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Abstract We prove the existence and stability of entropy weak solutions of
a scalar conservation law with non-local flux arising in traffic low modeling.
The result is obtained providing accurate L>°, BV and L' estimates for the
sequence of approximate solutions constructed by an adapted Lax-Friedrichs
scheme.
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1 Introduction

Conservation laws with non-local terms arise in a variety of physical applica-
tions. Space-integral terms are considered for example in models for granular
flows [1], sedimentation [6], crowd motion [9], or more general problems like
gradient constrained equations [2]. Also, non-local in time terms arise in con-
servation laws with memory, starting from [13].

Macroscopic traffic flow models usually consist of one or two first-order
hyperbolic partial differential equations accounting for the conservation of the
number of cars, as in the celebrated Lighthill-Whitham-Richards model [19,
20], and for a momentum conservation or balance equation, see for example the
Aw-Rascle model [4], the general phase transition model [7], or the generalized
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second order model [17]. The resulting (system of) classical conservation laws
usually turns out to be well-posed.

Equations with non-local flux have been recently introduced in traffic flow
modeling to account for the reaction of drivers or pedestrians to the surround-
ing density of other individuals, see [3,9-12,21]. While pedestrians are likely to
react to the presence of people all around them, drivers will mainly adapt their
velocity to the downstream traffic, assigning a greater importance to closer ve-
hicles. In this paper, we consider the following mass conservation equation for
traffic flow with non-local mean velocity:

z+n

Op(t, z) + Oy (p(t,m)v(/ p(t, y)wy(y — ) dy)) =0, (1)

defined for t € R and « € R, > 0. Above, the convolution kernel w, €
C*([0,n];RT) is a non-increasing function such that [ w,(z)dz =1 (for ex-
ample, w,(z) = 1/n or wy(x) = 2(1 —z/n)/n).

With slight abuse of notation, we define the downstream convolution product

as
x+n

P w (b, 7) 1= / plts )y — ) dy . (2)

x

This choice is intended to model the behavior of drivers reacting to what
happens in front of them, thus adapting their velocity with respect to the
downstream density.

For the sake of simplicity, and aiming to get sharp estimates, in this paper
we take the mean velocity function to be v(r) = 1 — r. The same approach
could be applied to more general continuous decreasing functions.

Setting V (¢, z) = v(p *q wy(t, )), we rewrite (1) as

Ohp(t, z) + 0x (p(t, 2)V(t,2)) =0,
and we couple it with an initial datum
p(0,x) = po(x) € BV(R;[0,1]). (3)
We will consider solutions p = p(t, x) satisfying the following definition.

Definition 1 A function p € (LYNL*NBV)(RT x R; [0, 1]) is a weak solution
of (1), (3), if

—+oo

“+o0 “+o0
L[ et sttt sawgendode+ [ piae(o.0) de =0 4

for all ¢ € CL(R%:;R).

Following [16, Definition 1], [6, Definition 4.1] and [10, Definition 2.1], we
can also give an entropy criterion to select admissible solutions.
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Definition 2 A function p € (L' N L>* NBV)(R* x R;[0,1]) is an entropy
weak solution if

+oo +oo
/ / (lp—&ler + |p— 6|V or —sgn(p — &) kV, o) (¢, z)dxdt
0 —oo

+oo
" / 1po(z) — Klp(0,2) dz >0 (5)

for all ¢ € CL(R%;RT) and x € R.

We remark that, unlike [6,10], in our case the assumptions of Kruzkov are not
fully satisfied: the convolution kernel w,, is not continuous on R. Therefore,
uniqueness of the above entropy weak solutions is not guaranteed.

The main results of this paper are collected in the following theorem.

Theorem 1 Let py € BV(R;[0,1]) and w,, € C*([0,n]; R") be a non-increasing
function such that [ wy(x)dz = 1. Then the Cauchy problem

Owp+ 0z (pr(p*qwy)) =0, zeR,t>0,
p(0, ) = po(), z €R,

admits a weak entropy solution in the sense of Definitions 1 and 2, such that

H%Rjn{po} < p(t,x) < Inﬂg}x:{po}7 fora.e. z €R, t>0. (6)

The existence of a weak entropy solution is proved by constructing a con-
verging sequence of finite volume approximate solutions, defined using an
adapted Lax-Friedrichs scheme. Compared to the previous studies [3,6,9-11],
our result does not require the kernel w, to be smooth, and provides very
accurate L bounds on the solutions (which are given by the maximum prin-
ciple (6) above). Moreover, equation (1) provides a meaningful model of road
traffic evolution. Yet, we can not provide a uniqueness result. Nevertheless,
stability estimates issued from the numerical approximation guarantee that
the solutions obtained as limit of our finite volume scheme are stable with
respect to the initial data in the L' norm, see Section 2.4.

The paper is organized as follows. Section 2 contains the description of
the finite volume scheme used to construct approximate solutions, and the
proofs of its fine properties: maximum principle, bounded total variation, dis-
crete entropy inequalities and L stability estimates. Relying on these results,
the proof of Theorem 1 is detailed in Section 3. Some numerical simulations
illustrating the properties of the solutions are collected in Section 4.

2 A Lax-Friedrichs numerical scheme

We take a space step Az such that n = NAx, for some N € N, and a time
step At subject to a CFL condition which will be specified later. For j € Z
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and n € N, let z;,1/o = jAx be the cells interfaces, z; = (j —1/2) Az the cells

centers and t" = nAt the time mesh. We want to construct a finite volume ap-

proximate solution pas (¢, z) = pj for (t,z) € C} = [t7, e [ X]w 1 0, g1 2]
Let us denote w}; := wy(kAz) for k=0,...,N — 1 and set

N-1

Vii=1=Ax Y wh pjix, (7)
k=0

which involves a quadrature formula to approximate the convolution term.
Remark that the above discretization choice for w,, implies

N-1
Ax Z w,]; <14 w,(0)Ax. (8)
k=0

We consider the following modified Lax-Friedrichs flux adapted to (1):

an-‘,-l/Q :g(p_7’ s 7p?+N)
1 1 o

=50V 5PVt + 5 () = pi) 9)

where av > 1 is the viscosity coefficient. This gives the following N + 2 points
finite volume scheme

Pyt =H(p] 1, PN (10)

where

H(pj-1,...,pj+N)
= p; = Ag(pjs- s pjaN) —9(Pj—1s- -, PjAN—1)) (11)

Ao A
=Pty (pj—1=2p; + pj+1) + 3 (Pj—1Vi—1 = pj+1Vjt1),

with A = At/Az.
It is straightforward to show that H(p,...,p) = p for all p € [0, 1] and the
numerical flux (9) satisfies the minimal assumptions:

— Consistency:
N—1

g(p,...7p):p(1—p4x2w§) . (12)
k=0

In particular, g(p,...,p) = p(1 — p*qw,) as Az \, 0 for p constant.
— Lipschitz continuity: there exists K > 0 such that

.. 1 — < ; —
l9(pj,- - pienN) — g(p ,p)\_KOISr;%xN\pﬁk Pl

for p, pj+x € 0,1], k = 0,..., N. (8) guarantees that this is is verified for
K =24 a+ w,(0)Ax.
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Assuming p; € [0,1] fori = j—1,...,5+ N, straightforward computations
give:

OH A = 0
50 =3 (a +1—- Ax Z wy pjtk—1 — AT w, Pj—l) (13a)
Pj-1 k=0
OH 1 w, (0)
am:l—/\<a+2Axw717 Pj—1>21—/\<oz+Axn2) (13b)
N-1
0H A
Opiis 5(0—1+AIZ’“’5 Pi+k41 —Al‘wipj—ﬁmwgpj“)
Pj+1 k=0
(13¢)
OH A _
pjre 2 Az (wy™ pjr —wytpia) k=2....,N=2 (13d)
j
0H A _
Bpronsy — 2 v i (15
0H A _
Opj+nN T2 Ar w'J’V i 1
j

Observe that (13e) and (13f) are non-negative. Moreover, the CFL condition

At Ax (14)

< =
~ 2a+ Az w,(0)
ensures the positivity of (13b) and the assumption

a > 1+ Az wy,(0) (15)

guarantees the increasing monotonicity w.r.t. pj41 in (13c), and combined
with (8), guarantees the non-negativity of (13a). To obtain (14) and (15)
we used the fact that ws < wy(0) for all £ =0,...,N — 1, by non-increasing
monotonicity assumption. On the contrary, the sign of (13d) cannot be a-priori
determined. (Nevertheless, we observe that if p;_1 = p;41 the derivatives in
(13d) are non-negative due to the decreasing monotonicity of w;,.) Therefore,
the numerical scheme (9), (10) is not monotone, and classical convergence
results do not apply. Nevertheless, we are able to recover the necessary L
and BV bounds.

2.1 Maximum principle and L*° estimates

The sought L bound is a direct consequence of a maximum principle prop-
erty.

Proposition 1 For any initial datum p?, jEZ, let py = minjez{pg} € [0,1]
and pp; = maxjez{pg} € [0,1]. Then the finite volume approzimation pj,
j €Z and n € N, constructed using scheme (9), (10) satisfies the bounds

Pm < Pj < pum
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for all j € Z and n € N, under the CFL condition (14).
The proof is based on the following lemma.
Lemma 1 Let 0 < py, < pi < pu <1 for all j € Z. Then
H(pms Pms Pms Pj42; - -5 Pj+N=25 Pms Pm) 2 Pms (16)
H(pars paa, pras P42, - -+ Pj+N—2, PM, PM) < Pt (17)
Proof From (11) we get

N—1
H(pma Pms Pmy Pj+25 - -+ 5 Pj+N—2, pm7pm) = pm""_?pm Z ’LUZ; (pj+k+1 - pj+k*1) )
k=0
and we observe that
N—1
Zws (Pjth+1 = Pith—1)
k=0
N-2
= pm [wi]V*Q + wyfl _ w?] — ’w}]] + Z pj+k [w];*l _ w7]7+1]
k=1
N—2
> o [ 0T wl] e 3 ik )
k=1
N N-2
—pn{ 3wl = Y w0,
k=1 k=—1

where the inequality is due to the non-increasing monotonicity of w,,. Inequal-
ity (17) can be recovered following the same procedure.

Proof of Proposition 1 We apply the mean value theorem between the points
R} = (p}_1,...,p}yn) and
Ry = (Pms Pms Py Pfas - -+ PipN—25 Pms P )
which by (16) tells us
o = H(R}) = H(R},) + (VH(Re), B} — Ry
> pm + (VH(R;), R} — R},), (18)

for Re = (1 = §) Ry, + ERY, for some § € [0, 1].
It is now enough to observe that
oH

Opj+k

(Re)(R} =Rk =0 k=2,...,N -2,

since (R} — Ry}, )x = 0 for k = 2,..., N — 2. Therefore, under the assumptions

(14) and (15), we can conclude that (VH(Re¢), R} — Ry.) > 0 and therefore

by (18) we have proved that
o1

p; " Z Pm-



Well-posedness of a conservation law with non-local flux 7

The upper bound p;-“H < pup is recovered smilarly by considering

R’r](l/[ = (pM)pM’vap]n-‘,-Qa'"ap?+N—27pM7pM)

in place of R? and using (17).

2.2 BV estimates

BV estimates cannot be derived here using standard general approaches. In-
deed, scheme (10), (11) does not fit the classical assumption of TVD schemes,
see [15, Lemma 2.2], and [5] for the generalization of these conditions to N-
points schemes. Nevertheless, accurate estimates show that the approximate
solutions constructed using our numerical scheme have bounded total variation
and preserve monotonicity.

Proposition 2 Let pg € BV(R;[0,1]), and let pas be given by (10), (11). If
a > 142 Az w,(0) and the CFL condition At < 2Ax/(2ac+3 Az w,(0)) holds,
then for every T > 0 the following discrete space BV estimate is satisfied

TV(pac(T,-)) < C(wy, po, T) := > OT TV (py). (19)
In particular, the numerical scheme (10), (11) is monotonicity preserving.

Proof Scheme (10), (11), can be rewritten as

N-1

3 7 >\ 7 n n
p]+1 o —§(a+1—Aa;Zw§ pﬁkH—Axwgpj,l)Aj,l/Q
k=0
\ N-1
Ty (a 14+ Az Yy wy Pl + Az (wy) + wy) P?—1>A?+1/2
k=0
N-1
+ P] 1Az Tk—1/2
k:2
A N—-1 n n
+ *AZE wy T i AiN_1ye s

where we have set Aﬁ_k 12 = Pi4k — Piyr—1 for k=0,...,N.
In the same way we get

N—
n A n n n
PJLl: Pi1— 2<oz+1foZw’;pj+k+27Axw2pj)Aj+l/2

N-1

A
+ 5(04 -1+ Az Z wf, Pjihto + AT (wg +w,17)p?)A?+3/2
k=0
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Therefore computing the difference gives

n+1 _
A=
A N-1
k
= 5(‘“‘ 1= Az 3wy plyger — Avw) P?fl)A?flﬂ
k=0
A 0 n 0 1\ n & k n
+ |1- 5(2& — Az wy p + Az (wy +wy)pi_1 — Az Z wy; Aj+k+3/2> VAV
k=0
A 0 1y n 1 2y n & k n n
T3 (a = 14 Az (wy +wy) pff — Az (wy, +wyy) pj_1 + Az Z Wn pj+k+2)Aj+3/2
k=0

N-—-2
+gae D lwy ™ Fwp)pf = (wh +wp Tl ] AT e
k=2
A N— N— N—
+ §AJJ [(wn 2 + wn l)p? - wn lp;’lfl]A;i}—N—l/Q

A N-1
+§Azwn Py A?+N+1/2'

Adding and subtracting (wf, + wf]+1)p? in the fourth term of the above right-
hand side, and noting that

N-2 N—-1\ n N—-1 n n _ N—-2 n N—1 An n
[(wy ™y )P —wy P AY v ye = [y T AT Hwy T AT pl AT v
we get

n+1 _
Az =
A N—2
2 (a +1 = Axwl (pf 1 + pfyy) = Az (wy +wy) pityy — Az Y wpt! p;}-‘rk)A;}*l/z
k=2
A\ N-1
+ |:1 -5 (2a - Amwg p; + Az (wg + w%)p}l_l — Az Z w,’; Aj+k+3/2>} A;-LJrl/Q
k=0
A\ N-1
+ 5 (o= 1+ Aw (w) ) pf — Ax () +wd) gy + Ax 30wl k) AT
k=0
A N—2
k—1 B+l
+ gp?A‘T > (wy ™t —wyth) Afvkr1/2
k=2
+iAx wN=2pn AT +3AQE w1t pn A7
2 n PiSi4N-1/2T 5 n o Pj Sj4N+1/2

Observe that the first coefficient in the summation is non-negative for Az
sufficiently small such that o > 2w, (0) Az, since

N-2
0 1 2 k
Az ) (o + pin) + Ax(uwh + wd)ofs + Ar Y wh oy,
k=2
N-1
< Ax wg + Az Z wf,
k=0

<1+ 2w,(0)Az
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by (8). The second coefficient in the summation is non-negative under the
slightly stronger CFL assumption

< 2 A
4 Ax
~ 20+ 3Azw,(0)

and the third term is non-negative if & > 1+ 2 Az w,(0). Hence all the above
coeflicients are non-negative, and the above formula guarantees in particular
that the scheme (10), (11) is monotonicity preserving. Taking the absolute
values in the above expression and summing over j € Z we get

+1 —
> |4zt =
J
A N-—-2
=3 S(a+ 1= Avuwl (0 s +pj40) — A (wh +wd) pes — Az Y- wht ) |47 |
J k=2
A N-1
3 [1 = 5 (20— Avwl) o + Av (wh +wy) o)y — Az Y wh Amwa)} 45112
J k=0
A N—-1
+305 (o = 14 Aw () ) o — A (w) +wd) oy + Ax 30w k)| AT s o)
J k=0
N—-2
k—1 k+1
+Z 2 A Z wh=1 = Wkt \AMH/Q\
N-—-2
+Z§Aacwn "‘AJH\, 1/2‘
J
A N-1
+Z§A‘” wy P ‘A7+N+1/2‘ '
J

Rearranging the indices we obtain

IEVEA
J
:Z ‘A?Jrl/Z‘
J

( Z T R (T o P

k—1 k+1 1 2 N-2
+ ) (™ =t pl = (wy + wi)pf s+ w Ry
N-1 N—-2 N-1
+wy T PN Wy PN Wy P?—N)]

N-2
L+ — (2 e wptt) 2wy 2“’11;[_1)] Z ‘A?+1/2’
k= i

2

< (142w, (0)40) Y ‘A;LH/Q‘ .
J
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Therefore we recover the following estimate for the total variation
TV (pax(T,-)) < (1 + 2w, (0) A2 TV(paz(0,-)) < 2 OTTV (pg) .
From Proposition 2, the following space-time BV estimate can be derived
as in [14, Corollary 5.1], relying on the Lipschitz continuity of g .

Corollary 1 Let pg € BV(R;[0,1]), and let pa, be given by (10), (11). If
a>14+2Azw,(0) and At < 2Az/(20c + 3Az w,(0)), then for every T > 0
there exists C = C(wy, po, T, o) such that

TV(pas; [0, T] x R) < C. (20)

2.3 Discrete entropy inequalities

Following [3, Proposition 2.8], we derive a discrete entropy inequality for the
approximate solution generate by (10), (11). Let us denote by

r 1 o}
Gj+1/2(u,’l)):§UV} +§’U j+1+§(u—’l}),

Fio(u,v) = Gipapp(u A kv A K) = Gjpapp(uV kv VE),

with a A b = max(a,b) and a V b = min(a, b).

Proposition 3 Let p?, j € Z, n € N, be given by (9), (10) Then, if « > 1
and the CFL condition (14) holds, for all j € Z, n € N we have

’P;}H — K| - ’P? — K[+ A (Fgﬁﬂ/z(P?’P?H) - Fffl/2(p?*1’p?)) (21)

>\ n n
+§ Sgn(P;H_l — k) H( j+1 T Vj—1) <0

for all k € R.

Proof Setting

H;(u,v,2) =v—A (Gj+1/2(v, z) — Gj_l/Q(um)) ,

the function Hj is monotone non-decreasing in its first variable, monotone
non-decreasing in its second variable for aA < 1, which is guaranteed by the
CFL condition (14), and monotone non-decreasing in its third variable for
a > 1, which is guaranteed by (15). Moreover, we have the identity

Hj(pf 1 NE,pf NE,pF o AR) = Hji(pf_y VK, P VK, PV K)

= |P;L - “| - A (Ff+1/2(P?aP?+1) - Ff_1/2(ﬂ?_1al)?)> .
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By monotonicity,

I:Ij (p;'l—l N K, p;L N K, p;'lJrl A K’) - ‘E[] (p;_z71 VK, p;l VK, p?+1 v ’%)
:Hj (p?—l’ p?) p?—l—l) A Hj(K’7 K, F‘;) - Hj (p?—b p?a p?—s—l) \ Hj(ﬁv R, K‘)
:‘Hj(p}th p;la p?Jrl) - Hj(’@ K, 5)‘
=sgn (FI] (p?—lv p;ba p?+1) - Hj(ﬁv K, H)) X <HJ (p;'l—h p;'Lv p;‘l-&-l) - gj(ma K, H))

r] n n o n A n n
=sgn (Hj(PijijjH) —h+ o ( J+1 T le)>

r] n n o .n A n n
X (Hj(Pj—1anan+1) *"Hrg’f( J+1 Vj—1)>

ry n n o n ] n n o n A n
2 sgn (Hj(Pj—tuanH)_“) X( j(Pj—1anvpj+1)_’€+§"¢( i — Vit ))

—‘H Pj 17p]ap_7+1 ‘ + 5 sgn (Hj(p?—17p?ap?+l) - ’%) K (Vﬁi—l - an—l)

=gt = ]+ s (03" — ) (Vi — Vi)

by definition of the scheme (10), (11), which gives (21).

2.4 L' stability estimates

Since Kruzkov theory cannot be applied as it is to our case, because of lack
of regularity of the convolution kernel w,,, we prove explicit L1 estimates that
ensure the stability of the scheme (10), (11).

Proposition 4 Let pg,po € BV(R;[0,1]) be two initial data, and denote by
PAz, PAz the corresponding approximate solutions comstructed applying the
modified Laz-Friedrichs scheme (10), (11):

P]H =Pt 5 (Pj—1 =207 + pja) + 3 (P Vits =P Vi) 5 (22)

A -n [/n = [/n
§(Pj—1‘/}—1*/7j+1vj+1) . (23)

il A, g
it =0+ T (o — 205 + ) +

where we have set V' = 1— szk 0 w Pk and V;* = 1— szk o wk Pk
Then, under assumptzons (14) and (1 ) the followzng estimate holds:

lpae(T,-) = paz(T)La < K(wy, po, po, T)llpo = pollpa (24)

with K(wn7 P05 P05 T) = eXp(TwU(O)(1+O5 min{c(w’rla Po, T)a C(’LU”, Po, T)}))
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Proof Subtracting (23) from (22) we get
ng—l [);H_l
Ao . Ao, n
= (1= Xa)(p] — pj) + 7(/); 1= Py_q) + 7(Pj+1 = Pie1)
>\ n (/N n -n [/n

+< 5 (P] Vit = Vity) + (1 _pjfl)vjfl)
>\ 7 -n VaL) n n v
) (Pj+1 =)V + o (Vi — j+1))

- (1 “da A dvul gl ) (o — )

+

(aJFVn - Az w) n Pi—1)(Pj—1 — Pi_1)

+

(a— [73’_11 + Az wg pip1 — Az w,27 Pi-) (P — Pia)
N—2

(wy ™ oy — w05 1) (P ek — D)

BN
8

+
Do > w\ym\y

i
[ V)

- _ A N— _
2 Piv1(Piyen—1 — p;bJrN—l) + §A$ wy ! p?+1(P?+N = Pj4N)-

+
N >
>
5
g
Sz

Observe that the coefficient of the first term is positive thanks to (14) and
the coefficients of the second and third terms are positive thanks to (15).
Therefore, taking the absolute values in the above equality we get

}anrl ﬁ;;+1| <

A T T =N
=< <1 — Ao — Qﬂxw%f’j1> |0} = 75|

A = _
+ 5(“ + Vit — Az wro; P?A)’P?A - P;'L1|
A _
"‘5( g+1+Axw p]H—Axw Pi-1 |Pj+1 P;‘L+1}
A _
§Ax E : |y~ a =y ol [Pk — P

A
N— - N-— -
+ §Ax Wy, 2 Pi+1 |p;'L+N—1 - P;'L+N—1| + §A$ Wy, ! Pi+1 |P;'L+N — Pj4N

Summing over j € Z, rearranging the indexes and observing that by mono-
tonicity of w, and using the triangular inequality

k—1 n +1n

|w77 Pj+1 — Pj—1 S(wI;A kH)

Pi1+ w o — P
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we get

21T =

+ 5 2w e — P?kl’] D lef =]

J

Therefore,

_ 2+ TV (par(T T/ At _
loanT.) = pas(T )l < (14 202202 0))) 7 g — ol

which gives the desired estimate (24).

3 Proof of Theorem 1

We apply the classical procedure of Lax-Wendroff theorem, see [14, Theorem
5.3] and [18, Theorem 12.1], to show that the scheme (10), (11), converges to
a weak solution of (1), in the sense of Definition 1.

By Proposition 1 and Corollary 1, we can apply Helly’s theorem, stating
that there exists a subsequence, still denoted by pa,, that converges to some
p€ (LTNL>®NBV)(R" x R;[0,1]) in the L _-norm.

loc™
Let ¢ € CL(R?) and multiply (10) by ¢(t", ;). Summing over j € Z and
n € N we get

Zzw(tnvfbj) n+1 _p])
=—AZZW s25) (900} s Pen) = 901y P 1) -

Summing by parts we obtain
Zso 0,27)p% + ZZ p(t" ) pf (25)
+ AZ Z (", xj11) — (", 25)) 9(pF, - - pjyn) = 0.
Then we multiply (25) by Az getting

(", z; —<pt"_17:r- n
AxZgo(Omrj)p?—i—AxAtZZ (", ;) At( 1) Pj (26)
J

SptTL’J;- —90'5"’93‘ n n
+A:UAtZZ( J“ix( J)g(pj,...,pjw):o.
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By strong Li . convergence of pa, — p, it is straightforward to see that the
first two terms in (26) converge to

/+°° po(z)p(0, ) dz + /O+°° /_:O pt, x)ou(t, z) dudt

— 00

as Axz N\, 0. Concerning the last term, since p; € [0, 1] we observe that

lg(pT, PN — ”V-"|
« n n n n
<3l =i+ 5 ij+1Vl+1 — V7|
<3 o=l +3 | Pivr = PV + o} (Vi = V1))
N—-1
< P51 — P+ 5 Pj Az D whlpf ks = Pl
k=0
1+ 7 n 1 n
< 5 [fen = 03[+ 5 wy(0) TV(pas(t”, ) Ax
1+
< Ta |P?+1 - Pﬂ +Cl(w77ap07T) Az ’ (27)

where we have set C’(w), po, T') = wy,(0)C(wy, po,T)/2 for T > t™. Therefore,
the last term in (26) can be rewritten as

(P t ) L +1 (p(tn’x)
AwAtZZ ! 2 9o} PN

AxAtZZSDt $g+1 @(t ) oV

o(t", 1) — (", ;)
¢ ooy Y AT Z 8D (= ).
By consistency, the first term in the above decomposition converges to

+oo +oo
/0 [ p(t, x)v(p *q wy(t, ) e (t, ) drdt

while the second term can be bounded using (27): set T > 0 and R > 0 such
that p(t,z) = 0 for ¢ > T and |x| > R, and let ny € N and jo, j1 € Z such that
T € InpAt, (nr + 1)At], =R € |zj,_1/2,Tjo11/2] and R € |z, _1/2, 2, 11/2]s
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then

t tna i n n nys/n
A:cAtZZSD %H go( ) (Q(Pja~~~apj+N)_Pj‘/})

nr J1
14+«
< AvAtle]. ZZ( s = 5] 4wy T) 40
n=0j=jo
1+a o L
ol Ae At S (s — 0]+ el oo C g 0, TV2RT A
n=0j=jo
14+ Tk
< S %eal [ ] loasttint Ar) = pastt,o)] dade
0 —-R
+ 1ol C' (1. po. T)2RT A
1+a
< o €, 0. T) A + [pul| o O, po, T)2RT A

which clearly goes to zero when Az N\ 0.

Concerning the entropy condition, we proceed as above to show that (21)
converges to (5). Multiplying (21) by Az (", z;) > 0 and then summing by
parts we get

n N n—1 .
0< A:cZgo(O,xj)‘pgfdJrA:cAtZZ(p(t 23) — (", 7) |P?*/€|
J

At

noJ

W(tnax 1) _(p(tn?w‘)
+AmAtZZ = Az : Ffﬂ/z(/’?’ﬂ?ﬂ)

VTL V7l
foAtZngn k) kK % o™, z;) .

Following the same steps as above, the first three terms in the sum clearly
converge to

“+o0 “+o0
/0 / (Io(t,2) — Klgr + [p(t,2) — klo(p 4 wn(t, 2)) q) ddt

“+o0
+ / 1po(z) — lp(0,2) da

as Az N\ 0. The third term can be decomposed as
v v

3 D (= S etea)
"o
o (o ) s - ) Y
no_yn
+sgn (p] — k) K %ﬂj]l o(t" ;) .
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The first term in (28) can be controlled by C'(wy, po) Az, and the second clearly
converges to

+oo +oo
—/O [ sen(p(t,z) — k) kV,(t,x) @(t,x)dzdt ,

providing the entropy inequality (5).

4 Numerical tests

In this section, we perform numerical simulations to show evidence of some
properties of equation (1). In particular, we compare solutions depending on
the kernel choice and its support.

For the tests presented below, the space domain is given by the interval
[—1,1], the space discretization mesh Az = 0.002 and n = 0.1, where not
specified otherwise. Absorbing conditions are imposed at the boundaries.

4.1 Kernel support location

We aim at comparing the behavior of solutions of (1) with centered and up-
stream convolutions, obtained taking the velocity v as

N/2 z+n/2
=20 Y whpp=o( [ ptu-o)dy), (29)

k=—N/2 z=n/2
which models drivers looking both ahead and behind, and

xT

1
1— Az > whpjap o~ v(/ p(t,y)wy(y — ) dy) (30)

p— @=n

corresponding to drivers taking into account traffic densities behind them.
Figure 1 shows similarly the density profiles at time ¢ = 0.5 corresponding
to the initial condition

po(w) = (31)

0.6 ifx <0,
0.2 ifx>0.

The solution to the classical scalar conservation law
Op+0:(p(1 —p)) =0 (32)

would be a rarefaction wave, as displayed in Figure 1, (a).
Figure 2 shows the density profiles at time ¢ = 0.2 corresponding to the

initial condition
04 ifz<0O
= ’ 33
po(®) {0.9 if 2> 0. (33)
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Fig. 1 Density profiles at ¢ = 0.5 corresponding to a Riemann-like initial datum with
pr = 0.6, pr = 0.2. Case (a) corresponds to the rarefaction profile that solves the classical
equation (32). Cases (b), (c) and (d) correspond to the kernel wy, (z) = 1/n with downstream
(2), central (29) and upstream (30) supports respectively.

The solution to the classical scalar conservation law would be a shock traveling
with speed o = —0.3.

Cases (b), (c) and (d) in Figures 1, 2 show the density profiles correspond-
ing to the constant kernel w,(z) = 1/n with downstream (2), central (29)
and upstream (30) supports respectively. (The approximate solutions do not
change significantly using other non-increasing kernels.) We observe that the
downstream convolution gives a smooth profile with constant total variation
and monotonicity (as expected from Proposition 2) close to the solution of
the corresponding classical problem (32) showed in Figures 1, 2, (a). On the
contrary, central and upstream convolutions cause oscillations formation and
total variation blow-up (for upstream convolution).

4.2 Kernel monotonicity

We are interested in studying the effect of the monotonicity of the kernel on
the solution characteristics. To this aim, we consider the downstream convo-
lution (2) and we compare the solution corresponding to the constant kernel
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Fig. 2 Density profiles at ¢ = 0.2 corresponding to a Riemann-like initial datum with
pr = 0.4, pr = 0.9. Case (a) corresponds to the shock profile that solves the classical
equation (32). Cases (b), (c) and (d) correspond to the kernel wy, (z) = 1/n with downstream
(2), central (29) and upstream (30) supports respectively.

wy(z) = 1/n, to the linear decreasing kernel wy,(z) = 2(n — x)/n? and to the
linear increasing kernel w,(z) = 2z/n?, for the Riemann-type initial datum
(33). Figure 3 shows the density profiles at time ¢ = 0.5 (left) and the total
variation TV (p(t,-); [—1,1]) for ¢ € [0,1] (right) corresponding to the different
kernel choices. Numerical simulations confirm that non-increasing monotonic-
ity is necessary for the scheme to be monotonicity preserving. In particular,
for Riemann type initial data, the total variation remains constant, while it
increases for monotonically increasing kernels.
We also compute numerical convergence orders. Following [8], we define

+(Az) = log, (((Aﬁ‘j;)) , (34)

where the L1-error is computed at final time T = 0.3 as
6<A$) = HpA:r(Ta ) - pAz:/Q(Ta ')HLl

Az
= 7 Z ’pﬂw(T7 xj) - pAz/Z(T7 .13]')
J

; (35)



Well-posedness of a conservation law with non-local flux

19

08 ] 10
8
06
2 Z 6
04
4
02 »
o ‘ . ‘ o ‘ ‘ ‘ ‘
% 05 0 05 i ) 0z 04 06 08 1
X t
1 12
08 ] 10
8
06
2 Z 6
04
4
02 )
9 05 0 05 1 % 02 04 06 08 1

08
06
o
2
04
02
% 05 0 05 1 %

X

02 04 06 08 1
t

Fig. 3 Density profiles at t = 0.5 (left) and the total variation TV (p(¢,-);[—1,1]) for ¢t €
[0,1] (right) corresponding to the Riemann-like initial datum with p;, = 0.4, pr = 0.9 for
wy(x) = 1/n (top), wy(z) = 2(n — x)/n?(middle) and wy,(x) = 2x/n? (bottom).

where z; = (j — 1/2)Az/2 for Az = 0.01,0.005,0.0025,0.00125, 0.000625.
Table 1 show that non-increasing kernels give good convergence rates (the
rate is far better for the linear decreasing kernel), while in the case of linear
increasing kernel convergence is not clearly established. The L1-errors reported
in the table represent the L!-distances to the reference solutions corresponding

to Az = 0.00015625.
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G =11 [ wn@) = 20— | wg@) =3/
Ax v(Ax) LI-error v(Ax) Li-error v(Ax) Li-error
0.01 0.98021 | 3.013e-03 | 1.06427 | 3.315e-02 | -0.42189 | 1.241e-01

0.005 0.93000 | 1.709e-03 | 1.06119 | 1.590e-02 | -0.88509 | 1.287e-01
0.0025 0.61590 | 1.044e-03 | 0.87964 7.650e-03 -0.13054 | 1.303e-01
0.00125 | 0.44360 | 6.344e-04 | 1.05856 | 3.696e-03 0.15360 | 1.069e-01
0.000625 | 0.57113 | 3.632e-04 | 0.99995 | 1.547e-03 0.27699 | 7.093e-02

Table 1 Convergence orders (34) and L1-errors to the reference solutions corresponding to
Az = 0.00015625 for constant, linear decreasing and linear increasing kernels at final time
T = 0.5 corresponding to a Riemann-like initial datum with pr, = 0.4, pr = 0.9.

4.3 Limit n \,0

In this section, we investigate the convergence to the solutions of the classical
conservation law (32) as 1 \, 0. To this end, we compare the solutions to (1)
with different values of n = 0.1,0.01,0.001, for Az = 0.001 and initial datum
(33). As expected, the solution computed with n = 0.001 coincides with the
numerical solution of (1) computed using the Lax-Friedrichs type scheme

Ao

T n n n n >\ 7 n
pj = pj + o5 (Pj_1 =207 + Pfa) + 5 (F(pf—1) = F(P1)) - (36)

In fact, when n = Az, N = 1 in (7) and the scheme (10), (11) coincides with
(36).

4.4 Highly oscillating initial datum

We consider the following initial datum

() = {0.5(1 +sin(10rz)) if z € ]-0.5,0.5], (37

0.5 otherwise,

see Figure 5.

We are interested in exploring the effect of the location of the support
of wy(z) = 1/n on the total variation of the solution. Figure 6 shows the
density profiles at ¢ = 0.5 (left) and the total variation TV (p(t,); [—1,1]) for
t € [0,0.5] (right). We observe that the downstream convolution (2) smooths
down the solution towards the constant profile p(¢,x2) = 0.5 for t — co. The
central convolution (29) still reduces oscillations, but the upstream convolution
induces blow up both in the L* and in the BV norms.

Acknowledgements The authors wish to thank Rinaldo M. Colombo and Frédéric Lagoutiére
for valuable discussions.
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Fig. 4 Density profiles at ¢ = 0.5 (top) and and ¢ = 1 (bottom) corresponding to the
Riemann-like initial datum with p;, = 0.4, pr = 0.9 for wy(z) = 1/n and n = 0.1,0.01, 0.001.

Fig. 5 Oscillating initial datum po given by (37)
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