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ROBIN SCHWARZ ALGORITHM FOR THE NICEM METHOD: THE
Po FINITE ELEMENT CASE

CAROLINE JAPHET*, YVON MADAY', AND FREDERIC NATAF#

Abstract. In [16, 25] we proposed a new non-conforming domain decomposition paradigm, the
New Interface Cement Equilibrated Mortar (NICEM) method, based on Schwarz type methods that
allows for the use of Robin interface conditions on non-conforming grids. The error analysis was done
for P finite elements, in 2D and 3D. In this paper, we provide new numerical analysis results that
allow to extend this error analysis in 2D for piecewise polynomials of higher order and also prove the
convergence of the iterative algorithm in all these cases.

Key words. Optimized Schwarz domain decomposition, Robin transmission conditions, finite
element methods, non-conforming grids, error analysis, piecewise polynomials of high order, NICEM
method.

1. Introduction. The New Interface Cement Equilibrated Mortar (NICEM)
method proposed in [16] is an equilibrated mortar domain decomposition method that
allows for the use of optimized Schwarz algorithms with Robin interface conditions
on non-conforming grids. It has been analyzed in [25] in 2D and 3D for Py elements.

The purpose of this paper is to extend this numerical analysis in 2D for piecewise
polynomials of higher order. We thus establish new numerical analysis results in the
frame of finite element approximation and also present the iterative algorithm and
prove its convergence in all these cases.

We first consider the problem at the continuous level: Find u such that

L(u) = fin Q
C(u) = g on 02

where £ and C are partial differential equations. The original Schwarz algorithm
is based on a decomposition of the domain €2 into overlapping subdomains and the
resolution of Dirichlet boundary value problems in each subdomain. It has been
proposed in [30] to use more general interface/boundary conditions for the problems
on the subdomains in order to use a non-overlapping decomposition of the domain.
The convergence factor is also dramatically reduced. More precisely, let £ be a C1!
(or convex polygon in 2D or polyhedron in 3D) domain of IR?, d = 2 or 3; we assume

it is decomposed into K non-overlapping subdomains: 2 = Uszlﬁk. We suppose that
the subdomains 9%, 1 < k < K are either C*! or polygons in 2D or polyhedrons in
3D. We assume also that this decomposition is geometrically conforming in the sense
that the intersection of the closure of two different subdomains, if not empty, is either
a common vertex, a common edge, or a common face of the subdomains in 3D'. Let
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1This assumption is not restrictive since in the case of a partition geometrically non-conforming,
the faces can be decomposed in subfaces to obtain a geometrical conformity
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n;. be the outward normal from QF. Let (Bk,e)1<k <K ke be the chosen transmission
conditions on the interface between subdomains Q¥ and Qf (e.g. Bie = ;’Tk + ag).

What we shall call here a Schwarz type method for the problem (1.1)-(1.2) is its
reformulation:  Find (uy)1<k<x such that

L(uy) = fin QF
C(ug) = g on 9QF NN
Bk,e(uk) = Bkyg(ug) on 9N* N 898,

leading to the iterative procedure

Lupt) = fin QF
C(uZJFl) = g on 8QF N AN
By o(up ) = Byo(u}) on 90F N oQ°.

The convergence factor of associated Schwarz-type domain decomposition methods
depends largely on the choice of the transmission operators By, ¢ (see for instance [20,
33, 19, 18, 13, 14, 29, 4, 38, 31, 10] and [32, 17]). More precisely, transmission
conditions which reduce dramatically the convergence factor of the algorithm have
been proposed (see [23, 22, 24]) for a convection-diffusion equation, where coefficients
in second order transmission conditions where optimized.

On the other hand, the mortar element method, first introduced in [8], enables
the use of non-conforming grids, and thus parallel generation of meshes, local adaptive
meshes and fast and independent solvers. It is also well suited to the use of ” Dirichlet-
Neumann” ([17]), or ”Neumann-Neumann” preconditioned conjugate gradient method
applied to the Schur complement matrix [27, 2, 36]. In [1], a new cement to match
Robin interface conditions with non-conforming grids in the case of a finite volume
discretization was introduced and analyzed. Such an approach has been extended to
a finite element discretization in [16]. A variant has been independently implemented
in [28] for the Maxwell equations, without numerical analysis. Another approach, in
the finite volume case, has been proposed in [35].

The numerical analysis of the NICEM method proposed in [16] is done in [25]
for P finite elements, in 2D and 3D. These results are for interface conditions of
order 0 (i.e. Bie = aaTk + a) and are the prerequisites for the goal in designing this
non-overlapping method for interface conditions such as Ventcel interface conditions
which greatly enhance the information exchange between subdomains, see [26] for
preliminary results on the extension of the NICEM method to Ventcel conditions.

The purpose of this paper is first to present a general finite element NICEM
method in the case of P, finite elements, with p > 1 in 2D and p = 1 in 3D. We also
provide a Robin iterative algorithm and prove its convergence. Then, we present in
full details the error analysis in the case of piecewise polynomials of high order in 2D.

In Section 2, we describe the NICEM method in 2D and 3D. Then, in Section 3,
we present the iterative algorithm at the continuous and discrete levels, and we prove,
in both cases, the well-posedness and convergence of the iterative method, for polyno-
mials of low and high order in 2D, and for P; finite elements in 3D. The convergence
is also proven in 3D for P, finite elements, p > 1, in a weak sense. In Section 4 we
extend the error estimates analysis given in [25] to 2D piecewise polynomials of higher
order. We finally present in Section 5 simulations for two and four subdomains, that
fit the theoretical estimates.



2. Definition of the method. We consider the following problem : Find u
such that
(Id—Ayu=f inQ (2.1)
u=0 on 0f,
where f is given in L2(f2).
The variational statement of the problem (2.1)-(2.2) consists in writing the problem
as follows : Find u € Hg () such that

/ (VuVo +wv) dx = / fvdz, Vv e Hy(Q). (2.3)
Q Q

We introduce the space H!(QF) defined by
HY(QF) = {p € HYQF), =0 over QN IN*"Y,

and we introduce I'*¢ the interface of two adjacent subdomains, T'** = 90F N 9OF.
It is standard to note that the space H}(2) can then be identified with the
subspace of the K-tuple v = (vy, ..., vx ) that are continuous on the interfaces:

K
V={v=(v1,..,vx) € [[ HAQ¥), Vk,t,k # £, 1 <k, 0 < K, v = v, over T*'}.
k=1
Following [25], in order to glue non-conforming grids with Robin transmission condi-

tions, we impose the constraint v, = v, over I'* through a Lagrange multiplier in
H~'/2(90). The constrained space is then defined as follows

V={(vg e <H Hi(Q’“)> X <H H1/2(aﬂk)>,
k=1

k=1
vr = ve and g = —qg over I Vk, (}. (2.4)
Then, problem (2.3) is equivalent to the following one (see [25]): Find (u,p) € V such

that
K

K
Z/ (Vuvak + ukvk) dr — Z H—1/2(90F) < Pk, Uk >H1/2(6Qk)
k=1"/0*

=t K K
=" frvrdz, Vue [ HEQY).
k=1 /Q’“ k=1

Being equivalent with the original problem, where p; = % over 9QF, this problem

is well posed. This can also be directly derived from the proof of an inf-sup condition
that follows from the arguments developed hereafter for the analysis of the iterative
procedure.

Note that the Dirichlet-Neumann condition in (2.4) is equivalent to the following
combined equality

pr+ aup, = —pg + aug  over TP Yk, (. (2.5)

As noticed in [25], for regular enough function it is also equivalent to

/ E((Pk + aug) — (—pe + aue))Pre = 0, Vi o € L2(TFY), Vi, ¢, (2.6)
Tk,

which is the form under which the discrete method is described.
Let us describe the method in the non-conforming discrete case.
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2.1. Discrete case. We introduce now the discrete spaces for piecewise polyno-

mials of higher order in 2D. Each QF is provided with its own mesh 7,F, 1 <k < K,
such that
Qk = UTET;' T.
For T € TF, let hp be the diameter of T' (hp = sup,, e d(x,y)) and h the discretiza-
tion parameter h = maxj<p<x hy, with hy = maxycyk hr. As noticed in [25], for
the sake of readability we prefer to use h instead of hy, but all the analysis could be
performed with hy, instead of h. Let pr be the diameter of the circle (in 2D) or sphere
(in 3D) inscribed in T, then op = };—5 is a measure of the non-degeneracy of T'. We
suppose that ’771’“ is uniformly regular: there exists o and 7 independent of i such that
VT € 7;1’“, or < o, Th < hp. We consider that the sets belonging to the meshes are of
simplicial type (triangles), but the analysis made hereafter can be applied as well for
quadrangular meshes. Let P,(T") denote the space of all polynomials defined over T’
of total degree less than or equal to p. The finite elements are of Lagrangian type, of
class CY. We define over each subdomain two conforming spaces th and X ,’j by:

—k
th = {Uh,k S CO(Q ), Uh,le S PP(T), VT € 775},
Xy = {onk € v, Un,k|aqknon = 0}.

In what follows we assume that the mesh is designed by taking into account the
geometry of the T'®* in the sense that, the space of traces over each I'*¢ of elements
of th is a finite element space denoted by y,’j’e. Let k£ be given, the space y,’; is then
the product space of the y,’j’e over each ¢ such that T®* # (). With each such interface
we associate a subspace W,f *of y,’f’é in the same spirit as in the mortar element
method [8] in 2D or [6] and [9] in 3D. To be more specific, in 2D if the space XF
consists of continuous piecewise polynomials of degree < p, then it is readily noticed
that the restriction of X ,’f to I'®* consists in finite element functions adapted to the
(possibly curved) side T®* of piecewise polynomials of degree < p. This side has
two end points that we denote as xlg’e and ac]f\}é that belong to the set of vertices of
the corresponding triangulation of T'%*¢ : zg’e,xlf’e, ...,x]]c\}{l, zf\}e. The space W,’:’e is
then the subspace of those elements of y,’j’e that are polynomials of degree < p —1
over both [xg’e,xlf’e] and [x%{l,xl;\}e]. As before, the space W,’f is the product space

of the W,f’é over each ¢ such that T'®* # (). Let o be a given positive real number.
Following [25], the discrete constrained space is defined as

Vi = {(u,p,) € (H X;'i) X <H W;f),
k=1 k=1

/k E((ph,k Faung) — (=P + 0un))n e =0, Ynpe € W'Y, (2.7)
Tk,

and the discrete problem is the following one : Find (u,p, ) € V), such that

K
Vyh = ('Uh,h ---'Uh,K) (S Hk:l X;f,

K K K
Z/ (Vuh,vah,k + uh7kvh,k) dr — Z/ ph,kvmkds = Z/ fk’l}hkdl'. (2.8)
k=1 k=17 90k k=179"

The Robin condition (2.7) is the discrete counterpart of (2.6).
4



3. Iterative algorithm. Let us describe the algorithm in the continuous case,
and then in the non conforming discrete case. In both cases, we prove the convergence
of the algorithm towards the solution of the problem.

3.1. Continuous case. Let us consider the Robin interface conditions (2.5).
We introduce the following notations: < p,v > a0k =pg-1/2(90k)< P,V > pg1/2(90r) and
<PV DR = 12 (pieyy < Py U > g2 pey- The algorithm is then defined as follows:

00 00

let (up,p}) € HY(QF) x H=1/2(9QF) be an approximation of (u,p) in QF at step n.
Then, (u} ™, pp™) is the solution in H(QF) x H~1/2(90F) of

/ (VuZHVvk + uzﬂvk) dr— < pZH,Uk > o0k = / frupdz, Y, € Hj(Qk), (3.1)
QF Qk

n+1

<p.,  + auzﬂ, Vi >rree=< *p? + au?,vk >Srke, Yo € H010/2(Fk’e). (3.2)

It is obvious to remark that this series of equations results in uncoupled problems set
on every QF. Recalling that f € L?(f2), the strong formulation is indeed that

—Aupt 4 ud T = over QF
aun—i-l
k n+1l __ n n k.,
oy +ouy" = —-p;/ +au; overD

n+1
n+l _ auk

. over ONF, (3.3)

an
From this strong formulation it is straightforward to derive by induction that if each
pY, k=1,..,K,is chosen in [[, H/?(T'¥*), then, for each k, 1 <k < K, and n >0
the solution u}** belongs to H'(Q*) and p;™ belongs to [, H'/?(T'**) by standard
trace results (pZ‘|r1 =—p} +o(u] — uzﬂ)). This regularity assumption on p{ will be
done hereafter.

We can prove now that the algorithm (3.1)-(3.2) converges for all f € L?(€):

THEOREM 1. Assume that f is in L?(Q) and (pQ)1<k<x € [[, H/?*(T'**). Then,
the algorithm (3.1)-(3.2) converges in the sense that

im (llup = ukll gy oy + 0k — Prllg-1/20008)) = 0, for 1 <k < K,

where uy, is the restriction to QF of the solution u to (2.1)-(2.2), and py = g%z
over 00F, 1<k<K.

Proof. As the equations are linear, we can take f = 0. We prove the convergence in
the sense that the associated sequence (u}, p}t), satisfies

nli_n}loo (HUZHHl(Qk) + HPZHH—I/Z(agk)) =0, for 1<k <K.

We proceed as in [30, 12] by using an energy estimate that we derive by taking
v = ’LLZ+1 in (3.1) and the use of the regularity property that pZ‘H € L?(09F)

/ (IVup ™ 2 + fup ™) dx:/ pptuptds
QF a0k

that can also be written
1
J (v P Py e =S g [ (1 ) - G — e ) .
7 ,
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By using the interface conditions (3.2) we obtain

/ (|Vu"+1|2 + |u""'1 D de + — Z/ "'H ozuZ"H) ds
QF

= E Z /rk E(—pg + aul})?ds. (3.4)
7 ,

Let us now introduce two quantities defined at each step n by :

K
= Z/Qk (IVup > +|ug?) and B" = ZZ/ — au})?ds.
k=1

k=1 t+£k

By summing up the estimates (3.4) over k = 1,..., K, we have E"*! + pntl < pn,
so that, by summing up these inequalities, now over n, we obtain :

> E"< B
n=1
We thus have lim,,—, ., E™ = 0. Relation (3.3) then implies :
nh_}nloo |‘pkHH*1/2(BQk) - 0, for k = 1, ...,K,

which ends the proof of the convergence of the continuous algorithm. 0

3.2. Discrete case. We first introduce the discrete algorithm defined by: let

(uy s Phg) € XFx W,f be a discrete approximation of (u,p) in QF at step n. Then,

(uzzl,pzzl) is the solution in X} x W} of

/Qk (Vuh ok +up vhk) dx — /BQ pmlvh,kds =/, frvnxdz, Yo, € XF, (3.5)

/rk- (p’;ﬁ;l + ozu’,ff,;l)lbh,k,e = /rk l(*pz,z +aup )n ke, Vnke € W;f’e- (3.6)

In order to analyze the convergence of this iterative scheme, we have to precise the
norms that can be used on the Lagrange multipliers P, For any p € Hi;l L2(00F),
in addition to the natural L? norm, we can define two better suited norms as follows

1 2
2

K K K
_ 2 _
T O SIS IR MU b 9) oY M
(+£k

k=1

1
where |. H stands for the dual norm of Hg (T*¢). We also need a stability

Tk, £
result for the I(Jagr)ange multipliers, and refer to [5] in 2D and to [25] in 3D, in which
it is shown that,

LEMMA 1. There exists a constant c. such that, for any pp e in W,f’e, there
exists an element wkt in XF that vanishes over 9QF \ I'™* and satisfies

3.7
/Fk Ph,k W ,5( rke) ( )




with a bounded norm

"] k) < cllpn, ke||

1
T2 (Fk I)

Let 7 denote the orthogonal projection operator from L2(I'**) onto W,’:’e
Then, for v € L3(T**%), 74 ¢(v) is the unique element of W,’:’e such that

/ (Toe(v) — o) =0, Vo € W, (3.8)
Tk

We are now in a position to prove the convergence of the iterative scheme

THEOREM 2. Let us assume that ah < ¢, for some small enough constant c.
Then, the discrete problem (2.8) has a unique solution (u,,p,) € Vy. The algorithm
(3.5)-(5.6) is well posed and converges in the sense that

lim | [lub e — wnll vy + g; WPhwe = Prrell -3 o ] =05 for 1<k < K.

n
Proof. For the sake of convenience, we drop out the index A in what follows. We

first assume that problems (2.8) and (3.5)-(3.6) are well posed and proceed as in the
continuous case and assume that f = 0. From (3.8) we have

Yoy € LQ(FIM), / pZJrlvk = / pz+1ﬁk74(vk),
k.2 k.2

and (3.6) also reads
Pt 4 amp e (uptt) = mpe(—py 4+ au})  over THE (3.9)

By taking vy = u} ™! in (3.5), we thus have
/ (|Vun+1|2 |u2+1|2) dx
Qk
1
= Z - / (P + amp e (uf ™))% = (Pp! — amp e (uf™))?) ds.
7 40[ Tkt

Then, by using the interface conditions (3.9) we obtain

/ (|Vu"+1|2 + |u""'1 ) de + — Z/ ""H — amg g(uZ'H)) ds
QF

— 23 [ et aup)ds,
(0% 7 Tk,

It is straightforward to note that

[, st aupyds < [~ aup)as
rk,

Tk.€

— / (py — ame i (uy) + amp ik (uy) — ozu?)st
k.2

= / (7 — amen(u)? + o (e (uf) — ug)*ds
rk.e
7



since (Id — mg;)(u}) is orthogonal to any element in W/ *. For the last term above,
we recall that (see [8] in 2D and [6] or [9] equation (5.1) in 3D)

2 2 2
[ ) = s < g s o < el s ey
With similar notations as those introduced in the continuous case, we deduce
EnJrl +Bn+1 S CahEn +Bn

and we conclude as in the continuous case: if cah < 1 then lim,_,,, E™ = 0. The
convergence of uf towards 0 in the H' norm follows. Taking f = 0 in (3.5), then using
(3.7) and the convergence of u} towards 0 in the H' norm, we derive the convergence

of p} in the H;% (T%*) norm. Note that by having f = 0 and (u",p"™) = 0 prove that
(un Tt p*1) = 0 from which we derive that the square problem (3.5)-(3.6) is uniquely
solvable hence well posed. Similarly, having f = 0 and getting rid of the superscripts
n and n + 1 in the previous proof gives (with obvious notations) :

FE + B < cahFE + B.

The existence and uniqueness of a solution of (2.8) then results with similar arguments.
In [25] the well-posedness of (2.8) is addressed through a more direct proof: let
us introduce over ([T, H(QF) x [Tr, L2(09%)) x [Tr_, H:(Q) the bilinear form

QFk

K K
a((u,p),v)) = Z /Qk (VurVor, + ugvg) do — Z/a PrUKdS.
k=1 k=1

The space [[r_, H:(2%) is endowed with the norm

1
2

K
2]l = (Z Ivkllle(m))
k=1

LEMMA 2. There exists ¢/ > 0 and a constant > 0 such that

K
forah < ¢, Y(u,,p,) € Vh, Ju, € HX,’f,
k=1

a((up,py,),vn)) 2 Bllupll +llp, 13 Ollzs -«
Moreover, we have the continuity argument : there exists a constant ¢ > 0 such that
K
V(up,p,) € Vi, Vo, € [T XK, al(wp,)svn)) < cllaglle + o, 1) (s +). (3.10)
k=1

This lemma is proven in [25], based on Lemma 1. From Lemma 2, we have for any
(th}éh) S Vha

luw—wpll« +lp = pll-1 .« < clllw =« +lp = B, ll-1)- (3.11)

and we are led to the analysis of the best fit of (u,p) by elements in V.
8



As noticed in [25], it is well known [5, 9] but unusual that the inf-sup and conti-
nuity conditions involve different norms: the [|-||_1 and || [|_s , norms. Thus, these
two different norms appear in (3.11) and the best approximation analysis will be done
using the || - |1 norm, while the error estimates will involve the |- || _1 , norm.

The analysis of the best fit as been done in [25] in 2D and 3D for P; approxi-
mations. Let us analyze the best approximation of (u,p) by elements in Vj, in the
general case of higher order approximations in 2D. B

4. Analysis of the best fit in 2D for higher order approximations. In
this part we analyze the best approximation of (u,p) by elements in V.

Following the same lines as in the analysis of the best fit in the P situation
of [25], we can prove the following results:

THEOREM 3. Letu € H*(Q)NH (), be such that u = (ug)1<k<ri € Hle H*m(QF)
with up = ujgr, and p—1 > m > 0. Let us set also pye = ;)Tuk over each T'®*. Then
there exists w, in Hszl X,’f and Eh = (Pren), with Pren € W,’:’e such that (Qh,]éh)
satisfy the coupling condition (2.7), and

K K
ch™
«

12, =l < e Y lukl grzemory + = llprel

k=1 (=1 k<t

H%+m(1"k,l)’

|| Pren _pk,ZHHfé(Fk,z) < Cah2+m(||uk||ﬂ2+m(m) + [Juel zr2+m(ar))

+ Ch1+mHpk,fHH%er(Fk,Z)'
where ¢ is a constant independent of h and a.
If we assume more regularity on the normal derivatives on the interfaces, we have
THEOREM 4. Under the assumptions of Theorem 8 and assuming in addition that
Dh.¢ 15 N H%+m(1"k7g). Then there exists @, in Hle Xk andp, = (Pren), Pren € VNV:’Z
such that (@h,]éh) satisfy (2.7), and

K m+1 K
~ C
i =l < B3 sty + o (108 B S el g
k=1 (=1 k<t
h2+m(

[k || rzem vy + el rzem @)

+ ch® ™ (log )™ ||p.c||

| Pren —Pk,ZHH—%(Fk,e) < ca
T

where ¢ is a constant independent of h and o, and B(m) = 0 if m < p—2 and
Bm)=1ifm=p—1.

The main part of the proof is independent of the degree of the approximation
and is done in [25]. Only Lemma 4 in [25] is dependent of the degree of the approx-
imation and is only proven for a P; approximation. We prove it for higher order
approximations:

LEMMA 3. Assume the degree of the finite element approximation p < 13. There
exists two constants ¢c; > 0 and ca > 0 independent of h such that for all ney in

y,‘;’k N Hg (T84, there exists an element 1y ). in W,f’k, such that

/k e+ Th e () e = exllnesllZaoney (4.1)
Tk,

Ve kllL2rey < callnellpzr). (4.2)
9



REMARK 1. The limit p < 13 is related to the arguments used in the proof
we propose for this lemma, thus, a priori, only technical. We have not found how
to alleviate this limit but actually, for applications, this limit is quite above what is
generally admitted as the optimal range for the degree of the polynomial in h — P
finite element methods. Indeed, as regards the question of accuracy with respect to
run time, the publication [37] analyses in full details' and on a variety of problems
and regularity of solutions, the accuracy achieved by low to high order finite element
approzimations as a function of the number of degrees of freedom and of the run time.
It appears that the use of degrees between 5 and 8 is quite competitive which motivates
the present analysis.

The proof of these results is performed in the following steps. Note that Lemma 4
below, that generalizes one of the main arguments in the proof of Lemma 4 in [25] to
higher degree in 2d would involve, for a similar generalization in 3d (see Lemma 7 of
[25]), an extension to higher order of the theory developed in [9] that does not exist
yet and goes beyond the scope of the present paper.

4.1. A first technical result.

LEMMA 4. Let 1 < p <13 be an integer. There exists ¢ and C > 0 such that for
all p € Py([—1,1]) s.t. n(—1) = 0 there exists v € Pp_1([-1,1]) s.t. n(l) = (1),

and

1 1 ! !
J@p;n);:/1(nw—i<n—w)z)zc/ 72 and /_1w2§0/_1n2.

-1

Proof. This lemma has been proven in the case p = 1 in [25]. For p > 2, we prove
it by studying for a given n € P,([—1,1]), n # 0 the maximization problem :

Find ¢ € P,_1([—1, 1]) such that

J(psm) = max J(p5m). (4.3)
p e Py 1([-1,1])
e(1) =n(1)

The function J is strictly concave in ¢ and there exists a function satisfying the
constraint. This problem admits a solution. The functional J(¢,n) being quadratic
in (¢,n) and the constraint being affine, the optimality condition shows that the
problem reduces to a linear problem the right hand side of which depends linearly of
7. The affine constraint being of rank one, the problem (4.3) admits a unique solution
which depends linearly of 1. Therefore, it makes sense to introduce the operator:

S:P,o([-1,1]) — P, 1([-1,1])
7+ 1 solution to (4.3),

where P, o([—1,1]) is the set of functions of P,([—1,1]) that vanish at —1. In
Lemma 4, we take v = S(n). The operator S is linear from a finite dimensional
space to another so that it is continuous for any norm on these spaces. Therefore

LOf course the answer to that question depends on the implementation of the discretization
method and the exact properties of the solution to be approximated but this indicates a tendency
that is confirmed by implementation on a large set of other applications.
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there exists C' > 0 possibly depending on p such that f_ll P? < Cf_ll n?. Moreover,
the function

H:Ppo([-1,1)\{0} — R
J(S(n),n)

1
/.
—1

is continuous and such that H(n) = H(an) for any a # 0. Therefore, it reaches its
minimum which is strictly positive as results from the lemma stated and proven in
the next subsection and the proof of Lemma 4 is complete. O

4.2. Another technical result.

n —

LEMMA 5. Let p <13 and n € Pp([—1,1]) s.t. n(—1) = 0 and n is not the null
function. Then, J(S(n);n) > 0.
Proof. We make use of the Legendre polynomials

Lo(x) =1, Li(z) =2z, (m+ 1)Lypi1(x) = 2m+ 1) Ly () — mLpy—1(x), m > 1.

Let us recall that for any m > 0,

(1) = 1, Ln(—1) = (—1)™ /_1Lm(ac) Lo () dz = 8y 2m2+ .

The polynomial 7 is decomposed on the Legendre polynomials

P
n= Z Um(Lm + mel)v

m=1

and 1 = S(n) is sought in the form
p—1
= tmlm
m=0
so that it maximizes the quantity J(¢;n) under the constraint n(1) = (1). This

corresponds to the min-max problem

max min L(2),
YEP, 1 ([-1,1]) peR W.n)

where
L, p) = J(bsn) — p((1) —n(1)).

We have to prove that the optimal value is positive. The optimality relations w.r.t ¢
give

3 1 om + 1 3 1 1
o \lIm m —53¥m = ) 1 S S - 13 = - = = —.
5 (1 +mr1) = 5¥m = p=—y m<p 5 3% =75
p—1
Denoting R,_1 = Z (2m + 1)Ly, with [[Rp—1[|72_1 1 = 20, We get
m=0
Y =3n—3n, L, — nRy_1. (4.4)

11



Hence, the dual problem writes

min G(p;m),

where G(p;n) == J(3n — 3n, L, — pRp—1;m) — p(¥(1) — n(1)) and ¢ satisfies (4.4).
After some calculations, G(u; 77) appears a second order polynomial in u:

2 9 77

p
G(u;m) = 3#2 — 1(2n(1) = 3np) + 2l Z2q_1.1p — 5 m) (4.5)

its leading coefficient is positive and its discriminent is proven to be negative in the
next lemma, from which we derive that min, G(u;n) is positive and the proof is
complete. 0

LEMMA 6. For p <13, the discriminant of (4.5):

Ty
2p+1

is negative if n € P,([—1,1]), n(—=1) = 0 and n is not the null function.

An) = (2n(1) = 3np)* + p* (=4llnll72 1,1 +9

Proof of Lemma 6 in the the case p=2. (the proof for 3 < p < 13, is given in
Appendix A).
For p = 2, a direct computation shows that
A(n) = *%U% 430772771 11353 5.
The discriminant of the corresponding bilinear form is —8632/9. It is negative and
the lemma is proven in this case. 0

4.3. Proof of Lemma 3. Using the definition of 7y, ¢, (3.8), we derive

/ (e, + The,e (e k)) ek = / nekVe k +/ (The(ne,))? +/ Thye(Nek) (Ve ke — Nek)-
k.2 Tk k.0 k.2
Then, using the relation 7 ¢ (e k) (Ve —n0k) > —(Tke(Nek))? *i(W,k*W,k)Q leads to

1
/ (e + The(Mek)) Ve > / nerer = / (e — Mek)’
Tk, £ Tk, £ k£

Remind that we have denoted as xé k, xf k, :Cka 1) % N ¥ the vertices of the triangu-

lation of I'“* that belong to I'“*. By Lemma 4, and an easy scaling argument, there

exists ¢, C > 0, ¢y € Pp_1([25F, 25%]), and v € Py 1 ([z%" 1, 25F]), such that

911l L2tk atky + 10N L2t | otry < Cllmerll Lo oomy + ekl L2 2ok,

U1(27%) = mee(@t), vn (@) = (@it ,) and

zi’k 1 ) zﬁ\}k 1 ) zi’k ) mf\’,k )
/e o ethr=2(Y1=ne) )+/€ o e =7 (dn—1ex)”) 2 C(/E . W,H/E L k-
zg’ TN_1 g TN

Taking 1, 1, in W,f’k as follows

1)1 over ]xéf}le;l[c
Yok = Mok over Jay T, x|

1N over ]xf\,’il, xf\}k[

proves Lemma 3 with ¢; = min(1, ¢) and ¢2 = max(1,C). O
12



4.4. Proof of Theorem 3. We follow the same steps as in the proof of Theo-
rem 2 in [25]. Let ui, be the unique element of X defined as follows :
o (ugp)jo0r is the best fit of uy over 9QF in y,’j’f,
e u}, at the inner nodes of the triangulation (in Q) coincide with the interpo-
late of uy.
Then, it satisfies, for 0 < m < p —1,

3
g, — ugl r2o0r) < ch2 ™ |lugl| gaem @ry, (4.6)
from which we deduce that
Hullch - Uk”L?(Qk) + hHullch - UkHHl(Qk) < Ch2+m|\uk”H2+M(Qk)a (4.7)
and, from Aubin-Nitsche estimate,
etk = el - ey < Rl 2o o) (4.8)
We introduce separately the best fit p}dh of pre = ;T“k_ over each T'®* in VNV}lf’Z. Then
we have, for0<m <p-—1
1
Ipken = Prellzaeee < R ™ Ipiell g ooy (49)
||pllclh - pk’Z”H7% (Fk,é) S Ch1+m”pk,4”H%+m(Fk,£)' (410)

But there is very few chance that (g}l,gi) € (Hszl X,’f) X (Hszl W,’f) satisfy the
coupling condition (2.7). It misses (2.7) of elements €j ¢ and 7y, such that

/ (Phen + €x,e + gy, ) e = / (—Pirn + ne ke + aupy )i, Ve € W}f’e (4.11)

rk.e rk.e

/ (P + QN + augy) ey = / (—Phen — €kt + Quiy) ok, Yok € Wﬁk (4.12)

Tkt Tkt

In order to correct that, without polluting (4.6)-(4.10), for each couple (k, ¢) we choose
one side, e.g. the smaller indexed one (hereafter we shall assume that each couple (k, ¢)
is ordered by k < ¢). With this choice, we introduce €y ¢ € W,f’e, Nex € yﬁ’kﬂHé (k1)
such that the element (&,,p, ), defined by

dgn = upy + > Rek(er),  Dren = Phen + e (for k < 0), (4.13)
k<t

satisfy (2.7). Here Ry is a discrete lifting operator as in [25] (see also [38, 7]) that
satisfies, with a constant ¢ that is h-independent, that vanishes over Q¢ \ IT'** and
satisfies

Yw € V" 0 Ho (DY), (Rex(w)ir,, = w,  [Rex(@)lm @) < cllwll oY
00

The set of equations (4.11)-(4.12) results in a square system of linear algebraic equa-
tions for €y ¢ and 7y that can be written as follows

/Fk [(fk,l — ane)Yre = /Fk , 1P, Vi € Wi* (4.15)

/rk [(fk,l +ane)Ver = /rk ) eathe s, Yo € Wf’k, (4.16)
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with
e1 = —Dhen — Pirn + (Ul — upp)s €2 = —Phon — Pirn + (g, — upy).  (4.17)

In [25], it is shown that the linear system (4.15)-(4.16) is well posed.
We now estimate ||pren —pk,g||H,%(kal) and ||@en — uel| g1 ey, by first estimating

1me.kll L2(rx.ey: from (4.15) and (4.16), we get
€re = Tre(amer +e1), amer = o r(—€re + €2). (4.18)
Injecting the first equation of (4.18) in (4.15)-(4.16), we obtain
1 -
/ (e + The (o)) Ve k = —/ (€2 — mhe(€1)) ek, Yo € W;f’k- (4.19)
k.. O Jpke

Then, from (4.1) and (4.19) we get

1
cillne k|7 orey < ~llez = mue(en)lpzome) [¥ekllnzrre), (4.20)
and using (4.2) in (4.20) yields
C2 C2
76,k L2(rr.ey < a—cl||€2 = Te(e1)llp2qrrey < a—cl(||e2||L2(rk,f) +lle1llL2(rr.ey)- (4.21)
Now, from (4.17), for i = 1,2
leill 2(rrey < Phen +pékh||L2(F’“’f) + oflug, — ullchHLz(Fk’f)a

OQup _ _ Jup _

oo = —om; = —Pek over each k¢

and recalling that py ¢ =

1Pken +pékh||L2(Fk’f) < IPen — Pr.ellL2(rre) + lPern — PekllL2(rre),

lugy, — winllL2orey < gy — wkllp2sey + [lugy, — well L2 oer,

so that, using (4.6) and (4.9), we derive for i = 1,2 and 0 < m <p—1
31im Lim
leill Loy < cah® ™ (Jugl oemar) + lluell mzem @) + B2 Prell o - (4:22)

Thus, (4.21) yields, for 0 <m < p—1,

3
el aqreey < b2 (lugll raem ey + el mr2em @) + 1Pk,ell 3 ey (4:23)
We can now evaluate ||pren, — pk7g||H,%(Fk,£), using the second equation of (4.13) :
||ﬁklh - pk,EHH*% (Tk.2) S ||€k’l||H7% (Fk,E) =+ ||p]1c€h - pkyeHH*% (Fk,E)' (424)

The term ||p},;, — pkveHH*%(rk,f) is estimated in (4.10), so let us focus on the term

HekveHH*%(FN)' From (4.18) we have,

lewell -4 ooy < lmenll g paey + el g ey +1Ud =T e)(emes +en)ll ;g oy (425)
14



To evaluate ||eq|| we proceed as for |le1 || 2 (pr.ey and from (4.8) and (4.10) we

H™ % (Tk:0)
have, fort =1,2, for 0 <m <p—1,

< ol (|lur]| gam oy + el gzem @y) + B iyl

||e’i||Hf%(l—\k,g) — H%er(l—\k,g)'

The third term in the right-hand side of (4.25) satisfies

< eVhllanek + el 2oy

||([d — Wk,e)(ané,k + el)HH*%(Fk,l) =

Then, using (4.23) and (4.22) yields, for 0 <m <p—1,

[(ZId — ) (ame i + e1) | < ca® ™ ([Jukl| g2 4m ory + luell gzemr))

H™3(Tk0)
- ch1+mllpk,e||H%+m(wl).

In order to estimate the term ||ne x| in (4.25), we use (4.19) and then the

H™3(Tk0)
symmetry of the operator my ¢

1
2/ Ne ke = / (Ve — e (Vo) )Me ke + —/ (€2 — i e(er)) e -
Tk.¢ Tkt Q Jrk.e

Then, we have

1
|/FH Nek¥en| < C\/Ellw,kHLZ(rw)||W,k||H%(Fk,z) + ez = meelen)ll g oy [Vl 4 e

from which we deduce that

&
ekl 3 ey < cVhl|nekl| L2 (o) + ez =mielen)ll oy pusy- (4:26)

Then, using (4.23) and the fact that

llea = mre(e)ll ;- ey S lleall oy ey Tlleall - ey + ller = melen)ll - )

< lleall -3 ey + el -3 ey + eV Alleallzaqeney (4:27)

with (4.22) and (4.26) yields, for 0 <m <p—1,

Ch1+m

ekl 1y ey < B* T (el zrzem ) + el mraem(a)) + 1Pkell 3 em gy

Using the previous inequality in (4.25), (4.24) yields, for 0 <m <p—1,
(4.28)

| Pren — Pk,éHHf%(Fk,[) < Cah2+m(||uk||H2+m(szk) + [[uell gz+m(e)) + Ch1+m||Pk,é||H%+m(Fk,[)-

Let us now estimate ||ten, — wel| (o)

lien — well ey < Nt — well ey + Y IRew(mes) L or) (4.29)
k<t

and from (4.14) and an inverse inequality

1
IR (ne) | ory < ch™ 2 nekll 2wy
15



Hence, from (4.23) we have, for 0 < m <p — 1,

IRewsen)lmr ey < h ™ (k] grzim ey + el r24m 20)) HY+m Ry

and (4.29) yields, for 0 <m <p—1,

llien — uell g aey < b ™ |uell graem ey + ™ [lug e oy
k<t

ch™
+— > 1Pk,el 3 v ey (4:30)
k<t
which ends the proof of Theorem 3. (|

4.5. Proof of Theorem 4. The proof is the same as for Theorem 3, except that
the relation (4.9) for 0 < m < p — 1 is changed in

34m
IDken = Progllz2rrey < ch2*™ (logh) a3+ (k" (4.31)

The proof of (4.31) is given in Appendix B. Therefore, (4.10) is changed in

lelclh Pk, fll -1 (Dk.£) = < ch*m ( H%*"”(Fkvl)’

the inequalities (4.28) and (4.30) are changed respectively in

h2+m(

| Dren — pr, e|| D) < ca ||Uk||H2+m(Qk) + ||W|\H2+m(m))

+ch®t™ (log )™ || pre||

H3+m(pkoey’

[den — well ey < b ugl| graem ey + b+ Z [tk || zr2+m (car)
k<t

1+m
ch (log h)ﬁ(m)
«

+ (]

i ey
k<t

4.6. Error Estimates. Thanks to (3.11), we have the following error estimates:
THEOREM 5. Assume that the solution u of (2.1)-(2.2) is in H?(Q) N HL(Q),
and up = ujgr € H2T™(QF), withp —1>m >0, and let pry = ;T“k over each T**.
Then, there exists a constant ¢ independent of h and « such that
K
g, = ull« + [lp, = pll-1 . < c(@h®™ 4+ BN " |ul| g gy
k=1

B K
+c +h1+m ZZ”pleH2+m Tk
k=1 ¢
THEOREM 6. Assume that the solution u of (2.1)-(2.2) is in H?(Q) N HL (D),

up = ujgr € H*™(QF), and pyo = ;)Tuk is in Hg+m(1"k7g) with p—1>m > 0. Then

there exists a constant ¢ independent of h and o such that
K
g, = ullx + Ip,, = pll— 3 o < c(@® ™ + BH™) S 7 lul| g2 o)
k=1

h1+m

K
+ B2 (log b))y zg: Pk,ell g m ey
k=1

with Bm) =0ifm <p—2and B(m)=1if m=p— 1.
16
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5. Numerical results. We consider the initial problem, with exact solution
u(x,y) = xty* + 2y cos(10xy). The domain is the unit square Q = (0,1) x (0,1),
decomposed into non-overlapping subdomains with meshes generated independently.
In Sections 5.2, 5.3, to observe the numerical error estimates for the discrete problem
(2.8), one need to compute the converged solution of the discrete algorithm (3.5)-(3.6)
regardless of the algorithm used to compute it. Thus it is the solution at convergence
of the algorithm (3.5)-(3.6) with a stopping criterion on the residual (i.e. the jumps
of interface conditions) that must be extremely small, e.g. smaller than 10~!4. For
all the other simulations where we are interested in u} and not uy, a residual of 1072
times the target H' error is considered, for stopping the iterations.

5.1. Choice of the Robin parameter. In our simulations the Robin parameter

« is either an arbitrary constant or is obtained by minimizing the convergence factor

(depending on the mesh size in that case, see [25]). In the conforming two subdomains

case, with constant mesh size h and an interface of length L, the optimal theoretical

value of o which minimizes the convergence factor at the continuous level is (see [15]):
™ m

opt (L, h) = [((L)2+1)((h)2+1)]i- (5.1)

Note that this optimal choice for o does not seem to provide an optimal error estimate
from Theorem 5. Nevertheless, as was illustrated in [25] the regularity of the normal
derivative of u along the interfaces enters most of the times in the frame of Theorem 6
that allows a larger range of choice for «, compatible with the above mentioned
optimal choice (as regards the algorithm).

In the non-conforming case, we consider the following values : amin = Qopt (L, hr;i“ )

Qmean — Oéopt(L; hm;an); Qmax = aopt(La hn;)ax), where Nmin, Pmean and hmax stands
respectively for the smallest, meanest or highest step size on the interface and p is
the degree of the approximation.

5.2. H! error between the continuous and discrete solutions for P, fi-
nite elements. In this part, we compare the relative H' error in the non-conforming
case to the error obtained on a uniform conforming grid.

We define the relative H' error as follows: Let uj; = ujgr, 1 < k < K (where
u is the continuous solution), and let (uy,)r = (u,)jox Where u;, is the solution of
the discrete problem (2.8). Now, let N, = ||ull. and let Ex = ||(u;,)r — Uk”Hl(Qk),
1<k<K. Let E = (Zfil E?)I/Q. The relative H! error is then E/N,.

We consider four initial meshes : the two uniform conforming meshes (mesh 1 and
4) of Figure 5.1, and the two non-conforming meshes (mesh 2 and 3) of Figure 5.2.
In the non-conforming case, the unit square is decomposed into four non-overlapping
subdomains numbered as in Figure 5.2 on the left. Figure 5.3 shows the relative H!
error versus the number of refinement for these four meshes, and %2 (where h is the
mesh size) versus the number of refinement, in logarithmic scale. At each refinement,
the mesh size is divided by two. The results of Figure 5.3 show that the relative H!
error tends to zero at the same rate as the mesh size squared (h?), and this fits with
the theoretical error estimates of Theorem 6.

On the other hand, we observe that the two curves corresponding to the non-
conforming meshes (mesh 2 and mesh 3) are between the curves of the conforming
meshes (mesh 1 and mesh 4). We observe that the relative H' error for mesh 3 is
close to the relative H' error for mesh 4 (i.e. the uniform conforming finer mesh),
while the one corresponding to mesh 2 is nearly the same as the error for mesh 1 (i.e.
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the uniform conforming coarser mesh), as can be expected, as mesh 3 is more refined
than mesh 2 in subdomain Q?, where the solution steeply varies.

Fic. 5.1. Uniform conforming meshes : mesh 1 (on the left), and mesh 4 (on the right)

ok ot

Fic. 5.2. Domain decomposition (on the left), and non-conforming meshes: mesh 2 (on the
maddle), and mesh 3 (on the right)

—=—meshl
—+—mesh2
—+—mesh3
—¢—mesh4

1 15 25
number of refinements

F1G. 5.3. Relative H' error versus the number of refinements for the initial meshes : mesh 1,
(square line), mesh 2 (plus line), mesh 3 (star line), and mesh 4 (diamond line). The dashed line

2
is % (where h is the mesh size) versus the number of refinements, in logarithmic scale
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5.3. H' relative error for different degrees of the finite element ap-
proximation. In this part we study the relative H' error between the continuous
and discrete solutions versus the mesh size, for P, Po and P3 finite elements.

5.3.1. Decomposition into four subdomains. We consider a decomposition
of the unit square into four non-overlapping subdomains numbered as in Figure 5.4 on
the left. For Py and P4 discretizations, we consider the initial non-conforming meshes
represented on Figure 5.4 on the middle, and for a P3 discretization, we consider the
initial non-conforming meshes represented on Figure 5.4 on the right.

FiG. 5.4. Domain decomposition (left), and non-conforming meshes (middle and right)

Figure 5.5 shows the relative H' error between the continuous and discrete solu-
tions versus the mesh size, on the left for P; and P finite elements, and on the right
for P3 finite elements, in logarithmic scales. For P; and P, discretizations, we start
with the meshes on Figure 5.4 on the middle and divide by 2 the mesh size four times.
In order to compute the error, the non-conforming solutions are interpolated on a
very fine grid obtained by refining 5 times the initial mesh. For Pg3 discretizations, we
start with the meshes on Figure 5.4 on the right and divide by 3 the mesh size three
times. In order to compute the error, the non-conforming solutions are interpolated
on a very fine grid obtained by refining 4 times the initial meshes.

0 -1
10 ‘ - 10 ‘ ‘ P,
’ slope 1
-2
10 “f e p2
107 - - —slope 2
107} —o—P3
——slope 3
-2 S . -4
L t 1 L
10 g 0
10°F
107
10°
—4 -7 . L
10 : 10 E E
1072 107t 10° 10 2 107 100

FIG. 5.5. Relative H' error versus the mesh size for the non-conforming case. Left: for Pq
and P2 discretizations. Right: for Ps discretizations
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The results of Figure 5.5 show that if p is the degree of the approximation, the
relative H! error tends to zero at the same rate as h?, for 1 < p < 3, and this fits
with the theoretical error estimates of Theorem 6.

5.3.2. Decomposition into twelve subdomains. We consider the initial prob-
lem with exact solution u(z,y) = 23y? +sin(xy). The domain is Q = (—3,3) x (—2,2)
and is decomposed into twelve irregularly shaped subdomains as in Figure 5.6. The
subdomain meshes are generated in an independent manner as in Figure 5.7. The
finite element assemblies are done as in [11].

F1G. 5.6. Domain decomposition into twelve non-overlapping subdomains

Fic. 5.7. Non-conforming meshes

Figure 5.8 shows the relative H' error between the continuous and discrete solu-
tions versus the mesh size, on the left for P; and P finite elements, and on the right
for P3 finite elements, in logarithmic scales.

For P, and P, discretizations, we start with the mesh on Figure 5.7 and divide
by 2 the mesh size four times. In order to compute the error, the non-conforming
solutions are interpolated on a very fine grid obtained by refining 5 times the initial
mesh. For Pj3 discretizations, we start with the mesh on Figure 5.7 and divide by 3 the
mesh size three times. In order to compute the error, the non-conforming solutions
are interpolated on a very fine grid obtained by refining 4 times the initial meshes.
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Error

The results of Figure 5.8 show that the relative H! error tends to zero at the
same rate as hP, for 1 < p < 3 where p is the degree of the approximation. This
corresponds to the theoretical error estimates of Theorem 6.

-1 -3

10 10
2 107 } : slope 1
10 " p2
-5
10 ¢ — — —slope 2
10°} . e P,
10
S slope 3
oo
107} 107
. 10°
10 7
10°
-6
10 : -10
107 10° 10 = = .
h 10 10 10
h

F1G. 5.8. Relative H' error versus the mesh size for the non-conforming case. Left: for Py
and P> discretizations. Right: for P3 discretizations

5.4. Convergence : Choice of the Robin parameter. Let us now study
the convergence speed to reach the discrete solution, for different values of the Robin
parameter «, in the case of P finite elements. We first consider a domain decompo-
sition in two subdomains, and then in four subdomains as shown in Figure 5.9. We
simulate the error equations (i.e. f = 0), and use a random initial guess so that all
the frequency components are present.

Fi1G. 5.9. Domain decomposition in two subdomains (left) and in four subdomains (right), with
non-conforming meshes

5.4.1. 2 subdomain case. In this part, the unit square is decomposed into two
subdomains with non-conforming meshes (with 703 and 2145 nodes respectively) as
shown in Figure 5.9 (on the left).
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error

error

On Figure 5.10 (top left) we represent the H! norm of the iterate error, for
different values of the Robin parameter a. We observe that the optimal numerical
value of the Robin parameter is close to amin. As the relative H! error didn’t show
where the error is highest, we also represented on Figure 5.10 (top right) the L® norm
of the iterate error, for different values of the Robin parameter cv. We obtain similar
results as for the relative H' error.

The Schwarz algorithm can be interpreted as a Jacobi algorithm applied to an
interface problem (see [33]). In order to accelerate the convergence, we can replace
the Jacobi algorithm by a GMRES ([34]) algorithm. Figure 5.10 show respectively
the H' norm (on the bottom left) and the L> norm (on the bottom right) of the
GMRES iterate error, for different values of the Robin parameter a.

. 10 .
—3 ﬁ —3
15 ! 15
L 22212, )] ok 222720,
25.198 (o, ) A 25.198 (o, )
—o—32 ——32
—o—50 i W0 ——50

10°k

L
error

w h L L L L

L L
50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
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FiG. 5.10. Error versus Schwarz (top) or Gmres (bottom) iterations for different values of the
Robin parameter . Left: the H' error, right: the L error.

For o = ayin, the convergence is accelerated by a factor 2 for GMRES, compared
to the Schwarz algorithm. Moreover, the gap between the error values for different «
is decreasing when using the GMRES algorithm, compared to the Schwarz method.
Thus, the GMRES algorithm is less sensitive to the choice of the Robin parameter.
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The sensitivity of the performance of the Krylov solver to the optimized value of the
parameter is thus not so critical but it is real and especially visible for ranges of
accuracy used for most practical applications (relative errors of size 1072 or 1073).
Adding that this effect generally increases with the number of subdomains and the
refinement of the mesh [15] together with the complexity of the equations, we advise
when possible to look for the optimized value. Moreover, this conclusion on the
interest of GMRES compared to Schwarz is established for stationnary problems but
is not yet verified for time dependent problems with a Schwarz waveform relaxation
algorithm, as illustrated for example in [21].

In Table 5.1 we show the number of iterations N to reduce the H' error by a
factor 10% versus the Robin parameter a, for different degrees p of the approximation.
We observe that amniy is very close to the optimal numerical value, for all p = 1,2, 3.

Lo [Np=D ] o [Np=2) o [Np=3)]
10 57 17 63 23 88
15 40 22 51 28 74
17.818 (omin) | 36 25.198 (tmin) | 49 30.861 (atmin) | 68
20 39 27 52 33 66
25 40 32 61 35 68
30 58 37 71 40 77
TABLE 5.1

Number of iterations to reduce the H' error by a factor 108 wversus «, for different degrees p

5.4.2. 4 subdomain case. In this part, the unit square is decomposed into four
subdomains with non-conforming meshes as shown in Figure 5.9 (on the right).

From the results of Section 5.4.1, we will consider for the optimized parameter o
the values given by the smallest mesh size on the interface. As we have four interfaces,
using formula (5.1) with h = hﬁl’fn, 1 < k, ¢ < 4, with T®* not empty, we obtain four
values given by: al? = 18479, al? = 19.250, o2} = 34.725, 7 = 40.709.
We define a* the parameter with these four values over the interfaces (i.e. a* is
constant over each interface, with different constants from one interface to another).
We consider also a constant optimized value ap,i, over the four interfaces obtained
by taking h = min(h>? AL p2d p3d ) in formula (5.1). We obtain aumin = o¥f =
40.709. On Figure 6.1 we represent the H' norm of the error, for a*, i, and for
different constant values of the Robin parameter «, with the Schwarz method on the

left, and the GMRES algorithm on the right.

We observe that the optimal numerical value of the Robin parameter is close to
amin- We also observe in that case that taking the different optimized values over the
interfaces (i.e. a*) doesn’t improve substantially the convergence speed compared to
taking the same value a,;, over the interfaces.

6. Conclusions. We have analyzed the convergence of the iterative algorithm for
P, finite elements, with p > 1in 2D and p = 1 in 3D, for the NICEM method. It relies
on Schwarz type algorithms with Robin interface conditions on non-conforming grids.
We have extended the error estimates in 2D for piecewise polynomials of higher order.
Numerical results show that the method preserves the order of the finite elements for
P, discretizations, with p = 1,2 or 3.
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Appendix A. Proof of Lemma 6 in the case p > 3. From Section 4.2, it
remains to prove Lemma 6 in the general case p > 3. Let us introduce the vector
space QF = {n € P,([-1,1]) s.t. n(—1) = 0}. The function A(n) is quadratic so
that it suffices to study the extrema of A(n)/HnH%Z(]_LlD over QP or equivalently to
prove that the associated symmetric quadratic form is negative, i.e. its eigenvalues

are negative. They correspond to the Lagrange multiplier solutions p of the following
min-max problem

i Le(n, p1), Al
Jnin max (n, 1) (A1)

where
Le(n, pa) == Aln) — M1(||77||2L2(]—1,1[) —1).

We have to prove that p1 < 0. We have

AL,
0 = < ,on >
on
= 2(2n(1) — 3n,)(269(1) — 301,) + p*(—8 < 1,0n > +18L2) 24y < 1, 61 >

2p+1

where <, > denotes the L? scalar product on L?(] — 1,1[) and dn € QP.

Let us consider the vector space (1 —2?)P,_3 C QP. Any function v in (1 —2?)P,_3
satisfies 7(—1) = (1) = 0 and ~, = 0. The optimality relation w.r.t. to (1 —z?)P,_3
gives

(—8p* —2u1) < m,0m >=0, Von <€ (1 —2*)P,_3.

We have either g3 = —4p* < 0 or 7 solution to (A.1) belongs to the space {(1 —
2?)P,_3}+ NP,. The first case corresponds to a negative value for 1 which is in
agreement with the lemma to be proved. Let us study the latter case. We shall make
use of (see [3])

24

50



LEMMA 7. The family of Legendre polynomials satisfies

1
/ L L., (1—2%)de=0 m#n/,
1

1
/ L,* =m(m+1),

| Bt =0
1

For any p, p > 3,
{(1-2*)Pp_3}" NP, =Span{L,, L,, L, ,}.

Proof. We only need to prove the last equality, that results from the above indeed
it can be checked easily that

{(1-2*)Pp_3}" NP, = Span{L},, L,, L, ,}.
Moreover, we have
Ly (z) = (2p+ 1) Ly(z) + Ly, (2)

and thus Lemma 7.

Therefore, there exists A1, A2, A3 € R s.t. n = MLy + ALy, + A3L;,_;. Since 7 is
defined up to a constant, we only have to consider the two cases Ay = 1 or A\; = 0.
Case 1: \{ =1

From n(—1) = 0, we get

so that

2 p—1
)\2: +)\3 5
p(p+1) p+1

P—Dp* (P> +1), (24p* —20p° —8p°+4p),  29p°+13p—1-p°

Aln) = —4 A3 — A3

p+1 ’ (p+1)(2p+1) (p+1)(2p+1)
Since p is supposed larger than 1, the leading coefficient of A(n) is negative. If
the discriminant of A(n) is negative, the polynomial is negative for any As. This
discriminant has the value

p*—13p—8)(p—1)p°

16(
2p+1

and is negative for 2 < p < 13.
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Case 2: \1 =0
From n(—1) = 0, we get

p(p+1) n A319(19 —1)

T 2

:0,

so that

-1
+1°

)\2—)\3
p

Since 7 is an eigenvalue, it is not zero and the above relation shows that we can take

A3 = 1. Then, we have Ay = ? so that

—4(p—Dp*(p* +1)
(r+1)

which ends the proof of Lemma 6. O

Appendix B. Proof of the estimate (4.31). For 0 <m < p—1, 8(m) = 0 and
the estimate (4.31) is standard. For m = p — 1, the proof is the same as for Lemma 5
in [25]: let Prep, be the unique element of W,f * defined as follows :
° (pkgh)l[mﬁ,k7zf\}k N coincide with the interpolate of degree p of py ;.

A(n) = <0,

° (pkeh>|[13,k7zf,k] and (pkeh)\[zfv”il,zfv’k] coincide with the interpolate of degree

p—1 of py .
Then, using Deny-Lions theorem we have

[Pker, — Pk,éH%Z((rw) <||Pren — pk,é”iz( bR GOR )

+ ch 2 |py ]| +1Bren — Proell s, L bk

H2+p([€kz£k RESIN

N—1D)

In order to analyze the two extreme contributions, we use Deny-Lions theorem

dar
S e

_ 2
HpkEh - pk,l”LQ(]zg,k’zi,kD E,kﬁzi,k[),

and taking ¢ = —log(h), we finish the proof as for Lemma 5 in [25]. O
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