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On the bialgebra of functional graphs and
differential algebras

Maurice Ginocchio

Laboratoire de Physique Horique et Mathématique, UnivemsiParis 7, Tour Centrale €@he étage, 2, place Jussieu,
F-75251 Paris Cedex 05, France
E-Mail: mg@cr. jussi eu. fr

We develop the bialgebraic structure based on the set of functional graphs, which generalize tifi¢heaforests

of rooted trees. We use noncommutative polynomials as generating monomials of the functional gndphs,
introduce circular and arborescent brackets in accordance with the dedtempiosconnected components of the
graph of a mapping of1,2,...n} in itself as in the frame of the discrete dynamical systems. We give applications for
differential algebras and algebras of differential operators.
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1 Introduction

We have already described the expansiof efZAid;, i.e. the powers of a Lie operator in any dimension,

in order to find the expression of the flow of formal nonlinear evolution equations [1-3]. In the one-
dimensional case, the explicit expansion can be found first in Comtat [4]. and otheisasmaogcted to

the ordinary differential equations can be found in Leroux and Viennot ['5] and Bergeron and Reutenaue
[6]. On the other hand, Grossman and Larsori [7] introduced several Hopf aigehras [8—10] ofdbrests
rooted labeled trees to express the product of finite dimensional vector fields. In thisygagancentrate

us on the bialgebr& of functional graphs, i.e. graphs representing mappings of finite sets in themselves
[11-15]. We give only the results without proofs. In a forthcoming paper [16], we develop Hopf algebra
structures, computing the antipode and giving detailed aspects and proofs.

In Sect. 1 we consider a bialgebra structure®rand three interesting subalgebrak:the set of
labeled forestsS the set of permutation graphs; ahdhe set of well labeled forests, i.e. with strictly
decreasing labels on the chains toward the roots. Recall that the gradgebbadl is sufficient for the
calculus of the powers of one derivation [1], and it is extendable in a Hopf algebralgtinent of which
is known in the computer literature as ‘heap ordered trees’. This bialgebra is useful to compute products
of derivations or to transform differential monomials in differential algebras [1W,ifis interesting to
note that the elements, (n edges) can be coded by the words (monomials) of the expansiQp af
do(Go+01) ... (Go+q1+-..0n1), whereQ® = {qo, 1, ...} is @ noncommutative alphabet. We describe in
particular the bialgebra, first in the polynomial form by the ‘factorial’ monoid® = (L%);>0, whereLd
is the set of words in the expansion@{, and second, we establish the bijective correspondence between

1365-805@ 1997 Chapman & Hall



230 M. Ginocchio

L andL. We show that the calculus are easier viittand that the product dncan be expressed in a very
natural way. For examplégo) " = Qn, hence the (exponential) generating function of all the elements of
L. We describe principally the formalism in the general dasand the calculus uses the fielgs= {0,1}
as well as characteristic zero fields

In Sect. 2, we describe the link with the graded differential algébfid } = ¢r>0K{U}, and the
graded algebra of differential operatd¢$U,D} = @r»oK{U };D", whereU = (ug,uz,...) = (Ug)p>1 =
(UBG)a20,821 is a set of indeterminatd3= {0o,01, ...} and the differential indeterminateg%l,,,op =
0o, .--00,Up" generate<{U } [17]. This shows that the above Q-calculus, which is a kind of ‘dissection’
on functional graphs can be used as pre-calculus in differential algebras as well scréeddynamical
systems [1€].

2 Bialgebra Based on the Semi-group of Functional Graphs

2.1 Types of Functional Graphs

Inthis paper, a connected functional graph will be cadhedyclg13, 15]. In the area of discrete dynamical
systems, an excycle is known as a basin of attraction. Consider sexamtablgand filtered sets of labeled
functional graphs

(i) E (respG) the set of excycles (resp. functional graphs) and designat&g fsespG ), the set of
functional graphs having (resp. having at mast) 1 nodes fon > 0.

(i) R (respT) the set of labeled arborescences (resp. forests).
(iif) C (respS) the set of cycles (resp. permutation graphs).

(iv) A (respl) the set of well labeled arborescences (resp. forests), i.e. with stletheasing labels
on the chains toward the root(s).

As in (i), we consider for (ii)—(iv) graduations and filtrations.
2.2 Free Representation by Q-polynomials
Let G, be the semigroup of mappings {f, 2,...n} in itself (‘Semigroup of endofunctions’),

e CardG, = n", and the subsemigroups,

Th={f;f€Gy,, "= "1} (i.e. facyclic and Card, = (n+1)"1),

S, the symmetric group and Cag{ = n!

Lh={f;fe Gy, f(i) <i} (i.e. f subdiagonal and Caid, = n!).

We have the well known bijectiodsFl: Gy~ G, Tna~ Th, Sha Sy, Ln & Ln.

Let Q= {do,q1,...} be a noncommutative alphab€; = {qo} U Q with gop noncommuting with the
a’s, Qn = {01,02, .-}, QA= {qo} UQn andQ* (resp. Q%), the corresponding free monoids. Taking
F = {0,1} as the field, consider

() the G, moduleRQy, by theR; linear incidence matrix action df ¢ G, asl g = At (i) hencd¢lg =
If.g
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(i) the generating monomial associated with

By morphism extension, denoted againllbywe define

Qf =df(1)s(2)--f(n) = 11 Qi (1)

whereQ,, = g102...0n is associated with the identity of G, andQig = 1. One again haklg = I fag.
For the following we consider

(iii) The graded subsets d@* asG = (Gn)n>0, T = (Th)n>0,S= (Sh)n>0, L = (Ln)n>0, respectively
associated witls, T,S andL, with Go = To = S = Lo = {1}.

(iv) The corresponding gradd&-modules: G, R T, RS FL, admit components of degreewhich
are, respectivel\in, Tn, Sh, Ln modules, with

dimRG, = n", dimRT, = (n+1)" ! dimRS, = dimRL, = n!

(v) We will denote byR, one of the above subsemi-groups@f (or of another category).

Similarly, letR= (Rn)n>0, (respRR = ®n>0FRs) be the corresponding graded subsetQofresp.
graded~-modules of
FG = &n>0RGn).

2.3 Virtual Root and External Product

Let f € Gy, lg be the set of fixed points df andHgp a subset ofp, and sefp,q = {r;p<r<q}if p<q
and0 otherwise.

Definef0: [1,n] — [0,n] such thatf®(i) = (i) if i ¢ Ho and f(i) = 0 if i € Ho. The ‘0’ is the label of
a virtual root added to the graph representatioh,@nd we will say thaHg is ‘confined in 0’, which is a
fixed point of 0. We call ‘extended endofunctions’ such functidi®s denote byG? = [0, n][>" their set,
and we conside@, as a subset aB. Similarly, we will haveT,? > T,, S > Sy, LY O L. Consequently,
addingqgo, we get the extended graded s&$= (G%)n>o, the extended gradel, -module RG® =
Dn>0F2GY and their substructurés T®, S, F,LO.

Now letg € G, xo be the characteristic function bk = ¢~1(0), and write

m
Qo = 1¢Qim = Yp1)0g2)---Aorm) = _I_chp(i)
i=
(cf. Figures 1 and 2).
With g € G, consider thé-bilinear product in>G° defined by
m

Qp-Qup =Qy _U(Qcp(i)+n+X0(i)(qo+Ql+ ~-On-1)) (2)

On the right-hand side we have a sum of concatened monomials, and on the right factor the substitutions
0o — o+ g1+ --.Gn @ndOp — Ohn Whenh £ 0.
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On the other hand, the product beIongﬂG?n+n. This external product is associated with unit 1 and
FGlis ‘. graded. To see this considelj, k being+ 0, three homogeneous polynomials,

A=Ado;q) € RGY, B=B(qo;qj) € RGY, C = C(qo; k) € RGS,

then by (2)
A.B=B(qo;dj)A(Qo+ 01+ -..On; Gi+n) (3)

and so, using de(B.C) = n+ p,
(A(go; ai).B(ao; gj)) .C (B(90; @j)A(0o+ 01+ --.Gn; Gi+n))-C

CB(do+ a1+ ---Ap; Aj+p)A(Jo+ A1+ -..Ap + A14p + ---Ontp; Gitntp)

A(do; Gi)-(CB(do + G1 + ---Gp; dj+p))

A(do; Gi)-(B(d0; 9j)) -C)

Moreover, becaus®,, S, L, are subsemi-groups @, one can see th&R’ = KT LS KL% are
graded subalgebras B§G°. Hence

Proposition 1 Let the sequencéGY)m>1 of the sets of the extended endofunction§li2, ...m} and
Q° = {qo,q1,...} be a noncommutative alphabet. Fap < GY, let Qp = %1 dgiy be the generating
monomial ofp and the graded moduleFmodule EG° = @nZOFzGﬂ on i, = {0,1} generated by all the
@s.

Then BEGY is a graded algebra for the associative product with nit

m

Qp-Qy = Qy _I_l(Q(p(i)+n +Xo(i)(Go+ g1+ ---Gn-1))

wherey € G8 andy is the characteristic function af(0).
Moreover, if(RS)m>1 is @ sequence of subsets associated with subsemi-groups of the se@ibirga,
then RR° = ©n>0R2RY is a graded subalgebra 06E°.

2.4 Splitting Operator &, € F,G°

This operator substitutes thecoproducth, of the Leibniz—Lie type. Associate #e Q% the left linear
operatortyA acting onB € Q%, such that, ifA € G2, B € G2, then[B](1,A) = BAif degB=n, and 0
otherwise, where BA is the concatenation of B and A.

() Now let f € Gy, andHg as in Sect. 3, and note first that if

Tn is viewed as acting o, then fori € [1,m] one has(tyf)(i+n) = f(i) +n, and by fo(i) =
Xo(i) f (i) one hagtn fO) (i 4+ n) = Xo(i)(fO(i) + n), wherexo = 1 — Xo. According to (2), define for
et

m
3Qp = Tn_l_l(Qcp(i)+n+X0(i)(QO+ Qi+ --On-1)) (4)
i=
If dg =Card Hy the expansion (4) gives a sum(@f+ 1)d0 generating monomials of functiosy,
of [n+ 1,n+ m] into {0} U [n+ 1,n+ m], and the corresponding functional graphs factorized in
commutative excycles.
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The operatod,A is left linear onRG?, and (2) can be written
Qop-Qy = [Qy](nQy) (5
(if) Moreover,d;, is a graded antimorphism for *
Op(A.B) = (3pB)(3p+nA) (6)

wheren = degBandp € N.
For this to compute with (5) arl B,C as in Sect. 3C]dp(A.B) = (A.B).C=A.(B.C) = [B.C|OpnA=
[C](3pB) (dp+nA). If p= 0 we recoveA.B = [B]|d,A and[B]oxA =0 if k # degB

(i) Also, &, is a power
3, =3"8=8,,8=1 (7)

For this to computedpdnA(do; i) = dpTnA(do+ A1+ ...0n; Gi+n) = Tn+pA(do+ 01+ ...0p + 1+ p+
<-On+p; Gi+n+p) = OntpA(Qo; G-

(iv) Define the left linear operatqrin F.GP by the expansion

U= nzoén (8)

By left linear action ofuA on F,G°, we getA.B = [B](uA) for A B € FG° with the antimorphism
property
H(AB) = (UB)(HA) (9)

which express the associativity of.*

Proposition 2 Let Ac RGY, B € RGY. Then the splitting linear operatady, defined left linearly by
[B]dpA= AB if p=n, and 0 otherwise, verifiel, = 5P with 8= &;,8° = 1anddP(A.B) = (5PB)(5P*"A).
Moreover, L= 3 500" is an antimorphismiin #50 such that AB = [BJ(LA).

2.5 Exponential Generating Function of the Monomials of L°

All the words ofL? (i.e. subdiagonals) are obtained from the expansid@af do(qo+ ) . . . (Go+ 01 +
...On-1) €ERL%andQg = 1.

By equation (3), one ha®m.Qn = Qmyn, and ifA € FLY, B € LY we haveAB € LY, ,,, and then
we recover thal,LC is stable for the product’ BecauseQ: = ¢, the associativity gives

Qn=(qo)" (10)

With the Q[[t]]-modules onL®, one has the exponential generating function

n

exp(tdo) = ZO:]—!(Qo)'“ = %Qn (11)

>

exp(stp).exp(tgo) = exp((s+t)do)
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2.6 Examples
Consider equations (4) and (5) fQg = qg.
2.6.1 Rooted Trees with n=1

3(ag0l1) = T(0o+ 0i1)?d2 = TGoGoG2 + TGo0l102 + T01 G0z + T2 G102 (Figure 3)
(08011)-Go = do(0lo + A1) 202 = G302 + 30102 + GoGl1Go0l2 + GodG1 G2 (Figure 4)

2.6.2 Excycles with n=2

5%(30100) = T20203(0o + G + 02) = T20201300 -+ T202030 + T220302 (Figure 5)
0391000-93 = 930203(do + 01 + 02) = 3020300 + 0302030 + G302a302 (Figure 6)

3 Differential Algebra

3.1 Differential indeterminates

Let D = {d9,01,...} whered, = 3/9&%, thea'™™ canonical derivation its = K[[€]] the algebra of formal
power series if = {£°,&*, ...}, whereK is a characteristic zero field. #'*Nis the seU = (u,u,...) =
(Up)g>1 = (Ug)azo,pzl with ug € S, considerU as a set of indeterminateeggl,,,cp = 601...60pug as
differential indeterminates, repla@®'*N by KU, and consider the graded differential algekrgU } =
@&r>0K{U }+ and the graded algebra of differential operato{t), D} = &;>oK{U };D'.

To eachwW € R we associate the differential operati(U) € {U,D}; for example, with\} (U) €
K{U}, one has

W(U) =Wo(U) +W4(U)%0q —|—\/\/2(U)°"36a6|3—|— . =Wp(U) + Z (W (U),D") (12)

1

-

We will use now the summation convention.
3.2 Brackets inK{U}
Define foru,v,w... € U the multilinear operations valued K{U }.

3.2.1 Arborescent Brackets (Valued in K{U }1)
(U V), (uvw)..., (u,V)P = unBy, hence ((u,v),D) = u*Padg (1 fixed point sent to ‘0')(uyw)Y =
uvPwYys |, hence

<<U,V>, D> = UGVBWVGBaV (13)
Also, forA€ K{U};,BeK{U}s, (AB)Pr-PFo= pon crpbrBs, .
3.2.2 Circular Brackets (Valued in K{U }q)
(uy=uq (1 fixed point), (u)(v) = uWPg (2 fixed points)

(u,v) = upVPq(2—cycle, (u,v,w) = W WPaw)p(3—cycle (14)
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3.2.3 Mixed Brackets (Valued in K{U })

Let E be a proper excycle (i.e. with no fixed point); we can writB it- (A}, A, ...A,), where theA,’s
are arborescences with rdgt If in each arborescencd, is reduced to its rodi, we recover simply a
cycIeE = (il, i2, ...ip).

Now letF, be the forest undek, i.e. obtained by cutting the root &, and defined witlF, (U) =
Fi,({uj}; J € Ni,), whereN;, is the set of nodes d,:

Fi Fi Fi
B (B2 W) = (R (U),0,90,) (R (U), U0y ) o (Fip (U), Ui ey )

i]_ (e ) ’ Ip

E(U) = (u

3.3 Action of HRP

Moreover,>RP operateK-linearly in K{U} with values inK{U,D}. For this letg € G, Ho = ¢~*(0)
for j € [0,m],] =[1,m], andH = ug, Ug, ...ug,, € U*, a word orJ of lengthm. Then the action is

= i H = aai aj- ad 15
Qo D%()*Qcp() D(il:'j )U BJkEO K (15)

The differential monomiaQy(H) is such thauyg, is associated with) in the domainl of @. If dj is
the degree im; (in-degree of the node labeled By)‘, then uaJBj is derivedd; times and the indices
of derivation are related to the places of tijés in the word. Similarly, the differential operat®’ is
characterized by the numbe(degree of the root) of thegy's and their places. So we can summarize:
aword Ae R° where g is at the place (i), then in ¢) the i letter of H is derived according to i, i.e.
0g; acts.One has, in particular, taking = uup, ...:

Arborescent brackets

1U)=1

Go(U) = ur™0q, = (U1, D)

Jodo(U) = U1%1Up%20, 0, = (UyUz, D?)

Qod1(VU) = u1%q,u2%20q, = ((u2,u1),D)

a30300(U) = u1®1u2%2u3®3 g, q,00, = ((Urlz, U3), D)

Go%od202(U) = Ur*Up"2 0, Us*Uy* 0, Oar, = (U1(U3la, Uz), D?)

Circular brackets

qu(U) = u%q, = (ua)

Qq02(U) = ur% g, Ux%2q, = (u1)(up)

201 (U) = ur%q,U2%2q, = (U, )

030102(U) = U1%1g,U2%2q, Us*3q, = (U1, U2, U3)

3.4 Product of Differential Operators

The product (2) on words with correspondence (15) gives the product of differential operators. We state,
without proof,

Proposition 3 Let the graded differential algebraf) } = &r>0K{U }; and the graded algebra of differ-
ential operators KU,D} = @r>oK{U};D". Letoe G, | = [1,m],Hj = ¢~%(j) for j € [0,m] and H=

Ug, Ug,---Ug,, @ word on U of length m. Then the mapping e6GE into K{U,D} which associates to the
generating monomial @= [ dyi) of pthe differential operator QH) = e (Mier; 9a; U1 g; MkeH, o
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is a morphism, such thatif € G2 and K is aword on U of length n, one hag(@®)Qy (K) = (Qp.Qy)(KH),
where KH is the concatenation of K and H

Example
A=0o,B=020100,H = us,K = uguou3

AB = 020100(qo + 01 + 02+ d3) = G201G00o + d2010001 + 02010002 + G2020003
(Figure 7)
A(H) = (u1,D),B(K) = (ug,u2){us, D),
A(H)B(K) = (ug, uz){usus, D?) + (g, (U1, Uz) (U3, D) + (U1, Up)((us, us), D)
Observe that:
(Ua, (U1, U2) (U, DY = U1 "0, Up®? 0, Us™3Us™ g + U1 ML, Un M2 0, Us™3Us ™40

which corresponds tq2q10o0(d1 + g2), i.e. the second and third terms in the graph expansion.

Appendix

To view Figures 1-7, click here. To return to the main paper, click on the red box.
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