t❤❛t ✐s t ∈ {1, 2

✸ ❊①✐st❡♥❝❡ ♦❢ t❤❡ ❙t❛t✐♦♥❛r② ❊q✉✐•✐❜r✐✉♠ ✐♥ ❆✈❡r❛❣❡✲r❡✇❛r❞ ❈❛s❡ ■♥ t❤❡ ♣r❡s❡♥t s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ r❡s✉•t ❛❜♦✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ st❛t✐♦♥❛r② ❡q✉✐•✐❜r✐✉♠ ✐♥ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛• ❣❛♠❡s ✇✐t❤ •♦♥❣✲t✐♠❡ ❛✈❡r❛❣❡ r❡✇❛r❞✳ 

❲❡ ♣r♦✈❡ ✐t ✉♥❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✿ ✭❆✶✮ ❚❤❡ s❡t ♦❢ ✐♥❞✐✈✐❞✉❛• st❛t❡s ♦❢ ❛♥② ♣•❛②❡r S ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ t✇♦ s❡ts S 0 ❛♥❞ S 1 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛•• t❤❡ ♦t❤❡r ♣•❛②❡rs τ ∈ ∆(S × A)✿ ✭❛✮ ❆•• t❤❡ st❛t❡s ❢r♦♠ S 0 ❛r❡ tr❛♥s✐❡♥t ✐♥ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ✐♥❞✐✈✐❞✉❛• st❛t❡s ♦❢ ❛ ♣•❛②❡r ✉s✐♥❣ ❛♥② f ∈ U✳ ✭❜✮ ❚❤❡ s❡t S 1 ✐s str♦♥❣•② ❝♦♠♠✉♥✐❝❛t✐♥❣✳ ❚❤❡r❡ ❛r❡ ❛ ❝♦✉♣•❡ ♦❢ ❡q✉✐✈❛•❡♥t ❞❡✜♥✐t✐♦♥s ♦❢ ✏str♦♥❣•② ❝♦♠♠✉♥✐❝❛t✐♥❣✑ ♣r♦♣❡rt② ✉s❡❞ ❛❜♦✈❡ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ •✐t❡r❛t✉r❡✳ ❲❡ ❢♦••♦✇ t❤❡ ♦♥❡ ❢♦r♠✉•❛t❡❞ ✐♥ ❬✸✶(✱ s❛②✐♥❣ t❤❛t ❛ s❡t S 1 ♦❢ st❛t❡s ✐♥ ❛ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss ✐s str♦♥❣•② ❝♦♠♠✉♥✐❝❛t✐♥❣ ✐❢ t❤❡r❡ ❡①✐sts ❛ st❛t✐♦♥❛r② ♣♦•✐❝② ✸ f τ s✉❝❤ t❤❛t t❤❡ ♣r♦❜❛❜✐•✐t② ♦❢ ❣♦✐♥❣ ❢r♦♠ ❛♥② st❛t❡ s ∈ S 1 t♦ ❛♥② ♦t❤❡r s ′ ∈ S 1 ❢♦r ❛ ♣•
Q(a, τ ) =   1 -a+3p * 4 a 4 3p * 4 1 2 1 2 0 p * 2 0 1 -p * 2   , ✇❤❡r❡ p * = max{0, 1 -4τ 11 }. ✸ ◆♦t❡ t❤❛t ✇❡ ❛ss✉♠❡ t❤✐s st❛t✐♦♥❛r② ♣♦•✐❝② ♠❛② ❞❡♣❡♥❞ ♦♥ τ ✱ ❛s ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦♣❡r✲ t✐❡s ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ✐♥❞✐✈✐❞✉❛• st❛t❡s ♦❢ ❛ ♣•❛②❡r ✉♥❞❡r ✜①❡❞ st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛•• t❤❡ ♦t❤❡r ♣•❛②❡rs✳ ✹ ❆•• t❤❡ ♣r♦♣❡rt✐❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❛ss✉♠♣t✐♦♥s ❛r❡ ❝♦♠♠♦♥•② ✉s❡❞ ✐♥ t❤❡ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss❡s •✐t❡r❛t✉r❡✳ ❚❤♦s❡ r❡❛❞❡rs ✇❤♦ ❛r❡ ♥♦t ❢❛♠✐•✐❛r ✇✐t❤ t❤❡♠ ♦r ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ♠✉t✉❛• r❡•❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡s❡ ♣r♦♣❡rt✐❡s ❛r❡ r❡❢❡rr❡❞ t♦ ❬✸✶✱✸✸(✳ ✺ ❚❤❡ ❡①❛♠♣•❡ ✐s ❛ r❡✇♦r❦✐♥❣ ♦❢ ❊①❛♠♣•❡ ✸✳ ✐♥ ❬✸✹(✳ ■t ✈✐♦•❛t❡s ❛ss✉♠♣t✐♦♥ ✭❆✶✮✱ ❛s ❡✳❣✳ ✇❤❡♥ τ 11 ≥ 1 4 ❢♦r t❤❡ ♣✉r❡ str❛t❡❣② ❛s✲ s✐❣♥✐♥❣ a = 0 ✐♥ st❛t❡ 1✱ st❛t❡s 1 ❛♥❞ 2 ❛r❡ ❛❜s♦r❜✐♥❣ ✐♥ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ✐♥❞✐✈✐❞✉❛• st❛t❡s ♦❢ ❛ ♣•❛②❡r ❛♥❞ st❛t❡ 2 ✐s tr❛♥s✐❡♥t✱ ✇❤✐•❡ ✇❤❡♥ ✐t ❛ss✐❣♥s a = 1 st❛t❡s 1 ❛♥❞ 2 ❜❡❝♦♠❡ ❝♦♠♠✉♥✐❝❛t✐♥❣✳ ❲❡ ✇✐•• s❤♦✇ t❤❛t s✉❝❤ ❛ ❣❛♠❡ ❤❛s ♥♦ st❛t✐♦♥❛r② ❡q✉✐•✐❜r✐✉♠✳ ❙✉♣♣♦s❡ t❤❛t (f, µ * ) ✐s ❛♥ ❡q✉✐•✐❜r✐✉♠✳ ❲❡ ✇✐•• ❝♦♥s✐❞❡r t✇♦ ❝❛s❡s✿ ✭❛✮ τ 11 ≥ 1 4 ❢♦r τ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ µ * ❛♥❞ f ✳ ❚❤❡♥ p * = 0✱ ❛♥❞ s♦ ✐❢ ❛ ♣
•❛②❡r ✉s❡s ❛❝t✐♦♥ 1 ✇✐t❤ ♣r♦❜❛❜✐•✐t② β✱ t❤❡ st❛t✐♦♥❛r② st❛t❡ ♦❢ t❤❡ ❝❤❛✐♥ ♦❢ ❤✐s st❛t❡s ✇❤❡♥ ❤✐s ✐♥✐t✐❛• st❛t❡✬s ❞✐str✐❜✉t✐♦♥ ✐s µ * ✐s 2(µ * 

1 +µ * 2 ) 2+β , β(µ * 1 +µ * 2 ) 2+β , µ * 3 ❛♥❞ ❤✐s •♦♥❣✲t✐♠❡ ❛✈❡r❛❣❡ r❡✇❛r❞ ✐s (4 + β)(µ * 1 + µ * 2 ) 2 + β = 1 + 2 2 + β (µ * 1 + µ * 2 ), ✇❤✐❝❤ ✐s ❛ str✐❝t•② ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ β ✭r❡❝❛•• t❤❛t µ * 1 ≥ τ 11 ≥ 1 4 ✮✳ ❚❤✉s ❤✐s ❜❡st r❡s♣♦♥s❡ t♦ f ✐s t❤❡ ♣♦•✐❝② ✇❤✐❝❤ ❛ss✐❣♥s ♣r♦❜❛❜✐•✐t② 1 t♦ ❛❝t✐♦♥ a = 0 ✐♥ st❛t❡ 1✳ ❇✉t ✐❢ ❛•• t❤❡ ♣•❛②❡rs ✉s❡ s✉❝❤ ♣♦•✐❝②✱ τ 11 = 0✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t ✐t ✐s ♥♦ •❡ss t❤❛♥ 1 4 ✳ ✭❜✮ τ 11 < 1 4 ✳ ❚❤❡♥ ✐t ❝❛♥ ❜❡ ❡❛s✐•② s❡❡♥ t❤❛t t❤❡ st❛t✐♦♥❛r② st❛t❡ ♦❢ ❛♥② ♣•❛②❡r✬s ❝❤❛✐♥ ✇❤❡♥ ❤❡ ✉s❡s ❛❝t✐♦♥ 1 ✇✐t❤ ♣r♦❜❛❜✐•✐t② β ∈ [0, 1] ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥ ♦❢ ❤✐s st❛t❡ µ * ❛♥❞ ❡q✉❛• t♦ 2 5+β , β 5+β , 3 5+β ✱ ✇❤✐❝❤ ❣✐✈❡s ❤✐♠ t❤❡ r❡✇❛r❞ ♦❢ 4+β 5+β = 1 -1 5+β ✱ ✇❤✐❝❤ ✐s ❝•❡❛r•② ❛ str✐❝t•② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ β✳ ❚❤✉s t❤❡ ❜❡st r❡s♣♦♥s❡ t♦ f ✐s t♦ ♣•❛② ❛❝t✐♦♥ a = 1 ✇✐t❤ ♣r♦❜❛❜✐•✐t② 1✱ ✇❤✐❝❤✱ ✐❢ ❛♣♣•✐❡❞ ❜② ❛•• t❤❡ ♣•❛②❡rs✱ r❡s✉•ts ✐♥ st❛t✐♦♥❛r② st❛t❡ µ * = 1 3 , 1 6 , 1 2 ❛♥❞ ❝♦♥s❡q✉❡♥t•② τ 11 = 1 3 ✱ ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ✐t ✐s •❡ss t❤❛♥ 1 4 ✳ ❚❤✉s t❤✐s ❣❛♠❡ ❝❛♥♥♦t ❤❛✈❡ ❛ st❛t✐♦♥❛r② ❡q✉✐•✐❜r✐✉♠✳ ◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ❢♦r♠✉•❛t❡ t❤❡ ♠❛✐♥ r❡s✉•t ♦❢ t❤✐s s❡❝t✐♦♥✳ ❚❤❡♦r❡♠ ✶ ❊✈❡r② ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛• ❣❛♠❡ ✇✐t❤ •♦♥❣✲t✐♠❡ ❛✈❡r❛❣❡ ♣❛②♦✛ s❛t✐s❢②✐♥❣ ✭❆✶✮ ❤❛s ❛ st❛t✐♦♥❛r② ❡q✉✐•✐❜r✐✉♠✳ ❇❡❢♦r❡ ✇❡ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ •❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡ ❛❞❞✐t✐♦♥❛• ♥♦t❛t✐♦♥✳ ❲❡ ✇✐•• ❝♦♥s✐❞❡r ❛ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss M(τ ) ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛• ❢❛❝❡❞ ✇✐t❤ ❛ ✜①❡❞ ✭♦✈❡r t✐♠❡✮ ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡✲❛❝t✐♦♥ ♣❛✐rs ♦❢ ❛•• t❤❡ ♦t❤❡r ♣•❛②❡rs✳ ❋♦r t❤✐s ✜①❡❞ τ ∈ ∆(S × A) •❡t J τ (f, µ) ❞❡♥♦t❡ t❤❡ •♦♥❣✲t✐♠❡ ❛✈❡r❛❣❡ ♣❛②♦✛ ✐♥ t❤✐s ♣r♦❝❡ss ✇❤❡♥ t❤❡ ♣•❛②❡r ✉s❡s st❛t✐♦♥❛r② ♣♦•✐❝② f ❛♥❞ t❤❡ ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡s ✐s µ✱ t❤❛t ✐s J τ (f, µ) = lim sup T →∞ 1 T E µ,Q,f T t=1 u(s t , a t , τ ). ❇② ✇❡•• ❦♥♦✇♥ r❡s✉•ts ❢r♦♠ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ✭s❡❡ ❡✳❣✳ ❬✸✷(✮✱ ✐♥ ❛ ✇❡❛❦•② ❝♦♠♠✉♥✐❝❛t✐♥❣ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss ✭t❤✐s ✐s s✉❝❤ ❛ ♣r♦❝❡ss ❜② ✭❆✶✮✮ t❤❡ ♦♣t✐♠❛• ❣❛✐♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ µ✳ ❲❡ ❞❡♥♦t❡ t❤✐s ✉♥✐❢♦r♠ ♦♣t✐♠❛• ❣❛✐♥ ❜② G(τ )✱ t❤❛t ✐s G(τ ) = sup f :S→A J τ (f, µ) ❢♦r ❛♥② ✜①❡❞ µ ∈ ∆(S). ▲❡♠♠❛ ✷ st❛t❡s ❛ ❝r✉❝✐❛• ❢❡❛t✉r❡ ♦❢ G✳ ■t ✐s ♣r❡❝❡❞❡❞ ❜② ❛♥♦t❤❡r t❡❝❤♥✐❝❛• ♦♥❡✳ ▲❡♠♠❛ ✶ ❙✉♣♣♦s❡ t❤❛t µ(n) ❛r❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡s ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s ✇✐t❤ ✜✲ ♥✐t❡ st❛t❡ s❡t S ❛♥❞ ✇✐t❤ tr❛♥s✐t✐♦♥ ♠❛tr✐❝❡s P (n) r❡s♣❡❝t✐✈❡•②✳ ❚❤❡♥ ✐❢ µ(n) → µ ❛♥❞ P (n) → P ✱ t❤❡♥ µ ✐s ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❢♦r t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ tr❛♥s✐t✐♦♥ ♠❛tr✐① P ✳ Pr♦♦❢✿ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❡✈❡r② µ(n) s❛t✐s✜❡s ❢♦r ❡✈❡r② s ∈ S (µ(n)) s = i∈S (µ(n)) i (P (n)) si . ■❢ ✇❡ ♣❛ss t♦ t❤❡ •✐♠✐t✱ ✇❡ ♦❜t❛✐♥ µ s = i∈S µ i P si ., ✇❤✐❝❤ ♠❡❛♥s t❤❛t µ ✐s ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❢♦r t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✇✐t❤ tr❛♥✲ s✐t✐♦♥ ♠❛tr✐① P ✳ ▲❡♠♠❛ ✷ ❯♥❞❡r ✭❆✶✮ G ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ τ ✳ Pr♦♦❢✿ ▲❡t τ n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s ♦♥ S × A ❝♦♥✈❡r❣✐♥❣ t♦ τ ✳ ❙✐♥❝❡ ❛•• ♦❢ t❤❡ ▼❉Ps ✇❡ ❝♦♥s✐❞❡r ❤❡r❡ ❤❛✈❡ ✜♥✐t❡ st❛t❡ s♣❛❝❡✱ ❡❛❝❤ ♦❢ t❤❡♠ ❤❛s ❛ st❛t✐♦♥❛r② ♦♣t✐♠❛• ♣♦•✐❝② ✻ ✱ s❛② ♣♦•✐❝② f n ✐s ♦♣t✐♠❛• ✐♥ M(τ n )✳ ◆❡①t✱ •❡t µ n ❜❡ ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ str❛t❡❣② f n ✐♥ M(τ n ) ✭❜② ✭❆✶✮ s✉❝❤ ❛ ♠❡❛s✉r❡ ❡①✐sts✱ ♠❛②❜❡ ♠♦r❡ t❤❛♥ ♦♥❡✮✳ ❙✉❝❤ ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ♠✉st s❛t✐s❢② G(τ n ) = s∈S a∈A (f n (s)) a µ n s u(s, a, τ n ), ✭✶✮ ♦t❤❡r✇✐s❡ f n ✇♦✉•❞ ♥♦t ❜❡ ♦♣t✐♠❛•✳ ◆♦t❡ ♥❡①t t❤❛t U ❛♥❞ ∆(S) ❛r❡ ❝♦♠♣❛❝t s❡ts✳ ❚❤✉s t❤❡r❡ ❡①✐sts ❛ s✉❜✲ s❡q✉❡♥❝❡ ♦❢ f n ❝♦♥✈❡r❣✐♥❣ t♦ s♦♠❡ f 0 ∈ U ❛♥❞ t❤❡♥ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ µ n ❝♦♥✈❡r❣✐♥❣ t♦ s♦♠❡ µ 0 ✳ ❲✐t❤♦✉t ❛ •♦ss ♦❢ ❣❡♥❡r❛•✐t② ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡s❡ ❛r❡ s❡q✉❡♥❝❡s f n ❛♥❞ µ n t❤❛t ❛r❡ ❝♦♥✈❡r❣❡♥t✳ ❇② t❤❡ ❝♦♥t✐♥✉✐t② ❛ss✉♠♣t✐♦♥ ❛❜♦✉t Q ❛♥❞ ▲❡♠♠❛ ✶✱ µ 0 ✐s ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ f 0 ✐♥ M(τ )✳ ■❢ ✇❡ ♥❡①t ♣❛ss t♦ t❤❡ •✐♠✐t ✐♥ ✭✶✮ ✇❡ ❣❡t lim n→∞ G(τ n ) = s∈S a∈A (f 0 (s)) a µ 0 s u(s, a, τ ) = J τ (f 0 , µ 0 ). ❇✉t t❤✐s ✐♠♣•✐❡s t❤❛t G(τ ) ≥ lim n→∞ G(τ n )✳ ✻ ❖❢ ❝♦✉rs❡ ❛ st❛t✐♦♥❛r② ♣♦•✐❝② ✐s ♦♥•② ❛ ❢✉♥❝t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛• st❛t❡ s ❤❡r❡✳ ❚♦ s❤♦✇ t❤❡ ✐♥✈❡rs❡ ✐♥❡q✉❛•✐t②✱ s✉♣♣♦s❡ t❤❛t f ∈ U ✐s ❛♥ ♦♣t✐♠❛• ♣♦•✐❝② ✐♥ M(τ )✳ ❇② ✭❆✶✮ t❤❡ st❛t❡s ✐♥ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ✐♥❞✐✈✐❞✉❛• st❛t❡s ❢♦r ❛ ✉s❡r ❛♣♣•②✐♥❣ f ✐♥ M(τ ) ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ ❛ ❝•❛ss ♦❢ tr❛♥s✐❡♥t st❛t❡s ❛♥❞ ❛ ♥✉♠❜❡r ♦❢ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❝•❛ss❡s✳ ▲❡t S * ❜❡ ❛ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❝•❛ss s✉❝❤ t❤❛t t❤❡ ❡r❣♦❞✐❝ ♣❛②♦✛ ✐♥ t❤✐s ❝•❛ss ✐s ❡q✉❛• t♦ G(τ )✳ ❉❡✜♥❡ ♥♦✇ t❤❡ ♣♦•✐❝✐❡s g n ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✇❛②✿ g n (s) = f (s) ✇❤❡♥ s ∈ S * f τ n (s) ✇❤❡♥ s ∈ S \ S * ✭❍❡r❡ f τ n ✐s ❛ ❝♦♠♠✉♥✐❝❛t✐♥❣ ♣♦•✐❝② ❞❡r✐✈❡❞ ❢r♦♠ ❛ss✉♠♣t✐♦♥ ✭❆✶✮✮✳ ❖♥❡ ❝❛♥ ❡❛s✐•② ♥♦t✐❝❡ t❤❛t ✉♥❞❡r t❤❡s❡ ♣♦•✐❝✐❡s ❛♣♣•✐❡❞ ✐♥ M(τ n )✱ ❛•• t❤❡ st❛t❡s ❢r♦♠ S \ S * ✇♦✉•❞ ❜❡ tr❛♥s✐❡♥t✳ ◆♦✇ •❡t µ n ❜❡ ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ g n ✐♥ M(τ n )✳ ❆❣❛✐♥ ✉s✐♥❣ ▲❡♠♠❛ ✶ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ •✐♠✐t ✭♣♦ss✐❜•② ♦✈❡r ❛ s✉❜s❡q✉❡♥❝❡✮ ♦❢ t❤❡ s❡q✉❡♥❝❡ µ n ✱ s❛② µ 0 ✐s ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ♦❢ t❤❡ •✐♠✐t ♦❢ g n ✱ ✇❤✐❝❤ ✐s ❡q✉❛• t♦ f ♦♥ S * ✳ ❆t t❤❡ s❛♠❡ t✐♠❡ µ 0 s = 0 ❢♦r s ∈ S \ S * ✱ s♦ ✇❡ ❝❛♥ ✇r✐t❡ ✭❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡✮ ❢♦r ❡✈❡r② s ∈ S * ✿ µ 0 s = i∈S a∈A Q(s|i, a, τ )(g 0 (i)) a µ 0 i = i∈S * a∈A Q(s|i, a, τ )(g 0 (i)) a µ 0 i = i∈S * a∈A Q(s|i, a, τ )(f (i)) a µ 0 i = i∈S a∈A Q(s|i, a, τ )(f (i)) a µ 0 i , ✇❤✐❝❤ ♠❡❛♥s t❤❛t µ 0 ✐s ❛•s♦ ❛♥ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❢♦r f ❛♥❞ ✐t ✐s ❡♥t✐r❡•② ❝♦♥❝❡♥tr❛t❡❞ ♦♥ S * ✳ ❇✉t s✐♥❝❡ S * ✐s ❛ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❝•❛ss ✉♥❞❡r f ✱ t❤✐s ✐♠♣•✐❡s J τ (g 0 , µ 0 ) = J τ (f, µ 0 ) = G(τ ). ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ J τ (g 0 , µ 0 ) = s∈S a∈A (g 0 (s)) a µ 0 s u(s, a, τ ) = lim n→∞ s∈S a∈A (g n (s)) a µ n s u(s, a, τ n ) = lim n→∞ J τ n (g n , µ n ) ≤ lim n→∞ G(τ n ), ❡♥❞✐♥❣ t❤❡ ♣r♦♦❢✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✿ ❲❡ ❝♦♥s✐❞❡r t✇♦ ♠✉•t✐❢✉♥❝t✐♦♥s ♦❢ τ ∈ ∆(S × A)✿ B(τ ) := ρ ∈ ∆(S × A) : s∈S a∈A ρ sa u(s, a, τ ) = G(τ ) ✭✷✮ C(τ ) = ρ ∈ ∆(S × A) : a∈A ρ sa = x∈S b∈B Q(s|x, b, τ )ρ xb ✭✸✮ ❛♥❞ •❡t Ψ (τ ) := B(τ ) ∩ C(τ )✳ ❲❡ ✇✐•• s❤♦✇ t❤❛t Ψ ❤❛s ❛ ✜①❡❞ ♣♦✐♥t✱ ❛♥❞ t❤❡♥ t❤❛t t❤✐s ✜①❡❞ ♣♦✐♥t ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡q✉✐•✐❜r✐✉♠ ✐♥ t❤❡ ❣❛♠❡✳ ❋✐rst ♥♦t❡ t❤❛t C(τ ) ✐s t❤❡ s❡t ♦❢ ❛•• t❤❡ ♣♦ss✐❜•❡ st❛t✐♦♥❛r② st❛t❡✲❛❝t✐♦♥ ♠❡❛s✉r❡s ✐♥ M(τ )✳ ❇② ❚❤❡♦r❡♠ ✶ ✐♥ ❬✸✺( ✐t ✐s ❛•s♦ t❤❡ s❡t ♦❢ ♦❝❝✉♣❛t✐♦♥ ♠❡❛✲ s✉r❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛•• t❤❡ ♣♦ss✐❜•❡ st❛t✐♦♥❛r② ♣♦•✐❝✐❡s ❛♥❞ ❛•• t❤❡ ♣♦ss✐❜•❡ ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥s ♦❢ st❛t❡s ✐♥ M(τ )✳ ❙✐♥❝❡ G(τ ) ✐s t❤❡ ♦♣t✐♠❛• r❡✇❛r❞ ✐♥ t❤✐s ▼❉P✱ t❤❡r❡ ❡①✐sts ❛ st❛t✐♦♥❛r② ♣♦•✐❝②✱ ❛♥❞ t❤✉s ❛♥ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐t✱ ❢♦r ✇❤✐❝❤ t❤❡ r❡✇❛r❞ ✐s ❡q✉❛• t♦ G(τ )✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t ❢♦r ❛♥② τ ✱ Ψ (τ ) ✐s ♥♦♥❡♠♣t②✳ ❋✉rt❤❡r ♥♦t❡ t❤❛t ❢♦r ❛♥② τ ❜♦t❤ B(τ ) ❛♥❞ C(τ ) ❛r❡ tr✐✈✐❛••② ❝♦♥✈❡①✱ ❛♥❞ t❤✉s s♦ ✐s t❤❡✐r ✐♥t❡rs❡❝t✐♦♥✳ ❋✐♥❛••②✱ ❛s ❛♥ ✐♠♠❡❞✐✲ ❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✱ C ❤❛s ❛ ❝•♦s❡❞ ❣r❛♣❤✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ❝•♦s❡❞♥❡ss ♦❢ t❤❡ ❣r❛♣❤ ♦❢ B ✐s ❛ tr✐✈✐❛• ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ u ✭❜② ❛ss✉♠♣t✐♦♥✮ ❛♥❞ G ✭❜② ▲❡♠♠❛ ✷✮✳ ❚❤❡ ❣r❛♣❤ ♦❢ Ψ ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ t✇♦ ❛♥❞ t❤✉s ✐s ❛•s♦ ❝•♦s❡❞✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✜①❡❞ ♣♦✐♥t ♦❢ Ψ ❢♦••♦✇s ♥♦✇ ❢r♦♠ ••✐❝❦❜❡r❣✬s ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠ ❬✸✻(✳ ◆♦✇ s✉♣♣♦s❡ τ * ✐s t❤✐s ✜①❡❞ ♣♦✐♥t✳ ❙✐♥❝❡ ✐t ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ C✱ ✐t s❛t✐s✜❡s✿ a∈A τ * sa = x∈S b∈B Q(s|x, b, τ * )τ * xb = Φ(s|τ * ). ❚❤✐s ✐♠♣•✐❡s t❤❛t ✐❢ t❤❡ ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡s ✐s τ * S ❛♥❞ ♣•❛②❡rs ❛♣♣•② st❛t✐♦♥❛r② ♣♦•✐❝② f ❞❡✜♥❡❞ ❢♦r ❛♥② τ ∈ ∆(S × A) ❜② ✼ ✿ (f (s), τ ) a = τ * sa b∈A τ * sa ✐❢ b∈A τ * sa > 0 δ[a 0 ] ♦t❤❡r✇✐s❡ ✭✹✮ ❢♦r ❛♥② ✜①❡❞ a 0 ∈ A✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡✲❛❝t✐♦♥ ♣❛✐rs ✐♥ t❤❡ ♣♦♣✉•❛t✐♦♥ ✐s ❛•✇❛②s τ * ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ τ * ∈ B(τ * )✱ f ✐s t❤❡ ❜❡st r❡s♣♦♥s❡ ♦❢ ❛ ♣•❛②❡r ✇❤❡♥ t❤❡ st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥ ✐s ❛•✇❛②s τ * ✱ ❛♥❞ t❤✉s t♦❣❡t❤❡r ✇✐t❤ τ * S ❛♥ ❡q✉✐•✐❜r✐✉♠ ✐♥ t❤❡ ❣❛♠❡✳ ✹ ❊①✐st❡♥❝❡ ♦❢ t❤❡ ❙t❛t✐♦♥❛r② ❊q✉✐•✐❜r✐✉♠ ✐♥ ❚♦t❛•✲r❡✇❛r❞ ❈❛s❡ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❛t ❛•s♦ ❢♦r t❤❡ t♦t❛• r❡✇❛r❞ ❝❛s❡ ✉♥❞❡r s♦♠❡ ❢❛✐r•② ♠✐•❞ ❛ss✉♠♣t✐♦♥s t❤❡ ❣❛♠❡ ❤❛s ❛♥ ❡q✉✐•✐❜r✐✉♠✳ ❲❤❛t ✇❡ ✇✐•• ❛ss✉♠❡ ✐s t❤❡ ❢♦••♦✇✐♥❣✿ ✭❚✶✮ ❚❤❡r❡ ❡①✐sts ❛ p 0 > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② ✜①❡❞ st❛t❡✲❛❝t✐♦♥ ♠❡❛s✉r❡ τ ❛♥❞ ✉♥❞❡r ❛♥② st❛t✐♦♥❛r② ♣♦•✐❝② f t❤❡ ♣r♦❜❛❜✐•✐t② ♦❢ ❣❡tt✐♥❣ ❢r♦♠ ❛♥② st❛t❡ s ∈ S \ {s 0 } t♦ s 0 ✐♥ |S| -1 st❡♣s ✐s ♥♦t s♠❛••❡r t❤❛♥ p 0 ✳ ❲❡ ✇r✐t❡ t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❢❛✐r•② ♠✐•❞✱ ❛s ✐t ✐s ♥♦t ♦♥•② ♥❡❝❡ss❛r② ❢♦r ♦✉r t❤❡♦r❡♠ t♦ ❤♦•❞✱ ❜✉t ❛•s♦ ❢♦r t❤❡ t♦t❛• ❝♦st ♠♦❞❡• t♦ ♠❛❦❡ s❡♥s❡✱ ❛s ✐t ✐s tr✐✈✐❛••② s❤♦✇♥ ✐♥ ❛♥ ❡①❛♠♣•❡ ❜❡•♦✇✿ ❊①❛♠♣•❡ ✷ ❈♦♥s✐❞❡r ❛♥ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛• ❣❛♠❡ ✇✐t❤ t♦t❛• ❝♦st ✇✐t❤ S = {1, 2, 3} ✭❛♥❞ st❛t❡ s 0 ❞❡♥♦t❡❞ ❤❡r❡ ❛s s = 0✮ ❛♥❞ A(s, µ) = {1, 2}, ✐❢ s = 1 {1}, ♦t❤❡r✇✐s❡ ✳ ✼ ❍❡r❡ ❛♥❞ ✐♥ t❤❡ s❡q✉❡• δ[x] ❞❡♥♦t❡s ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ ❝♦♥❝❡♥tr❛t❡❞ ✐♥ x✳ ❚❤❡ ✐♠♠❡❞✐❛t❡ r❡✇❛r❞s ❢♦r t❤❡ ♣•❛②❡rs ❞❡♣❡♥❞ ♦♥•② ♦♥ t❤❡✐r ♣r✐✈❛t❡ st❛t❡ ❛s ❢♦••♦✇s✿ u(s) = 1, ✐❢ s = 1 -1, ♦t❤❡r✇✐s❡ ✳ ❋✐♥❛••②✱ t❤❡ tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ♣r✐✈❛t❡ st❛t❡s ♦❢ ❡❛❝❤ ♣•❛②❡r ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ ✐❢ ❤✐s ❛❝t✐♦♥ ✐♥ st❛t❡ 1 ✐s 1✱ ❤❡ ♠♦✈❡s ✇✐t❤ ♣r♦❜❛❜✐•✐t② 1 t♦ st❛t❡ 2❀ ✐❢ ❤✐s ❛❝t✐♦♥ ✐s 2✱ ❤❡ ♠♦✈❡s ✇✐t❤ ♣r♦❜❛❜✐•✐t② 1 t♦ st❛t❡ 3✳ ■♥ st❛t❡ 2 ❤❡ ♠♦✈❡s t♦ 1 ✇✐t❤ ♣r♦❜❛❜✐•✐t② 1✱ ✇❤✐•❡ ✐♥ st❛t❡ 3 ❤❡ ❞✐❡s ✇✐t❤ ♣r♦❜❛❜✐•✐t② 1 2 ❛♥❞ st❛②s ✐♥ 3 ✇✐t❤ ♣r♦❜❛❜✐•✐t② 1 2 ✳ ❚❤✐s ❣❛♠❡ ✐s ❝♦♠♣•❡t❡•② ❞❡❝♦✉♣•❡❞ ✭✐♥ t❤❡ s❡♥s❡ t❤❛t ♥❡✐t❤❡r t❤❡ r❡✇❛r❞s ♥♦r t❤❡ tr❛♥s✐t✐♦♥s ♦❢ ❛♥② ♣•❛②❡r ❞❡♣❡♥❞ ♦♥ t❤♦s❡ ♦❢ t❤❡ ♦t❤❡rs✮✱ s♦ ✐t ✐s ❡❛s② t♦ ❛♥❛•②③❡✳ ■t ✐s ✐♠♠❡❞✐❛t❡ t♦ s❡❡ t❤❛t ✉♥❞❡r ♣✉r❡ st❛t✐♦♥❛r② ♣♦•✐❝② ❝❤♦♦s✐♥❣ ❛❝t✐♦♥ 1 ✐♥ st❛t❡ 1 ❛ ♣•❛②❡r ♥❡✈❡r ❞✐❡s✳ ▼♦r❡♦✈❡r✱ ❤❡ r❡❝❡✐✈❡s ♣❛②♦✛s ♦❢ 1 ❛♥❞ -1 ✐♥ s✉❜s❡q✉❡♥t ♣❡r✐♦❞s✱ s♦ ❤✐s r❡✇❛r❞ ✭t❤❡ s✉♠ ♦❢ t❤❡s❡ r❡✇❛r❞s ♦✈❡r ❤✐s •✐❢❡t✐♠❡✮ ✐s ♥♦t ✇❡•• ❞❡✜♥❡❞✳ ■❢ ✇❡ tr② t♦ ❝♦rr❡❝t ✐t ❜② ❞❡✜♥✐♥❣ t❤❡ t♦t❛• r❡✇❛r❞ ❛s t❤❡ lim sup ♦r lim inf ♦❢ ❤✐s ❛❝❝✉♠✉•❛t❡❞ r❡✇❛r❞s ❛❢t❡r n ♣❡r✐♦❞s ♦❢ ❤✐s •✐❢❡✱ ✇❡ ♦❜t❛✐♥ ❛ str❛♥❣❡ s✐t✉❛t✐♦♥ t❤❛t t❤❡ ♣♦•✐❝② ❝❤♦♦s✐♥❣ ❛❝t✐♦♥ 1 ✐s ♦♣t✐♠❛• ❢♦r ❡❛❝❤ ♦❢ t❤❡ ♣•❛②❡rs ✐♥ t❤❡ lim sup ✈❡rs✐♦♥ ♦❢ t❤❡ r❡✇❛r❞✱ ❛♥❞ ❤✐s ✇♦rst ♣♦ss✐❜•❡ ♣♦•✐❝② ❢♦r t❤❡ lim inf ✈❡rs✐♦♥✳ |❡♠❛r❦ ✷ ❚❤❡ t♦t❛• r❡✇❛r❞ ♠♦❞❡•✱ s♣❡❝✐✜❝❛••② ✇❤❡♥ ✭❚✶✮ ✐s ❛ss✉♠❡❞✱ ❜❡❛rs ❛ •♦t ♦❢ r❡s❡♠❜•❛♥❝❡ t♦ ❛♥ ❡①♣♦♥❡♥t✐❛••② ❞✐s❝♦✉♥t❡❞ ♠♦❞❡• ✇❤❡r❡ t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r ✐s ❛••♦✇❡❞ t♦ ✢✉❝t✉❛t❡ ♦✈❡r t✐♠❡✱ ✇❤✐❝❤ s✉❣❣❡sts t❤❛t t❤❡ r❡s✉•ts ✐♥ t❤❡ t✇♦ ♠♦❞❡•s s❤♦✉•❞ ♥♦t ❞✐✛❡r ♠✉❝❤✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t t❤❡r❡ ✐s ♦♥❡ ❡ss❡♥t✐❛• ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♠♦❞❡•s✳ ❚❤❡ ❵❞✐s❝♦✉♥t ❢❛❝t♦r✬ ✐♥ t❤❡ t♦t❛• r❡✇❛r❞ ♠♦❞❡• ✭✇❤✐❝❤ ✐s t❤❡ r❛t✐♦ ♦❢ t❤♦s❡ ✇❤♦ st❛② ❛•✐✈❡ ❛❢t❡r ❛ ❣✐✈❡♥ ♣❡r✐♦❞ t♦ t❤♦s❡ ✇❤♦ ✇❡r❡ ❛•✐✈❡ ❛t ✐ts ❜❡❣✐♥♥✐♥❣✮ ❛♣♣❡❛rs ♥♦t ♦♥•② ✐♥ t❤❡ ❝✉♠✉•❛t✐✈❡ r❡✇❛r❞ ♦❢ t❤❡ ♣•❛②❡rs ❜✉t ❛•s♦ ✐♥ t❤❡ st❛t✐♦♥❛r② st❛t❡ ♦❢ t❤❡ ❣❛♠❡✱ ❛♥❞ t❤✉s ❛•s♦ ✐♥ t❤❡ ♣❡r✲♣❡r✐♦❞ r❡✇❛r❞s ♦❢ t❤❡ ♣•❛②❡rs✳ ❚❤✉s t❤✐s ✐s ❛♥ ❡ss❡♥t✐❛••② ❞✐✛❡r❡♥t ✭❛♥❞ s•✐❣❤t•② ♠♦r❡ ❝♦♠♣•❡①✮ ♣r♦❜•❡♠✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❢❛❝t t❤❛t ❡❛❝❤ ♦❢ t❤❡ ♣•❛②❡rs •✐✈❡s ❢♦r ❛ ✜♥✐t❡ ♣❡r✐♦❞ ❛♥❞ t❤❡♥ ✐s r❡♣•❛❝❡❞ ❜② ❛♥♦t❤❡r ♣•❛②❡r✱ ✇✐t❤ ❛ ✜①❡❞ ❢r❛❝t✐♦♥ ♦❢ ♣•❛②❡rs ❞❡❛❞ ❛♥❞ ✜①❡❞ ❢r❛❝t✐♦♥s ♦❢ ♣•❛②❡rs ✐♥ ❡❛❝❤ ♦❢ t❤❡ st❛t❡s ✇❤❡♥ t❤❡ ❣❛♠❡ ✐s ✐♥ ❛ st❛t✐♦♥❛r② st❛t❡✱ ♠❛❦❡s t❤✐s ♠♦❞❡• s✐♠✐•✐❛r t♦ t❤❡ ❛✈❡r❛❣❡ r❡✇❛r❞ ♦♥❡✳ ■♥ ❢❛❝t✱ ✉s✐♥❣ t❤❡ r❡♥❡✇❛• t❤❡♦r❡♠✱ ✇❡ ❝❛♥ r❡•❛t❡ t❤❡ r❡✇❛r❞s ♦❢ t❤❡ ♣•❛②❡rs ✐♥ t❤❡ t♦t❛• r❡✇❛r❞ ♠♦❞❡• ✇✐t❤ t❤♦s❡ ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ❛✈❡r❛❣❡ r❡✇❛r❞ ♠♦❞❡•✳ ❚❤✐s r❡•❛t✐♦♥ ✐♥ ✉s❡❞ ❛ ❝♦✉♣•❡ ♦❢ t✐♠❡s ✐♥ ♦✉r ♣r♦♦❢s✳ ◆♦✇ ✇❡ ❝❛♥ ❢♦r♠✉•❛t❡ ♦✉r ♠❛✐♥ r❡s✉•t ♦❢ t❤✐s s❡❝t✐♦♥✳ ❚❤❡♦r❡♠ ✷ ❊✈❡r② ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛• ❣❛♠❡ ✇✐t❤ t♦t❛• r❡✇❛r❞ s❛t✐s❢②✐♥❣ ✭❚✶✮ ❤❛s ❛ st❛t✐♦♥❛r② ❡q✉✐•✐❜r✐✉♠✳ ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ r❡✇❛r❞✱ ✇❡ st❛rt ❜② ❞❡✜♥✐♥❣ s♦♠❡ ❛❞❞✐t✐♦♥❛• ♥♦t❛t✐♦♥✳ ▲❡t M(τ ) ❜❡ ❛ ♠♦❞✐✜❡❞ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛• ❢❛❝❡❞ ✇✐t❤ ❛ ✜①❡❞ ✭♦✈❡r t✐♠❡✮ ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡✲❛❝t✐♦♥ ♣❛✐rs ♦❢ ❛•• t❤❡ ♦t❤❡r ♣•❛②❡rs✳ ❚❤✐s ♠♦❞✐✜❝❛t✐♦♥ ✐s s•✐❣❤t ❜✉t ✐♠♣♦rt❛♥t✱ ♥❛♠❡•② ✇❡ ❛ss✉♠❡ t❤❛t ✐♥ M(τ ) t❤❡ st❛t❡ s 0 ✐s ❛❜s♦r❜✐♥❣ ❛♥❞ t❤❡ r❡✇❛r❞ ✐♥ t❤✐s st❛t❡ ✐s ❛•✇❛②s ✵✳ ❚❤✐s ✐s ❛ ❝•❛ss✐❝ ▼❉P ✇✐t❤ t♦t❛• r❡✇❛r❞✱ ❛s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ •✐t❡r❛t✉r❡✳ ❋♦r t❤✐s ✜①❡❞ τ ∈ ∆(S × A) •❡t J τ (f, ρ) ❞❡♥♦t❡ t❤❡ t♦t❛• ♣❛②♦✛ ✐♥ t❤✐s ♣r♦❝❡ss ✇❤❡♥ t❤❡ ♣•❛②❡r ✉s❡s st❛t✐♦♥❛r② ♣♦•✐❝② f ❛♥❞ t❤❡ ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡s ✐s ρ✱ ❛♥❞ •❡t G(τ ) ❞❡♥♦t❡ t❤❡ ♦♣t✐♠❛• r❡✇❛r❞ ✐♥ M(τ )✱ t❤❛t ✐s G(τ ) = sup f :S→A J τ (f, Q(•|s 0 , a 0 , τ )). ❲❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦••♦✇✐♥❣ ❛✉①✐•✐❛r② r❡s✉•t✿ ▲❡♠♠❛ ✸ ❯♥❞❡r ✭❚✶✮ J τ (f, ρ) ✐s ❛ ✭•♦✐♥t•②✮ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦❢ ρ✱ f ❛♥❞ τ ✳ Pr♦♦❢✿ ❇② ❛ ✇❡•• ❦♥♦✇♥ r❡s✉•t ❢r♦♠ t❤❡ t❤❡♦r② ♦❢ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss❡s ✭s❡❡ ❡✳❣✳ ❬✸✷(✱ ▲❡♠♠❛ ✼✳✶✳✽ ✕ ❛ss✉♠♣t✐♦♥ ♦❢ t❤✐s •❡♠♠❛ ✐s s❛t✐s✜❡❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ss✉♠♣t✐♦♥ ✭❚✶✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❢✉♥❝t✐♦♥ u ✐s ❝♦♥t✐♥✉♦✉s ♦♥ ❛ ❝♦♠♣❛❝t s❡t ❛♥❞ t❤✉s ❜♦✉♥❞❡❞✮✱ J τ (f, ρ) ✐s t❤❡ •✐♠✐t ♦❢ t❤❡ r❡✇❛r❞s ✐♥ r❡s♣❡❝t✐✈❡ ❞✐s❝♦✉♥t❡❞ ▼❉Ps J τ β (f, ρ) ❛s t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r β ❛♣♣r♦❛❝❤❡s ✶✳ ❙✐♥❝❡ ❜② ❛ ✇❡•• ❦♥♦✇♥ r❡s✉•t ✭s❡❡ ❡✳❣✳ ▲❡♠♠❛ ✽✳✺ ✐♥ ❬✸✼(✮ ❞✐s❝♦✉♥t❡❞ r❡✇❛r❞s ❛r❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦❢ st❛t✐♦♥❛r② ♣♦•✐❝✐❡s ❛♥❞ t❤❡② ❛r❡ •✐♥❡❛r ✐♥ t❤❡ ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡s✱ t♦ s❤♦✇ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ J τ (f, ρ) ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ J τ β (f, ρ) ✐s ✉♥✐❢♦r♠✳ ▲❡t ✉s t❛❦❡ ❛♥ ε > 0 ❛♥❞ s❡t M = max s,a,τ |u(s, a, τ )| ✭s✉❝❤ ❛ ♥✉♠❜❡r ❡①✐sts ❛s u ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛ ❝♦♠♣❛❝t s❡t✮✳ ❚❤❡ ♣r♦❜❛❜✐•✐t② t❤❛t ❛❢t❡r m(|S| -1) st❡♣s t❤❡ st❛t❡ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛• ❞✐❞ ♥♦t r❡❛❝❤ s 0 ✐s ❢♦r ❛♥② st❛t✐♦♥❛r② ♣♦•✐❝② f ❜② ❛ss✉♠♣t✐♦♥ ✭❚✶✮ ♥♦t ❣r❡❛t❡r t❤❛♥ (1 -p 0 ) m ✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❛♥② m✱ J τ (f, ρ) - m(|S|-1) t=1 E ρ,Q,f u(s t , a t , τ ) ≤ M (|S| -1)(1 -p 0 ) m , ✭✺✮ ✇❤✐❝❤ ❢♦r m ❜✐❣ ❡♥♦✉❣❤✱ s❛② ❜✐❣❣❡r t❤❛♥ m ε ✱ ✐s ♥♦t ❣r❡❛t❡r t❤❛♥ ε 3 ✳ ◆♦t❡ t❤❛t ❛♥❛•♦❣♦✉s•② ❢♦r m ≥ m ε ❛♥❞ ❛♥② β ∈ (0, 1) J τ β (f, ρ) - m(|S|-1) t=1 E ρ,Q,f β t-1 u(s t , a t , τ ) < ε 3 , ✭✻✮ ◆❡①t ♥♦t❡ t❤❛t m(|S|-1) t=1 E ρ,Q,f u(s t , a t , τ ) - m(|S|-1) t=1 E ρ,Q,f β t-1 u(s t , a t , τ ) ≤ M (1-β m(|S|-1) ) ≤ ε 3 ✭✼✮ ❢♦r β ❜✐❣ ❡♥♦✉❣❤✱ s❛② β > β ε ✳ ❈♦♠❜✐♥✐♥❣ ✭✺✮✱ ✭✻✮ ❛♥❞ ✭✼✮ ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❛♥❣•❡ ✐♥❡q✉❛•✐t② ✇❡ ♦❜t❛✐♥✿ J τ (f, ρ) -J τ β (f, ρ) ≤ J τ (f, ρ) - m(|S|-1) t=1 E ρ,Q,f u(s t , a t , τ ) ✶✷ + m(|S|-1) t=1 E ρ,Q,f u(s t , a t , τ ) - m(|S|-1) t=1 E ρ,Q,f β t-1 u(s t , a t , τ ) + m(|S|-1) t=1 E ρ,Q,f β t-1 u(s t , a t , τ ) -J τ β (f, ρ) ≤ ε 3 + ε 3 + ε 3 = ε ❢♦r β > β ε ✱ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✿ ❲❡ s❤❛•• ❝♦♥s✐❞❡r t✇♦ ♠✉•t✐❢✉♥❝t✐♦♥s ♦❢ τ ∈ ∆(S × A)✿ B(τ ) : =    ρ ∈ ∆(S × A) : ∃f ρ ∈ U ∀s ∈ S, a∈A ρ sa > 0 ⇒ f ρ (s) = ρ sa a∈A ρ sa ❛♥❞ J τ (f ρ , Q(•|s 0 , a 0 , τ )) = G(τ )    C(τ ) = ρ ∈ ∆(S × A) : a∈A ρ sa = x∈S b∈B Q(s|x, b, τ )ρ xb ❛♥❞ •❡t Ψ (τ ) := B(τ ) ∩ C(τ )✳ ❲❡ ✇✐•• s❤♦✇ t❤❛t Ψ ❤❛s ❛ ✜①❡❞ ♣♦✐♥t ❛♥❞ t❤❛t ✐t ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡q✉✐•✐❜r✐✉♠ ✐♥ t❤❡ ❣❛♠❡✳ ❋✐rst ♥♦t❡ t❤❛t Ψ (τ ) ✐s ♥♦♥❡♠♣t② ❢♦r ❛♥② τ ∈ ∆(S × A)✱ ❛s ❛♥② ✐♥✈❛r✐✲ ❛♥t ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ♦♣t✐♠❛• st❛t✐♦♥❛r② ♣♦•✐❝② ✐♥ M(τ ) ❜❡•♦♥❣s t♦ Ψ (τ ) ✭s✉❝❤ ❛♥ ♦♣t✐♠❛• st❛t✐♦♥❛r② ♣♦•✐❝② ❡①✐sts ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✼✳✶✳✾ ✐♥ ❬✸✷(✮✳ ◆❡①t ✇❡ s❤♦✇ t❤❛t Ψ (τ ) ✐s ❝♦♥✈❡① ❢♦r ❡✈❡r② τ ∈ ∆(S × A)✳ ❇② t❤❡ r❡♥❡✇❛• t❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✸✳✸✳✹ ✐♥ ❬✸✽(✮ t❤❡ t♦t❛• r❡✇❛r❞ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s♦♠❡ st❛t✐♦♥❛r② ♣♦•✐❝② f ✐s ❡q✉❛• t♦ t❤❡ ❛✈❡r❛❣❡ r❡✇❛r❞ ♦❝✲ ❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ✉♥❞❡r t❤❡ s❛♠❡ ♣♦•✐❝② ♠✉•t✐♣•✐❡❞ ❜② t❤❡ ❡①♣❡❝t❡❞ •✐❢❡t✐♠❡✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t ❢♦r ❛♥② ρ ∈ Ψ (τ ) ✭t❤❡ ♥♦t❛t✐♦♥ ✉s❡❞ ❤❡r❡ ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ B(τ )✮✿ G(τ ) = J τ (f ρ , Q(•|s 0 , a 0 , τ )) = E Q,f T s∈S a∈A ρ sa u(s, a, τ ). ✭✽✮ ◆❡①t ♥♦t❡ t❤❛t t❤❡ t✐♠❡ s♣❡♥t ✐♥ st❛t❡ s 0 ✱ ♣•❛②✐♥❣ ❛❝t✐♦♥ a 0 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣♦•✐❝② ✉s❡❞ ❜② t❤❡ ♣•❛②❡r✳ ❲❡ s❤❛•• ❞❡♥♦t❡ t❤✐s t✐♠❡ ❜② T 0 ✳ ❆❣❛✐♥ ❜② t❤❡ r❡♥❡✇❛• t❤❡♦r❡♠ ✇❡ ❝❛♥ ✇r✐t❡ E Q T 0 = E Q,f T ρ s0a0 s∈S a∈A ρ sa = E Q,f T ρ s0a0 . ❙✉❜st✐t✉t✐♥❣ t❤✐s ✐♥t♦ ✭✽✮ ✇❡ ♦❜t❛✐♥ G(τ ) = E Q T 0 ρ s0a0 s∈S a∈A ρ sa u(s, a, τ ) ♦r ❡q✉✐✈❛•❡♥t•② E Q T 0 s∈S a∈A ρ sa u(s, a, τ ) -G(τ )ρ s0a0 = 0. ❚❤❡ s❡t ♦❢ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡s ρ s❛t✐s❢②✐♥❣ t❤❡ ❛❜♦✈❡ ❡q✉❛•✐t② ✐s ❝•❡❛r•② ❛ ♣♦•②t♦♣❡✱ ❛♥❞ ❤❡♥❝❡ ❛ ❝♦♥✈❡① s❡t✳ ❲❤❛t ✇❡ ❛r❡ •❡❢t t♦ s❤♦✇ ✐s t❤❛t t❤❡ ❣r❛♣❤ ♦❢ Ψ ✐s ❝•♦s❡❞✳ ❙✉♣♣♦s❡ t❤❛t τ n , τ, ρ n , ρ ∈ ∆(S × A)✱ τ n → τ ✱ ρ n → ρ ❛♥❞ ρ n ∈ Ψ (τ n ) ❢♦r ❡✈❡r② n✳ ❇② ▲❡♠♠❛ ✶ ρ ∈ C(τ )✳ ❈•❡❛r•②✱ ❛s ρ n → ρ✱ ❛•s♦ f ρn → f ρ ✳ ❙✐♥❝❡ ρ n ∈ B(τ n )✱ G(τ n ) = J τn (f ρn , Q(•|s o , a 0 , τ n )) ≥ J τn (g, Q(•|s o , a 0 , τ n )) ❢♦r ❛♥② st❛t✐♦♥❛r② str❛t❡❣② g✳ ❇② ▲❡♠♠❛ ✸ ❛♥❞ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Q ❛•s♦ J τ (f ρ , Q(•|s o , a 0 , τ )) ≥ J τ (g, Q(•|s o , a 0 , τ )), ✐♠♣•②✐♥❣ t❤❛t ρ ∈ B(τ ) ❛♥❞ ❤❡♥❝❡ ❛•s♦ ✐♥ Ψ (τ )✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛•• t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ••✐❝❦s❜❡r❣ t❤❡♦r❡♠ ❬✸✻( ❛r❡ s❛t✐s✜❡❞ ❛♥❞ Ψ ❤❛s ❛ ✜①❡❞ ♣♦✐♥t✳ ◆♦✇ s✉♣♣♦s❡ τ * ✐s t❤✐s ✜①❡❞ ♣♦✐♥t✳ ❇❡❝❛✉s❡ τ * ∈ C(τ * )✱ ✐t s❛t✐s✜❡s a∈A τ * sa = x∈S b∈B Q(s|x, b, τ * )τ * xb = Φ(s|τ * ). ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♥♦t✐❝❡ t❤❛t J(τ * S , g, f τ * ) = J τ * (g, ρ) ❢♦r ❛♥② st❛t✐♦♥❛r② ♣♦•✐❝② g ❛♥❞ ❛♥② ✐♥✐t✐❛• st❛t❡ ❞✐str✐❜✉t✐♦♥ ρ✱ ❛♥❞ s♦ τ * ∈ B(τ * ) ✐♠♣•✐❡s t❤❛t f τ * ✐s t❤❡ ❜❡st r❡s♣♦♥s❡ ♦❢ ❛ ♣•❛②❡r ✇❤❡♥ t❤❡ st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ❤✐s ♦♣♦♥❡♥ts ✐s ❛•✇❛②s τ * ✱ ❛♥❞ ❤❡♥❝❡ (f * , τ * S ) ✇✐t❤ f * (s, τ ) ≡ f τ * (s) ❢♦r ❛♥② τ ∈ ∆(S × A) ✐s ❛♥ ❡q✉✐•✐❜r✐✉♠ ✐♥ t❤❡ ❣❛♠❡✳ ✺ ❚❤❡ |❡•❛t✐♦♥ ✇✐t❤ •❛♠❡s ✇✐t❤ ❋✐♥✐t❡•② ▼❛♥② P•❛②❡rs ▼❛✐♥ ♣♦✐♥t ♦❢ ❝r✐t✐❝✐s♠ ♦❢ ❛♥♦♥②♠♦✉s ❣❛♠❡s ✐♥ ❣❡♥❡r❛• ✐s t❤❛t t❤❡ •✐♠✐t✐♥❣ s✐t✉❛t✐♦♥ ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣•❛②❡rs ❞♦❡s ♥♦t ❡①✐st ✐♥ r❡❛•✐t②✱ ❛♥❞ t❤✉s ✐t ✐s ♥♦t s✉r❡ t❤❛t t❤❡ r❡s✉•ts ♦❜t❛✐♥❡❞ ❢♦r ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♣•❛②❡rs ❛r❡ r❡•❡✈❛♥t ❢♦r t❤❡ r❡❛•✲•✐❢❡ ♦♥❡s✱ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣•❛②❡rs ✐s ✜♥✐t❡✱ ❜✉t •❛r❣❡✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t s♦♠❡ r❡s✉•ts ❝♦♥♥❡❝t✐♥❣ t❤❡ ❛♥♦♥②♠♦✉s ❣❛♠❡ ♠♦❞❡•s ❢r♦♠ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ✇✐t❤ s✐♠✐•❛r ♠♦❞❡•s ✇✐t❤ ✜♥✐t❡•② ♠❛♥② ♣•❛②❡rs✳ ■♥ t❤❡s❡ r❡s✉•ts ✇❡ ✇✐••✱ ✐♥ ❛❞❞✐t✐♦♥✱ ✉s❡ t❤❡ ❢♦••♦✇✐♥❣ t✇♦ ❛ss✉♠♣t✐♦♥s✳ ✭❆❚✶✮ Q(•|a, s, τ ) = Q(•|a, s) ❢♦r ❛•• τ ∈ ∆(S × A) ❛♥❞ A(•, µ) = A(•) ❢♦r ❛•• µ ∈ ∆(S)✳ ✭❆❚✷✮ ❋♦r ❛♥② f ∈ U ❛♥❞ τ ∈ ∆(S ×A) t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ✐♥❞✐✈✐❞✉❛• st❛t❡s ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛• ✉s✐♥❣ f ✇❤❡♥ t❤❡ st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛•• t❤❡ ♦t❤❡r ♣•❛②❡rs ✐s τ ✐s ❛♣❡r✐♦❞✐❝✳ ❚❤❡ ❛ss✉♠♣t✐♦♥s s✐♠✐•✐❛r t♦ ✭❆❚✶✮ ❛♣♣❡❛r ❛•s♦ ✐♥ ❛ r❡❝❡♥t ♣❛♣❡r ❬✸✾( ♦♥ st♦❝❤❛st✐❝ ❣❛♠❡s ✇✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣•❛②❡rs ❛♥❞ ❛✈❡r❛❣❡ r❡✇❛r❞✳ ❚❤❡② ❛r❡ ❛•s♦ ✉s❡❞ ✐♥ s♦♠❡ ♣❛♣❡rs ♦♥ ▼❛r❦♦✈ ❡✈♦•✉t✐♦♥❛r② ❣❛♠❡s ❬✷✾✱ ✸✵( ❛♥❞ ✐♥ ❛ r❡❝❡♥t ❛♣♣•✐❝❛t✐♦♥ ♦❢ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛• ❣❛♠❡s t♦ ♠♦❞❡• ♣♦✇❡r ❝♦♥tr♦• ♣r♦❜•❡♠ ✐♥ ❛ ✇✐r❡•❡ss ♥❡t✇♦r❦ ❬✷✼(✳ ■t ❛••♦✇s t♦ ❞❡❝♦✉♣•❡ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥s ♦❢ ✐♥❞✐✈✐❞✉❛• st❛t❡s ❢♦r ❡❛❝❤ ♦❢ t❤❡ ♣•❛②❡rs ✭s♦ t❤❛t t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♣•❛②❡rs ✐s ♦♥•② t❤r♦✉❣❤ r❡✇❛r❞s✮ ✕ t❤✐s ❞❡❝♦✉♣•✐♥❣ ✐s ❝r✉❝✐❛• ✐♥ ♦✉r ♣r♦♦❢s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❣❛♠❡s ✇✐t❤ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣•❛②❡rs t♦ r❡s♣❡❝t✐✈❡ ❛♥♦♥②♠♦✉s ♠♦❞❡•s✳ ■♠♣♦rt❛♥t•② t❤♦✉❣❤✱ ✐♥ ♠♦st ❡♥❣✐♥❡❡r✐♥❣ ❛♣♣•✐❝❛t✐♦♥s ✐♥✲ ❞✐✈✐❞✉❛• st❛t❡ ♦❢ ❛ ♣•❛②❡r ✐s ❡✐t❤❡r ❤✐s ❡♥❡r❣② ✭♦r s♦♠❡ ♦t❤❡r ♣r✐✈❛t❡ r❡s♦✉r❝❡✮ •❡✈❡• ♦r ❤✐s ❣❡♦❣r❛♣❤✐❝❛• ♣♦s✐t✐♦♥✳ ■♥ ❜♦t❤ ❝❛s❡s ❛ss✉♠♣t✐♦♥ ✭❆❚✶✮ ✐s ♥❛t✉r❛••② s❛t✐s✜❡❞✳ ❲❡ ✇✐•• ♥❡❡❞ t♦ ❞❡✜♥❡ s♦♠❡ ❛❞❞✐t✐♦♥❛• ♥♦t❛t✐♦♥✳ ✕ ❲❡ s❛② t❤❛t ❛♥ n✲♣❡rs♦♥ st♦❝❤❛st✐❝ ❣❛♠❡ ✐s t❤❡ n✲♣❡rs♦♥ ❝♦✉♥t❡r♣❛rt ♦❢ ❛♥ ❛♥♦♥②♠♦✉s ❣❛♠❡ ✐❢ ✐t ✐s ❞❡✜♥❡❞ ✇✐t❤ t❤❡ s❛♠❡ ♦❜•❡❝ts S✱ A✱ u ❛♥❞ Q✱ ✇✐t❤ t❤❡ ❞✐✛❡r❡♥❝❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♣•❛②❡rs ✐s n ❛♥❞ ✐♥ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ❣•♦❜❛• st❛t❡s ❛♥❞ st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ♦♥ s✉❜s❡ts ♦❢ ∆(S) ❛♥❞ ∆(S × A)✱ ∆ n (S) := {µ ∈ ∆(S) : µ s = k s n , k s ∈ N, ❢♦r ❛•• s ∈ S}, ∆ n (S × A) := {τ ∈ ∆(S × A) : a∈A τ sa = k s n , k s ∈ N, ❢♦r ❛•• s ∈ S}. ✕ ❲❡ ✇✐•• ❝♦♥s✐❞❡r ❛ ✇✐❞❡r s❡t ♦❢ ♣♦ss✐❜•❡ ♣♦•✐❝✐❡s ✐♥ t❤❡ ❣❛♠❡✳ ◆❛♠❡•②✱ ✇❡ ✇✐•• ❝♦♥s✐❞❡r ❛ s✐t✉❛t✐♦♥ ✇❤❡♥ ❡❛❝❤ ♣•❛②❡r ✉s❡s ❛ st❛t✐♦♥❛r② ♣♦•✐❝② ♦✈❡r t❤❡ ✇❤♦•❡ ❣❛♠❡✱ ❜✉t t❤✐s ♣♦•✐❝② ✐s ❝❤♦s❡♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣•❛② ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛♥② ♣r♦❜❛❜✐•✐t② ❞✐str✐❜✉t✐♦♥ ❢r♦♠ ∆(U ) ✇✐•• ❜❡ ❛ ♣♦•✐❝② ✐♥ t❤❡ ❣❛♠❡✳ ✕ ❲❡ ✇✐•• ❝♦♥s✐❞❡r ❛ ❞✐✛❡r❡♥t ✭✐✳❡✳ st❛♥❞❛r❞✮ ❞❡✜♥✐t✐♦♥ ♦❢ ♣♦•✐❝✐❡s ❛♥❞ ❡q✉✐✲ •✐❜r✐✉♠ ✐♥ t❤❡ ❛✈❡r❛❣❡✲r❡✇❛r❞ ❣❛♠❡✳ ❲❡ ✇✐•• s❛② t❤❛t ♣♦•✐❝✐❡s (f 1 , . . . , f n ) ❢♦r♠ ❛ ◆❛s❤ ❡q✉✐•✐❜r✐✉♠ ✐♥ t❤❡ ❛✈❡r❛❣❡✲r❡✇❛r❞ n✲♣❡rs♦♥ ❣❛♠❡ ✐❢ ❢♦r ❛♥② ♣•❛②❡r i ❛♥❞ ❛♥② ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❣•♦❜❛• st❛t❡ µ 1 ✱ J i (µ 1 , f 1 , . . . , f i , . . . , f n ) ≥ J i (µ 1 , f 1 , . . . , g i , . . . , f n ) ❢♦r ❛♥② ♦t❤❡r ♣♦•✐❝② g i ✳ ■❢ t❤✐s ✐♥❡q✉❛•✐t② ❤♦•❞s ✉♣ t♦ s♦♠❡ ε✱ ✇❡ s❛② t❤❛t (f 1 , . . . , f n ) ❛r❡ ✐♥ ε✲❡q✉✐•✐❜r✐✉♠✳ ❋♦r ❜♦t❤ ♠♦❞❡•s ✭✇✐t❤ ❛✈❡r❛❣❡ ❛♥❞ t♦t❛• r❡✇❛r❞✮ ✇❡ ✇✐•• ❛•s♦ ❝♦♥s✐❞❡r t❤❡ ♥♦t✐♦♥ ♦❢ ❡q✉✐•✐❜r✐✉♠ ❞❡✜♥❡❞ ❛s ❢♦r t❤❡ ❛♥♦♥②♠♦✉s ❣❛♠❡ ✕ ✇❡ ✇✐•• ❝❛•• ✐t t❤❡♥ ❛ ✇❡❛❦ ❡q✉✐•✐❜r✐✉♠ ✭❛♥❞ ❛♥❛•♦❣♦✉s•② ❞❡✜♥❡ ✇❡❛❦ ε✲❡q✉✐•✐❜r✐✉♠✮✳ ◆♦✇ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦••♦✇✐♥❣ t✇♦ r❡s✉•ts✿ ❚❤❡♦r❡♠ ✸ ❙✉♣♣♦s❡ (f, µ) ✐s ❛♥ ❡q✉✐•✐❜r✐✉♠ ✐♥ ❡✐t❤❡r ❛♥ ❛✈❡r❛❣❡ r❡✇❛r❞ ❛♥♦♥②♠♦✉s ❣❛♠❡ s❛t✐s❢②✐♥❣ ✭❆✶✮ ❛♥❞ ✭❆❚✶✮ ♦r ❛ t♦t❛• r❡✇❛r❞ ❛♥♦♥②♠♦✉s ❣❛♠❡ s❛t✐s❢②✐♥❣ ✭❚✶✮ ❛♥❞ ✭❆❚✶✮✳ ❚❤❡♥ ❢♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐sts ❛♥ n ε s✉❝❤ t❤❛t ❢♦r ❡✈❡r② n ≥ n ε (f, µ) ✐s ❛ ✇❡❛❦ ❡q✉✐•✐❜r✐✉♠ ✐♥ t❤❡ n✲♣❡rs♦♥ ❝♦✉♥t❡r♣❛rt ♦❢ t❤✐s ❛♥♦♥②♠♦✉s ❣❛♠❡✳ ✶✺ ❆ str♦♥❣❡r r❡s✉•t ✐s tr✉❡ ❢♦r t❤❡ ❛✈❡r❛❣❡ r❡✇❛r❞ ❣❛♠❡✿ ❚❤❡♦r❡♠ ✹ ❋♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐sts ❛♥ n ε s✉❝❤ t❤❛t ❢♦r ❡✈❡r② n ≥ n ε t❤❡ n✲♣❡rs♦♥ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❛✈❡r❛❣❡✲r❡✇❛r❞ ❛♥♦♥②♠♦✉s ❣❛♠❡ s❛t✐s❢②✐♥❣ ✭❆✶✮✱ ✭❆❚✶✮ ❛♥❞ ✭❆❚✷✮ ❤❛s ❛ s②♠♠❡tr✐❝ ◆❛s❤ ❡q✉✐•✐❜r✐✉♠ (π n , . . . , π n )✱ ✇❤❡r❡ π n ∈ ∆(U )✳ ▼♦r❡♦✈❡r ✐❢ (f, µ) ✐s ❛♥ ❡q✉✐•✐❜r✐✉♠ ✐♥ t❤❡ ❛♥♦♥②♠♦✉s ❣❛♠❡✱ t❤❡♥ π n ✐s ♦❢ t❤❡ ❢♦r♠✿ π n (s) = l µ * l δ[f n l (s)], ✇❤❡r❡ f n l (s) = f (s) ✐❢ s ∈ S l f (s) ✐❢ s ∈ S l , f ✐s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♥❣ ♣♦•✐❝② ✐♥❞✉❝❡❞ ❜② t❤❡ ❛ss✉♠♣t✐♦♥ ✭❆✶✮ ✽ ✱ S l ❛r❡ ❡r❣♦❞✐❝ ❝•❛ss❡s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛• st❛t❡ ♣r♦❝❡ss ♦❢ ❛ ♣•❛②❡r ✇❤❡♥ ❤❡ ❛♣♣•✐❡s ♣♦•✐❝② f ❛♥❞ µ * ✐s t❤❡ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ ♦♥ t❤❡s❡ ❡r❣♦❞✐❝ ❝•❛ss❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♠❡❛s✉r❡ µ ♦✈❡r S ✾ ✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✿ ▲❡t J (µ, g, f ) ❞❡♥♦t❡ t❤❡ r❡✇❛r❞ ✐♥ t❤❡ n✲♣❡rs♦♥ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❣✐✈❡♥ ❛✈❡r❛❣❡✲r❡✇❛r❞ ❛♥♦♥②♠♦✉s ❣❛♠❡ ❢♦r ❛ ♣•❛②❡r ✉s✐♥❣ st❛t✐♦♥❛r② str❛t❡❣② g ❛❣❛✐♥st f ♦❢ ❛•• t❤❡ ♦t❤❡rs ✇❤❡♥ ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛• st❛t❡s ✐s µ✳ J n (µ, g, f ) = lim T →∞ 1 T E g,f,µ,Q T t=1 u(s t , g(x t ), τ t ) = E f,µ,Q x,a σ xa (g)m n f (τ )u(x, a, τ ), ✇❤❡r❡ σ(g) ✐s t❤❡ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r♦❝❡ss ♦❢ ✐♥❞✐✈✐❞✉❛• st❛t❡s ♦❢ t❤❡ ♣•❛②❡r ✉s✐♥❣ ♣♦•✐❝② g ❛♥❞ m n f ✐s ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ ♦✈❡r t❤❡ s❡t ∆(S × A) ❞❡♥♦t✐♥❣ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❞✐✛❡r❡♥t st❛t❡✲❛❝t✐♦♥ ♠❡❛s✉r❡s ♦❢ ❛•• t❤❡ ♣•❛②❡rs ♦✈❡r t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ❣❛♠❡✳ ◆♦t❡ ❢✉rt❤❡r t❤❛t σ(g) ✐s ✉♥❞❡r ✭❆❚✶✮ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ❛♥❞ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ •✐♠✐t✐♥❣ ✭❛♥♦♥②♠♦✉s ❣❛♠❡✮ ❝❛s❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ m n f ❝♦♥✈❡r❣❡s ✇❡❛❦•② ❛s n ❣♦❡s t♦ ✐♥✜♥✐t② t♦ t❤❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣♦•✐❝② f ❛♥❞ t❤❡ ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥ µ✳ ❚❤✉s J n (µ, g, f ) → n→∞ J(µ, g, f ) ❢♦r ❛♥② st❛t✐♦♥❛r② str❛t❡❣② g✳ ❚❤❡ t❤❡s✐s ♦❢ t❤❡ t❤❡♦r❡♠ ❢♦••♦✇s ✐♠♠❡❞✐❛t❡•②✳ ❚♦ ♣r♦✈❡ t❤❡ t♦t❛• r❡✇❛r❞ ❝❛s❡ ✇❡ ✜rst ♥❡❡❞ t♦ ✇r✐t❡ t❤❡ r❡✇❛r❞ ✐♥ t❤❡ n✲♣❡rs♦♥ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❣✐✈❡♥ t♦t❛• r❡✇❛r❞ ❛♥♦♥②♠♦✉s ❣❛♠❡ ❢♦r ❛ ♣•❛②❡r ✉s✐♥❣ st❛t✐♦♥❛r② str❛t❡❣② g ❛❣❛✐♥st f ♦❢ ❛•• t❤❡ ♦t❤❡rs ✇❤❡♥ ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥ ♦❢ st❛t❡s ✐s µ✳ J n (µ, g, f ) = E g,f,µ,Q T t=1 u(s t , g(x t ), τ t ). ✽ ❍❡r❡ ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ τ ❜② ✭❆❚✶✮✳ ✾ ◆♦t❡ t❤❛t ❛ ♠❡❛s✉r❡ ♦✈❡r t❤❡ s❡t ♦❢ st❛t❡s ♦❢ ❛♥ ❛♣❡r✐♦❞✐❝ ▼❛r❦♦✈ ♣r♦❝❡ss ❝❛♥ ❜❡ ✐♥✈❛r✐❛♥t ♦♥•② ✐❢ ✐t ✐s ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡s ♦♥ ❡❛❝❤ ♦❢ t❤❡ ❡r❣♦❞✐❝ ❝•❛ss❡s✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤✐s ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ❛r❡ ❡①❛❝t•② t❤❡ µ * l ✳ ✇✐t❤ s 1 ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ Q(•|s 0 , a 0 ) ✭r❡❝❛•• t❤❛t ❜② ✭❆❚✶✮ t❤✐s ❞✐str✐✲ ❜✉t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❣•♦❜❛• st❛t❡✲❛❝t✐♦♥ ❞✐str✐❜✉t✐♦♥ τ ✮✳ ❚❤✐s ❜② t❤❡ r❡♥❡✇❛• t❤❡♦r❡♠ ❡q✉❛•s E g,µ,Q T (g) x,a σ xa (g)m n f (τ )u(x, a, τ ), ✇❤❡r❡ σ(g) ✐s t❤❡ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ♦❢ t❤❡ ♣r♦❝❡ss ♦❢ ✐♥❞✐✈✐❞✉❛• st❛t❡s ♦❢ t❤❡ ♣•❛②❡r ✉s✐♥❣ ♣♦•✐❝② g ❛♥❞ m n f ✐s ❛ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ ♦✈❡r t❤❡ s❡t ∆(S × A) ❞❡♥♦t✐♥❣ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❞✐✛❡r❡♥t st❛t❡✲❛❝t✐♦♥ ♠❡❛s✉r❡s ♦❢ ❛•• t❤❡ ♣•❛②❡rs ♦✈❡r t❤❡ ❝♦✉rs❡ ♦❢ t❤❡ ❣❛♠❡✳ ❇✉t ❜♦t❤ σ(g) ❛♥❞ E g,µ,Q T (g) ❛r❡ ✉♥❞❡r ✭❆❚✶✮ ✐♥❞❡♣❡♥❞❡♥t ♦❢ n ❛♥❞ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ •✐♠✐t✐♥❣ ✭❛♥♦♥②♠♦✉s ❣❛♠❡✮ ❝❛s❡✱ ✇❤✐•❡ m n f ❝♦♥✈❡r❣❡s ✇❡❛❦•② t♦ t❤❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣♦•✐❝② f ❛♥❞ t❤❡ ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥ µ ❛s n → ∞✳ ❚❤❡ t❤❡s✐s ♦❢ t❤❡ t❤❡♦r❡♠ ✐s ♥♦✇ ♦❜t❛✐♥❡❞ ❛s ✐♥ t❤❡ ❛✈❡r❛❣❡ r❡✇❛r❞ ❝❛s❡✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✿ ❋✐① ε > 0 ❛♥❞ t❛❦❡ n ε s✉❝❤ t❤❛t ❢♦r ❡✈❡r② n ≥ n ε (f, . . . , f ) ✐s ❛ ✇❡❛❦ ε✲❡q✉✐•✐❜r✐✉♠ ✐♥ t❤❡ n✲♣❡rs♦♥ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ❛✈❡r❛❣❡✲ r❡✇❛r❞ ❣❛♠❡✳ ◆❡①t ♥♦t❡ t❤❛t ❢♦r ❡✈❡r② n ∈ N t❤❡ ♣r♦❝❡ss ♦❢ ✐♥❞✐✈✐❞✉❛• st❛t❡s ♦❢ ❡❛❝❤ ♦❢ t❤❡ ♣•❛②❡rs ✉s✐♥❣ ♣♦•✐❝② π n ❤❛s ❛ ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ µ✳ ❙✐♥❝❡ ❜② ✭❆❚✷✮ t❤❡ ♣r♦❝❡ss ♦❢ ✐♥❞✐✈✐❞✉❛• st❛t❡s ✐s ❛♣❡r✐♦❞✐❝✱ ✐t ✇✐•• ❝♦♥✈❡r❣❡ t♦ t❤✐s ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❛♥❞✱ ❝♦♥s❡q✉❡♥t•②✱ t❤❡ r❡✇❛r❞ ❢♦r ❛ ♣•❛②❡r ✉s✐♥❣ ♣♦•✐❝② f ❛❣❛✐♥st f ♦❢ ❛•• t❤❡ ♦t❤❡rs ✇✐•• ❜❡ ❡q✉❛• t♦ J(µ, f, f ) ❢♦r ❛♥② ✐♥✐t✐❛• st❛t❡ ❞✐str✐✲ ❜✉t✐♦♥✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ✐♥ ❛ ✇❡❛❦•② ❝♦♠♠✉♥✐❝❛t✐♥❣ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss t❤❡ ♦♣t✐♠❛• ❣❛✐♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤✐s ❞✐str✐❜✉t✐♦♥ ❛♥❞ s✐♥❝❡ (f, . . . , f ) ✐s ❛ ✇❡❛❦ ε✲❡q✉✐•✐❜r✐✉♠ ✐♥ t❤❡ n✲♣❡rs♦♥ ❣❛♠❡ ❢♦r n ≥ n ε ✱ ✐t ✐s ❛•s♦ ❛ ◆❛s❤ ε✲❡q✉✐•✐❜r✐✉♠ ✐♥ t❤❡ n✲♣❡rs♦♥ ❣❛♠❡✳ ✻ ❆♣♣•✐❝❛t✐♦♥✿ ▼❡❞✐✉♠ ❆❝❝❡ss •❛♠❡ ■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✇❡ ♣r❡s❡♥t t✇♦ s✐♠♣•❡ ❡①❛♠♣•❡s ♦❢ ❛♣♣•✐❝❛t✐♦♥ ♦❢ ♦✉r ❢r❛♠❡✇♦r❦ t♦ ♠♦❞❡• s♦♠❡ r❡❛•✲•✐❢❡ ♣❤❡♥♦♠❡♥❛✳ ✻✳✶ ❚❤❡ ▼♦❞❡• ❈♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ▼❆❈ ✭▼❡❞✐✉♠ ❆❈❝❡ss✮ ❣❛♠❡ ❜❡t✇❡❡♥ ♠♦❜✐•❡ ♣❤♦♥❡s✳ ❚✐♠❡ ✐s s•♦tt❡❞✳ ❆t ❛♥② ❣✐✈❡♥ t✐♠❡ t✱ ❛ ♠♦❜✐•❡ ✜♥❞s ✐ts❡•❢ ❝♦♠♣❡t✐♥❣ ✇✐t❤ N t ♦t❤❡r ♠♦❜✐•❡s ❢♦r t❤❡ ❛❝❝❡ss t♦ ❛ ❝❤❛♥♥❡•✳ N t ✐s ❛ss✉♠❡❞ t♦ ❤❛✈❡ P♦✐ss♦♥ ❞✐str✐✲ ❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r λ✳ ❲❡ s❤❛•• ❢♦r♠✉•❛t❡ t❤✐s ❛s ❛ s❡q✉❡♥t✐❛• ❛♥♦♥②♠♦✉s ❣❛♠❡ ❛s ❢♦••♦✇s✳ ✕ ■♥❞✐✈✐❞✉❛• st❛t❡ ❆ ♠♦❜✐•❡ ❤❛s t❤r❡❡ ♣♦ss✐❜•❡ st❛t❡s✿ F ✭❢✉••✮ AE ✭❆•♠♦st ❊♠♣t②✮ ❛♥❞ E ✭❊♠♣t②✮✳ ✕ ❆❝t✐♦♥s ❚❤❡r❡ ❛r❡ t✇♦ ❛❝t✐♦♥s✿ tr❛♥s♠✐t ❛t ❤✐❣❤ ♣♦✇❡r H ♦r •♦✇ ♣♦✇❡r L✳ ❆t st❛t❡ AE ❛ ♠♦❜✐•❡ ❝❛♥♥♦t tr❛♥s♠✐t ❛t ❤✐❣❤ ♣♦✇❡r✱ ✇❤✐•❡ ❛t E ✐t ❝❛♥♥♦t tr❛♥s♠✐t ❛t ❛••✳ ✕ ❚r❛♥s✐t✐♦♥ ♣r♦❜❛❜✐•✐t✐❡s ❋r♦♠ st❛t❡ AE t❤❡ ♠♦❜✐•❡ ♠♦✈❡s t♦ st❛t❡ E ✇✐t❤ ♣r♦❜❛❜✐•✐t② p E ❛♥❞ ♦t❤❡r✇✐s❡ r❡♠❛✐♥s ✐♥ AE✳ ❆t st❛t❡ E t❤❡ ♠♦❜✐•❡ ❤❛s t♦ r❡❝❤❛r❣❡✳ ■t ♠♦✈❡s t♦ st❛t❡ F ❛❢t❡r ♦♥❡ t✐♠❡ ✉♥✐t✳ ❆ ♠♦❜✐•❡ ✐♥ st❛t❡ F tr❛♥s♠✐tt✐♥❣ ✇✐t❤ ♣♦✇❡r r ♠♦✈❡s t♦ st❛t❡ AE ✇✐t❤ ♣r♦❜❛❜✐•✐t② ♣r♦♣♦rt✐♦♥❛• t♦ r ❛♥❞ ❣✐✈❡♥ ❜② αr ❢♦r s♦♠❡ ❝♦♥st❛♥t α > 0✳ ✕ P❛②♦✛ ❈♦♥s✐❞❡r ❛ ❣✐✈❡♥ ❝❡••✉•❛r ♣❤♦♥❡ t❤❛t tr❛♥s♠✐ts ❛ ♣❛❝❦❡t✳ ❆ss✉♠❡ t❤❛t x ♦t❤❡r ♣❛❝❦❡ts ❛r❡ tr❛♥s♠✐tt❡❞ ✇✐t❤ ❤✐❣❤ ♣♦✇❡r ❛♥❞ y ✇✐t❤ •♦✇ ♣♦✇❡r t♦ t❤❡ s❛♠❡ ❜❛s❡ st❛t✐♦♥✳ ❆ ♣❛❝❦❡t tr❛♥s♠✐tt❡❞ ✇✐t❤ •♦✇ ♣♦✇❡r ✐s r❡❝❡✐✈❡❞ s✉❝❝❡ss❢✉••② ✇✐t❤ s♦♠❡ ♣r♦❜❛❜✐•✐t② q ✐❢ ✐t ✐s t❤❡ ♦♥•② ♣❛❝❦❡t tr❛♥s♠✐tt❡❞✱ ✐✳❡✳ y = 0✱ x = 0✳ ❖t❤❡r✇✐s❡ ✐t ✐s •♦st✳ ❆ ♣❛❝❦❡t tr❛♥s♠✐tt❡❞ ✇✐t❤ ❤✐❣❤ ♣♦✇❡r ✐s r❡❝❡✐✈❡❞ s✉❝❝❡ss❢✉••② ✇✐t❤ s♦♠❡ ♣r♦❜❛❜✐•✐t② Q > q ✐❢ ✐t ✐s t❤❡ ♦♥•② ♣❛❝❦❡t tr❛♥s♠✐tt❡❞ ❛t ❤✐❣❤ ♣♦✇❡r✱ ✐✳❡✳ x = 0✳ ❚❤❡ ✐♠♠❡❞✐❛t❡ ♣❛②♦✛ ✐s 1 ✐❢ t❤❡ ♣❛❝❦❡t ✐s s✉❝❝❡ss❢✉••② tr❛♥s♠✐tt❡❞✳ ■t ✐s ♦t❤❡r✇✐s❡ ③❡r♦✳ ■♥ ❛❞❞✐t✐♦♥ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t ❝♦st c > 0 ❢♦r r❡❝❤❛r❣✐♥❣ t❤❡ ❜❛tt❡r②✳ ❆❣❣r❡❣❛t❡ ✉t✐•✐t② ❢♦r ❛ ♣•❛②❡r ✐s t❤❡♥ ❝♦♠♣✉t❡❞ ❛s •♦♥❣✲t✐♠❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♣❡r✲♣❡r✐♦❞ ♣❛②♦✛s✳ ❙✉♣♣♦s❡ p ✐s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♣♦♣✉•❛t✐♦♥ t❤❛t tr❛♥s♠✐ts ❛t ❤✐❣❤ ♣♦✇❡r ✐♥ st❛t❡ F ✱ ❛♥❞ t❤❛t µ F ✱ µ AE ❛♥❞ µ E ❛r❡ ❢r❛❝t✐♦♥s ♦❢ ♣•❛②❡rs ✐♥ r❡s♣❡❝t✐✈❡ st❛t❡s✳ ❚❤❡♥ ♣r♦❜❛❜✐•✐t② ♦❢ s✉❝❝❡ss ❢♦r ❛ ♣•❛②❡r tr❛♥s♠✐tt✐♥❣ ❛t ❤✐❣❤ ♣♦✇❡r ✐s QP (x = 0) = Q(e -λ + ∞ k=1 λ k k! e -λ (1 -pµ F ) k = Qe -λ e λ(1-pµ F ) = Qe -λpµ F , ✇❤✐•❡ ♣r♦❜❛❜✐•✐t② ♦❢ s✉❝❝❡ss ✇❤❡♥ ❛ ♣•❛②❡r tr❛♥s♠✐ts ❛t •♦✇ ♣♦✇❡r ✐s qP (x + y = 0) = q(e -λ + ∞ k=1 λ k k! e -λ µ k E ) = qe -λ e λµ E = qe λ(µ E -1) . ❚❤❡s❡ ✈❛•✉❡s ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ❛❝t✉❛• ♥✉♠❜❡rs ♦❢ ♣•❛②❡rs ❛♣♣•②✐♥❣ r❡s♣❡❝t✐✈❡ str❛t❡❣✐❡s ✕ ♦♥•② ♦♥ ❢r❛❝t✐♦♥s ♦❢ ♣•❛②❡rs ✐♥ ❡❛❝❤ ♦❢ t❤❡ st❛t❡s ✉s✐♥❣ ❞✐✛❡r❡♥t ❛❝✲ t✐♦♥s✳ ❚❤✉s ✐♥st❡❛❞ ♦❢ ❝♦♥s✐❞❡r✐♥❣ ❛♥ n✲♣•❛②❡r ❣❛♠❡ ❢♦r ❛♥② ✜①❡❞ n ✐t ✐s r❡❛s♦♥✲ ❛❜•❡ t♦ ❛♣♣•② t❤❡ ❛♥♦♥②♠♦✉s ❣❛♠❡ ❢♦r♠✉•❛t✐♦♥ ✇✐t❤ τ = [τ F,H , τ F,L , τ AE,L , τ E ] ❞❡♥♦t✐♥❣ t❤❡ ✈❡❝t♦r ♦❢ ❢r❛❝t✐♦♥s ♦❢ ♣•❛②❡rs ✐♥ r❡s♣❡❝t✐✈❡ st❛t❡s ❛♥❞ ✉s✐♥❣ r❡✲ s♣❡❝t✐✈❡ ❛❝t✐♦♥s✱ ✇✐t❤ ✐♠♠❡❞✐❛t❡ r❡✇❛r❞s u(s, a, τ ) =    Qe -λτ F,H , ✇❤❡♥ a = H qe λ(τ E -1) , ✇❤❡♥ a = L -c, ✇❤❡♥ s = E ❛♥❞ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐•✐t✐❡s ❞❡✜♥❡❞ ❜② ♠❛tr✐① Q(a, τ ) =   1 -αa αa 0 0 1 -p E p E 1 0 0   . ✻✳✷ ❚❤❡ ❙♦•✉t✐♦♥ ❚❤❡ st❛t✐♦♥❛r② st❛t❡ ♦❢ t❤❡ ❝❤❛✐♥ ♦❢ t❤❡ ♣r✐✈❛t❡ st❛t❡s ♦❢ ❛ ♣•❛②❡r ✉s✐♥❣ ♣♦•✐❝② f ♣r❡s❝r✐❜✐♥❣ ❤✐♠ t♦ ✉s❡ ❤✐❣❤ ♣♦✇❡r ✇✐t❤ ♣r♦❜❛❜✐•✐t② p ✇❤❡♥ ✐♥ st❛t❡ F ✐s 1 α(pH + (1 -p)L)(p E + 1) + p E [p E , α(pH + (1 -p)L), p E α(pH + (1 -p)L)] . ❚❤✉s ❝♦♠♣✉t❛t✐♦♥s ②✐❡•❞ t❤❛t ❤✐s r❡s♣❡❝t❡❞ •♦♥❣✲r✉♥ ❛✈❡r❛❣❡ r❡✇❛r❞ ✐s ♦❢ t❤❡ ❢♦r♠ Ap + B Cp + D ✇✐t❤ A = p E Qe -λτ F,H + ((H -L)α -p E )qe λ(τ E -1) -cαp E (H -L), B = (Lα + p E )qe λ(τ E -1) -cαp E L, C = α(H -L)(p E + 1), D = αL(p e + 1) + p E . ■t ❝❛♥ ❜❡ ❡✐t❤❡r ❛ str✐❝t•② ✐♥❝r❡❛s✐♥❣✱ ❛ ❝♦♥st❛♥t ♦r ❛ str✐❝t•② ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ p✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r AD > BC✱ AD = BC ♦r AD < BC✱ ❛♥❞ t❤✉s t❤❡ ❜❡st r❡s♣♦♥s❡ ♦❢ ❛ ♣•❛②❡r ❛❣❛✐♥st t❤❡ ❛❣❣r❡❣❛t❡❞ st❛t❡✲❛❝t✐♦♥ ✈❡❝t♦r τ ✐s p = 1 ✇❤❡♥ AD > BC✱ ❛♥② p ∈ [0, 1] ✇❤❡♥ AD = BC ♦r p = 0 ✇❤❡♥ AD < BC✳ ❚❤✐s •❡❛❞s t♦ t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥❝•✉s✐♦♥✿ s✐♥❝❡ ❜② ❚❤❡♦r❡♠ ✶ t❤✐s ❛♥♦♥②♠♦✉s ❣❛♠❡ ❤❛s ❛♥ ❡q✉✐•✐❜r✐✉♠✱ ♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❢♦••♦✇✐♥❣ ❝❛s❡s ♠✉st ❤♦•❞✿ ✭❛✮ ■❢ p E Qe - λp E αH(p E +1)+p E + ((H -L)α -p E )qe - λ(αH+p E ) αH(p E +1)+p E -aαp E (H -L) [αL(p E + 1) + p E ] > (Lα + p E )qe - λ(αH+p E ) αH(p E +1)+p E -cαLp E [α(H -L)(p E + 1)] t❤❡♥ ❛•• t❤❡ ♣•❛②❡rs ✉s❡ ❤✐❣❤ ♣♦✇❡r ✐♥ st❛t❡ F ❛t ❡q✉✐•✐❜r✐✉♠✳ ✭❜✮ ■❢ p E Qe - λp E αL(p E +1)+p E + ((H -L)α -p E )qe - λ(αL+p E ) αL(p E +1)+p E -aαp E (H -L) [αL(p E + 1) + p E ] < (Lα + p E )qe - λ(αL+p E ) αL(p E +1)+p E -cαLp E [α(H -L)(p E + 1)] t❤❡♥ ❛•• t❤❡ ♣•❛②❡rs ✉s❡ •♦✇ ♣♦✇❡r ✐♥ st❛t❡ F ❛t ❡q✉✐•✐❜r✐✉♠✳ ✭❝✮ ■❢ ♥♦♥❡ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛•✐t✐❡s ❤♦•❞s t❤❛♥ ✇❡ ♥❡❡❞ t♦ ✜♥❞ p * s❛t✐s❢②✐♥❣ p E Qe -λτ F,H + ((H -L)α -p E )qe λ(τ E -1) -cαp E (H -L) [αL(p e + 1) + p E ] = (Lα + p E )qe λ(τ E -1) -cαp E L [α(H -L)(p E + 1)] ✇✐t❤ τ F,H = p * p E α(p * H+(1-p * )L)(p E +1)+p E ❛♥❞ τ E = α(p * H+(1-p * )L)p E α(p * H+(1-p * )L)(p E +1)+p E ✳ ❚❤❡♥ ❛•• t❤❡ ♣•❛②❡rs ✉s❡ ♣♦•✐❝② ♣r❡s❝r✐❜✐♥❣ t♦ ✉s❡ ❤✐❣❤ ♣♦✇❡r ✇✐t❤ ♣r♦❜❛✲ ❜✐•✐t② p * ✐♥ st❛t❡ F ❛t ❡q✉✐•✐❜r✐✉♠✳ |❡♠❛r❦ ✸ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ ❤❡r❡ t❤❛t s♦♠❡ ❣❡♥❡r❛•✐③❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡• ♣r❡✲ s❡♥t❡❞ ❛❜♦✈❡ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ ♠♦r❡ ❡♥❡r❣② •❡✈❡•s ❛♥❞ ♠♦r❡ ♣♦✇❡rs ❛t ✇❤✐❝❤ ♣•❛②❡rs ❝♦✉•❞ tr❛♥s♠✐t ✐♥ ♦✉r ❣❛♠❡ ✭s✐♠✐•✲ ✐❛r•② ❛s ✐♥ ❬✷✼(✮✳ ❲❡ ❝❛♥ ❛•s♦ ❛ss✉♠❡ t❤❛t t❤❡ ♣•❛②❡rs ❞♦ ♥♦t ❛•✇❛②s tr❛♥s♠✐t✱ ♦♥•② ✇✐t❤ s♦♠❡ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐•✐t② ✭t❤❡♥ t❤❡ ✐♥❞✐✈✐❞✉❛• st❛t❡ ❜❡❝♦♠❡s t✇♦✲ ❞✐♠❡♥s✐♦♥❛•✱ ❝♦♥s✐st✐♥❣ ♦❢ ♣•❛②❡r✬s ❡♥❡r❣② st❛t❡ ❛♥❞ ❛♥ ✐♥❞✐❝❛t♦r ♦❢ ✇❤❡t❤❡r ❤❡ ❤❛s s♦♠❡t❤✐♥❣ t♦ tr❛♥s♠✐t ♦r ♥♦t✮✳ ❇♦t❤ t❤❡s❡ ❣❡♥❡r❛•✐③❛t✐♦♥s ❛r❡ tr❛❝t❛❜•❡ ✇✐t❤✐♥ ♦✉r ❢r❛♠❡✇♦r❦✱ t❤♦✉❣❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❜❡❝♦♠❡ ♠♦r❡ ✐♥✈♦•✈❡❞✳ ✼ ❚❤❡ ❈❛s❡ ♦❢ ▲✐♥❡❛r ❯t✐•✐t②✿ ▼❛✐♥t❡♥❛♥❝❡✲|❡♣❛✐r ❊①❛♠♣•❡ ✼✳✶ •❡♥❡r❛• ▲✐♥❡❛r ❋r❛♠❡✇♦r❦ ■♥ t❤❡ ♥❡①t ❡①❛♠♣•❡ ✇❡ ❝♦♥s✐❞❡r ❛ ❣❛♠❡ s❛t✐s❢②✐♥❣ s♦♠❡ ❛❞❞✐t✐♦♥❛• ❛ss✉♠♣✲ t✐♦♥s✳ ▲❡t K = (S × A)✳ ▲❡t u(τ ) ❜❡ ❛ ❝♦•✉♠♥ ✈❡❝t♦r ✇❤♦s❡ ❡♥tr✐❡s ❛r❡ u(k, τ )✳ ❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ s♣❡❝✐❛• ❝❛s❡ t❤❛t u(k, τ ) ✐s •✐♥❡❛r ✐♥ τ ✳ ❊q✉✐✈❛•❡♥t•②✱ t❤❡r❡ ❛r❡ s♦♠❡ ✈❡❝t♦r u 1 ♦✈❡r K ❛♥❞ ❛ ♠❛tr✐① u 2 ♦❢ ❞✐♠❡♥s✐♦♥ |K| × |K| s✉❝❤ t❤❛t u(τ ) = u 1 + u 2 τ ❙✐♠✐•❛r•②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐•✐t✐❡s ❛r❡ •✐♥❡❛r ✐♥ τ ✳ ❚❤❡♥ t❤❡ ❣❛♠❡ ❜❡❝♦♠❡s ❡q✉✐✈❛•❡♥t t♦ s♦•✈✐♥❣ ❛ s②♠♠❡tr✐❝ ❜✐•✐♥❡❛r ❣❛♠❡✱ t❤❛t ♦❢ ✜♥❞✐♥❣ ❛ ✜①❡❞ ♣♦✐♥t ♦❢ ✭✷✮✲✭✸✮✳ ▲✐♥❡❛r ❝♦♠♣•❡♠❡♥t❛r✐t② ❢♦r♠✉•❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ ❛♥❞ s♦•✈❡❞ ✉s✐♥❣ ▲❡♠❦❡✬s ❛•❣♦r✐t❤♠✳ ❋r♦♠ t❤❡ s♦•✉t✐♦♥ τ ✱ t❤❡ ❡q✉✐•✐❜r✐✉♠ (f, τ S ) ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ✇✐t❤ ❛ ❤❡•♣ ♦❢ ❡q✉❛t✐♦♥ ✭✹✮✳ ✼✳✷ ▼❛✐♥t❡♥❛♥❝❡✲|❡♣❛✐r •❛♠❡✿ ❚❤❡ ▼♦❞❡• ❚❤❡ ♠❛✐♥t❡♥❡♥❝❡✲r❡♣❛✐r ❡①❛♠♣•❡ ♣r❡s❡♥t❡❞ ❜❡•♦✇ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ t♦② ♠♦❞❡•✳ ■ts ♠❛✐♥ ♣✉r♣♦s❡ t❤♦✉❣❤ ✐s t♦ s❤♦✇ ❤♦✇ t❤❡ ❛❜♦✈❡♠❡♥t✐♦♥❡❞ ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❛ ❝♦♥❝r❡t❡ ❣❛♠❡ s❛t✐s❢②✐♥❣ t❤❡ •✐♥❡❛r✐t② ❝♦♥❞✐t✐♦♥s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❊❛❝❤ ❝❛r ❛♠♦♥❣ ❛ •❛r❣❡ ♥✉♠❜❡r ♦❢ ❝❛rs ✐s s✉♣♣♦s❡❞ t♦ ❞r✐✈❡ ♦♥❡ ✉♥✐t ♦❢ ❞✐st❛♥❝❡ ♣❡r ❞❛②✳ ❆ ❝❛r ✐s ✐♥ ♦♥❡ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛• st❛t❡s ❣♦♦❞ ✭g✮ ❛♥❞ ❜❛❞ ✭b✮✳ ❲❤❡♥ ❛ ❝❛r ✐s ✐♥ ❛ ❜❛❞ st❛t❡ t❤❡♥ ✐t ❤❛s t♦ ❣♦ t❤r♦✉❣❤ s♦♠❡ ♠❛✐♥t❡♥❛♥❝❡ ❛♥❞ r❡♣❛✐r ❛❝t✐♦♥s ❛♥❞ ❝❛♥♥♦t ❞r✐✈❡ ❢♦r s♦♠❡ ✭❣❡♦♠❡tr✐❝❛••② ❞✐str✐❜✉t❡❞✮ t✐♠❡✳ ❆ s✐♥❣•❡ ❞r✐✈❡r ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥✜♥✐t❡s✐♠❛•② ✏s♠❛••✑ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐ts ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❝♦♥❣❡st✐♦♥ ❡①♣❡r✐❡♥❝❡❞ ❜② ♦t❤❡r ❝❛rs ✐s ♥❡❣•✐❣✐❜•❡✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ t②♣❡s ♦❢ ❜❡❤❛✈✐♦r ♦❢ ❞r✐✈❡rs✳ ❚❤♦s❡ t❤❛t ❞r✐✈❡ ❣❡♥t•②✱ ❛♥❞ t❤♦s❡ t❤❛t t❛❦❡ r✐s❦s ❛♥❞ ❞r✐✈❡ ❢❛st✳ ❚❤✐s ❝❤♦✐❝❡ ✐s ♠♦❞❡•❡❞ ♠❛t❤✲ ❡♠❛t✐❝❛••② t❤r♦✉❣❤ t✇♦ ❛❝t✐♦♥s✿ ❛❣❣r❡ss✐✈❡ ✭α✮ ❛♥❞ ❣❡♥t•❡ ✭γ✮✳ ❆♥ ❛❣❣r❡ss✐✈❡
t♦ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ t♦t❛• ❝♦♥❣❡st✐♦♥ ✐s β t✐♠❡s •♦✇❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ♦t❤❡r ❞r✐✈❡rs✳ ▼♦r❡ ❢♦r♠❛••②✱ •❡t η ❜❡ ❛ ❞❡•❛② ❢✉♥❝t✐♦♥✳ ❚❤❡♥ t❤❡ ❞❛✐•② ❝♦♥❣❡st✐♦♥ ❝♦st D ♦❢ ❛ ❞r✐✈❡r ✐s ❣✐✈❡♥ ❛s u(g, α, τ ) = u(g, γ, τ )/β u(g, γ, τ ) = -η (τ (g, γ) + τ (g, α)/β)) ❋♦r t❤❡ st❛t❡ b ✇❡ s❡t s✐♠♣•② u(b, a, τ ) = -1 ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ ♣❡♥❛•t② ❢♦r ❜❡✐♥❣ ✐♥ ❛ ♥♦♥✲♦♣❡r❛t✐♦♥❛• st❛t❡✳ ■t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ a ♥♦r τ ✳ ❚r❛♥s✐t✐♦♥ ♣r♦❜❛❜✐•✐t✐❡s✿ ❲❡ ❛ss✉♠❡ t❤❛t tr❛♥s✐t✐♦♥s ❢r♦♠ g t♦ b ♦❝✲ ❝✉r ❞✉❡ t♦ ❝♦••✐s✐♦♥s ❜❡t✇❡❡♥ ❝❛rs✳ ❋✉rt❤❡r ❛ss✉♠❡ t❤❛t t❤❡ ❝♦••✐s✐♦♥ ✐♥t❡♥s✐t② ❜❡t✇❡❡♥ ❛ ❝❛r t❤❛t ❞r✐✈❡s ❛t st❛t❡ g ❛♥❞ ✉s❡s ❛❝t✐♦♥ a ❛r❡ •✐♥❡❛r ✐♥ τ ✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ Q(b|g, a, τ ) = c γ a τ (g, γ) + c α a τ (g, α). ❲❡ ♥❛t✉r❛••② ❛ss✉♠❡ t❤❛t c a α > c a γ ❢♦r a = α, γ ❛♥❞ t❤❛t c α a > c γ a ❢♦r a = γ, α✳ ■❢ ❛ ❞r✐✈❡r ✐s ♠♦r❡ ❛❣❣r❡ss✐✈❡ t❤❛♥ ❛♥♦t❤❡r ♦♥❡✱ ♦r ✐❢ t❤❡ r❡st ♦❢ t❤❡ ♣♦♣✉•❛t✐♦♥ ✐s ♠♦r❡ ❛❣❣r❡ss✐✈❡ t❤❡♥ t❤❡ ♣r♦❜❛❜✐•✐t② ♦❢ ❛ tr❛♥s✐t✐♦♥ ❢r♦♠ g t♦ b ✐♥❝r❡❛s❡s✳ ❲❡ r❡✇r✐t❡ t❤❡ ❛❜♦✈❡ ❛s Q(b|g, a, τ ) = c a • τ (g, .) ■❢ ❛ r❛♥❞♦♠✐③❡❞ st❛t✐♦♥❛r② ♣♦•✐❝② ✐s ✉s❡❞ ✇❤✐❝❤ ❝❤♦♦s❡s (α, γ) ✇✐t❤ r❡s♣❡❝t✐✈❡ ♣r♦❜❛❜✐•✐t✐❡s (p α , p γ ) =: p t❤❡♥ t❤❡ ♦♥❡ st❡♣ tr❛♥s✐t✐♦♥ ❢r♦♠ Q t♦ b ♦❝❝✉rs ✇✐t❤ ♣r♦❜❛❜✐•✐t② Q(b|g, p, τ ) = a=γ,α p a c a • τ (g, .) =: p • c • τ (g, .). ❖♥❝❡ ✐♥ st❛t❡ b✱ t❤❡ t✐♠❡ t♦ ❣❡t ✜①❡❞ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ❛♥② ♠♦r❡ ♦♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ❛♥❞ t❤❡ ❞r✐✈❡rs ❞♦ ♥♦t t❛❦❡ ❛♥② ❛❝t✐♦♥ ❛t t❤❛t st❛t❡✳ ❚❤✉s ψ := Q(g|b, a, τ ) ✐s s♦♠❡ ❝♦♥st❛♥t t❤❛t ✐s t❤❡ s❛♠❡ ❢♦r ❛•• a ❛♥❞ τ ✳ ✼✳✸ ❚❤❡ ❙♦•✉t✐♦♥ ❲❡ s❤❛•• ❛ss✉♠❡ t❤r♦✉❣❤♦✉t t❤❛t t❤❡ ❝♦♥❣❡st✐♦♥ ❢✉♥❝t✐♦♥ η ✐s •✐♥❡❛r✳ ■t t❤❡♥ ❢♦••♦✇s t❤❛t t❤✐s ♣r♦❜•❡♠ ❢❛••s ✐♥t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ ❙❡❝t✐♦♥ ✼✳✶✳ ▲❡t τ ❜❡ ❣✐✈❡♥✳ ▲❡t ❛ ❞r✐✈❡r ✉s❡ ❛ st❛t✐♦♥❛r② ♣♦•✐❝② p✳ ❚❤❡♥ t❤❡ ❡①♣❡❝t❡❞ t✐♠❡ ✐t r❡♠❛✐♥s ✐♥ st❛t❡ g ✐s σ(p, τ ) = 1 Q(b|g, p, τ ) ✷✶ ■ts t♦t❛• ❡①♣❡❝t❡❞ ✉t✐•✐t② ❞✉r✐♥❣ t❤❛t t✐♠❡ ✐s W g (p, τ ) = σ(p, τ ) a p a u(g, a, τ ) = σ(p, τ ) a p a u(g, a, τ ) = -σ(p, τ ) p γ + p α β η (τ (g, γ) + τ (g, α)/β)) ❚❤❡ ❡①♣❡❝t❡❞ r❡♣❛✐r t✐♠❡ ♦❢ ❛ ❝❛r ✭t❤❡ ♣❡r✐♦❞ t❤❛t ❝♦♥s✐sts ♦❢ ❝♦♥s❡❝✉t✐✈❡ t✐♠❡ ✐t ✐s ✐♥ st❛t❡ b✮ ✐s ❣✐✈❡♥ ❜② ψ -1 ✳ ❚❤✉s t❤❡ t♦t❛• ❡①♣❡❝t❡❞ ✉t✐•✐t② ❞✉r✐♥❣ t❤❛t t✐♠❡ ✐s W b (p, τ ) = -ψ -1 . ❚❤✉s t❤❡ ❛✈❡r❛❣❡ ✉t✐•✐t② ✐s ❣✐✈❡♥ ❜② J(µ, p, π(τ )) = W g (p, τ )ψ -1 ψ Q(b|g,p,τ ) + 1 ✇❤❡r❡ µ ✐s ❛♥ ❛r❜✐tr❛r② ✐♥✐t✐❛• ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✇❤❡r❡ π(τ ) ✐s t❤❡ st❛t✐♦♥❛r② ♣♦•✐❝② t❤❛t ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ τ ❛s ✐♥ ✭✹✮✳ ▲❡t p * ❜❡ ❛ st❛t✐♦♥❛r② ❡q✉✐•✐❜r✐✉♠ ♣♦•✐❝② ❛♥❞ ❛ss✉♠❡ t❤❛t ✐t ✐s ♥♦t ♦♥ t❤❡ ❜♦✉♥❞❛r②✱ ✐✳❡✳ 0 < p * α < 1✳ ❲❡ s❤❛•• ❝♦♥s✐❞❡r t❤❡ ❡q✉✐✈❛•❡♥t ❜✐•✐♥❡❛r ❣❛♠❡✳ ▲❡t ρ * ❜❡ t❤❡ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ p * ✳ ■t ✐s ❛♥ ❡q✉✐•✐❜r✐✉♠ ✐♥ t❤❡ ❜✐•✐♥❡❛r ❣❛♠❡✳ ❙✐♥❝❡ t❤❡ ♦❜•❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s •✐♥❡❛r ✐♥ ρ✱ ρ * s❤♦✉•❞ ❜❡ s✉❝❤ t❤❛t ❡❛❝❤ ✐♥❞✐✈✐❞✉❛• ♣•❛②❡r ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❛♥② st❛t✐♦♥❛r② ♣♦•✐❝②✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✇❡ s❤♦✉•❞ ❤❛✈❡ J(µ, 1 α , π(τ )) = J(µ, 1 γ , π(τ )) ✇❤❡r❡ 1 a ✐s t❤❡ st❛t✐♦♥❛r② ♣✉r❡ ♣♦•✐❝② t❤❛t ❝❤♦♦s❡s ❛•✇❛②s a✳ ❲❡ t❤✉s ♦❜t❛✐♥ t❤❡ ❡q✉✐•✐❜r✐✉♠ ♦❝❝✉♣❛t✐♦♥ ♠❡❛s✉r❡ ρ * ❛s ❛ τ t❤❛t s❛t✐s✜❡s✿ W g (1 α , τ )ψ -1 ψ Q(b|g,α,τ ) + 1 = W g (1 γ , τ )ψ -1 ψ Q(b|g,γ,τ ) + 1 . ❚❤❡ ❡q✉✐•✐❜r✐✉♠ ♣♦•✐❝② p * ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ρ * ❛s ✐♥ ✭✹✮ ❛♥❞ t❤❡ ❡q✉✐•✐❜r✐✉♠ st❛t✐♦♥❛r② ♠❡❛s✉r❡ ✐s ρ * S ✳ ✽ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❈♦♥❝•✉s✐♦♥s ❚❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❣❛♠❡ t❤❛t ✐s ❞❡✜♥❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s s✐♠✐•❛r ✐♥ ♥❛t✉r❡ t♦ t❤❡ ❝•❛ss✐❝❛• tr❛✣❝ ❛ss✐❣♥♠❡♥t ♣r♦❜•❡♠ ✐♥ t❤❛t ✐t ❤❛s ❛♥ ✐♥✜♥✐t② ♦❢ ♣•❛②❡rs✳ ■♥ ❜♦t❤ ❢r❛♠❡✇♦r❦s✱ ♣•❛②❡rs ❝❛♥ ❜❡ ✐♥ ❞✐✛❡r❡♥t st❛t❡s✳ ■♥ t❤❡ ❝•❛ss✐❝❛• tr❛❢✲ ✜❝ ❛ss✐❣♥♠❡♥t ♣r♦❜•❡♠✱ ❛ ❝•

  ❛②❡r ✉s✐♥❣ f τ ✐s ♣♦s✐t✐✈❡✳ ❆ss✉♠♣t✐♦♥ ✭❆✶✮ ❛♣♣❡❛rs ♦❢t❡♥ ✐♥ t❤❡ •✐t❡r❛t✉r❡ ♦♥ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦✲ ❝❡ss❡s ✇✐t❤ ❛✈❡r❛❣❡ ❝♦st ❛♥❞ ✐s r❡❢❡rr❡❞ t♦ ❛s ✏✇❡❛❦•② ❝♦♠♠✉♥✐❝❛t✐♥❣✑ ♣r♦♣❡rt②✱ s❡❡ ❡✳❣✳ ❬✸✷(✱ ❝❤❛♣t❡rs ✽ ❛♥❞ ✾✳ ✹ ■t ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ♦♣t✐♠❛• ❣❛✐♥ ✐♥ ❛ ▼❛r❦♦✈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss s❛t✐s❢②✐♥❣ ✐t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ✐ts ✐♥✐t✐❛• st❛t❡✳ ❆s ✇❡ ✇✐•• s❡❡✱ ✐t ❛•s♦ ❣✉❛r❛♥t❡❡s t❤❛t t❤✐s ♦♣t✐♠❛• ❣❛✐♥ ✐s ❝♦♥t✐♥✉♦✉s ✐♥ τ ✱ ✇❤✐❝❤ ✇✐•• ❜❡ ❝r✉❝✐❛• ✐♥ ♣r♦✈✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡q✉✐•✐❜r✐✉♠ ✐♥ ♦✉r ❣❛♠❡✳ ■t ✐s ❛•s♦ ✇♦rt❤ ♥♦t✲ ✐♥❣ t❤❛t ✇✐t❤♦✉t ❛ss✉♠♣t✐♦♥ ✭❆✶✮ t❤❡ ❛✈❡r❛❣❡✲r❡✇❛r❞ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛• ❣❛♠❡ ♠❛② ❤❛✈❡ ♥♦ st❛t✐♦♥❛r② ❡q✉✐•✐❜r✐❛ ❛t ❛••✳ ❚❤✐s ✐s s❤♦✇♥ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❡①❛♠♣•❡ ✺ ❊①❛♠♣•❡ ✶ ▲❡t ✉s ❝♦♥s✐❞❡r ❛♥ ❛✈❡r❛❣❡ r❡✇❛r❞ ❛♥♦♥②♠♦✉s s❡q✉❡♥t✐❛• ❣❛♠❡ ✇✐t❤ S = {1, 2, 3} ❛♥❞ A(s, µ) = {0, 1}, ✐❢ s = 1 {0}, ♦t❤❡r✇✐s❡ ✱ t❤✉s t❤❡ ❞❡❝✐s✐♦♥ ✐s ♦♥•② ♠❛❞❡ ❜② ♣•❛②❡rs ✐♥ st❛t❡ 1✳ ❋♦r t❤❡ s✐♠♣•✐❝✐t② ✇❡ ✇✐•• ❞❡♥♦t❡ t❤✐s ♦♥•② ❞❡❝✐s✐♦♥ ❜② a ✐♥ ✇❤❛t ✇✐•• ❢♦••♦✇✳ ❚❤❡ ✐♠♠❡❞✐❛t❡ r❡✇❛r❞s ❢♦r t❤❡ ♣•❛②❡rs ❞❡♣❡♥❞ ♦♥•② ♦♥t❤❡✐r ♣r✐✈❛t❡ st❛t❡ ❛s ❢♦••♦✇s✿ u(s) = 3 -s✳ ❋✐♥❛••②✱ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ♦❢ ♣r✐✈❛t❡ st❛t❡s ♦❢ ❡❛❝❤ ♣•❛②❡r ✐s

  ❞r✐✈❡r ✐s ❛ss✉♠❡❞ t♦ ❞r✐✈❡ β t✐♠❡s ❢❛st❡r t❤❛♥ ❛ ❣❡♥t•❡ ❞r✐✈❡r✳ ❯t✐•✐t✐❡s ❆ ❝❛r t❤❛t ❣♦❡s β t✐♠❡ ❢❛st❡r t❤❛♥ ❛♥♦t❤❡r ❝❛r✱ tr❛✈❡rs❡s t❤❡ ✉♥✐t ♦❢ ❞✐st❛♥❝❡ ❛t ❛ t✐♠❡ t❤❛t ✐s β t✐♠❡s s❤♦rt❡r✳ ❚❤✉s t❤❡ ❛✈❡r❛❣❡ ❞❛✐•② ❞❡•❛② ✐t ❡①♣❡r✐❡♥❝❡s ✐s β t✐♠❡s s❤♦rt❡r✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛t ❛ ❞❛② ❞✉r✐♥❣ ✇❤✐❝❤ ❛ ❝❛r ❞r✐✈❡s ❢❛st✱ ✐t s♣❡♥❞s ✶✴β ♦❢ t❤❡ t✐♠❡ t❤❛t t❤❡ ♦t❤❡rs ❞♦✳ ■t ✐s t❤❡♥ r❡❛s♦♥❛❜•❡

  ❛ss ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ s♦✉r❝❡✲❞❡st✐♥❛t✐♦♥ ♣❛✐r✱ ♦r ❜② ❛ ✈❡❤✐❝•❡ t②♣❡ ✭❝❛r✱ ♣❡❞❡str✐❛♥ ♦r ❜✐❝②❝•❡✮✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ tr❛✣❝ ❛ss✐❣♥♠❡♥t ♣r♦❜•❡♠✱ t❤❡ ❝•❛ss ♦❢ ❛ ♣•❛②❡r ✐♥ ♦✉r s❡tt✐♥❣ ❝❛♥ ❝❤❛♥❣❡ ✐♥ t✐♠❡✳ ❚r❛♥s✐t✐♦♥ ♣r♦❜❛❜✐•✐t✐❡s t❤❛t ❣♦✈❡r♥ t❤✐s ❝❤❛♥❣❡ ♠❛② ❞❡♣❡♥❞ ♥♦t ♦♥•② ♦♥ t❤❡ ✐♥❞✐✈✐❞✉❛•✬s st❛t❡✱ ❜✉t ❛•s♦ ♦♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♣•❛②❡rs t❤❛t ❛r❡ ✐♥ ❡❛❝❤ ✐♥❞✐✲ ✈✐❞✉❛• st❛t❡ ❛♥❞ t❤❛t ✉s❡ ❞✐✛❡r❡♥t ❛❝t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡s❡ tr❛♥s✐t✐♦♥s ❛r❡ ❝♦♥tr♦••❡❞ ❜② t❤❡ ♣•❛②❡r✳ ❆ str❛t❡❣② ♦❢ ❛ ♣•❛②❡r ♦❢ ❛ ❣✐✈❡♥ ❝•❛ss ✐♥ t❤❡ ❝•❛ss✐❝❛• tr❛✣❝ ❛ss✐❣♥♠❡♥t ♣r♦❜•❡♠ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❛s t❤❡ ♣r♦❜❛❜✐•✐t② ✐t ✇♦✉•❞ ❝❤♦♦s❡ ❛ ❣✐✈❡♥ ❛❝t✐♦♥ ✭♣❛t❤✮ ❛♠♦♥❣ t❤♦s❡ ❛✈❛✐•❛❜•❡ t♦ ✐ts ❝•❛ss ✭♦r ✐ts ✏st❛t❡✑✮✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ str❛t❡❣② ✐♥ ♦✉r ❝❛s❡ ✐s s✐♠✐•❛r✱ ❡①❝❡♣t t❤❛t ♥♦✇ t❤❡ ♣r♦❜❛❜✐•✐t② ❢♦r ❝❤♦♦s✐♥❣ ❞✐✛❡r❡♥t ❛❝t✐♦♥s s❤♦✉•❞ ❜❡ s♣❡❝✐✜❡❞ ♥♦t •✉st ✐♥ ♦♥❡ st❛t❡✳ ✾ ❆❝❦♥♦✇•❡❞❣❡♠❡♥ts ❲❡ ✇♦✉•❞ •✐❦❡ t♦ t❤❛♥❦ t✇♦ ❛♥♦♥②♠♦✉s r❡❢❡r❡❡s ❢♦r s✉❣❣❡st✐♥❣ s♦♠❡ ✐♠♣♦rt❛♥t ❝❤❛♥❣❡s ✇❤✐❝❤ ❤❡•♣❡❞ ✉s t♦ ✐♠♣r♦✈❡ t❤❡ ♠❛♥✉s❝r✐♣t ❛♥❞ ❆♥❞r③❡• ❙✳ ◆♦✇❛❦ ❢♦r s♦♠❡ •✐t❡r❛t✉r❡ s✉❣❣❡st✐♦♥s✳ ❚❤❡ ✇♦r❦ ♦❢ t❤❡ s❡❝♦♥❞ ❛✉t❤♦r ❤❛s ❜❡❡♥ ♣❛rt✐❛••② s✉♣♣♦rt❡❞ ❜② t❤❡ ❊✉r♦♣❡❛♥ ❈♦♠♠✐ss✐♦♥ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❈❖◆✲ •❆❙ ♣r♦•❡❝t ❋P✼✲■❈❚✲✷✵✶✶✲✽✲✸✶✼✻✼✷✳ |❡❢❡r❡♥❝❡s ✶✳ ❲❛r❞r♦♣✱ ❏✳•✳✿ ❙♦♠❡ t❤❡♦r❡t✐❝❛• ❛s♣❡❝ts ♦❢ r♦❛❞ tr❛✣❝ r❡s❡❛r❝❤✳ Pr♦❝✳ ■♥st✳ ❈✐✈✳ ❊♥❣✳ ✷✱ ✸✷✺✕✸✼✽ ✭✶✾✺✷✮ ✷✳ ❍❛✉r✐❡✱ ❆✳✱ ▼❛r❝♦tt❡✱ P✳✿ ❖♥ t❤❡ r❡•❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ◆❛s❤✲❈♦✉r♥♦t ❛♥❞ ❲❛r❞r♦♣ ❡q✉✐✲ •✐❜r✐❛✳ ◆❡t✇♦r❦s ✶✺✭✸✮✱ ✷✾✺✕✸✵✽ ✭✶✾✽✺✮ ✸✳ ❇♦r❦❛r✱ ❱✳❙✳✿ ❈♦♦♣❡r❛t✐✈❡ ❞②♥❛♠✐❝s ❛♥❞ ❲❛r❞r♦♣ ❡q✉✐•✐❜r✐❛✳ ❙②st❡♠s ❈♦♥tr♦• ▲❡tt❡rs ✺✽✭✷✮✱ ✾✶✕✾✸ ✭✷✵✵✾✮ ✹✳ ▼❛②♥❛r❞ ❙♠✐t❤✱ ❏✳✿ •❛♠❡ ❚❤❡♦r② ❛♥❞ t❤❡ ❊✈♦•✉t✐♦♥ ♦❢ ❋✐❣❤t✐♥❣✳ ■♥✿ ▼❛②♥❛r❞ ❙♠✐t❤✱ ❏✳ ✭❡❞✳✮✿ ❖♥ ❊✈♦•✉t✐♦♥✱ ♣♣✳ ✽✕✷✽✳ ❊❞✐♥❜✉r❣❤ ❯♥✐✈❡rs✐t② Pr❡ss ✭✶✾✼✷✮ ✺✳ ❈r❡ss♠❛♥✱ |✳✿ ❊✈♦•✉t✐♦♥❛r② ❉②♥❛♠✐❝s ❛♥❞ ❊①t❡♥s✐✈❡ ❋♦r♠ •❛♠❡s✳ ▼■❚ Pr❡ss✱ ❈❛♠✲ ❜r✐❞❣❡✱ ▼❆ ✭✷✵✵✸✮ ✻✳ ❱✐♥❝❡♥t✱ ❚✳■✳✱ ❇r♦✇♥✱ ❏✳❙✳✿ ❊✈♦•✉t✐♦♥❛r② •❛♠❡ ❚❤❡♦r②✱ ◆❛t✉r❛• ❙❡•❡❝t✐♦♥ ❛♥❞ ❉❛r✇✐♥✐❛♥ ❉②♥❛♠✐❝s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ◆❡✇ (♦r❦ ✭✷✵✵✺✮ ✼✳ ❏♦✈❛♥♦✈✐❝✱ ❇✳✱ |♦s❡♥t❤❛•✱ |✳❲✳✿ ❆♥♦♥②♠♦✉s ❙❡q✉❡♥t✐❛• •❛♠❡s✳ ❏♦✉r♥❛• ♦❢ ▼❛t❤❡♠❛t✐❝❛• ❊❝♦♥♦♠✐❝s ✶✼✱ ✼✼✕✽✼ ✭✶✾✽✽✮ ✽✳ ❇❡r❣✐♥✱ ❏✳✱ ❇❡r♥❤❛r❞t✱ ❉✳✿ ❆♥♦♥②♠♦✉s s❡q✉❡♥t✐❛• ❣❛♠❡s ✇✐t❤ ❛❣❣r❡❣❛t❡ ✉♥❝❡rt❛✐♥t②✳ ❏♦✉r✲ ♥❛• ♦❢ ▼❛t❤❡♠❛t✐❝❛• ❊❝♦♥♦♠✐❝s ✷✶✱ ✺✹✸✕✺✻✷ ✭✶✾✾✷✮ ✾✳ ❇❡r❣✐♥✱ ❏✳✱ ❇❡r♥❤❛r❞t✱ ❉✳✿ ❆♥♦♥②♠♦✉s ❙❡q✉❡♥t✐❛• •❛♠❡s✿ ❊①✐st❡♥❝❡ ❛♥❞ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❊q✉✐•✐❜r✐❛✳ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✺✭✸✮✱ ✹✻✶✕✽✾ ✭✶✾✾✺✮ ✶✵✳ ❙•❡❡t✱ ❈✳✿ ▼❛r❦♦✈ ♣❡r❢❡❝t ❡q✉✐•✐❜r✐❛ ✐♥ ✐♥❞✉str✐❡s ✇✐t❤ ❝♦♠♣•❡♠❡♥t❛r✐t✐❡s✳ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✶✼✭✷✮✱ ✸✼✶✕✸✾✼ ✭✷✵✵✶✮ ✶✶✳ ❈❤❛❦r❛❜❛rt✐✱ ❙✳❑✳✿ P✉r❡ str❛t❡❣② ▼❛r❦♦✈ ❡q✉✐•✐❜r✐✉♠ ✐♥ st♦❝❤❛st✐❝ ❣❛♠❡s ✇✐t❤ ❛ ❝♦♥✲ t✐♥✉✉♠ ♦❢ ♣•❛②❡rs✳ ❏✳ ▼❛t❤✳ ❊❝♦♥♦♠✳ ✸✾✭✼✮✱ ✻✾✸ï➾➼✲✼✷✹ ✭✷✵✵✸✮ ✶✷✳ ❆❞•❛❦❤❛✱ ❙✳✱ ❏♦❤❛r✐✱ |✳✿ ▼❡❛♥ ❋✐❡•❞ ❊q✉✐•✐❜r✐✉♠ ✐♥ ❉②♥❛♠✐❝ •❛♠❡s ✇✐t❤ ❙tr❛t❡❣✐❝ ❈♦♠♣•❡♠❡♥t❛r✐t✐❡s✳ ❖♣❡r❛t✐♦♥s |❡s❡❛r❝❤✱ ✻✶✭✹✮✱ ✾✼✶✕✾✽✾ ✭✷✵✶✸✮ ✶✸✳ •r❡❡♥✱ ❊✳✿ ◆♦♥❝♦♦♣❡r❛t✐✈❡ Pr✐❝❡ ❚❛❦✐♥❣ ✐♥ ▲❛r❣❡ ❉②♥❛♠✐❝ ▼❛r❦❡ts✳ ❏♦✉r♥❛• ♦❢ ❊❝♦✲ ♥♦♠✐❝ ❚❤❡♦r② ✷✷✱ ✶✺✺✕✶✽✶ ✭✶✾✽✵✮ ✶✹✳ •r❡❡♥✱ ❊✳✿ ❈♦♥t✐♥✉✉♠ ❛♥❞ ❋✐♥✐t❡✕P•❛②❡r ◆♦♥❝♦♦♣❡r❛t✐✈❡ ▼♦❞❡•s ♦❢ ❈♦♠♣❡t✐t✐♦♥✳ ❊❝♦♥♦♠❡tr✐❝❛ ✺✷✱ ✾✼✺✕✾✾✸ ✭✶✾✽✹✮ ✶✺✳ ❍♦✉s♠❛♥✱ ❉✳✿ ■♥✜♥✐t❡ P•❛②❡r ◆♦♥❝♦♦♣❡r❛t✐✈❡ •❛♠❡s ❛♥❞ t❤❡ ❈♦♥t✐♥✉✐t② ♦❢ t❤❡ ◆❛s❤ ❊q✉✐•✐❜r✐✉♠ ❈♦rr❡s♣♦♥❞❡♥❝❡✳ ▼❛t❤❡♠❛t✐❝s ♦❢ ❖♣❡r❛t✐♦♥s |❡s❡❛r❝❤ ✶✸✱ ✹✽✽✕✹✾✻ ✭✶✾✽✽✮ ✶✻✳ ❙❛❜♦✉r✐❛♥✱ ❍✳✿ ❆♥♦♥②♠♦✉s r❡♣❡❛t❡❞ ❣❛♠❡s ✇✐t❤ ❛ •❛r❣❡ ♥✉♠❜❡r ♦❢ ♣•❛②❡rs ❛♥❞ r❛♥❞♦♠ ♦✉t❝♦♠❡s✳ ❏♦✉r♥❛• ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✺✶✭✶✮✱ ✾✷✕✶✶✵ ✭✶✾✾✵✮ ✶✼✳ ❑r✉s❡••✱ P✳✱ ❙♠✐t❤✱ ❆✳❆✳ ❏r✳✿ ■♥❝♦♠❡ ❛♥❞ ❲❡❛•t❤ ❍❡t❡r♦❣❡♥❡✐t② ✐♥ t❤❡ ▼❛❝r♦❡❝♦♥♦♠②✳ ❏♦✉r♥❛• ♦❢ P♦•✐t✐❝❛• ❊❝♦♥♦♠② ✶✵✻✱ ✽✻✼ï➾➼✲✽✾✻ ✭✶✾✾✽✮ ✶✽✳ ❍♦♣❡♥❤❛②♥✱ ❍✳❆✳✿ ❊♥tr②✱ ❡①✐t✱ ❛♥❞ ✜r♠ ❞②♥❛♠✐❝s ✐♥ •♦♥❣ r✉♥ ❡q✉✐•✐❜r✐✉♠✳ ❊❝♦♥♦♠❡tr✐❝❛ ✻✵✭✺✮✱ ✶✶✷✼✲✶✶✺✵ ✭✶✾✾✷✮