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Branching processes and stochastic fragmentation equation
Lucian Beznea!, Madalina Deaconu?, and Oana Lupascu?

Abstract. We investigate branching properties of the solution of a stochastic differential equation
of fragmentation (SDEF) and we properly associate a continuous time cadlag Markov process on the
space S* of all fragmentation sizes, introduced by J. Bertoin. A binary fragmentation kernel induces
a specific class of integral type branching kernels and taking as base process the solution of the initial
(SDEF), we construct a branching process corresponding to a rate of loss of mass greater than a given
strictly positive size d. It turns out that this branching process takes values in the set of all finite
configurations of sizes greater than d. The process on S* is then obtained by letting d tend to zero.
A key argument for the convergence of the branching processes is given by the Bochner-Kolmogorov
theorem. The construction and the proof of the path regularity of the Markov processes are based
on several newly developed potential theoretical tools, in terms of excessive functions and measures,
compact Lyapunov functions, and some appropriate absorbing sets.

Mathematics Subject Classification (2010): 60J80, 60J45, 60J40, 60J35, 47D07 60K35

Key words: Fragmentation equation, fragmentation kernel, stochastic differential equation
of fragmentation, discrete branching process, branching kernel, branching semigroup, excessive
function, absorbing set, measure-valued process.

1 Introduction

We study branching properties of the solution of a stochastic differential equation of fragmen-
tation. Recall that the basic property of a measure-valued branching process is the following:
if we consider two independent versions X and X’ of the process, started respectively from two
measures p and g/, then X + X’ and the process started from p + p’ are equal in distribution.
In studying the time evolution of fragmentation phenomena, it is supposed that "fragments
split independently of each other", so, a branching property is fulfilled; cf. [4]. More specific,
a main tool for defining the fragmentation chains are the branching Markov chains.

A different stochastic approach for studying the fragmentation (and coagulation) phenomena
was developed in [21, 22, 27|: the evolution of the size of a typical particle in the system during
a fragmentation process may be described by the solution of a stochastic differential equation,
called stochastic differential equation of fragmentation (SDEF).

In this paper we associate a continuous time Markov branching process to an (SDEF),
describing the time evolution of the fragments greater than a strictly positive size d. The
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model for the time evolution of all fragments (of arbitrary small size) is then constructed as a
limit of a sequence of branching processes, corresponding to a fixed sequence of sizes (d,)n>1
decreasing to zero. It is a continuous time Markov process on the state S* of all fragmentation
sizes, considered by J. Bertoin. This process should be compared with the stochastic coalescent
process, induced by Smoluchowski’s coagulation equation in [36], page 95.

As a byproduct we emphasize integral type branching kernels on the space of all finite con-
figurations of an interval [d, 1], associated to the given fragmentation kernel and corresponding
to the rate of loss of mass (in sense of [27]) greater than a fixed size d. These branching kernels
lead to relevant examples of branching processes and it is possible to write down the nonlinear
evolution equations satisfied by the associated cumulant semigroups.

The paper is organized as follows.

In the next section we present the fragmentation equation and the stochastic differential
equation associated to it, following mainly [27]. A binary fragmentation kernel F' is fixed, we
state some hypotheses, give the basic definitions, and an example. Corollary 2.2 points out that
in the case when the uniqueness of the solution holds, the solution of the stochastic differential
equation of fragmentation induces a standard (Markov) process with state space the interval
[0, 1], its transition function being a Cp-semigroup on C(]0, 1]).

In Section 3 we first prove some properties of the real-valued Markov processes, produced
by the procedure presented in Section 2, from the fragmentation kernel F' truncated to sizes
greater than d,,. In particular, the interval [d,, d,_1) becomes an absorbing set and therefore it
is possible to restrict the process to this set. Putting together all these restrictions we obtain the
base process of a forthcoming branching process on the set E,, of all finite configurations of the
set B, := [d,, 1], n > 1. We show in Section 4 (Proposition 4.6) that the associated sequence of
transition functions is a projective system and then, applying the Bochner-Kolmogorov theorem,
we obtain a transition function on S* (Proposition 4.7). The already mentioned branching
kernels associated to the given fragmentation kernel F', necessary for constructing the branching
processes, are also introduced in Section 4. -

The results on the existence of the branching processes (with state spaces E,,, n > 1) and
of the fragmentation process (with state space S*) are proved in Section 5, Proposition 5.1 and
Theorem 5.2. A fragmentation property of the Markov process with state space S* is proved
in Corollary 5.4. We apply the main result from [11] and a method developed in [12], using a
Ray type compactification technique. A key point in proving the existence of the fragmentation
process and its path regularity is the fact that there are excessive functions having compact
level sets (see (5.13) and Remark 5.3).

The paper is completed by two appendices. Appendix (A) gives briefly some necessary com-
plements on the potential theory associated to a right (Markov) processes: the entry time, the
reduced function, excessive and strongly supermedian functions, absorbing sets, the restriction
to an absorbing set of a resolvent and of a process, excessive measures. Appendix (B) presents
the proofs of two results from Section 4.

2 Fragmentation equation and SDE

In this section we introduce the stochastic differential equation associated to the fragmentation
equation.

The stochastic model. We consider a model which describes the fragmentation phenomenon
for an infinite particle system. Each particle is characterized by its size and, at some random



times, it can split into two particles by conserving mass. Let us denote by ¢(t, z) the concen-
tration of particles of size x at time ¢ in the system. The evolution in time of ¢(¢, x) is governed
by the fragmentation equation:

d ! 1 v
grelt.) = [Floy—oxtt)dy - jelta) [ Floo )y
x 0
(2.1) for all t > 0 and x € [0, 1],

c(0,z) = co(x) for all z € [0, 1].

In equation (2.1), F is the fragmentation kernel, that is F' : (0,1]> — R, is a symmetric
function and F'(z,y) represents the rate of fragmentation of a particle of size z + y into two
particles of size x and y. We can suppose that the size of the initial particle is one.

In the first line of (2.1), the first term on the right hand side is counting the creation of
particles of size x, due to the fragmentation of particles of larger size, say y, with y > z, into
two parts x and y — x. The second term counts for the particles of size x which disappears
after splitting into two smaller particles of size y and = — y, for y < z.

We aim to introduce a pure jump Markov process on R denoted by (X;);>o whose law is the
solution, in some sense, to the equation (2.1). This process will describe the evolution of the size
of a typical particle in the system. The stochastic approach of the coagulation/fragmentation
models goes up to the works of Deaconu, Fournier, and Tanré [21, 22| where mainly the co-
agulation part was considered. This phenomenon is more complex as it leads to non-linear
equations. Later on, Fournier and Giet [27] considered the coagulation/fragmentation model
and obtained existence results for the case of an infinite total rate of fragmentation and also
they allow existence of particles of mass zero. Other studies on pure fragmentation case were
made by Bertoin [2, 3|, allowing multiple fragmentation and also erosion. Haas 28| studied the
appearance or not of mass-zero particles.

We follow here mainly the structure of [27] for the pure fragmentation phenomena that we
aim to link to the branching processes.

The main point that allows a probabilistic approach of (2.1) is given by the conservation
of mass property. This writes on the form fol zc(t,x)dx = 1 and means that p(t,x) = zc(t, x),
x € [0,1], is a probability distribution for every fixed ¢. The aim is to describe the process
having this distribution.

We start by stating some hypotheses on the fragmentation kernel.

Hypothesis

(Hy) The fragmentation kernel F : (0,1]> — R, is a continuous symmetric map. Moreover,
F is continuous from [0, 1]? to Ry U {+oc}. Let us define the function

1 T

—/ ylr —y)F(y,z —y)dy for z > 0,
() =q 0

0 for x =0,

which is supposed continuous on [0, 1]. 1(z) represents the rate of loss of mass of particles
of mass x. For each ¢ € (0,1) we have

(2.2) liin sup ¢ (z) = 0,

r>e
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where

1 T
0

Notion of solution
Assume that (H;) holds. A family (Q¢)¢>o of probability measures on [0, 1] is solution of
(2.1) if the following conditions is fulfilled :

(2.4 (@)= @)+ | (Qu Fo)ds, for all ¢ € ([0, 1]) and £ > 0,

where we denote (Qy, ¢) fo y)Q:(dy) and for any = € [0, 1] we define

(2.5) Fo(z) = / (@ — ) — p@) Y F(y,z — y)dy.

Note that under hypothesis (H;), liI(I)l Fo(x) =
x—04

In order to construct the pure jump stochastic process associated to (2.4) we introduce a
probability space (€2, G, (Gt)i>0, P). Consider also D([0, +00), [0, 1]) the space of cadlag functions
from [0, +00) into [0, 1], endowed with the Skorokhod topology.

Under the hypothesis (H;), let Qo be a probability measure on [0,1]. We say that X is
a solution of the stochastic differential equation of fragmentation (abbreviated (SDEF)) if the
following conditions hold :

1. X = (Xy)i>0is an adapted process on (€2, G, (G;)i>0, P) whose paths belong to ID([0, +00), [0, 1]).

2. L(Xo) = Qo.
3. For all T > 0, [sup,cp 71 | X¢[P™!] < +o0.

4. There exists a Poisson measure N (ds, dy, du) adapted to (G;)¢>o on [0, +00) x [0,1) x [0, 1)
respectively with intensity measure dsdydu such that the following stochastic differential
equation holds :

t rl 1
(26) Xt = XU — /(; /(; /O‘ y]l{yG(O,Xs—)}]l{ug X;(;:yF(y,Xs,—y)}N(dS’ dy, d’LL)

The process X can be seen as the size of a sort of typical particle. This means that at some
random instants the typical particle breaks into two smaller particles : we thus subtract y from
X for some y € (0, X,_) at rate F(y, Xs_ — y)%

By Theorem 3.2 from [27| there exists a solution of (SDEF) under hypothesis (H;).

Proposition 2.1. Assume (H,) is fulfilled and let Qo be a probability on [0,1]. Consider X a
solution to (SDEF) and for each t > 0 let Q; = L(Xy). Then the family {Q:}i>0 is a solution
to (2.4).



Remark. If Q, t > 0, has a density with respect to the Lebesque measure on [0,1] and if we
set c(t,x) := %, then c(t,x) is a solution of (2.1); see [23].

We give an example of a fragmentation kernel which satisfies the hypothesis (H;).

Example. An example of a fragmentation kernel F : [0, 1]> — R which satisfies the hypoth-
esis (Hy) is F(z,y) = x + y. The rate of loss of mass of particles of mass x is

1 x3

v = [ s =P -y = o0

Clearly v is continuous on [0, 1] and the fragmentation equation (2.1) becomes

9, ! 7
ac(t,m) = / ye(t, y)dy — Ec(t, x) forall t,z >0,
c(0,z) = co(x) for all z > 0.

Observe that the mass conservation condition fol xc(t,r) = 1 is equivalent with ¢(¢,0) = ¢ + 2,
t>0.

The uniqueness of the solution for the coagulation/fragmentation equation was studied by
Banasiak and Lamb in a series of papers [1, 33]. Their approach is based on the semigroup
theory. For the pure fragmentation case, under polynomially bounded fragmentation conditions
they obtain uniqueness. For the discrete mass case, in the coagulation/fragmentation context,
the uniqueness was also studied by Jourdain [31, 32] by using a probabilistic interpretation.

We emphasize now the Markov process induced by the solution X of the stochastic differ-
ential equation of fragmentation, in the case when the uniqueness of the solution holds.

For each x € [0, 1] let X, = (X, +)i>0 be the solution of the stochastic differential equation
of fragmentation with the initial distribution d,, i.e., Q¢ = 6.

Corollary 2.2. Assume that for each x € |0, 1], taking Qo = 4., the equation (2.4) has a unique
solution (Qy )10 and the function [0,1] 3  +— (Qy., @) is continuous for each ¢ € C*(]0,1])
and t > 0. Then the family of kernels (Q¢)>o0 on [0,1], defined as

Quf () == (Qra, ), f € pB([0,1]),z € [0,1],

induces a Cy-semigroup on C([0,1]) and consequently it is the transition function of a standard
(Markov) process X° = (Q, F,F, X?, P*) with state space [0,1]. In addition, the following
assertions hold.

(i) For allt >0 and x € [0,1] (X4, P) and (X}, P*) have the same distribution.

(i) For every t > 0 we have a.s. X < XJ.

Proof. The semigroup property of (Q;);>o is rather a straight-forward consequence of the
uniqueness. Indeed, we have to show that Qy 1,0 = Q;(Qy ), so, it is enough to prove that the
mapping s — Qp . verifies the equation (2.4) (with Qo = d,, x € [0, 1]) and Q¢ instead of
¢. We have

t/

(Quriad) = B(a) + / (Qus Fé)s + /0 (Qusan Fo)ds

0

— Quéla) + / Qv Fo)ds.
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We claim that (Q;)>o is a Co-semigroup on C([0,1]). Indeed, if ¢ € C'([0,1]) then Fo(x) <
¢ || (), x € [0,1], and by (2.4) ||Q:} — &|loo < t||@||co|]?||oo for all ¢ > 0. The assertion
follows by the density of C1([0, 1]) in C([0, 1]). The existence of the standard process X° having
(Q+)1>0 as transition function is now a consequence of a main result on Feller processes, see
e.g., [17], Theorem (9.4).

Assertion (4) is clear since by Proposition 2.1, for each x € [0, 1], we have £(X, ;) = Qi =
L(X}?). (i1) is a consequence of (i), observing that from (2.6) for each x € [0,1] and ¢ > 0 we
get a.s. Xy < Xyp. ]

Remark. Let (L,D(L)) be the infinitesimal generator of the Cy-semigroup (Q¢)¢>o0 from Corol-
lary 2.2. Then C'(]0,1]) C D(L) and the restriction of L to C'([0,1]) is the operator F given by
(2.5). In particular, for every ¢ € C1([0,1]) and every probability v on [0,1] the process

o) - | Fo(X0)ds, t >0,
0

is an (Fy)iso-martingale under P” := [ P*v(dx). (The martingale property is a version of a
result from [27], page 1313.)

Indeed, observe first that if ¢ € C'([0,1]) then F¢ € C([0,1]) (as in [27], page 1314).
Consequently, from the Cy-continuity of (Q;):>o we deduce that the function «a(s) 1= ||QsF ¢ —
Fo||ls, s € Ry, is continuous and therefore, using (2.4),

thb ¢

t

f(;ﬁH < hm a(s)ds = 0.

t—0 { 0

lim

t—0

We conclude that ¢ € D(L) and Ly = F¢. The claimed martingale property is a straight-
forward consequence of the Markov property of the process X°.

3 Markov processes induced by fragmentation kernels

Let X = (Q,F,F;, Xy, P*) be a right (Markov) process with state space E, a Borel subset of
[0,1], and let (P;);>0 be its transition function,

P f(x)=FE*(foX;),z € E, f € pB(E);

B(E) denotes the Borel o-algebra of E and pB(FE) (resp. bpB(E)) the set of all positive
numerical (resp. bounded) B(FE)-measurable functions on E. Assume that X is conservative
(i.e., 1 =1) and for x € £ and t > 0 let P,, be the probability measure on (£, B) induced
by the kernel P;,

P, (A) :== P,(14)(x) for all A € B(E).

Let further U = (U,)a>0 be the resolvent family of X,
Unf(z) = Em/ e foX,dt = / e P, f(z)dt, f € pB(E),a > 0.
0 0
A set A € B(FE) is called absorbing provided that Rg\Al = 0 on A; see (Al) in Appendix
(A). It is easy to see that the property of a set to be absorbing does not depend on /5 and that

every absorbing set is finely open. Recall that the fine topology is the smallest topology on E

6



making continuous all Ug-excessive functions. Note that the absorbing sets we consider are not
necessary finely closed; see e.g. [38] and (3.1) from [15].

If A is absorbing and x € A then P*(X, € A) =1 for all t > 0, i.e., the probability measure
P, is carried by A, or equivalently P;(1p\4) =0 on A for all ¢ > 0.

We fix a sequence (d,),>1 C (0,1) strictly decreasing to zero and for each n > 1 define
E, = [d,,1].
The main hypotheses are the following.

(Hy) For each n > 1 there exists a conservative right Markov process X" with state space E,,
and transition function (P/");>¢ such that

Pt =P foralln > 1,6 >0, and z € E,.

(H3) For each n > 1 the set
By, = [dni1, dn)

is absorbing in E,,; with respect to the resolvent U™ = (U"1) 50 of X"

Remark. (i) The compatibility between P/ and PP stated in (Hy) expresses the fact that the
Markov process X™ is induced by a fragmentation in particles with "size” bigger than d,.

(i1) With the above interpretation, condition (Hs) is natural: if a particle is already smaller
than d,,, then it is not possible to produce further "fragments” with bigger size.

A first consequence of the hypotheses (Hs) and (Hj) is the following,.

(3.1)  The set E, is absorbing in F,; (with respect to the resolvent U"!).
Indeed, if € E, then by (Hs), P/ (E,) = P/,(E,) =1, hence P/;M(E}) = 0 for all ¢ > 0,
Ut (lp) = / e P (1p )dt = 0 on E,.
0

So, the function v := U2 (1p, ) is U -excessive and vanishes on E,. Since by (Hj) the set
E! is absorbing in E,; it is a finely open subset of E,;; and thus U?™(1g, ) > 0 on E/, and
we conclude that FE,, = [v = 0], therefore it is absorbing by (A1.4) from Appendix (A).

Let F be a fragmentation kernel as in Section 2 and for n > 1 define
Fn(x7y) = 1(dn,1}(l‘ ANy N |l’ - y')F(l‘,y), T,y € E = [Oa 1]

Assume further that hypothesis (H;) is fulfilled by the fragmentation kernel F'. We claim
that

(3.2) condition (H,) is verified by £}, for all n.

Indeed, the continuity of the corresponding rate of loss of mass follows by dominate convergence
while (2.2) is fulfilled because F,, < F.



By (3.2) and Proposition 2.1 for every n > 1 and each probability )y on [0, 1] there exist
solutions to the (SDEF) and to (2.4), where in (2.6) F' is replaced by F},. Assume that:

(3.3)  Taking Qo = d,, the equation (2.4) has a unique solution (Q7,);>0 and the function
0,1] 3 2 — (Q},, ¢) is continuous for each ¢ € C'(E) and t > 0.

By (3.3) and Corollary 2.2 there exists a standard process X%" with state space E and
transition function (Q})s>0, where Q} f(z) = (Q},, f), f € pB(E), x € E, and (Q})i>o is a
Co-semigroup on C(E).

Assertion (ii) of Corollary 2.2 implies that for all n > 1

(3.4) XP™ < X" as. for each t > 0.

Let U™ = (U2™)a>0 be the resolvent of (QF)io, US™ = [[e™*'Qpdt, o > 0.

Proposition 3.1. The following assertion hold for n > 1 and with respect to the resolvent U™
on E.

(4) For allx < d, andt >0 we have Q}, = 6.

(17) The set E,, = [d,, 1] is an absorbing subset of E.

(i1i) For each x € [0,1) the sets [0,z] and [0,x) are absorbing subsets of E. In particular,
the set E! | = [dy,,d,—1) is absorbing, where Ej := Ej.

Proof. If ¢ € C1(E) let

yFn(yvx - y>dy> re k.

If v < d, then F,,(y,x —y) = 0 for all y, hence F,¢(z) = 0 and by (2.4) QF, = ., hence (i)
holds. If in addition supp ¢ C [0, d,] then F,¢ = 0 and again by (2.4) Q}'¢ = ¢. Consequently,
Q?(l[o,dn)) = 1[0,dn) for all ¢ Z 0, Ug’n(l[ojdn)) = él[()’dn), En = [Uao’n(l[(),dn)) = OL therefore (ZZ)
also holds.

Assertion (iii) is a consequence of (3.4). Indeed, observe first that the right continuity of
the trajectories implies that for all z € E we have P*-a.s.

Xto’" < Xg’” forallt >0
and consequently for each x € E
X,?’" <zforallt>0,P"—as.

It follows that D, 1 = 0o, P*-a.s. and by (A1.2) we conclude that the set [0, ] is absorbing.
The set [0, ) is also absorbing by (A1.3), since [0,z) = J,,[0, (z — £)*]. O

Because by assertion (7ii) of Proposition 3.1 the set E!_, is absorbing with respect to the

resolvent Y%", n > 1, we may consider the restriction XO0n of XOn to E!_,; see (AL.5) in
Appendix (A). It is a conservative standard (Markov) process with state space E!,_; and let

(P]")¢>0 be its transition function. By (A1.6) we have

ﬁt”(f|E;171) =Q}f on E _, for each f € pB(F) and t > 0.

8



Let now n > 1 be fixed. Then E,, = (J;_, E}_, and we consider the conservative standard

process X" with state space E,, which behaves as X0k on E, 1,1 <k <n. The transition
function (P}*)¢>o of X™ is the following

(3.5) P} (fle.) = Pi(fly ) = Qi f on Biy, 1 <k <, f € pB(E), t > 0.
Proposition 3.2. Conditions (Hy) and (Hjz) are fulfilled by X™, n > 1, and
X <Xy a.s. foreacht > 0.

Proof. (Hj;) holds since the process X™ is by construction such that all the sets Ej, k <n —1,
are absorbing in E,. If € E, then there exists £ < n such that + € E}_, and by (3.5) for
f € pB(F) and t > 0 we have

P (flpan) = Qi f (@) = Plo(fle,)

and consequently (Hs) also holds. The claimed inequality follows from (3.4). O

4 Branching kernels and transition functions on the space
of fragmentation sizes

For a Borel subset E of [0,1] define the set E of finite positive measures on E as

E::{25%:kEN*,xkeEforalllgk:gko}U{O},

k<ko

where 0 denotes the zero measure. We identify E with the union of all symmetric m-th powers

EM of E: R
E = U EM™,
m>0

where E(© := {0}: see, e.g., [29, 13, 11]. The set E is called the space of finite configurations of E
and it is endowed with the topology of disjoint union of topological spaces and the corresponding
Borel g-algebra B(E); see [25].

Let M(FE) be the set of all positive finite measures on E. For a function f € pB(F) we
consider the mappings l; : M(E) — R, and e : M(E) — [0, 1], defined as

Lr(p) = (. ) :z/fdu, pe M(E), ep:=exp (=)
Consider the c-algebra M(E) on M(E) generated by {l; : f € bpB(E)}. E becomes a
M(E)-measurable subset of M (F) and the trace of M(E) on E is B(E).

It p1, p2 are two finite measures on F, then their convolution p; * p, is the finite measure on
E defined for every F' € pB(E) by

[Epl*PZ(dV)F(V) = [Epl(dlfl)[gpz(dl/z)F(ul+z/2).

9



If p € pB(E), define the multiplicative function @ : E—» R, as

R H go(xk), if x = (xk)kZI € E,X 7& 0,
QD(X) = k:xp>0
1, if x=0.

Observe that each multiplicative function @, ¢ € pB(FE), ¢ < 1, is the restriction to E of an
exponential function on M(FE),
95 = €_lne-

In the harmonic analysis on configuration spaces the multiplicative function @ is called coherent
state; see, e.g., [25].
Remark 4.1. Since the family A = {e; : f € pbB(E)} is multiplicative, separates the points
of M(E), and o(A|z) = B(E), the following assertions hold for two finite measures py,ps on
E:

(i) p1 = pa if and only if p1(P) = pa(P) for all p € pB(E), o < 1.

(it) p1* p2() = p1(P)p2(¥) for all p € pB(E),p < 1.

Recall that a bounded kernel N on (E, B(E)) is called branching kernel if

Nyt = Ny * N, for all p,v e E,
where NN, denotes the measure on (E,B(E)) such that JgdN, = Ng(u) for all g € pB(E).
Note that if N is a branching kernel on E then Ny = 6y € M(E).

4.1) If B: pB(E) — pB(E) is a sub-Markovian kernel (resp. a Markovian kernel) then

there exists a unique sub-Markovian (resp. Markovian) branching kernel B on (E, B(E)) such
that R -
By = By for all p € pB(E),p < 1.

Sketch of the proof of (4.1). The kernel B is defined as:

(4.2) By :=

~ By, x...xB, ,iftx=0,,+... 40, v1,...,2, € E,
(50 ,ifXIO.

Examples of branching kernels.

1. Let (gm)m>1 € pB(E) be such that 3, ¢, = 1. One can consider the Markovian kernel

~

B : bpB(E) — bpB(E) defined as

Bh(x) := Z G (€)hn(, .. ., 2),  h € bpB(E),

m>1

where h,, := h|gem. By (4.1) there exists a branching kernel B on E such that

E@E = Z qm™ for each ¢ € pB(E), p < 1.

m>1
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2. Branching kernels induced by binary fragmentation kernels. Let F': [0,1]> — R
be a symmetric function. Recall that (cf. [27], page 1303) F(z,y) may be seen as the rate of
fragmentation of particles of mass x + y into particles of mass x,y. F' is called fragmentation
kernel.

Let n > 1 and define the function ¢? : E,, — R, as

Yo (x) = /d @F(y,x —y)dy, z € E,.

Observe that 1? is continuous on E, and li\rgl P (z) = 0.

Analogously with the interpretation given in [27] (where d,, = 0), ¥%(x) represents the rate
of loss of mass of particles of mass x greater than d,, > 0. This truncation ¢° of ¢ should be
compared with v, defined in (2.3), which is also a truncation of ¢ but it refers rather to the
large values of the fragmentation kernel F'.

If d >0 and g € bpB([d, 1]) define the function g4 € bpB([d, 1]) as

9a(y) = g(d)p.a)(y) + 9(y) 1y (y), v € [0,1].

Define further the kernel By : pB(m) — pB([d, 1]) as
6 x
Bab(a) = 5 [ 9l ~ y)haly.9)dy. = € [0, 1],
0

where hg(+, ) denotes the restriction of h € pr([d, 1]) to [d, 1] = {04 + s, 1 x1, 29 € [d, 1]}.
Clearly, the kernel B, is Markovian (since Byl(x) = 23 fo y)dy = 1) and for each = > d

the probability measure B, is carried by [d, 1](2)
Let n > 1 and consider the kernel B™ : bpB(E,) — bpB(E,) defined by

B"h:= 1g_ Byh, h€bpB(E,),
k=1

where Ej) := F; = [dy, 1]. In particular, B! = By,, for each n > 1 the kernel B" is Markovian,
and the probability measure B}, z € £, is carried by EY = {02, + 0up : ®1, 29 € E,}. The
main property of the kernel B” is the linear dependence between the image of the fragmentation
kernel through B™ and the rate of loss of mass, namely

6
B"F,(z) = cp(x)F(d,,0) + E@/}ﬁ(z), r€E,

where ¢, (7) 1= fo (x —y)dy, F.(z,y) := F(y,x —vy), x,y € E,, and F, is regarded as a
function on E;, having a non-zero component only on ED.

Branching processes. We assume that there exists a branching Markov process with state
space E associated with the branching kernel B on E see [11] for results on the existence of
such a branching process. Recall that a right (Markov) process with state space E is called
branching process provided that its transition function is formed by branching kernels; the
probabilistic interpretation of this analytic branching property was mentioned in the beginning
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of the Introduction. For further developments see the classical works [29, 30, 39|, the lecture
notes [20] and [34], the monograph [35], and the articles [26] and [5].

Let (Pt)t>0 be the transition function of the above branching process and U= (Ua)a>o its
resolvent of kernels on F.

Lemma 4.2. If a subset A of E is absorbing with respect to U then A is an absorbing subset
of E with respect to U.

Proof. By |7] one can see that

(4.3) A subset of E is absorbing with respect to U if and only if it is absorbing with

respect to Ug for some 8 > 0.
Applying Proposition 4.8 from [11], if § > 0 there exists 8’ > 0 such that for every v €
b& (Ug), where U is the resolvent on F obtained from U by a convenient perturbation with a

kernel (cf. Propostion 4.5 from [11]), the function 1 — e, is L/{;/ -excessive. Using now (Al.1)
one can see that if v is strongly supermedian with respect to Z/Ig , then the function 1 — e, is

strongly supermedian with respect to Z//{E/
Let A be absorbing with respect to /. By (4.3) one can show that A is absorbing with respect
to U and let v be a strongly supermedian function with respect to L{g such that A = [v = 0].

Consequently, [vdy =0 for all € A and Jodp>0if p ¢ A. We conclude that A = e, = 1]
and since 1 — e, is strongly supermedian with respect to U, again by (4.3) it follows that the
set A is absorbing with respect to U. O

Let (P )i>0 be the transition function on En, n > 1, induced by (P}");>o and by the kernel
B™ associated to a fragmentation kernel F'.

Proposition 4.3. Ifx € E,, and t > 0 then P"Jrl ﬁt"\x

Proof. 1If x = 0 then by (4.2) Ptnarl =0 = Pt '»- Hence we may assume further that x # 0. By

Remark 4.1 (i) we have to prove that Ptnﬂ(lEngp)( ) = Pt”go( ) for all ¢ € pB(E,), ¢ <1, and

X € E’; Let A} be the absolutely monotonic map such that 1/33@ = h}(p); see [11]. So, we have
to show that "' (15, ) = h?(¢) on E,. By Proposition 4.1 from [11] h}"! (15, ) =: R} is the
unique solution of the equation

t
Ry (z) = P (1g,0)(z) + c/ PMHAYB"N ) (x)du, t =0, v € By,
0
where P f := e P f with 0 < ¢ < 2. By (H,) we have on E,: P f = Prti(lg f) =
Py (flg,) for all f € bpB(E,+1). On the other hand the following equality also holds on E,,:
B"th! = B™h!. From the above considerations h, verifies on E,, the equation

t
B = Pro 4 c/ Pr (B"R.)du, t > 0.
0

Since h}(p) is also a solution of this equation, again by Proposition 4.1 from [11] we conclude
that h), = hl(¢) on E,. O

12



For n > 1 let L™ be the infinitesimal generator of the right Markov process X" with state
space E, and transition function (P/");>0, given by hypothesis (Hjy). Let further A}, ¢ > 0, be

the absolutely monotonic map such that f’?@ = h(p),p € pB(E™), o < 1; see the proof of
Proposition 4.3. Consider also the associated cumulant semigroup (V;");>o,

Virf = —InhMe ™), f € bpB(E,),t > 0;
see Corollary 4.3 from [11]. In particular, ﬁ?(ef) = eyny for all f € bpB(E,).

Remark 4.4. (i) By Remark 4.2 (ii) from [11], the integral equation verified by (h})i>o is

formally equivalent to

d —
%h? = (L" —c)h} +cB"h}, t > 0.

(i) Let n = 1. Since h} = e”Vi'/ and B = By,, one can deduce from (i) that the cumulant
semigroup (V,')io is formally the solution of the following evolution equation

d

Sula) = L) @)
2 x
o1 = BT =240 oy zuiay _ S [T en@-2um gy
3 z3 Jg ’

for x > dy,t > 0, where vi(z) := V' f(x). The above equation may be compared with the one
satisfied by the cumulant semigroup of the discrete branching process in the case L = A and
with the first example of a branching kernel, given by a sequence (¢,)n>1 C bpB(E); see [11],
Remark 4.4 (iii). Recall also that in this case the equation of the cumulant semigroup (V;)i>o

is: LV, f = AVif — (Vif)?,t > 0, see, e.g. [26] and [5].

The space of fragmentation sizes. Following [4] we consider as state space the set St of
decreasing numerical sequences bounded above from 1 and with limit 0,

Sti={x = (21)r>1 € [0,1] : (z)x>1 decreasing, hiﬂﬁk = 0}.

Recall that a sequence x from S+ may be considered as "the sizes of the fragments resulting
from the split of some block with unit size" (cf. [4], page 16).
Let further

S i={x= (zp)r>1 € S*: Jko € N* s.t. x4, > 0 and x = 0 for all k > ko}.

SHi={x = (z)kz>1 C (0,1] : (z4)r>1 decreasing, liin z = 0}.

We have
St =SUSfu{0}and SNS; =10,

where 0 denotes the zero constant sequence.
Recall that F,, = [d,, 1], n > 1, where (d,),>1 C (0,1) is a sequence strictly decreasing to
zero and let

Sn::{25$k:k0€N*; x € By, foralllgkgko}.
k<kg
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It is convenient to identify a sequence x = (z3)x>1 from S¥ with the o-finite measure py on
[0, 1], defined as

> b i x#£0,
Hx ‘= kx>0
0 , ifx=0.

Consequently, the mapping x — py identifies S with U S,. For x € S¥ we write x = iy
n>1

where it is necessary to emphasize the identification of the sequence x with the measure .

To each set of finite measures S,, on F,, we add the zero measure 0 = o,

SY =S, u{0}, n>1.

So, -
E,=SY foralln>1.

Define the mapping a,, : S¥ —— S as

(%) = pix|g,, X = pix € ST
We have a,,(0) = 0 and a,|s0 = Idgo. Define

Soo = {(X")n>1 € H SO x" = q,(x™) for all m >n > 1}.

n>1

In the next two propositions we identify first S* and S.,. We show then that the (branching)
transition functions we constructed on each E,,, n > 1, induces a projective system of probability
measures; for the proofs see (B1) and (B2) in Appendix (B).

Proposition 4.5. The mapping i : S* — S, defined as
i(x) == (0 (X))p>1, X € SH,
s a bijection.

Proposition 4.6. Let x € S¥ and x,, = a,(x) € E;,n > 1. If t > 0 then the sequence of
probability measures (Pix, )n>1 s projective with respect to (E,, ay,)n>1, that is

—

n+1 -1 _ pn_
P oa, =P foralln>1.

Proposition 4.7. Assume that conditions (Hz) and (Hs) hold. Then there ezists a Markovian
transition function (Py)so on (S¥,B(SY)) such that for each x € S* and n > 1 we have
]St\’x oa = ﬁl\

n t,Xn

where X, 1= o (X).
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Proof. We apply the Bochner-Kolmogorov theorem (cf. Theorem 53 from [24] and also [19]),
which is a more general version of Kolmogorov theorem on the existence of the limit of a pro-
jective sequence of measure spaces, assuming no continuity of the mappings; for the topological
case (with continuity conditions) see [1flzheorem 2.1 in [18] and [37].

By Proposition 4.6 the system (E,, P/

t,Xn,?

, O )p>1 18 projective. We already mentioned that

each E is endowed with the canonical topological structures and the corresponding Borel o-
algebra 15’( ). Therefore there exists a unique probability measure Ptx on S, such that the
claimed equality holds. Note that by Propostion 4.5 the map i : S¥+ — S is a bijection and
by Proposition 1.1 from [19] it identifies S* and S,, as measurable spaces. The uniqueness

property implies that the family of kernels (ﬁt)tzo is a transition function on S¥. m

5 Fragmentation and branching processes on finite config-
urations
Let X™, n > 1, be the Markov processes constructed in Section 3 from the fragmentation kernel

F. In particular, by (3.2) and Proposition 3.2 conditions (H;), (Hs), and (Hj3) are fulfilled by
F,, and the processes X™. We also consider the branching kernels B™, n > 1, associated to F'.

Proposition 5.1. Let n > 1 and (P )e>0 be the transition function on En induced by (P]")i>0
and by the bmnchmg kernel B™. Then there exists a branching standard (Markov) process with

state space En, having (P")t>0 as transition function.

Proof. Note that by (H3) and (3.1) Ej and Ej, are absorbing subsets of E,, forallk =1,...,n—1.
Consequently, we have

(5.1)  If vo,v1,..., 0,1 € EUE), B > 0, then the function v := S L vy is also Uy-
excessive; recall that Ej = [dy, 1].
Consider the vector space C,, defined as

Co:={f:[dn,1] — R : flg €C(E}) s.t. li\rzl fly) eR,VE=0,...,n—1}
Y\

and let A,, denotes the closure in the supremum norm of the linear space [b€ (U} )] spanned by
the bounded Uj-excessive functions. A,, does not depend on § > 0; see e.g. Remark 2.1 from
[11].

We claim that

(5.2) Co C A,

To prove it, we start with a notation: if £ € {0,...,n—1} and f € C,, we consider the function
fr € C(E,) defined as

f(z) ,ifr e E,
fe(z) = ¢ fldrsr) ,if d, <o <dpga,
limy\q, f(y), if dp <2 <1
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The Cy-continuity of the semigroups (QF);>o and (3.5) imply that
lim @Ul fr = f
a—r 00

uniformly on £y, 0 <k <n—1. We have U} fy € [bE(Ug)] for all a and k. By (5.1) the function

n—1
. n
Vo ‘= E 1E]/€OéUafk
k=0

belongs to [bE (U )] for all @ > 0. We conclude that lim v, = f uniformly on E,, = "o B

a—00
hence f € A,.
We show now that

(5.3) PrC,) CCy,, t >0, and 11{% |Pf — flleo =0 for all f € C,,

i.e., (P)i>o is a Cy-semigroup of contractions on C,. Indeed, if f € C, then again by the Cp-
continuity of the semigroups (Q}):>o and (3.5) we have P/ f|g = Q7 fi|p; and QF fx € C(E),
S0, li{‘%Pt”f = f uniformly on Fj for all k=0,...,n — 1,11{‘%||Pt”f — fllee = 0.

t

Observe that the integral form of the kernels By, , occurring in the definition of the kernel
B", implies that
(5.4) if p € pB(E,),p <1, then B"p € C,.

Let K, be the kernel on FE,, defined as

K.f = C_‘_%Bn(lf)a S pr(En)

Because the probability measure B} is carried by E,(ZQ), l] p@ = 2, and ¢ < 2, we deduce that
K, is a sub-Markovian kernel on F,,. We may consider the Tf)erturbation with the kernel K, of
the semigroup (P/*)i>0, that is, the sub-Markovian semigroup of kernels (Q)");>o on E, such
that for each f € pbB(E,) the function r, := Q)" f is the solution of the integral equation

t

re=Prf+ c/ P (Kyry)du, t > 0;
0
see Proposition 4.5 from [11]. By (5.3) and (5.4) we have

(5.5) (QY™)i>0 is a Co-semigroup of contractions on C,,.

Let U* = (U240 be the resolvent of kernels on E, associated with (Q)™);>o.
We can prove now that the following condition (%) holds for C,, (which is a subset of A,, by

(5.2)).
(%) There exists a countable subset Fy of b€ (L{g) which is additive, 0 € Fy, and separates the

finite measures on E,,, such that {e™" : v € Fo} C C,, Py, P"(B"p) € C, for all p € C,,
0<p<1,and t > 0.
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Indeed, the existence of the countable set Fy follows using Ray cones techniques (see Proposition
2.2 (ii) from [15]). Note that one can take Fy C C,, and (5.5) ensures that it separates the finite
measures on F,. Since C, is a Banach algebra, it follows that {e™" : u € Fo} C C,. By (5.3)
and (5.4) we conclude that condition (x) is verified. The existence of the claimed standard

process with state space E and having (]/3\ )i>0 as transition function follows now by Theorem
4.10 from [11]. O

We can state now the main result on the existence of an associated Markov process on
S*. We endow S* with the topology induced by the identification with S*° (endowed with the
product topology) given by Proposition 1.1 from [19].

Theorem 5.2. There exists a right (Markov) process with state space S¥, having cadlag tra-
jectories, and with (Py)i>o (given by Proposition 4.7) as transition function.

Proof. By Proposition 4.7 we have for all n > 1

(5.6) Pi(foan)=Prfoay, febpB(E,),t>0.

Let further I = ((/];)@0 be the resolvent of kernels of the semigroup (ﬁt)tzo- From (5.6) we
get

(5.7) @(f oay) = [/JZLf oqy, forall fe bp[)’(f?;) and o > 0.

As a consequence of (5.7) the following properties holds:

(5.8) Ifve 5(?:[?) then voay, € S(Zj{;)

The assertion follows by Hunt approximation Theorem.

(5.9) Iffisa UB excessive measure then £ o o, ! is a Zj{; excessive measure. If in addition &

is a potential leg excessive measure, & = o Ug, then £ o v, " is also a potential Zj{?—excessive

measure, £ = (uoa;,!)o Ug. (For the definition of the excessive measure see (A2) in Appendix
(A).)
We have

(5.10) B(SY) =0¢ (U{f oap, : fe pr(E\n)}) .

n>1

Since clearly B(E’;) = a(bé’(?jl?)), by (5.8) we get
(5.11) B(SY) = o (bE(Uz)).
We claim that

(5.12)  all the points of S* are non-branch points with respect to Zj{;, i.e., if u,v are two

Us-excessive functions then inf(u,v) is also a Us-excessive function.
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Indeed, if u = Uﬂ(f o an) v = Ug(g oqy) with f g € pr( ), then by Proposmon 5.1 the
function w,, = 1nf(U”f7 Ugg) is Z/{” -excessive and by (5.7) we have inf(u, v) = mf(U foa,, U Bgo
Q) = wy 0 ay,. By (5.8) we conclude that inf(u,v) € S(Z/Ig). Using (5.10) and Lemma 1.2.10
from |7] it follows (by a monotone class argument) that all the points of S* are non-branch
points. N

Since (5.12) and (5.11) hold, by Theorem 2.1 from [12], to obtain that (P;);>¢ is the transition
function of a cadlag Markov process with state space S*, it remains to show that the following
two conditions are fulfilled:

(5.13)  For all x € S* there exists a Zj{;—excessive function vy such that vx(x) < oo and the
set [vx < k] is relatively compact for all £ > 1; such a function vy is called compact Lyapunov
function.

(5.14)  There exists a countable subset F of [b€ (Z/{g)] generating the topology of SH1 e F,

and there exists uy € EUs),ug < oo, such that if &7 are two Us-excessive measures with
Ls(&+n,up) <ooand Lg(&,p) = Ls(n,p) for all p € F, then £ = 1.

Here Lg is the energy functional with respect to Us; see (A2) in Appendix (A).

Let x € S*. If n > 1, since the branching process )/(?” with state space Z/?; is cadlag, there

exists wy € & (Zj{[?) such that w(a,(x)) = 5= and the sets [wl < k],k > 1, are relatively

compact subsets of E,:; let M} be the closure of [w}? < k] in E; and v} = wl o a,. By

(5.8) we have (vy)n>1 € E(Ug). We take vy = ;lv)’:. Then vy € E(Up),vx(x) = 1, and

[vx < k] C ) o, (M) =: M. Because a, (M) is a compact subset of E, for all n > 1 we
n>1

conclude that M is a compact subset of S*. So, vy has compact level sets and consequently
(5.13) holds.
We prove now (5.14). Observe first that foreachn > 1,v € £ (Z/{g), and Ug-excessive measure

§
(5.15) Ls(&,vo0ap) :Lg(goaf,v),

where L} denotes the energy functional with respect to Zjl? and we recall that by (5.8) we have
voaQy, € E(Z:IE) and by (5.9) the measure {oa, ! is Zj{?—excessive. To check (5.15) we may assume
that v = (/]Zlf with f € pr(EL). Using (5.7) we then obtain:

Ls(& v o an) = Ly(&,Up(f 0 an)) = €0 0 (f) = Li(& 0 ', v).

From [11], the proof of Theorem 4.10, for each n > 1 (5.14) holds for the resolvent Ij{?
on E; Let F, C [b€ (Zjl?)] be the corresponding set of functions generating the topology of
E;. Consequently, if we consider the family F := |J{foa, : f € F,} then F generated

n>1
the topology of S*. (5.8) implies F C [65(&;)] and we take ug 1= (/];1. Let &,m be two finite
Us-excessive measures such that Lg(, ) = Lg(n, ) for all ¢ € F. Then by (5.15)

Li(oa,', f)=Linoa,, f) foralln >1and f € F,.
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From (5.14) applied for the resolvent L/{ZL we get o' =noa,! for all n > 1 and by (5.10)
we conclude that £ = 7. So, (5.14) also holds for Z:{\g on SY. O

Remark 5.3. (i) A main argument in proving Theorem 5.2 was the existence of the compact
Lyapunov functions with respect to the resolvent of kernels U on S* (see the above condition
(5.13) ). This method was initially used for finding martingale solutions of stochastic partial dif-
ferential equations on Hilbert spaces (cf. [9]) but it turned out to be efficient in other situations
too, e.g., to prove existence results for measure-valued branching processes (see [5, 12, 11]).

(17) According to Remark 2.2 (i) from [12], condition (5.13) is necessary in order to obtain a
process with cadlag trajectories and it is equivalent with the tightness property of the associated
Choquet capacities; for details see also [10, 14, 15].

Let (3(:)20 be the Markov process with state space S*, having the transition function (ﬁt)tzo
(see Theorem 5.2). In the sequel if y = (yx)r>1 € S* and = € [0,1], we write y < 2 provided
that y, < x for all £ > 1.

The next corollary emphasize a fragmentation property of (Z)tZO-

Corollary 5.4. For each x € [0,1], y € S*, y < x, and t > 0
X, <z PY-as.

Proof. Using Proposition 4.7 we have

PY(X, <) =lim PY(d, < X, < 2) = lim Pyy(c;, ([dn, 2])) =

lim P, ([dy, 2]) = lim PY (X < ) > lim P¥ (X} < X2) = 1,

where the above inequality holds because P¥"-a.s X[ =y, < . ]

Appendix (A): complements on Markov processes

(A1) The restriction to an absorbing set. We assume further that U = (U,)a>0 is the
resolvent of a right (Markov) process X with state space FE.
A function v € pB(F) is called U-excessive provided that aU,v < v for all @ > 0 and

lim aU,v = v point-wise. Denote by £(U) the set of all U-excessive functions.
a— 00

If 3 > 0, consider the 3-level subprocess of X, recall that its transition function is (e #*P,);>
and has Us := (Upta)a>0 as associated resolvent. For u € £(Up) and every subset A of E we
consider the function

Rju :=inf{v € EUs) : v > u on A},

called the f-order reduced function of u on A. Tt is known that if A € B(E) then Rju is
universally B(E)-measurable and if moreover A is finely open and u € pB(E) then Rju €
pB(E).

The reduced function R?u is no longer an Ug-excessive function, however it is strongly
supermedian; recall that a positive universally B(F)-measurable function v is called strongly
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supermedian (with respect to Us) provided that [vdu < [wvdv for every two finite measures
p, v on E such that po Us < v o Up; for details see |7].

. et v be a positive, -measurable function (or only a nearly Borel measurable
Al.l) L b itive, B(F ble f i | ly Borel bl
function). By [6, 8, 7| the following assertions are equivalent.

(¢) The function v is strongly supermedian with respect to Us.

(11) Ry'v < w for every M € B(E) (or only for every Ray compact subset M of E).

(#73) There exists a family F of Us-excessive functions such that v = inf F.

v e have v = inf{u € TU > Uy,

(i) We have v = inf{u € EUy) : u > v}

Recall that if A € B(FE) then the entry time of A is the stopping time D4 : Q — [0, 0o],
defined as Dy(w) = inf{t > 0: X;(w) € A}, w € Q. The following identification (essentially
due to G. A. Hunt; see e.g. [24]) of the entry operators and the reduced function on a set holds
for all A € B(F) and u € E(Up):

R‘gu(a:) = E*(e PPau(Xp))).

(A1.2)  Using the above formula on the reduced function, one can check that the following
assertions are equivalent for a set A € B(E):

(i) The set A is absorbing, i.e., Rg\Al =0on A.

(i) We have P™-a.s. D4 = oo for every x € A.

(77i) There exists a strongly supermedian function v such that A = [v = 0].

(A1.3) If (Ag)k is a sequence of absorbing sets then J, Ay is also absorbing.

(A1.4)  Ezamples. If v is a Ug-excessive function then the sets [v < oo] and [v = 0] are

absorbing. Indeed, since 1 < %v on the set [v = oo for every n > 1, it follows that Rg’zoo]l =0
on [v < oo]. Since every Ug-excessive function is strongly supermedian, by (Al.1) we get that
the set [v = 0] is absorbing.

The following properties hold for an absorbing set A.

Restriction of the resolvent. If A is absorbing then Ug(1p 4) = 0 on A and therefore we may
consider the restriction U' = (U!)aso of U to A, i.e., the sub-Markovian resolvent of kernels on
(A, B(A)), defined as:

Ul f = Uyf|a for all f e pB(A),
where f € pB(FE) is such that f|4 = f.

Restriction of the excessive function. A function u € pB(A) is Ug-excessive if and only if there
exists a function u € £(Uz) such that u = u|4.

(A1.5)  Restriction of the process. If A is absorbing then the restriction of U to A is the
resolvent of a conservative right (Markov) process with state space A, called the restriction of
X to A and we denote it by X: Q := {w € Q: X;(w) € A for all t > 0}, P* := P*|g for all
z € A, and X,(w) = X,(w) if w € Q (see, e.g., (12.30) in [38]). The main observation is that
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the transition function (ﬁt)tzo of X is precisely the restriction to A of the transition function
(P)i>0 of X, that is

(A1.6) P,(f|a) = P.f on A for all f € pB(E),t > 0.

(A2) Excessive measures, the energy functional. Let U = (U,)a>0 be a sub-Markovian
resolvent of kernels on (E,B(F)), such that the o-algebra B(E) is generated by £(Us) and all
the points of £ are non-branch points with respect to U, 5 > 0.

A positive o-finite measure ¢ on F is called U-excessive, provided that & o alU, < £ for all
a > 0. Let Exc(U) be the set of all U-excessive measures on E and recall that if £ € Exc(U)
then £ o alU, & as a — 0o0. Let Pot(U) be the set of all potential U-excessive measures: if
¢ € Exc(U) then £ € Pot(U) if £ = v o U, where v is a o-finite on F.

The energy functional Lg : Exc(Us) x E(Us) — R, is defined as

Ls(&,u) :=sup{v(u) : Pot(Us) > voUs < &}

Appendix (B)

(B1) Proof of Proposition 4.5. Observe first that: x = 0 if and only if a,(x) = 0 for all
n > 1. Consequently, if x € S¥ and i(x) = i(0) then x = 0. Let now x,y € St,x # 0 # y.
Therefore iy and iy, are measures on (0,1] and if i(x) = i(y) then ux|gp, = py|p, for alln >1
and we conclude that pix = p1y and x =y.

If x € S*and 1 < n < m then a,(x) = ux|r, = an(am(x)) and thus i(x) € S..

Let now (x"),>1 € [[,5; 5% be such that o, (x™) = x" for all m >n > 1. If x" = 0 for all
n > 1 then clearly i(0) = (x"),>1. Suppose that there exists n > 1 such that x" # 0. Then
there exists ng € N* such that x”* = 0 if n < ng and x" # 0 if n > ny. For each n > ng let
k(n) € N* be such that 2, > 0 and xj; = 0 for k > k(n), where x" = (27 )1>1 € SY. We have

(B1.1) ' =ay if m>n and k < k(n),

the sequence (k(n)),>n, € N* is increasing and let ko, := sup, k(n) € N* U {oo}. If ks, < 00
then let ny > 1 be such that ko, = k(ny). Then x™ = x™ for all n > ny and i(x™) = (X"),>1. If
ks = 00 then define x = (zx)k>1 as xy := x}, where for k € N* we take n such that k < k(n).
By (B1.1) xy is well defined (it does not depend on n) and (zx)r>1 is a decreasing sequence.
In addition, if n’ > n is such that k(n’) > k(n), then from a,,(x") = x" we get fi . # fix» and
therefore xy () = a:ZEn,) < d,. Tt follows that lim; ), = 0, so, x € S* and i(x) = (x"),>1. We
conclude that i is surjective. O

(B2) Proof of Propostion 4.6. We have to show that if M € B( ) then

(B2.1) PP (o (M) = P

t »Xn+1 n t,Xn

(M) for all n > 1.

Observe that a,, (M) = E’ @ M. By (Hg) (3.1), and from Lemma 4.2 it follows that E,
and E’ are both absorbing subsets of En+1 Therefore

(B2.2) P”+1( Eoa\E,) =0,
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and

(B2.3) PN E, 1\ E)) = 0ifx), € E).

If x, = 0 then x,41 € EZ and by (4.2) Pif' = 0o = ﬁ%. Therefore, using (B2.3),
P (oY (M) = 6o(M) = f{LX\n(M) So, in the sequel we may assume that x,, # 0.

6 Xn+1 n

Suppose that a,1(x) # a,(x). Consider x/, € E/’n: \ E,, X', # 0, such that Py =

—

[ix, + fix;,. Because P! is a branching kernel we have P/} = Prthts PItL Consequently,
using (B2.3) and (B2.2),

Pl (o (M) = Pyl (B, @& M)

= [ [ 1gaute P @0 Pt aw)

= /A Pt’})zl(df) /A Pg};l(dy)lﬁl@M(g +v)

El E,

15 (OPAS) [ L) P @)

—~ Xn —
7 n
/E'n n

= By I() = B, (M),

t,xn t,Xn

where the last equality holds by Proposition 4.3. From the above considerations we conclude
that (B2.1) holds in this case.

Assume now that a,41(x) = a,(x). Then x,41 = x,, € E; and using (B2.2) and again
Proposition 4.3 we have

—

Pl (o (M) = PIENE, & M) = PIHM) = P, (M),
hence (B2.1) is fulfilled. O
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