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ABSTRACT for a similar computational cost. We propose in this paper a new

1 . , method wich exactly and efficiently updates the eigenvalues of the
The ESPRIT algorithfhis a subspace-based high resolution

) o i . _spectral matrix at each time step.
method used in source localization and spectral analysis. It relies hi ) zed as foll ) briefly d i
on the rotational invariance property of the signal subspace, and 1 NiS Paper is organized as follows. Section 2 briefly describes

provides accurate estimates of the signal parameters. However, itdhe E,SPRlT method. Segtion 3 introduces a new algorithm for
main drawback is a high computational cost. tracking the spectral matrix. Then our adaptive EVD algorithm

In an adaptive context, some very fast algorithms were pro- is presented in s_ection 4. The performange .Of this fast adaptive
posed to robustly track the variations of the signal subspace. Based=>F RIT method is compared to that of existing methods in sec-

on these subspace trackers, we propose a new adaptive implemeﬁi-on 5 Section 6 presents the_ analysis (.)f an aud_io signal. Finally,
tation of the ESPRIT algorithm, faster than the existing methods. section 7 summarizes the main conclusions of this paper.

1. INTRODUCTION
2. ESTIMATION OF SIGNAL PARAMETERSVIA

The ESPRIT algorithm [1] first consists in estimating the signal ROTATIONAL INVARIANCE TECHNIQUES

subspace. Then a so-callsgectral matrixis derived from this

subspace, whose eigenvalues characterize the signal parameters., 5o, rce localization and spectral analysis, the observed data can
_ Adaptive |mpleme_ntat|0ns of the ESPRIT algo_rlthm fqr track- pe arranged into a sequencewsfiimensional vectoréx () }, where

ing the spectral matrix were already proposed in the literature, ; - 7 |t there is no noise, it can be shown that these vectors be-

based on specific subspace trackers. For example, the techniqu&,ng to thesignal subspacepanned by the Vandermonde matrix
presented in [2] relies on &ingular Value DecompositiofEVD)

updating algorithm [3], and that proposed in [4] is based on the

rank-revealing URV decomposition [5]. The complexity of these 1 e 1
methods is proportional 10 (n?) operations for each time update, z1 e Zr
wheren is the dimension of the data vectors. In [6], other adaptive V= . . )
algorithms were proposed for the LORAF [7] and the Bi-SVD [8] R T
subspace trackers. In comparison with [2] and [4], the complexity 21 o A

of these algorithms is reduced@(nr?) or O(nr), wherer is the
dimension of the signal subspace (in practice < n). However

5 . . .
W? obster(\j/ed ihatthoncljy tk@g”;j ) alg?onthms in [6] are of pt:acncal is a complex pole of the signal. In practice, the ma¥ixis un-
interest, due 1o the degraded performance ofiter) subspace = g However, in presence of white noise, & r matrix W (t)

trackers. In [9], we proposed a new adaptive algorithm based Onspanning the signal subspace can be estimated from the vectors ob-

the PAST [10] and related subspace trackers, whose complexity is ; o . .
O(nr). Its performance is the same as that of mémg) algo- served in the analysis window. This operation involves the SVD of

rithms in 161. Below. we or more efficient implementation a data matrix, or the EVD of a correlation matrix, which requires
Sin [6]. €low, We propose a more efficie piementatio O(n®) operations. In an adaptive context, the signal variations can
of the approach introduced in [9].

. L be tracked by time-shifting the analysis window. The complexity
. The ;econd step of the ESPRI.T algorithm conS|sts_|n COMPUL- ¢ the subspace estimation can be reduced by using a fast subspace
ing the eigenvalues of the x r estimated spectral matrix. They

can be obtained via dgigen-Value DecompositiiiE VD), whose tracker which eff|(:|ent|.y updat_eﬁf(t). . ) i
complexity isO(r*), as proposed in [4]. However they can also The ESPRIT algorithm reheg on the rotational invariance prop-
be recursively updated. A first approach proposed in [11] relies on €rty Of the Vandermonde matrik’. Let V' be the matrix ex-
perturbation theory, but we observed that it fails to robustly track tracted fromV" by deleting the last row. Similarly, lev’; be
frequency variations. Another technique proposed in [6] relies on the matrix extracted fromV” by deleting the first row. Then it

thesplit-Schurtheorem, but proves to be less precise than an EVD, €an be shown thav'; = V', D, whereD = diag(z1 ... z).
The estimated matri¥V (¢) satisfies a similar invariance property:

1ESPRIT stands foEstimation of Signal Parameters via Rotational In- W (t)1 = W (t), ®(t), where the eigenvalues of the< r matrix
variance Techniques ®(t), herein callegspectral matrix are the complex poles,.

wherer is the model order andk € {1...r}, 2z € C — {0}




Consequently, the LS-ESPRIT algorithm [1] consists in:
q Y, 9 [ Table 1. Adaptive computation of the spectral matrix

1. estimating the subspace weighting maw(t), Eq. | Cost

2. computing® (¢) by means of théeast Square S) method: e () =W, (t—1D7er(t) ® | nr
H

o(t)=W(@1),'W), 1) eZL(t) Wi(t—1)"e(t) 9 nr
: ey (t) = e (t) + (1) ( 1(t)"e ( ) 10)| n
(wheref denotes the Moore-Penrose pseudo-inverse), ) =W(t—1)+e (t)g)" +gt) e, )T | A1) | 202
3. estimating the complex poles as the eigenvalues &(t). pt) =) v(t) (6) 72
®(t) = ¥(t) + 7y v ()" ®) |

3. SPECTRAL MATRIX TRACKING

As mentioned in section 2, the first step of the ESPRIT algorithm
consists in estimating the subspace weighting matvixt). Al-
though no assumption is made about the structure of this matrix, Several subspace trackers such as PAST [10] and NIC [13] mrovid
many subspace estimation techniques produce an orthonormal maa rank-one update faV (¢):

trix W (¢). In section 3.1, we show that this property can be taken

into account in the second step of the ESPRIT method, in order W(t)=W(t—1)+et)gt)” (7)

to efficiently compute the spectral matrix. Besides, in an adaptive

context, the complexity can be further reduced by exploiting the wheree(t) andg(t) aren andr-dimensional vectors. Here we
structure of the update involved in the subspace tracker, as showrfocus on those which additionally guarantee the orthonormality of
in section 3.2. We thus obtain a fast algorithm for tracking the w (¢), such as in [14-17], in order to use the results in section 3.1.

spectral matrix. Its cost is lower than that of the algorithm that |n this case, it will be shown below tha (t) satisfies a similar
we proposed in [9], which did not exploit the orthonormality of recursion. Indeed, let

3.2. Adaptive computation of the spectral matrix

W (t).
_ _ e(t) = W (t—1)"e (), ®)
3.1. Fast computation of the spectral matrix er(t) = Wi(t— 1)Hel(t)7 )
If the matrix W (t), is full-rank (which is always the case in prac- / _ H
tice), equation (1) can be written in the form er(t) = ex(®)+g(t) (eT(t) el(t)) ' (10)
(1) = Q(t) (1) (2) Substituting equations (7), (8), (9) and (10) into equation (4)
whereQ(t) and ¥ (¢) are ther x r matrices shows that’ (¢) satisfies a rank-two recursion:
-1
Qe = (Wl(t)H Wl(t)) : ®3) ) =W(t—1)+e_(t)gt)? +g(t) e, (). \ (11)
() & W () W) 4)

This recursion leads to an adaptive computation of the spectral ma-
The computation of(t) involves nr? MAC?, and that of trix, as shown in table 1. The global cost is onl{2r + 1) + 472
Q(t) involvesnr® + O(r®) MAC. The overall computation of  MAC (instead of in8nr + O(r2) in [9]).

®(t) as defined in equation (2) therefore invol@&s-> + O(r®) Besides, the last row of equation (7) can be written in the form:

MAC. It will be shown below that this cost can be reduced by as-

suming that the matri¥¥’ (¢) is orthonormal. vt)=v(t—1)+gt)e.(t) (12)
Indeed, ifW (t) is orthonormal§2(¢) can be easily calculated.

The equatiorW (t) W (t) = I, shows that¥V | (1) W | (t) = where e, (t) is the last coefficient ok(t). Substituting equa-

I, —v(t)v(t)¥, wherev(t)” is the last row ofW (¢). Thus tions (11) and (12) into (5) yields a rank-three recursiondgt):
W (t)" W | (t) is a rank-one modification of the identity matrix.
Finally, the matrix inversion lemma [12, pp. 18-19] shows that ®(1t) = d(t—-1)+glt)el)?

13)
—_(t)ygt)? t—1)Ap(t) (
Q) =1, + — vty w()". Te-()9()7 vt 1) Aot
1= v @)l
T . Lo . . where
Substituting this last equation into equation (2) yields
1 I " _ ’ €n(t)
. . . ' t) e(t—1)
where ther-dimensional vectogp (t) is defined as Ap(t) = L — .
; N Ol
o(t) = T() v(t). ) _ _ _
Thus the matrix® () is a rank-one modification o¥ (¢). By Below, equation (13) will be compacted in the form
successively computing equations (4), (6) and (5), the calculation &(t) = ®(t — 1) + alt) b(t)H (14)

of the spectral matrix involves onlyr® + O(r?) MAC.

2In this paper, the computational costs are expressed in tefms o Wherea(t) andb(t) arer x 3 matrices. Note that the additional
Multiply-ACcumulate (MAC) operations. calculation ofe’} (t) and A¢(t) only involvesO(r) MAC.



4. EIGENVALUESTRACKING

The eigenvalues oP(¢) can be obtained by computing its EVD,
which involvesO(r®) MAC. However, in an adaptive context, we
propose in this section a fast algorithm for diagonalizé),
which exploits the structure of the update in equation (14).
Suppose that an EVD of thex r matrix ®(¢ — 1) is known:
Dt-1)=G'(t—

D7 ®t—-1)G({t—1) (15)

whereD(t — 1) = diag{z1(t — 1)...2.(t — 1)}, G(t — 1) is
non-singular, and' (t —1) = G(t —1)~¥. Then define the x r
matrix _

D) 2Gt-1D)"®1t)G(t-1). (16)

Note that the eigenvalues @ (t) are the same as those ®ft).
Substituting equations (14) and (15) into equation (16) yields

D(t) = D(t—1)+a(t) b(t)", )
where

at) = G'(t—1)"a(t) (18)

b(t) = G(t—1)"b(). (19)

Thus the ma’gixf)(t) is a low-rank modification oD (¢t —1). Now
suppose thaD(t) is diagonalizable in the form

D(1) = G' (1" D) G(1), (20)
where D(t) = diag{z1(t)...z-(t)}, G(t) is non-singular, and
G'(t) = G(t)~". Then an EVD of®(t) can be derived from this

last EVD. Indeed, substituting equation (20) into (16) yields
D(t) =G' ()" @(t) G(t),

where ther x r matricesGG(t) andG(¢) are non-singular:
G(t-1)G(1),

~1

G'(t—1)G (b).

G(t)
G'(t)

(1)
(22)

Note that the column vectorsg, (¢),. ..

,g,.(t)} of the matrix
G(t) are the right eigenvectors of the matdX(t). In the same
way, the column vectorgy (t), ..., g,_,(t)} of the matrixé/(t)

are the left eigenvectors of the matlﬁ(t). Below, proposition 1

describes the eigenstructure of the mafb(t). Its proof can be
found in appendix A.

Proposition 1. Suppose that all eigenvalues®{t — 1) and ®(t)
are simple, and that all eigenvalues @f(¢) differ from those of
P(t — 1). Consider thed x 3 matrix
B(zt) £ L-b(®)" (zI, - D(t - 1)) " a(1),
defined for allz € C — {eig(®(¢t — 1))}.
Then the- eigenvalues oP(¢) match the roots of the equation

det(p(z;t)) = 0. (24)

(23)

If 21 (t) is such an eigenvalue, the corresponding right eigenvector
g, (t) and left eigenvecta;, () of D(¢) can be written in the form

g5 (1) (zu(t) I = D(t = 1)) a(t) v, (t), (25)
gi(t)

(zi(t) I, — D(t — 1)) "™ b(t) v}, (t), (26)

where

v(t) € ker{o(zk(t);t)},
vi(t) € ker{g(zk(t);t)H}.

@7)
(28)

Proposition 1 suggests a fast way of diagonalizing ), from
which the EVD of®(¢) can be deduced. The pseudo-code of the
complete algorithm is summarized in table 2. Its complexity is
2r3 + O(r?), instead oO(r*) for a full EVD®.

Table 2. Adaptive computation of the eigenvalues

Eq. | Cost
a(t) = G'(t - DHH a(t) (18) | 3r2
b(t) = G(t — 1)"b(t) (19) | 3r2
Computéthe roots{z, (t)} of det (é(z; t)) =0 (24)| O(r?)
Fork =1tordo rX
b, (t) = (21 (1); 1) (23) ] o)
Extracty, (t) from ker {Qk(t)} 27| 0(1)
gi(t) o< (zx(t) I = D(t = 1)) ' a(t) v (t)  (25) | 3r
Extracty) (t) from ker {Qk(t)H} (28) | O(1)
G () o (z(8) I — D(t = 1)) b(t) vy (t)  (26) | 3r
End for
Re-normalize the columns @&(t) andé'(t)
in order to obtairﬁ:‘/(t)Hé(t) =1, 472
G(t) = G(t — 1) G(t) 21| »3
GH)=G{t—1)G () 2)| 8

5. SSMULATION RESULTS

In this section, the performance of the tracking is illustrated in the
context of frequency estimation. The test signal is a sum-ef4
complex sinusoidal sources plus a complex white gaussian noise
(the SNR is 5.7 dB). The frequencies of the sinusoids vary accord-
ing to a scenario illustrated in figure 1-a: two of them are constant
and have close values (below the Fourier resolution limit), the third
one is sinusoidally modulated, and the last one is a discontinu-
ous, piecewise linear function. The tracking of these frequencies
is performed by means of three algorithms, whose computational
costs are summarized in table 3: a non-adaptive estimation scheme
based on the EVD of the signal correlation matrix, the adaptive ES-
PRIT algorithm proposed in [6], and our new methods for tracking
the spectral matrix and its eigenvalues, associated to the YAST
subspace tracker [16].

Figures 1-b to 1-d show the frequency tracking results, ob-
tained with parametets: = 80 and§ = 0.99. The dotted lines

3The computation of an EVD is an iterative process whose exst o
ation count depends on the particular matrix to be decompadéedever,
the number of MAC involved is much greater th2u? in usual cases.

41t can be shown thaflet(¢(2;t)) is proportional to the characteris-
tic polynomial of D(t). The roots of this equation can be computed via
standard numerical methods.

58 is the forgetting factor of the exponential window used fstiraat-
ing the signal correlation matrix.



band signals (via filtering/decimating, as proposed in [18]). In the
example proposed below, this pre-processing is not used, since the
chosen piano tones have few sinusoidal components. In addition,

Fig. 1. Frequency estimation and tracking
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Table 3. Complexities of various adaptive ESPRIT algorithms

=
Q
=]
S

Step Algo. 1 Algo. 2 Algo. 3

1. Subspace| EVD || LORAF2[7] || YAST [16]

estimation || O(n?) nr? dnr . =

2. Spectral || eqg. (1) ref. [6] Table 1 0 01 02 s P d;’)-‘* 05 06
matrix onr? nr? 2nr

3. Complex EV? EV? Tabls 2 Fig. 2. Time waveform (a) and spectrogram (b) of the piano signal
poles o(r’) O(r’) 2r for the frequency tracking test.

The frequency tracking method presented in sections 3 and 4
o ) o __ is applied to the following signal: the C5 tone is played at time
indicate the true frequency parameters, while the solid lines indi- 4 — 5, then the G5 is played at time= 0.36s, while the C5 is
cate the estimated frequencies. The frequency trajectories obtaineghaintained (the time waveform and the spectrogram of this signal

with the EVD-based algorithm are displayed in figure 1-b. This re- 4a represented in figure 2). Figure 3 shows the result of the track-
sultis to be compared to that obtained with the adaptive ESPRIT jng. The analysis parameters are= 28 (i.e. 14 real sinusoids),

algorithm [6] associated with the LORAF2 subspace tracker [7], ,, — 250 (i.e. 25ms), and3 = 0.99, and the sinusoids energies

represented in figure 1-c. The response of this algorithm to fre- (estimated by means of the LS method) are represented on a log-
quency variations is slower. Finally, figure 1-d shows the trajec- arithmic scale using gray levels for the plot. Since the number
tories estimated by the tracking methods presented in this paperqf sinusoids is over-estimated in the first half of the sound, some

associated to the YAST subspace tracker [16]. The performance ofspyrious poles are detected. However, the algorithm proves to be
this technique is closer to that of the EVD-based algorithm. Be- (qpust to the attack of the second tone.
sides, it is the less computationally demanding approach.

7. CONCLUSIONS
6. APPLICATION TO AUDIO
In this paper, we proposed a fully adaptive implementation of the

This section illustrates the application of our adaptive ESPRIT al- ESPRIT algorithm. This new approach can be used in conjunc-
gorithm to a musical signal. The study deals with two piano tones, tion with any subspace tracker which involves a rank-one update
C5 and G5, sampled at 11025 Hz. and guarantees the orthonormality of the subspace weighting ma-

First, it must be mentioned that audio signals often require trix, such as [14-17]. These two conditions are necessary for effi-
some pre-processing before estimating and tracking the sinusoidsciently updating the spectral matri(¢), by means of a rank-three
For example, signals with a high number of sinusoids (typically update. The resulting tracking method is faster than the algorithm
low-pitched sounds) may first be decomposed into several sub-that we proposed in [9], and than any other existing method. Be-
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Fig. 3. Frequency tracking of the piano signal.

sides, the EVD of the spectral matrix can be updated by taking the
structure of the recursion f@(t) into account. The overall com-

plexity of our new adaptive ESPRIT algorithm is ordygr + 273

MAC. Our simulation results show that this algorithm robustly

(1]

(2]

(3]

(4]

(5]

(6]

(7]

tracks abrupt frequency variations, and can be successfully applied [8]
to audio signals. It reaches the best performance when used in con-

junction with the YAST subspace tracker [16].

A. APPENDIX

Proof of proposition 1.Let z;(t) be an eigenvalue ab(t), and

g, (t) andg, (¢) the corresponding right and left eigenvectors. Then

(I, -D@-1)g = a@) (bt)"g), (29

(I, -D(t-1)'g = b®(an”s). (@0
Define

v (t) 2 b1 g, (), (31)

u(t) = at)”g. (32)

If zx(t) is not an eigenvalue @b (¢t — 1), the matrixzy, (¢) I —

D(t — 1) is non-singular. Then equation (25) is obtained by left-

multiplying equation (29) by(zI, — D(t — 1))*1. Substituting
equation (25) into equation (31) yields equation (27).
Since the vectog, (¢) is non-zero,v, (t) is also non-zero,

thus the matrixp(zx (¢); t) is singular and its determinant is zero.
Then equation (26) is obtained by left-multiplying equation (30)
by (zI, — D(t — 1))~ '*. Substituting equation (26) into equa-

tion (32) finally yields equation (28). Conversely,zif(¢) is de-
fined as a root of the equation (24), then the vectgr&) and

9]

(10]

(11]

(12]

(13]

(14]

15]

(16]

(17]

v} (t) can be defined as in equations (27) and (28), and the vectors
g (t) andg, (¢) can be defined as in equations (25) and (26). Then [18]

it can be readily verified thaj, (¢) andg, (t) are the right and left
eigenvectors op(t) associated to the eigenvaleg(t). Thus the
eigenvalues oD (t) match the roots of equation (24). O
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