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A Lie connection between Hamiltonian and
Lagrangian optics

Alex J. Dragt

Physics Department, University of Maryland, College Park, MD 20742, USA

Itis shown that there is a non-Hamiltonian vector field that provides a Lie algebraic conrestiieeen Hamiltonian
and Lagrangian optics. With the aid of this connection, geometrical optics can be formulated in saglthatall
aberrations are attributed to ray transformations occurring only at lens surfaces. Thahis,farmulation there
are no aberrations arising from simple transit in a uniform medium. The mribe paid for this formulation is that
the Lie algebra of Hamiltonian vector fields must be enlarged to include certain non-Hamiltecian fields. It
is shown that three such vector fields are required at the level of third-order atresrathd sufficient machinery is
developed to generalize these results to higher order.
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1 Introduction

In Hamiltonian optics rays are described using the Hamiltonian
H:_(nZ_pZ)l/Z (1)

The use of a Hamiltonian formulation is advantageous becauséltbaian flows produce symplectic
maps, and there is a well developed calculus, using both characteristic functbh®algebraic meth-
ods, for handling symplectic maps in an efficient and economicel way [1, 2].

However, the use of a Hamiltonian approach has the consequence, perhaps at firshgutpatsthe
map describing simple transit in a uniform mediufme¢ flightin optical parlance, anddrift in acceler-
ator parlance), is nonlinear. Therefore, in a Hamiltonian approachticsppberrations (nonlinearities)
arise not only from transfer maps associated with lens interfaces)dmfrom simple transit within and
between lenses. This circumstance is perhaps of less consequence in graded inslewlopte one ex-
pects to have aberration effects associated with transit (at leash\étises), but it might be viewed as a
drawback for the use of Hamiltonian methods for optics involving only uniform media.

Let D be the map for transit (drift) over a distan€@ a uniform medium having refractive index
Then, in Lie algebraic notation and using canonical coordinates, this map may be written in the form

D =exp: {(n? — pz)l/2 : (2)
for the action of this map og andp we find the result

Dg = q + lp/(n® — p*)*/* 3)
1365-805@ 1997 Chapman & Hall
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Dp=p (4)

We observe, as advertised, that relation (3) is nonlinear.

Instead of using the canonical coordinageg to specify a point in phase (ray) space, adase in the
Hamiltonian formulation, one might instead use the Lagrangian coordigatesFrom (1) we have the
result

q=0H/dp =p/(n’ —p*)'/? (5)

Suppose we let the map act on the paig, ¢. From (3)—(5) we find the result
Dg=q+{q (6)
Dg=q (7)

We see that in Langrangian coordinates, unlike the case of canonical Hamiltonian coordinates, the map for
simple transit is completely linear. Consequently, in a Lagrangian formulatioptafs and in the case of
uniform media, all aberrations arise only from transfer maps assutvith lens interfaces. The purpose

of this note is to study the relation between Hamiltonian and Lagrangian cotasliaad dynamics in

more detail.

2 Transformation between Hamiltonian and Lagrangian Coordi-
nates

To describe the relation between Hamiltonian and Lagrangian optics, intrdtkigansformatiofi” with
the property
Ta=q (8)
Tp=q=p/(n’—p")""° (9)
Thus,7 maps the Hamiltonian variables p into the Langrangian variableg ¢. Note from (8) and (9)
that7 is not symplectic, since it does not preserve the fundamental Poisson brackets bpamegn

Let us employ7 to rewrite relations (3), (4), (6) and (7). From (6), (7), (8) and (9), we deduce the
relations

DTq = Dq=q+!{q
= Tq+{Tp="T(q+p)
= Texp[(—¢/2) p*lq (20)
DTp = Dq=q=Tp
= Texp[(—£/2) p*]p (12)

Upon comparing (2), (10) and (11), we obtain the operator result
T IDT = exp[(—£/2) : p*] (12)

or, more explicitly,
T~ expl: ((n® = p*)!/? T = exp[(=£/2) p*] (13)
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3 Explicit Form for Transformation

It would be useful to havé itself in explicit operator form. Although we know th@tis not symplectic,
it may still be possible to writg in Lie form with the aid of some non-Hamiltonian vector field. Consider
the vector field” defined by the equation

V =p’p-(0/0p) (14)

Evidently,V has the properties
Vg=0 (15)
Vp=p'p (16)

Let us usé/ to generate an autonomous flow parameterized by an independent variable that eed] will
t. Doing so gives the differential equations

qd=Vq=0 a7)

P =Vp=p'p (18)
Here we have used a prime to denote the differentigtignt).

Let us integrate (17) and (18). In doing so, we will find that we are well on our way towksing an
explicit representation fof . From (18) we find the result

p-p' = (d/dt)(1/2)(p") = (p*)? (19)
Let p denote the quantity?,
p=p (20)
With this notation, (19) can be written in the forms
p=2p (21)
or
dp/p* = 2dt (22)
Equation (22), with the initial conditiop(0) = p°, can be integrated by quadrature to give the result
p(t) = p (1 —2tp") 7" (23)
Next substitute (23) into (18). Then, for the compongntsf p we find the differential equations
Py =p"(1=2tp°) " p; (24)
These equations can be rewritten in the form
dp;/p; = p°(1 —2tp°) " dt (25)

and thus can also be integrated by quadrature. The results, with the initial congjtions- p?, are the
relations

log(p; /p;) = —(1/2) log(1 — 2tp°) (26)
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or
pj =3/ (1= 2tp°)"” (27)

Finally, upon combining (20) and (27), we find the result
p(t) =p°/[1 - 2(p")")"/? (28)

In terms of vector fields, (28) is equivalent to the result
exp(tV)p = p/[1 - 2tp”]"/* (29)
which has as a special case the result
exp((1/2)V]p = p/[1 - p*]"/* (30)

Note that the left-hand side of (30) resembles the left-hand side of (9). In addition,mediately have
from (15) the result

exp[(1/2)V]q = q (31)
Next, letW be the vector field defined by the equation

W =p-(9/0p) (32)

For this field we have the result
Wq=0 (33)
Wp=p (34)

The vector field?” can also be used to generate a flow. For this flow we get the result
exp[—(logn)W]q = q (35)

exp[—(log n)Wp = exp(—logn)p = (1/n)p (36)

Now consider the joint effect efkp[—(logn) W] andexp[(1/2)V].
From (31) and (35) we find the relation

exp[—(logn)W]exp[(1/2)V]g = q (37)
From (30) and (36) we find

exp [—(logn)W]exp[(1/2)V]p
= exp [~(logn)Wi{p/[1 — p’]'/*}
= p/[n*-p]V’ (38)

Upon comparing (8) and (9) with (37) and (38), we conclude fhit given by the operator relation

T = exp[—(log n)W]exp[(1/2)V] (39)
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4 Variation
Consider the maj¥ defined by writing
U = Texp[(logn)WW]
= exp[—(logn)W]exp[(1/2)V]exp[(logn) W] (40)

From (35) and (36) we immediately have the relations

exp|(logn)Wlq = q (41)
exp[(logn)Wlp = np (42)

Combining (8) with (41) gives the result
Ug=q (43)

Combining (9) with (42) gives the result
Up =Tnp=nTp=nq (44)

Note that/, like 7, is also not symplectic.
Suppose we ugg to rewrite the relations (3), (4), (6) and (7). From (6), (7), (43) and (44), we find the
results

DUq = Dg=q+1Lq
= Uq+(¢/n)Up =Uq + ({/n)p]
= Uexp{[—t/(2n)] P*:}a (45)
DUp = Dng=nDq
= ng=Up
= Uexp{~[t/(2n)] p*}p (46)

Consequently, we have the operator relation
UTIDU = exp{—[t/(2n)] p*:} (47)

or, more explicitly,
U exp[: £(n? — pz)l/2 U = exp : —[¢/(2n)]p*%: (48)

The relations (47) and (48) are particularly appealing because they ttedadact map for transit to the
map for transit in the Gaussian approximation.
According to (40){/ can also be written in exponential form. Indeed, we see from (40)theivritten
in the form of a similarity transformation of the magpp[(1/2)V], and therefore it should be particularly
easy to combine all exponents into a single exponent. This is indeed the case. One procething fo
is to use the commutation rule
W V=WV -VW =2V (49)
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which is easily checked from the definitions (14) and (32). A more dirggtageh, based on (15) and
(29), is to observe the relations

exp{[1/(2n*)]V}q=gq (50)
exp{[l/(2n%)]V}p = p/[1—-n"?p/?
= np/[n®— pz]l/2 =ngq (51)

Upon comparing (43) with (50) and (44) with (51), we find the immediate result
U(n) = exp{[1/(2n*)]V} (52)

Here, for future use, we have explicitly noted thatlepends om.

5 Applications

Consider an optical system composed of a collection of drifts and lenses. Also sufgpasmplicity,
that the system begins and ends with drifts. Then the map for the complete systpnodiet of maps
of the form

M =D185D282D383 -+ Dy 1Sm—1DPy (53)

Here, as before, th®; denote drift maps (both between and within lenses), andfh#enotesurface
transfer maps describing the effects of lens interfaces. For the drift mapsay use the relations (12)
and (48) to write the representations

D = T exp[(—£/2) p*]T 1 (54)

D = U exp{—[t/(2n)] p*:}U* (55)

Note that the maps on the right-hand sides of (12) and (48) are both linear.
For simplicity, we will make use of (55). Let us write (55) in the form

D =UDU! (56)
whereD?¢ denotes the map for Gaussian drift,
DY = exp{~[(/(2n)] p*:} (57)
With this representation, the product (53) can be rewritten in the form
M =UDIUT S UDIUT SoUS - U S U DU (58)

Here we have also used the notation
Uj = U(nj) (59)

See (52). Next, define modified surface mépsl by the relations

Sj—1 = UL Sl (60)
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Note that these modified maps are also entitled to be called surface majesthsgpn depend only on the
shape of the lens surface and the values of the surrounding indices of refraction. With thekad of t
definitions (60), we can rewrite (58) to obtain a representatioipfoof the form

M =U[DISDISs - DY, _ S 1 DI U (61)

In this form we see that, apart from the initial and final maps andi/,;!, can be viewed as the result
of Gaussian transits (which yield linear maps, and thus are not a source of aberratnwhs)odified
surface maps (which, in this representation, are the source of all aberrations). Thahis,form all
aberrations arise from surface effects. Note also that i n,,, as is often the case, théh = U4, .

6 Complications

What are the Lie algebraic generators for the modified surface 8}a1)§uppose, for the present pur-
poses, we restrict our discussion to Gaussian and third order. We know that the aigfaak maps
S; have (assuming axial symmetry) the Gaussian genesgtoand the third-order aberration generators
:((¢%)*:, :¢°q - p:, and:¢’p?:. [Other Gaussian generators suchs and:p - g: and other third-order
generators such asq - p)?:, :p?q - p:, and:(p?)?: are allowed by axial symmetry and the symplectic
condition, but in fact do not occur.] According to (60) and (52), if we wish to usé;hse must add”
to the list of generators; and we must also add all the generators theafrans commuting” with the
generators we already have.

Let L_ denote the Lie operator given by the relation

L_=q"/2:=q-(0/0p) (62)
A simple computation gives the results
{L-,V}=2q pp-(9/0p) +p’q-(9/0p) (63)
{L-{L-,V}} = 24°p- (0/0p) + 44 - pq - (3/Ip) (64)
{L- AL- {L-V}}} = 64”q - (9/0p) (65)

We note that” and the generators given by (63)—(65) contribute only to third (and higher) order aberra-
tions. Therefore, we need not consider the commutators of them among themselves orrdstindar
aberration generators of the forfg?)?:, :¢°q - p:, etc. since the Lie operators thereby produced generate
even higher order aberrations. Also, we note the relation

{(q”)%=1q”q - (0/0p) (66)

Therefore, the Lie operator given by (65) is not new. Consequently, we conclude tﬁglamagenerated
by the Lie operatorsy*;, :(¢*)%, :¢%q - p:, :q*p*:, V, and those given by the right-hand sides of (63) and
(64). -

Suppose, in the course of calculation, we wish to combine vadbusith variousD;. Then we
must also consider the Gaussian generatdr and its commutators with the generators of the previous
paragraph. Define two other Gaussian generdterand L, by the relations

Ly =—p*/2=p-(0/0q) (67)



156 Alex J. Dragt

Lo =p-q/2:=(1/2)p - (8/9p) — (1/2)q - (0/0q) (68)

We find the results
{Lo,V}=V (69)
{Ly,V}=—-p’p-(8/0q) (70)

Also, we note the relation
(p*):= —4p”p - (0/0q) (71)
Therefore, the Lie operators given by (69) and (70) are not new. We conclude that the new opegators
Vo {L_,V},and{L_,{L_,V}}.
These three new operators, along with those already known from the usual Hamiltoniaehtaan
be organized in such a way that they have pleasing transformation properties undeothefact., L _
andZ,. Define the operatoR} by the relation

R =V —(1/4) p’p-q (72)
Then it is easily verified from (63)—(66) and (69)—(72) tidthas the properties
{Lo, By} = Ry (73)
{L+, R} =0 (74)
{L- AL {L-, Ri}}} =0 (75)
Now define operator&} and L ; by the relations
{L- Ri} = (2)"/*R} (76)
{L_, R}y = (2)'/2RL, (77)
From these definitions we find that ti#g, obey the relations
{Lo, Ry} = mR,, (78)
{L- By} = [(L4+m)(L—m+ IRy, (79)
(L Ry} =[(1=m)(1+m+ D]V*R (80)

As the notation is meant to suggest, these relations are analogous to those for a spitt indbg Lie
algebraic treatment of angular momentum.

Indeed, the connection with spin 1 can also be made in another wag.hestiny Lie operator. For any
L define an associatetiperoperatordenoted by L4, that acts on any other Lie operatiérby the rule

#L#K ={L K} (81)

The quantity#£ L# is sometimes called thadjoint of L. Products and powers of superoperators are
defined by repeated commutation. For examiel. #)? is defined by

(#L#)K = #LA#LAK = #L#{L, K} = {L,{L, K}} (82)
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Now consider the ‘Casimir’ operatdrdefined by
C = (#Lo#) + (Y DH#LoHH#L_F + (1/2)#L_HH L # (83)
Then one finds from (78)—(80) the result
CR., =2R. = (1)(1+ )R}, (84)

Note that the factof1)(1 + 1) is of the form;(j + 1) with j = 1.
Finally, for the record, let us list the explicit forms of ti&,. We find the results

R = (3/9)pp - (9/9p) + (1/2)(p - @)p - (0/0q) + (1/4)p*q - (9/04q) (85)

Ry =(2)"q-pp-(9/0p) + (2)7'*q-pq-(9/0q)+ (8)"'/*p’q-(9/0p)
+ (8)7'%¢p-(9/0q) (86)

RLy = (3/9)a’a - (9/0q) + (1/2)(p - @)a - (9/0p) + (1/4)a’p - (0/0p) (87)

We conclude from the work of this section that the Gaussian and third-order treatmentajdfied
surface map§7j requires the introduction of the three additional non-Hamiltonian Lie oper&gqrsThis
is the price to be paid at third order for a formalism that attributes all af@nsato (modified) surface
maps. Evidently, our discussion can be extended to still higher ordatahese higher orders still more
additional non-Hamiltonian Lie operators will be required. Of course, when all these operators (both
Hamiltonian and non-Hamiltonian) are combined to computeas in (61), then all the net coefficients
of all the non-Hamiltonian operators must vanish identicaligduse we know thai1, since it is a
symplectic map, is expressible entirely in terms of Hamiltonian Lie operators
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