ) (P ) + P () F (5 () P ()
0

which we may write as
1
py(u) = u+ehF(u)+ g(eh)zF'(U)F(U) +e%E3v(u, e, h) (13)

with

h(p — )2
Eay (u.e) = [T (PR F (7 00) + F (67 00) F (G )T () ).

The Strang splitting solution can then be expanded as

h(u) = eih/2A (eih/2Au F ehF(e/2Dy) + %(gh)2F/(ez’h/2Au)F(eih/2AU) i 6353’V(eih/2Au’€’ h))
. 1 . .
= A <u + eh o (u) + 5(6h)2F,’l/2(u)Fh/2(u)) + 53elh/m€3y(em/mu, g, h). (14)

Note that owing to Lemma 3.1, ¢{,(u) remains in B§_2 for 0 < 7 < h so that, by using
Proposition 2.1,

Yu € BSR/i, YO < h<ho, |IEv(ue h)|go—2 < 7;13, (15)
4.3 Bounds of local truncation errors
The local truncation error finally reads
(e, h) = M hFh/2 / F-(
+ e (§h2F,; 12(U5) By (u / / Fl(u )dTldT)
+ 63 (eih/2A837 ( zh/2A a €, h) ZhAgg(un,E,h)) (16)

and we have to estimate each term individually.

First-order term in €. We use the second-order Peano kernel ko of the midpoint rule

h 1 d2
hFy, 2 (u) —/0 FE(u)dr = h3/0 Ko (T) WF@(U) dr

0=1h

9



where kg is a scalar continuous function, so that, owing to (8) (note that o > 4)

[F 2w / P < M</ ko) ldr) 1. (17)
Second-order term in €. We here use that
T d T d
Fr (u) = Fyo(u) +/ —Fy(u)dd and Fl(u) = F,’L/z(u) + — Fy(u)df
ny2 A0 ny2 df

and insert these expressions into the double integral term to get

h T h2
| [ FE wdndr = T F p@Fys0) + 1
0 0

where

/ / Fl, / 4 )d9d7d7+/ / / 4t W AOF, o (w)drydr

" a0 1 b2 a0 p(u h/2(W)aT1
/// Fwdd [ L Fyu)dodn d
—lg(u — Fy(u T1dT

o Jo Jnjzdod 2 dO '

so that ) ) )
7] gro—2 < 4M2h3 + 32M2h4 ZM2h3(1 + ho/8).

Third-order term in e. Collecting previous estimates of this section and estimates (15) and
(12), we obtain

3C >0, YO<h<hy, 6", h)|go-a <Cehd. (18)

We end up this section by noticing that the following bound also holds (using the first-order
Peano kernel)

3C >0, YO<h<hgy, [6"(e,h)|go—2 < Ceh?, (19)
and for later use in our refined analysis of errors, we observe that
§"(e,h) = ™ Ap(uy,) + & Ri(us) (20)

with
h
() = hFyp(us) — / F, (u)dr, (21)
0

and
YO < h < hg, |[Ap(uS)|pge—a < Ch® and ||Rp(ul)||go—2 < Ch3.

10



5 Global error estimates

The basic ingredient of the proofs of this section is the following telescopic identity

(@) (o) — uf, = Y- (@) 0 @t(ui_y) — (@) (wf) ).

=1

We proceed in two steps: in the first one, we obtain e-independent error estimates on the
whole interval [0,7/e] (in agreement with [9]) and in the second one we use these estimates
in a more refined analysis, on one period and then on the whole interval.

5.1 H° *-convergence

The following theorem is the formulation in our context of a result from [9].

Theorem 5.1. Let hy = min(hy, %) where hg is defined in Lemma 3.1. The numerical
solution given by the Strang splitting scheme for equation (2) with 0 < h < h; satisfies a
second-order error bound in H°~*

T — 1

3C >0, (M) (up) — v (tn)||ge—s < C h? for t, =nh < T/e. (22)

The constants L and C' depend on o, R and f, but are independent of €.

Proof. As long as the numerical approximations (®")7 (u®(3)) remain in B 15/24 for1 < j+k <

n, stability estimates of Lemma 3.1 hold and the telescopic identity leads to

1(@")" () — u (bl o2 < Y D)6 (e, h) | o
=1

where |6~ (e, h)|| gro—2 can be bounded by eCh? (see (19)). Hence, since nh < T'/e, we have
straightforwardly

- enelh _q

LT
—

7 h.

The boundedness in H°~2 required by the stability lemma is ensured by induction by the

previous error bound provided C eyi_l h < % Now, Lemma 3.1 applies and gives stability

in H°~*, so that owing to estimate (18), we get the second-order convergence in H°~*. [

5.2 H° ?"_convergence on one period

We now examine more closely the errors after one period. Let us first notice that, according
to Theorem 5.1, (®")! € BI-? for all 0 < | < n with nh < T//e and hence (®")! € B3p,, for

3R/4 R/4
al0<s<og—2.

11



Lemma 5.2. The following estimate holds
VO <t <1, |us(t)—ePug|pe <eM. (23)
Proof. The terms u(t) and e®“u are the exact solutions of the differential equations
W =iAu® +eF(u®), u°(0)=wuy and % =iAv", v°(0) = uo.

By Duhamel formula and Proposition 2.1, we have immediately
¢
|u®(t) — v°(t)|| e = EH / ei(t_T)AF(uE(T))dTHH <etM <eM.
0 (o8

0

Lemma 5.3. Given u and v, assume that both sequences ((@h)l(u))l and ((@h)l(v))l lie in
351;/24 forall0 <1 <n withnh <1 and0 < h < hy where hy is defined in Theorem 5.1. Then
the map u v+ AP(u) := (®")!(u) — "y satisfies a Lipschitz condition for all 0 < s < o — 2
of the form

1A? (u) — A} () |lis < eLe Ju — vl =

Proof. A telescopic identity gives

((I)h)z(u) _ithd, Zl:eih(l—k)A ((I)h _ eihA) o (((I>h)(k—1)(u)) ‘

k=1

Hence,

l
At ) = Af @)l < Y [Ab(@)E D) - Ab(@ D)

Hs
k=1

and according to Lemma 3.1 , we have

l
145, () = A (0)|gs <Y eLhe™"
k=1
l
> eLhe® M u — vl < eLe fu— o]l
k=1

(@M ED (@) = (@) D)

IN
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Theorem 5.4. Let m = |o/2|. The numerical solution given by the Strang splitting scheme
for equation (2) with step size 0 < h < hy where hy is defined in Theorem 5.1, has a second-
order error bound in H°~>™ of the form

3C >0,  |[(®M)(ug) — uf(1)|| gro—2m < C(e2h% 4 eh™) for nh = 1. (24)
The constant C depends on o, R and f, but is independent of €.

Proof. The proof proceeds in two steps.

Identification of the e-error term. Replacing (®")("~0 by eh(=DA in the telescopic
identity we get

()" (o) — u?(1) = Y M08 e, )
=1

where
= 3 (e (9000 — A o))
=1

According to previous lemma and using (18), we can estimate r as follows:

n
7l pra-s < eLes™ > 10" (e, )| go-a < eLe“CR2.
=1

In addition, according to (20), we have

Z eh=DAGI=T (2 p) = ¢ Z eih(n_Hl)AAh(uls—l) +7
=1 =1

where
n
F= 82 Z elh(n_l)ARh(uf_l)
=1

can again be bounded by Ce?h? in H°~2-norm. Finally, taking into account that (see Lemma
5.2) ‘
luf_y — e g e < Me

and that Ay, is Lipschitz continuous with a Lipschitz constant of the form h3Ly (see (21-17)
and Proposition 2.1) we have

H(q>h)n(u(]) o ua(l) —¢ Z ei(n—l-i—l)hAAh(ei(l—l)hAuO)‘
=1

Lo < Const £2h2.

Estimate of the c-error term. From previous analysis, the main error is concentrated in

the term
n

Z G DRA N (i=DRA,
=1

13



which is of order eh?. For a finer estimation, we now proceed as follows:

n n—1 1
Z el(’n—l-l—l)hAAh(el(l_l)hAuo) = Z hF(lh+h/2) (UO) - / FT(UO)dT
=1 =0 0

n—1

1

= ZhF(lh+h/2)(u0)_/0 Flryny2)(uo)dr
1=0

— AR (2D 1)

where Fg;. denotes the error in the approximation by Riemann sums according to Lemma
7.1 and where we have right away taken into account that ™" is the identity operator and
that 7 — F;(ug) is 1-periodic. From Lemma 7.1, we thus have

hm
Ho—2m

arit

Ho—2m m

H Zei(n—l—i—l)hAAh(ei(l—l)hAuO)H < ORie ‘ @’
=

with Clie = 2 ég:;ﬁl Together with estimate (8) of Proposition 2.1, this completes the proof.
O

5.3 H° ?"-convergence on the whole interval

It is now straightforward to get error estimates on the whole interval by considering (iD(u) =
(®")™(u) as an integrator with step size 1, for which the “local error” is of size Ce(eh? 4+ h'™)
and which is obviously Lipschitz continuous. A telescopic identity with ® iterated N = |T'/¢|
times then leads to an error of size C’T(eh2 +h™). Finally, the solution at intermediate points
(i.e. within an interval [n,n + 1] or [N, T/e]) can then be obtained by composing ® and ®".

Theorem 5.5. Let m = |0/2)|. The numerical solution given by the Strang splitting scheme
for equation (2) with step size h > 0 such that 1/h € N has a second-order error bound in
Ho=2™ of the form

3C >0, [[(®")"(ug) — uf (1) gro—2m < CT(eh® +h™) for nh < T/e. (25)

The constant C depends on o, R and f, but is independent of €.

6 Extension to general splitting methods

Assume now that ' |
@h(u) _ ezhogA ° (p€1h 6.0 elhar-A ° (p\%ﬂha
is a general splitting method of order p. More precisely, suppose that

0" (e, h) = ®"(u5,) — up iy

14



can be written as in (20)
6" (e,h) = e Ap(u,) + €* Ry (ug,)
with
AR () ro-20 < CRPTEand ||Ry(uf) | gro-2p2 < CRPTL,

Then, it is possible to identify through an e-expansion the term Aj. One has indeed

T

h
Ap(u) = Zﬁjhe"h(”_l)AF (eih(l_wmu) —/ F;(u)dr,
0

j=1

where v, = Zizl ar and v, = 1 by a first-order condition on the splitting method. By
consistency again, ijl Bj = 1, and one has

Ap(u) = Z;lﬁj <hF(»yj_1)h(U) - /Oh FT(U)>

so that

n T n—1 1
Z I+ DRA N, (i=DRAY Y Z B; (Z hE i) (U0) — / FT(uo)d7'>
1=0

=1 j=1 0

r
— ZBJ (e—i'yjhAERie(eifyjhAUm h)>
j=1

Higher-order conditions on the splitting method then lead to the following expression

! dPFy
M) =41 [y(r) R (e

O=rh

so that Ay, is Lipschitz continuous with a Lipschitz constant of the Loh?t! . The proof derived
for Strang splitting can then be readily adapted leading to the estimate

3C >0, [[(®")(uo) — u(1)|| gro—2m < CT(eh? + h™) for nh < T/,

under the additional assumption that o > 2p.

7 Numerical experiments

In this section, we present numerical results of Strang and another fourth-order splitting
methods when applied to NLS equation with initial conditions as follows:

i0puF = — Dyt + £ 2cos(2x)|ufPu, 0<t<T/e, x€To (26)
u®(0,2) = ugp(z) = cos(x) + sin(z), x € Top. (27)

15



Given that the wave function is enforced to be periodic in space for all positive times, it is
in practice discretized by Fourier series as u®(t,z) = le}c\f/fﬂ-i-l ug (t)e’ke, with N, = 256,
such that errors originating from space discretization can be considered as negligible. The
final time is taken here as T' = 7/4. The reference solution u"*/ used to assess numerical
accuracy is obtained by a fourth-order time splitting method [11] with a very small time-step
At = 27/10*. The time-step for the Strang splitting is always taken under the form 27 /N,
where N € N* (note that in contrast with the assumption of the rest of the paper, the time-
period is here 27 and not 1. This is obviously of no consequence, since a simple rescaling of
time would lead to a period 1). Numerical errors are computed in discrete H*-norm of the
wave function

N /2 1/2
error = el — e i= | DT (RPN = @)
k=—N,/2+1

where ©"*™ is the numerical solution.

Strang splitting scheme

Figure 1 presents the errors as a function of step size h in L?-norm (left) and H'-norm
(right) for e = 276,277 ... 2712 (from top to bottom). A line of slope 2 (black circle line) is
drawn as reference. One can clearly observe that for fixed ¢, the error scales like A2. On the
other hand, for fixed h, the error scales like e. The contribution to the error of the term eh?
is perfectly apparent in Table 1.

Fourth order splitting scheme

Figure 2 now presents the errors as a function of step size h in L? norm (left) and H*
norm (right) for e = 273,274 ... 279 (from top to bottom) for the fourth-order splitting
method of [11]. Again, a line of slope 4 (black circle line) is given as a reference. Essentially
the same conclusions as for Strang can be drawn, confirming the estimates of Section 6. The
contribution to the error of the term eh? is made perfectly clear in Table 2.

Appendix.

An elementary result on Riemann sums for periodic functions

Lemma 7.1. For the function (t,u) € [0,1] x H? — F;(u) € H? and given h > 0 and n > 1
such that nh = 1, consider the error

1 n—1 1
Braelu ) i= 5 Y Funlw) — [ Fr(wr (25)
1=0 0

in the approximation of the integral by its Riemann sum. Then the following statement hold

form = |0/2]

¢(m)
E ie uah g—<m S 2 Sup
| Enie (1) | o2 < ( (2w)m>fe[o,1]

m

2 F
drm (u)

o (29)
Ho—2m
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Figure 1: Numerical errors for Strang splitting at time 7'/e in L?-norm and H'-norm for
e=27627T .. ,2712 (from top to bottom). Slope 2 in indicated as the black circle line.
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Figure 2: Numerical errors for Yoshida splitting at time 7'/e in L?-norm and H'-norm for
e=276277..,2712 (from top to bottom). Slope 4 in indicated as the black circle line.
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Table 1: Errors of Strang splitting for NLS on T, in L? norm (upper) and H' norm.

h = 2m/2% h = 2m/25 h = 2m /26 h = 2m/27 h = 2r/28

g=20 9.037E-03 3.279E-03 6.121E-04 1.489E-04 3.700E-05
=277 4.519E-03 1.639E-03 3.060E-04 7.444E-05 1.850E-05
g=2928 2.259E-03 8.196E-04 1.530E-04 3.722E-05 9.249E-06
e=2"9 1.130E-03 4.098E-04 7.648E-05 1.861E-05 4.624E-06
g=2710 5.648E-04 2.049E-04 3.824E-05 9.304E-06 2.312E-06
=20 1.415E-02 9.691E-03 1.230E-03 2.930E-04 7.244E-05
=277 7.077E-03 4.845E-03 6.142E-04 1.464E-04 3.621E-05
e=2"8 3.538E-03 2.423E-03 3.071E-04 7.319E-05 1.810E-05
g=2"9 1.769E-03 1.211E-03 1.535E-04 3.660E-05 9.052E-06

g=2710 8.846E-04 6.056E-04 7.676E-05 1.830E-05 4.526E-06

Table 2: Errors of Yoshida splitting for NLS on Ta, in L? norm (upper) and H' norm.

h=2r/2* h=2r/2°> h=271/2 h=2n/2" h=2r/28 h=27/2° h=2m/2%
=273 4TT7TE-02 2.463E-02 2.193E-03 2.452E-04 1.719E-05 1.141E-06 7.255E-08
=271 2.375E-02 1.231E-02 1.048E-03 1.108E-04 7.854E-06 5.112E-07 3.230E-08
=275 1.186E-02 6.153E-03 5.180E-04 5.390E-05 3.834E-06 2.481E-07 1.564E-08
e =270 5.926E-03 3.076E-03 2.582E-04 2.676E-05 1.905E-06 1.231E-07 7.758E-09
e=2"" 2.963E-03 1.538E-03 1.290E-04 1.336E-05 9.511E-07 6.143E-08 3.871E-09
e=2"% 1.481E-03 7.691E-04 6.449E-05 6.676E-06 4.754E-07 3.070E-08 1.934E-09
=279 7.407E-04 3.846E-04 3.224E-05 3.338E-06 2.377E-07 1.535E-08 9.670E-10

e=273 214E-01 1.19E-01 6.80E-03 1.02E-03 2.98E-05 2.13E-06 1.40E-07
e=2"% 1.06E-01 5.92E-02 2.28E-03 2.83E-04 1.23E-05 8.23E-07 5.27E-08
e=27% 530E-02 296E-02 9.49E-04 9.92E-05 5.79E-06 3.77E-07 2.39E-08
e =276 265E-02 148E-02 4.47E-04 4.29E-05 2.85E-06 1.84E-07 1.16E-08
e=2"" 1.32E-02 7.38E-03 2.20E-04 2.05E-05 1.42E-06 9.15E-08 5.76E-09
e=27% 6.62E-03 3.69E-03 1.10E-04 1.02E-05 7.09E-07 4.57E-08 2.87E-09
e =279 3.31E-03 1.85E-03 5.48E-05 5.06E-06 3.55E-07 2.28E-08 1.44E-09

Proof. Let
(t,u) € [0,1] x H? Z 2R [ (u)
keZ

be the Fourier expansion of F. By definition of Fourier coefficients, fol Fr(u)df = EFy(u). As
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for the numerical counterpart of this integral, one has
1 n—1 1 n—1 1 n—1
D SUNTINES 3 DI TAOND E ) S YORS S0
=0 =0 k€eZ keZ =0 qEZ

Hence, we have

1B Rie (u, h) | ro—2m <Y | Eng(w)|] gro—2m.
q€Z*

Besides, owing to the regularity of F,

: | Fr () | o —2m
Vk e Z*, ||Fr(u)| go-2m < sup —4C
H 7€[0,1] (2| k[)™

and it follows that

m

drm

m

drm

F,(u) Z (2mng)”™ =2 sup

Ho—2m qEN* T7€[0,1]

| ERie(u, h)|| go-2m < 2 sup
T€[0,1]

Two lemmas on products and functions in Sobolev spaces

Let us first recall the fractional Leibniz rule:

Lemma 7.2. For all s >0 and 1 < p < 400, we have

HUUHW&P(Td) < aflull e (Td)HUHstql (Tdy T OZHUHWS@(W)HUHLpz(Td) (30)

provided

1 1 1 1 1
-—=—+—=—4+—, qi, qQ€(17+OO)7 p17p2€(17+oo]'
p 1 @1 P2 Q2

Proof. This inequality can be deduced from the standard fractional Leibniz rule stated in
Sobolev spaces on R, O

Now we are in a position to prove the following lemma, where all functional spaces are
implicitly defined on the torus T¢.
Lemma 7.3. Let s >0 and o > %, with s < o. Then

(i) for allw e H® and v € H?, we have

lwvllzs < wllull s [o]] e (31)
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(i) for all u,v € H? with ||u||ge < R, ||v||ge < R and for all smooth function f from R to
R, we have

1 (u) = f()llgs < alf, R) [lu—vllgs . (32)

Proof. Recall that, by o > g, we have the Sobolev embedding H? < L with ||v|[fe <

Cy||v|| e Hence, in the case s = 0, the result is obvious since we have
Juvllge < llullzz lv]le < eflull > [[v][ e
and

1f(u) = f(0)llz2 < max [f'(w)|lu— vl

jw|<cR

Consider now the case s > 0 and let us prove (31). If s > %, the result is well-known since
H? is an algebra. If 0 < s < g, we apply (30) with the admissible set of coefficients

2d

d
= — = — pr— :2
d—287 q1 87 D2 +00, q2

p=2 m
and use the Sobolev embeddings H? — L>*, H® — LP* and H? — W*%. We have then
vl s < allullze[ollwsa + allullms[vlize < aflullgs (o] 7

which proves (31). If s = %, we obtain the same estimate by applying (30) with

1 2
p=2, p1L=—, q1

= — = :2
m 1= 2 P2 = +09, 72

for i > 0 small enough such that we also have the embeddings H® < LP! and H? — W4,
Next, to prove (32), we consider the Taylor formula

1
Fw) = 1) = [t (0= o) oy
and use a tame estimate in H? (see (5)). Hence, applying (i) yields
1
19 = £ e < [ [1£ e+ (1= o) =) . e
0

1

S I e P
0

< (IF' Ol + xp (R) B) [[u— vl

The proof of the lemma is complete. O
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