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IMPERIAL COLLEGE LONDON

Abstract

Theoretical Physics Department
MSc Quantum Fields and Fundamental Forces

Defining a mean on Lie groups

by Nina MIOLANE

Statistics are mostly performed in vector spaces, flat structures where the computations are
linear. When one wants to generalize this setting to the non-linear structure of Lie groups, it
is necessary to redefine the core concepts. For instance, the linear definition of the mean as
an integral can not be used anymore. In this thesis, we investigate three possible definitions
depending of the Lie group geometric structure. First, we import on Lie groups the notion of
Riemannian center of mass (CoM) which is used to define a mean on manifolds and investigate
when it can define a mean which is compatible with the algebraic structure. It is the case only for
a small class of Lie groups. Thus we extend the CoM’s definition with two others: the Riemannian
exponential barycenter and the group exponential barycenter. This thesis investigates how they

can define admissible means on Lie groups.

If one needs to perform statistics on a structure, it seems judicious to respect this structure. In
the case of the mean of Lie group elements, it is desirable for instance that it belongs to the Lie
Group and is stable by the group operations: composition and inversion. This property is ensured
for the Riemannian center of mass if the metric is bi-invariant, like for compact Lie groups (e.g.
rotations SO(3)). The Riemannian exponential barycenter is also an admissible definition if the
pseudo-metric is bi-invariant, for example if the Lie group can be decomposed into a specific
semidirect product (e.g. group of rigid transformations SE(3)). However, bi-invariant pseudo-
metrics do not exist for all Lie groups. This is the case in particular for solvable Lie groups with
null center like the Heisenberg group. We introduce the group exponential barycenter which is
naturally consistent with the group operations, even in the infinite dimension case. On the Lie
groups where these definitions are admissible, we discuss the existence and uniqueness of the

mean on a global domain, called the mean maximal domain.
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Chapter 1

Introduction

Statistics is an established field of fundamental mathematics which has enabled notable ad-
vancements in applied sciences. It represents a convenient tool to tackle experimentally scientific
problems when a theoretical model is not a priori provided. For example, the number of degree
of freedom implied in the description of an organ’s shape makes it difficult to compute a physical
model. A possible statistical method dealing with this issue relies on medical image computing.
We identify anatomically representative geometric features and study their statistical distribu-

tion across a population in order to postulate symptoms for diseases.

In order to model biological shapes without having to embed them in the Euclidean space,
D’Arcy Thompson proposes in 1917 an efficient framework relying on Lie groups. He considers
any anatomy as a diffeomorphic deformation of a reference shape, the template object [1]. The
problem of performing statistics on complex geometric surfaces or volumes reduces to the creation
of a statistical framework on the space of transformations, which naturally belongs to a group
of smooth deformations, i.e. a Lie group. The most general group to consider is the infinite
dimensional group of diffeomorphisms, whose formalism is developed in particular by Grenander
and Miller (]2], [3]). However, we restrict in this master thesis to finite dimensional Lie groups

and more precisely matrix Lie groups.

The most fundamental notion in statistics is the mean, which is usually defined as a weighted
sum of the data elements. In the non-linear context of a Lie group, this linear definition has to be
modified. Some alternatives have been proposed in the literatur, among them the Riemannian
center of mass when the Lie group is provided with a Riemannian metric. In fact, the Riemannian
framework has been extensively studied and proved to be powerful in order to compute statistics
on non-linear structures ([4], [5], [6]). Hence, it represents the starting point of our approach.
However, the definition of the Riemannian CoM on a Lie group appears to be consistent with the
algebraic operations only if the metric is shown to be bi-invariant. This is the case for compact
groups such as rotations SO(3), but a bi-invariant metric fails to exist for some basic Lie groups

of image computing as the group of rigid transformations SE(3).

Hence, an extension of this mean’s definition has to be provided. In this thesis, we recall

the properties and limits of the Riemannian CoM and we investigate two alternatives. The
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first one is the Riemannian exponential barycenter, which represents a good definition for Lie
groups provided with a bi-invariant pseudo-metric. It enables to extend the class of Lie groups
provided with a consistent definition of mean, solving for example the case of SE(3). However,
bi-invariant pseudo-metrics still don’t exist on all Lie groups, for example the Heisenberg group
can not be provided with any bi-invariant pseudo-metric. Morever, if one wants to generalize
the setting to infinite dimensional Lie groups, it would be desirable to have a universal notion
of mean on matrix Lie groups before extending it. To this purpose, we also define the group
exponential barycenter of a data set on a Lie group. This one is shown to possess naturally
the consistence property with the group operations. The generalization of the Riemannian CoM
to the Riemannian exponential barycenter or the group exponential barycenter relies on the
relaxation of the Lie group’s geometric structure. From the usual Riemannian setting, with a

metric or a pseudo-metric, we generalize to the affine connection framework.

We first recall in Chapter 2 concepts of Lie groups and start with the different geometric struc-
tures we can provide them with. We present affine connections, pseudo-Riemannian and Rieman-
nian metrics, insisting on the tools which will be useful from a computational point of view. We
emphasize to this aim the notions of exponential map and metric or connection geodesics. Then
we turn to the algebraic side of a connected Lie group, recalling its relation with the Lie algebra.
We present one of the most powerful tool for its algebraic study, the adjoint representations.

Without any metric, we define the notion of group geodesics.

Once this setting is defined, we can delve into the problem of an admissible definition for the
mean on a Lie group in Chapter 3. We present the definitions of the Riemannian CoM, the
Riemannian exponential barycenter and the group exponential barycenter. When the Lie group
is provided with the most powerful structure, i.e. the Riemannian metric, it would be desirable
that these definitions provide the same result. This is the first admissibilty condition if one
wants to define a generalization of the Riemannian CoM. We show that this is the case precisely
when the metric geodesics correspond to the group geodesics. This implies that the Levi-Civita
connection associated to the metric is a Cartan-Schouten connection. If not, we are provided
with different means for the same given data set on the Lie group. We illustrate this situation,
and the whole computational framework, with the example of SE(3). In the last section of this
chapter, we investigate the second admissibility condition in order to define a mean on Lie group.
It has to be consistent with the group operations, namely composition and inversion. This is
the case when we can provide the Lie group with a bi-invariant metric or pseudo-metric. As the
Riemannian case has been extensively studied, we presented as an example the characterization

of Lie groups that admit such a metric [7].

We turn to the characterization of Lie groups which can be provided with a bi-invariant pseudo-
metric in Chapter 4. To this aim, we delve into the classification of Lie groups while presenting a
first attempt of a construction of a bi-invariant pseudo-metric. It relies on the Levi decomposition
of a Lie group into a semidirect product of a semisimple and a solvable part. While semisimple
groups can always be provided with a bi-invariant pseudo-metric, namely their Killing form,
solvable groups fail to follow a general rule. We characterize the solvable part (as a co-adjoint
representation) in order to conclude, before presenting a general method to construct a bi-

invariant pseudo-metric when the conditions are fulfilled. We apply it to the case of rigid body
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transformations, where no bi-invariant metric exists but where there is a bi-invariant pseudo-

metric.

Once we know which mean is admissible on which Lie groups, we investigate som existence and
uniqueness properties for the three possible mean’s definitions in Chapter 5. It represents the
last issue before introducing them in an computational framework. We present the case of the
Riemannian CoM in the first place, emphazing the problematic of convexity when dealing with
the uniqueness problem. We characterize the mazimal domain on which we have uniqueness of
the COM and illustrate its derivation with the example of SO(3). In this case, it corresponds
to the strict upper hemisphere. Finally, we extend the existence and uniqueness theorem to
the case of pseudo-Riemannian spaces and affine connection spaces. We compute similarly the

maximal domain of uniqueness for the group of rigid transfomations.



Chapter 2

Lie group: geometric and algebraic

structures

2.1 Generalizing the linear statistical framework on curved

spacs

Algorithms in statistics generally use the setting of (high dimensional) vector spaces. However,
manifolds and Lie groups are non-linear structures. Hence, a generalization of the computational
framework for Lie groups is needed. Recall that a Lie group as a manifold is still locally linear
and can be approximated at a point g by its tangent plane T,G. Then, given a vector of the
tangent plane v € T,G, we may shoot along this vector to reach a corresponding point on the
Lie group. This is the essence of the exponential map, exp,y(v), which we’ll study in this section.
Similarly, we can compute the image, on the Lie group, of a straight line of the tangent space
through this exponential map. It defines geodesics. The exponential map and its inverse, the
logarithm map, associated to the geodesics of a manifold are key concepts in order to generalize

linear algorithms on a Lie group structure.

With these tools, the generalization of the basic functions from the usual linear computing frame-
work is straighforward using the notion of bipoint (oriented couples of points), an antecedent of
vector. Indeed, one defines vectors as equivalent classes of bipoints in a Euclidean space. This
is possible because the translation enables to compare what happens at two different points.
In a Riemannian manifold, each vector has to remember at which point it is attached, which
comes back to a bipoint. Now the exponential of a vector g7z attached at g can be interpreted
as the addition: exp, (g_iL) =g+ g_h = h. On the other hand, the logarithm can be seen as the
substraction: logg(h) =h —g = g_iL7 mapping the bipoint (g,h) to the vector g7L attached at g.

This reinterpretation of addition and subtraction using exponential and logarithm maps is very
powerful to generalize algorithms working on vector spaces to algorithms on Riemannian mani-

folds. Figure 2.1 from [8] summarizes the generalization’s method. It is very powerful, as most
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of the operations can be expressed in terms of the exponential and the logarithm maps, like the

gradient descent algorithm.

Vector space

Riemannian manifold

Subtraction
Addition

Dist ance

Mean value (implicit)

Gradient descent

Linear (geodesic) interpolation

z(t) =z +t T123

zy = log,(y)

y = exp,(ZY)
dist(,y) = [|Z9l|.
> ilogs(zi) =0
Tite = E?XD@:(—EVC(%D
z(t) = exp,, (t .73)

FiGURE 2.1: Re-interpretation of basic standard operations in a Riemannian manifold.

In the following sections, we review the fundamental properties of Lie groups which are useful
from a computational point of view. We specify the different notions of exponential maps and
geodesics that can be defined, namely the metric exponential map, the connection exponential
map and the group exponential map with their respective geodesics. The domain of definition of
the exponential map depends on the space’s completeness. In this thesis, all spaces are assumed

to be complete, with regards to the definition that is appropriated in each case.

A metric space is complete if any Cauchy sequence in it converges. For a Riemannian manifold,
we have the additional notion of geodesic completeness: the Riemannian manifold is geodesically
complete if any maximal (inextendible) geodesic is defined for all t € R. The two definitions are
in fact equivalent, and the manifold is called a complete Riemannian manifold. Hence for other
structures without metric, as for affine connection spaces and for Lie groups, completeness will
be defined as geodesic completeness. In all three cases, it is equivalent to the statement that the
exponential map exp, is defined on the whole tangent space T,G. This property is the reason
why we only deal with complete spaces in this thesis. However, we should pay special attention
to the definition of its maximal injectivity domain, which depends on the Lie group we consider
and can be computed. This is linked with the maximal uniqueness domain for the corresponding

definition of the mean.

2.2 Affine connection and Riemannian spaces

In this section, we denote by T,G the tangent space at g € G and by T'G the tangent bundle.
I'(G) is the set of vectors fields X which form the algebra of derivations of smooth functions
¢ € C=(9).
point g € G:

Indeed, we have the fundamental isomorphism of Differential Geometry at each

Dy(G) =T,G
where Dy(G) is the vector space of directional derivatives at g.

To see this, one may consider the map:

X T,G — DyG
[C] — Xx([C])
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where C is a representative curve through g = C(0) for the vector attached at g. This map is

defined by the action on functions:

:i
T dtli=0

x([C)lel

which holds for any ¢ € C*°(G) and is independent of the choice of the representative C for the

(@oC(t))

vector of T,G. We refer to [9] to show that x is onto and one-to-one.

In a local coordinate system, the action of a vector field X at g on ¢ is :

Xlol| =oxo| = 5| ol+exl,).

When composing the derivatives, we see that X[Y[¢]]|, = Ox 0y ¢|, involves second order deriva-
tions and thus does not behave like a vector (or a directional derivation). However, we can

remove the second order terms by substracting dxdy to obtain the Lie Bracket:
(X, Y]] = X[Y[¢]] - YV[X[o]]
which is now a derivation. We may also write:
[(X,Y]=0xY — 0y X = (X70;Y" - Y10;X")0;.

Provided with the Lie Bracket [,], T'(G) is in fact a Lie algebra. Note that it is not the Lie algebra
of the Lie group.

2.2.1 Affine connection spaces

A general notion of geometry on Lie groups is defined by the parallel transport. If one wants
to compare data in the tangent space T,G at point g, with data at another tangent space, say
113G, one needs a specific mapping HZ between the two spaces. This is precisely the essence of
parallel transport. As there is no general way to define a global linear mapping between two
tangent spaces HZ : T4G —— T3, G, that is consistent with the composition Hg oIl = H';, one
has to specify by which path we connect g and h. It leads to the following definition.

Definition 2.1. (Parallel transport) Let v be a curve on G. A parallel transport along v is a
collection of mappings IL(v)} : T% ()G — TG such that:

e II(v); = Id (identity transformation of T,(4)G),

o TI(7)¢ o TI(y)¥ = II(~)% (consistency along the curve),

S

e The dependence of IT on ~, s and ¢ is smooth.

The notion of (affine) connection is the infinitesimal version of parallel transport. It indicates

how a vector transforms when it is parallely transported to an infinitesimaly close tangent space.



Chapter 2. Lie group: geometric and algebraic structures 7

Let 2 = 4(0) be the tangent vector at the initial point of the curve v and Y be a vector field.
Then the quantity:

lim ()Y [y = Yy _d
t—0 t dt lt=0

H(W)?Yh(t) (*)

is independent of the curve 7. Hence we can forget about the previous expression of parallel

transport and we define an affine connection without specifying a path.

Definition 2.2. (Affine connection) An affine connection is a bilinear map:

vV T(G) x T'(G) — T(G)
X,Y — VyY

with the following properties, for any X,Y € I'(G) and ¢ € C*:

o VyxY = ¢VxY,

o Vx(¢Y) = 0x(¢Y) + ¢VxY (Leibniz rule in the second variable).

One may check that the quantity (x) verifies these properties. The connection V is determined
by its coordinates on the basis vector fields: V,0; = I‘fj(“)k. The Ffj are called the Christoffel

symbols of the connection.

Note that the properties satisfied by the connection are precisely those of a directional derivative
of Y along X. VxVY is also called the covariant derivative of the vector field Y along X. Its
computation in a local coordinate system (9;); shows how it differs from the standard directional
derivative along X:

VxY = 0xY +T};X'Y7 0

where we recall that: dxY = X79;(Y")0;.

Remark 2.3. The covariant derivative along X can also be defined for any tensor field T.

If we take the covariant derivative of Y, along the tangent vector field of a curve parametrized

by t, we get a function of R.

Definition 2.4. (Covariant derivative along a curve) Let v be a curve on G. The covariant
derivative of the vector field Y € I'(G) along the curve v is defined as:
DY
=V

dt (1)

Taking Y=, we can study how the tangent vector field covariantly variates along its curve. If
its variation is null, i.e. if it is parallely transported at any point of its curve, the curve is said to
be parallel to itself. Hence we have a generalization of a straight line, which means: a definition

of a geodesic.

Definition 2.5. (Connection geodesic) Let v be a curve on G. Then ~ is a connection geodesic

if its tangent vector field 4 remains parallel to itself, in the sense of parallel transport along the
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curve. In the infinitesimal formulation of covariant derivative, this is equivalent to:
V=0
In a local coordinates system (9 )k, the equation of the geodesic is:
Y+ =0

Remark 2.6. Note that geodesics of a given connection only depend on the symmetric part
+(VxY +VyX) of V (see [9]). The skew-symmetric part (i.e. the torsion, as we shall see later)

only affects the parallel transport along v of non-colinear vector fields.

Recall here our purpose of generalizing linear algorithms on the non-linear structure of manifolds.
This implies precisely a generalization of straight lines, as for example this definition of geodesics
in the affine connection case. Now, T,G is the best linear approximation of G at g and the
definition of an exponential map precisely defines the generalization process from linear to curved
spaces. Using the connection exponential, we shoot the linear objects of the tangent space onto
the manifold, for example the straight lines onto the geodesics. This shooting is illustrated in

Figure 2.2.

FI1GURE 2.2: Shooting from the tangent space to the manifold using the exponential map

Definition 2.7. (Connection exponential map) The application mapping any vector u € T,G
to the point h of G that is reached after a unit time by the geodesic starting at g with tangent

vector u, is called the connection exponential map and we write: expy(u) = h.

The map is smooth (geodesics are smooth curves) and defined on the entire tangent space T,G
as we assumed the completeness of G in the sense of affine connection spaces. However, exp,
might not be onto nor one-to-one. But as its differential at 0 is the identity Id, we use the Inverse

Function Theorem (finite dimensional space) to get its local injectivity [10]:
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Theorem 2.8. The connection exponential map is a diffeomorphism from an open neighborhood

of 0in TyG to an open neighborhood of expy(0) =g in G.

Hence, we can locally define its inverse, which is called the connection logarithm map.

Definition 2.9. (Connection logarithm) For every g € G, there is a open neighbordhood O,
where we can define the connection logarithm at g of any point h € Oy, logy(h), as the unique u

in the corresponding neighbordhood of 0 in T,G such that exp,(u) = h. We write v = log,y(h).

Remark 2.10. We don’t delve into the global bijectivity domain of the connection exponential
map here. However, we’ll present its general meaning for the purpose of this thesis in the

Riemannian case (next subsection).

Apart from the straight lines, an affine connection defines two more geometric tensors on the

space: torsion and curvature.

Definition 2.11. (Torsion and Curvature) The torsion and curvature tensors are defined as:
T(X,Y)=VxY -VyX — [X,Y]

R(X, Y)Z =VxVyZ -VyVxZ— V[X,Y]Z

The torsion tensor is obviously skew-symmetric: T(u,v) = =T (v, u) and we have:
k _ (mk k O\ yivd
T(X,Y)" = (I}, —T5)X"Y7.

Hence, a symmetric connection is a torsion free connection. As for the curvature tensor, we state
(without proof) its properties, as they will be useful for computations. Again, we refer to [9] for
details.

Proposition 2.12. For g € G and u,v,w,z,y € T,G, we have:
(i) R(u,v)w = —R(v,u)w,
(ii) R(u,v)w + R(v,w)u + R(w,u)v = 0.

In this introductive section, we have defined geodesics, torsion and curvature without the need

of any particular (pseudo-)metric. Now introduce one.

2.2.2 Pseudo-Riemannian manifold

An affine connection space is provided with the notion of parallelism but no distance is defined.

This is the role of a pseudo-metric.

Definition 2.13. (Riemannian pseudo-metric) A Riemannian pseudo-metric is a smooth collec-
tion of definite bilinear 2-forms on tangent spaces of the manifold, i.e. it defines the dot product
of tangent vectors of the same space.

We denote (p,q) its signature, p + ¢ = dim G, where p is the number of strictly positive eigen-

values, and q is the number of strictly negative ones.
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A Riemannian pseudo-metric of signature (dim G, 0) is positive definite and called a Riemannian

metric.

Remark 2.14. In the following, we might also denote the pseudo-metric g;; in order to use

Einstein summations when it clarifies the expressions.

Given u,v € T,G, a Riemannian pseudo-metric enables to compute their norms and angle be-
tween them. Moreover, it defines a pseudo-distance along a curve of the manifold G through
integration of the norm of its tangent vector. In this framework, we have another definition of

geodesics, namely the Riemannian geodesics.

Definition 2.15. (Riemannian geodesic) A Riemannian geodesic C of G, in affine parametriza-

tion s, is a curve minimizing the functionnal:

IlC] = /CdS\/< v(z),~(s) > lys) (i-e. the length),

or, equivalenly, the functionnal:
1 : : . N
K[C] = 5 ds < y(x),7(s) > |y) (ie. the cinetic energy).
C

Remark 2.16. The equivalence of the minimization of the two different functionnals is intuitive
from their physical interpretations but not trivial in the computations [9]. Note that one can

always reparametrize a geodesic so that its speed is 1, i.e. |y(¢)| = 1, for all t. In the following,

we only deal with such geodesics.

Now we have two possible generalizations of straight lines: the connection geodesics and the
Riemannian geodesics. But, a Riemannian manifold is a special case of an affine connection
space. Here we investigate the compatibility condition one should ask from a connection, in

order for its connection geodesics to agree with the Riemannian ones.

Definition 2.17. For a given pseudo-metric g, a connection V is compatible with g if at any
point g € G we have:
Vxg=0 VX eT,G

or equivalently, if we have:

X <Y, Z>=<VxY,Z>+<Y,VxZ >.

This means that the pseudo-metric is parallely transported along any curve.

Proposition 2.18. If a connection V is compatible with the metric <,>, then the connection

geodesics are the Riemannian geodesics.

Ounce again, we refer to [9] for the proof. Now, for a given metric, we can always find a connection
compatible with it. Moreover, we can characterize all the connections that are compatible with
it [10].
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Definition 2.19. (Levi-Civita connection) For a given pseudo-metric g, there is a unique sym-
metric (i.e. torsion free) connection compatible with it. It is called the Levi-Civita connection

and can be computed with the Koszul formula as follow:

1
T = ~g"(Digji + 0590 — D19i5)

2
or:
1
<VxY,Z >= §(X<Y,Z>+Y<X,Z> —-7Z<X)Y >
—<X,[V,Z] > - <Y, [X,Z] >+ < Z,[X,Y] >).
Remark 2.20. e This is consistent with the fact that connection geodesics only depend

on the symmetric part of V. Note also that this definition/proposition gives all the
connections compatible with a given metric <,>, we only add a term of torsion to the

Levi-Civita part.

e Given a metric, we can always find a connection compatible with it. However, the
converse is false. We called metric connection, a connection that has a metric compatible

with it, non-metric connection if one cannot find such a metric.

Now take the Levi-Civita connection associated to <,> to import the results from affine connec-
tion spaces to the pseudo-Riemannian manifold. We define the pseudo-Riemannian exponential,

the pseudo-Riemannian exponential chart and the pseudo-Riemannian logarithm.

The pseudo-Riemannian structure itself provides two additionnal properties to Proposition 2.12

for the curvature tensor R [9]:

o < R(z,y)u,v >=< R(z,y)v,u >,

o < R(z,y)u,v >=< R(u,v)x,y >.

Moreover, we have precision about the bijectivity domain of the exponential map. Recall that in
the affine connection case, we only define its inverse locally according to Theorem 2.8. However,
in the Riemannian case, we have precisions on the global bijectivity domain of the exponential
map at g [8]. It is a star-shaped domain delimited by a continuous curve C, called the tangential
cut-locus of g. Its image by the exponential map is called the cutlocus of g. One can prove that
it is the closure of the set of points where several minimizing geodesics starting from g meet.
We’ll not delve into this subject here as it requires notions of conjugate points and Jacobi fields

[10] which we don’t introduce in this thesis.

Remark 2.21. However, these maximal domains (for each point g) are important for the prob-
lematic of this thesis. In fact, they are the maximal domains where the logarithm map exists and
is unique and the definitions of the mean we’ll give in the next chapter are formulated in terms

of logarithms. Hence they will be valid only on the domain of bijectivity of the exponential map.

We can define the distance from a point g to its cutlocus C, and the injectivity radius of the

whole manifold.
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Definition 2.22. (Injectivity radius) For each g € G, the injectivity radius of (G,<,>) at g is:
inj, (G, <,>) = sup {r : expyis injective on B,.(0) C T,G}
and the injectivity radius of (G,<,>) is:

inj(G, <, >) = inf {inj,(G/¥g € G}

If G is compact, then 0 < inj(G, <, >) < diam(G, <,>). But in the general case, we may have
inj(g, <,>) =0 or +oo.

Now that we have reviewed the geometric notions relatives to affine connection spaces and

Riemannian manifold, we may add the algebraic structure specific of Lie groups.

2.3 Lie groups

First recall the definition:

Definition 2.23. A Lie Group G is a smooth manifold together with a compatible group struc-
ture. It is provided with an identity element e, a smooth composition law % and a smooth
inversion law Inv :

x:(g,h)—gxheg
Inv: f— fCYeg

Remark 2.24. In this thesis we’ll deal only with connected, simply connected Lie groups. Moti-

vation for this choice will be clear later.

The inverse map is a diffeomorphism of G seen as a manifold but also a group automorphism of

G, obviously seen as a group.

There is a canonical way to define two other diffeo/auto-morphisms families of G, called the left
and right translations: Ly : f — g* f and Ry : f — f * g in addition to a third one called the
conjugations Cq = f = g* f * ¢V, One immediatly has the following relationships:

Lig=LsolL, Rpvg = Rgo Ry InvoLg:Rg<_1)oInv

LyoRp,=RpolL, Cy=LgoRy-1 =Ry-1olL,

As they are smooth maps, one can differentiate them to get a linear map between two tangent

spaces of the Lie group.
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2.3.1 Lie group and Lie algebra

Noting that the differential DL,(h) at h of the left-translation of g, L,, maps the tangent space
TG to the tangent space TLg(h)g = T4.«nG, we can define the subset of left-invariant vector fields

as:

Definition 2.25. (Left-invariant vector fields) A vector field X is said to be left-invariant if for
any g € G, we have:
X|g*h:X|Lg(h) :DLg(h).jﬂh Vhe g

Hence we see that a left-invariant vector field is only determined by its value x at e and we can
write in short: X = DL.xz. Later, the implementation of left-invariant vector fields amounts to

compute the differential of the left translations at the identity e.

The Lie bracket of two left-invariant vector fields is also left-invariant [9] and we denote [z, y] its
value at e. The left-invariant vector fields form a Lie sub-algebra of I'(G) which we identify with

the tangent space at identity e provided with the inherited Lie Bracket: g = (T.G,+, ., [., .]).

Definition 2.26. (Lie algebra) g = (7.G,+, ., [.,.]) is called the Lie algebra of the group G.

The Lie algebra g represents the structure of the Lie group G near its identity e.

Definition 2.27. (Structure constants) Take (T;); a basis of the Lie algebra g, taken as a vector

space. Then, the constants c;;, defined as:
(T3, T;] = ciji Ty
are called the structure constants of the Lie algebra.

The Lie algebra structure of the vector space g is determined by these constants. As elements
of the Lie algebra are left-invariant vector fields, it is desirable that these brackets don’t depend
on the point where we evaluate them. It is the case and that’s precisely what is meant under
"structure constants". Note that for semisimple groups, the c;;; are totally antisymmetric in
[ijk].

Remark 2.28. By symmetry, one can also define the sub-algebra of right-invariant vector fields
X = DR.x and identify it with the tangent space at e. Note that the right bracket will be the
opposite of the left bracket. In fact, this special point can create misunderstandings as researches
on finite dimensional Lie groups use the left bracket whereas researches on infinite dimensional

Lie groups deal with the right bracket.

A Lie group homomorphism is a map between Lie groups respecting the Lie group structure i.e.
is smooth and compatible with *. A Lie algebra homomorphism is a map between Lie algebras
respecting the Lie algebra structure, i.e. is linear and compatible with [,]. One is usually more
familiar with matrix groups than abstract ones. Hence, define the following Lie group and Lie

algebra homomorphisms.
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Definition 2.29. (Representations of G and g) A real representation n of the Lie group G on

the real vector space V is a Lie group homomorphism:
n: Gr— GL(V)

A real representation of the Lie algebra g on the real vector space V is a Lie algebra homomor-
phism:
0: gr—gl(V)

We will denote 7(g).v the action of the element g € G on the vector v € V through the represen-
tation 7, and similary 6(z).v the action of the element x € g on the vector v € V' through the

representation 6.

A representation 1 (resp. 6) of a Lie group (resp. a Lie algebra) is faithful if n (resp. 6) is

injective. We state without proof the well-known proposition [11]:

Proposition 2.30. The differential of a Lie group representation n at identity e provides a Lie

algebra representation, 0 = dn|., of its Lie algebra.

If G is simply connected, there is a bijection between representations 7 of G and representations

dn|. of g. This is why we only consider simply connected Lie groups in this thesis.

2.3.2 Adjoint and co-adjoint representations

We go back to the auto/diffeo-morphism family of conjugations Cj, to define a special repre-
sentation of G. For g € G, the differential of Cy at e DCy(e) has the particularity of mapping
T.G to itself, hence being an automorphism of vector spaces in contrast to DL, (e) and DRy(e)
which are isomorphisms of vector spaces, from T.G to T,G. In fact, DCy(e) is more than an
automorphism of vector spaces. It provides a representation of G on its Lie algebra i.e. take
V = g in the definition.

Definition 2.31. (Adjoint representation of G) The following Lie group representation is called
the adjoint representation of the Lie group G:

Ad : G — Aut(g) C GL(g)
g — Ad(g) = DCyle = DLg|y-1).DRy-)le = DRy |g-DLygle

The subgroup Ad(G) of GL(g) is called the adjoint group.
Ad is a Lie group homomorphism, i.e. it is smooth and compatible with *:
Ad(g1 * g2) = Ad(g1).Ad(g2).

For each g € G, Ad(g) is a Lie algebra automorphism, i.e. Ad(g) is linear, inversible with
Ad(g)~! = Ad(g~") and it respects the Lie bracket:

Ad(g).[z,y] = [Ad(g).z, Ad(g).y], Vz,y € g.
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Taking the derivative of the map Ad at e provides a representation of the Lie algebra, called
the adjoint representation of the Lie algebra. However, we need to define the tangent space of

Aut(g) at its identity Id, i.e. the Lie algebra of Aut(g). It corresponds to the derivations of g.

Definition 2.32. (Derivation of g) A derivation of g is a linear mapping D : g — g such that:
Dlz,y] = [Dz,y| + [z, Dy] ~ Vae,yeg

The set of derivations of g is denoted Der(g).

Now, we have:

Proposition 2.33. The derivations of g represent the Lie algebra of Aut(g):

Der(g) = TrqAut(g).

Proof. Take D € End(g) be such that exp(tD) € Aut(g) for t € R, where exp is the usual series
using the product of endomorphisms o. The definition of a Lie algebra automorphism gives

exp(tD)[x,y] = [exp(tD)x,exp(tD)x]|, which we can differentiate to get:
Dlz,y] = [Dx,y] + [z, Dy]

saying that D is a derivation of the Lie algebra. Conversely, if D is a derivation then, with have

by induction:
i B
D'z = (k> [D*z, D"~ *y]
k=0

which shows that exp(D) = Y7 DT:L is an automorphism. Hence the Lie algebra of Aut(g) is

the Lie algebra Der(g) of derivations of g. O

This enables the following definition from the adjoint representation of the Lie group G:

Definition 2.34. (Adjoint representation of g) The following Lie algebra representation is called

the adjoint representation of the Lie algebra g:

ad = D(Ad)|e : g — Der(g)

x+— ad(z) = [z,.]
The subalgebra ad(g) is called the inner derivations algebra.

The particularity of the adjoint representation is that g is represented on itself. It is at the same
time the acting Lie algebra and the vector space it is acting on. The expression of ad as the
Lie bracket will be clear in the next subsection. Let us emphasize the properties of the adjoint
representation of the Lie algebra. First, ad is an Lie algebra homomorphism: it is linear and

compatible with the Lie bracket:

ad([z,y]) = [ad(z), ad(y)] Vr,y € g,
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which is exactly the Jacobi identity.

For x € g, ad(x) is a derivation, i.e. ad(z) is linear and:

ad(z)[y, z] = [ad(x).y, 2] + [y, ad(x).2] Vz,y,z € g.

Provided with a definite inner product, we can present the subject of duality on g.

Definition 2.35. (Dual space) The dual space of g (seen as a vector space), denoted g* is the
vector space of all linear forms on g. More precisely, it can be defined with the inner product on

g using the canonical isomorphism (Riesz’ theorem in finite dimension):

¢:g—g"
ar— ¢(a) =<a,e >
Remark 2.36. As the dual space of a Lie algebra, g* inherits a specific algebraic structure: a
Lie-Poisson structure. Take f1, fo two linear forms on g such that f1 = ¢(a1), fo = ¢(az). The

induced bracket:
{f1, f2} =< a1, az),® >

defines a Lie-Poisson structure on g*.

From the representation theory, we recall the following definitions.

Definition 2.37. (Co-adjoint representations) The co-adjoint representation of G is defined on
g* by taking the adjoints (in the sense of duality) of the endomorphisms Ad(g):

Ad* : G — Aut(g")
g — Ad*(g) such that: Vx € g :< Ad(g).a,z >=< a, Ad(g)*.x >

We can also define the co-adjoint representation of g:

ad* : g — Der(g")

x — ad*(x) such that: Vy,z € g :< ad(z).y,z >=< y,ad(z)".z >

For g € G or x € g, Ad(g) and ad(x) have nice explicit expressions on g. We show here how
Ad* and ad* can be computed in the finite dimensional case of matrices. As the adjoint (in the
sense of duality) depends on the metric <,> we choose, first recall the Frobenius inner product

on matrices which we’ll use several times in this thesis:
1
< XY >= 5Tr(XT.Y) VX,Y € M,(R).

Note that it may be defined without the constant % in some papers.

Proposition 2.38. For G € GL(n), X € gl(n), and the Frobenius inner product on gl(n), we

have:
Ad*(G) = Ad(GT)  and ad*(X) = ad(XT)
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Proof. Take G € GL(n), X,Y € gl(n), we have:

< Ad(G).X,)Y >=<G.X.G71,Y > (Ad in the matrix case)

1
= i.Tr((G.X.G’l)T.Y) (Frobenius inner product)

= %.TT(G’T.XT.GT.Y)

1
= i.Tr(XT.GT.Y.G*T) (circular permutation in Tr)

=< X, Ad(G").Y >
As for ad, we take X,Y, Z € gl(n) and we get:

<ad(X)Y,Z >=<[X,Y],Z > (definition of ad)

=< XY -YX,Z> (matrices: the bracket is the commutator)
= %.TT((X.Y —Y.X)T.Z) (Frobenius inner product)

= %.TT(YT.XT.Z - XTy".7)

= %.TT(YT.XT.Z —YT.ZXT) (circular permutation in Tr)
=<V, X", 7] >

=<Y,ad(X").Z >

Hence we get both results. O

Now we have set the general algebraic framework on a Lie group without having defined any
connection or metric. In the next section, we show how to define a generalization of straight

lines in this context.

2.3.3 Lie group exponential and logarithm

A Lie group is non-linear, while its Lie algebra g is: it is the best linear approximation of G at e.
As in the connection and Riemannian spaces, we precise this relation by defining an exponential
map, the Lie group exponential, and first we agree on which curves on G should approximate the
straight lines of g. For the group exponential, they will be the integral curves of left-invariant

vector fields.

Generally speaking, for any smooth vector field X we have the following smooth ordinary differ-

ential equation:
dz(t)
dt

Associated with an initial condition of the type x(0) = pg, the theory ODE tells us that (x) has

=Xlawy

an unique solution for some interval about t=0. This solution is called the integral curve of the

vector field X starting at pg. We denote it ox (¢,po). Taking all curves starting at all points in
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G, we may think of ox as the map:

ocx: RxG—gG

(t,po) — p = ox(t,po)

We call this map the flow defined by the vector field X. Note that o x (e, pg) might not be defined
for all ¢ € R. However, it is defined everywhere for left-invariant vector fields X as they don’t

have zeros (DL is an isomorphism).

Integral curves belong to the group G. Could an integral curve define a (one-dimensional) sub-

group of G?

Definition 2.39. A one-parameter subgroup of G is a curve on G defining a Lie group homo-

morphism from (R, +) to (G, %), i.e.:

7 (R, 4) — (G, %)
t — v(t) such that: Vs, t € R, v(s +1t) = y(s) xv(¢)

A one-parameter subgroup is abelian.

The following proposition shows that there is a surjection from the Lie algebra g to the set of

one-parameter subgroups.

Proposition 2.40. The integral curve going through e of a left-invariant vector field is a one-

parameter subgroup.

Proof. The flow 7, (t) of a left-invariant vector field X = DL.x starting from e exists for all
times. Its tangent vector is v, (t) = DL, «).x by definition of the flow. If we fix s, we observe
that the two curves 7,(s + t) and v,(s) * v, (f) are going through point v, (s) with the same

tangent vector. By uniqueness of the flow, they are the same. O

Hence, one-parameter subgroups are a possible approximation of the straight lines of g. Note
that they start at e. Hence we translate them in order to define a geodesic starting at any point

of the Lie group.

Definition 2.41. (Group geodesic) The group geodesics are the left translations of one-parameter

subgroups.

We have now three sets of geodesics: the Riemannian geodesics, the connection geodesics and
the group geodesics. We have seen the condition in order to have correspondence for the two
first sets in the previous section: the connection V of the affine connection space has to equal the
Levi-Civita connection of the metric (up to a torsion term). If, in addition, we want to match
the group geodesics, we have to require that V is a Cartan-Schouten connection. Details will

come in the next chapter.

Note that we always have the geodesic completeness in the case of the Lie group. Hence we can

define the exponential map on the whole tangent space as:
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Definition 2.42. Let v, (t) be the flow of a left-invariant vector field X = DL.x starting from

e. The group exponential of x at e, Exp(x) is defined as:

Eap(x) = 7, (1).

At g € G, we define the group exponential of u using the corresponding left translation of the
one-parameter subgroup:
Expy(u) = g x Exp(DLy-1.u).

Remark 2.43. We have an explicit formulation for the adjoint represention of G:

d _
Ad(g)y = —| _ 9-Eap(ty)-g !

and in the matrix case, the simpler formula: Ad(R).M = R.M.R(Y.

Moreover, the expression of ad(x) as the Lie bracket is given by computations from:

ad(x).y = % SZOAd(e:vp(sx)).y.

using the fact that the adjoint representation of the Lie algebra is the differential at e of the
adjoint representation of the Lie group [10].

Provided with the exponential map, we can show that the set of left translations of the one-

parameter subgroups equal the set of their right-translations. [7]:

Theorem 2.44. For x € g and g € G, we have:

g * Exp(x) = Exp(Ad(g).x) * g.

The differential map of the group exponential at 0 is the Identity and we have again a local

theorem:

Theorem 2.45. The group exponential is a diffeomorphism from an open neighborhood of 0 in

g to an open neighborhood of e in G.

Now, try to have a look on the maximal bijectivity domain of the group exponential map. We
first consider the case of matriz Lie groups where the group exponential is precisely the matrix
exponential. In general, the logarithm of a matrix may not exist or may not be unique even
if it exists. Following [12], we see that we generally need two group exponential to reach an
element of the Lie group. But, if a (real) invertible matrix has no (complex) eigenvalues on the
closed half line of negative real numbers, then it has a unique real logarithm, which is called the

principal logarithm.

Can we generalize this to other Lie groups? The following development is a first step in that
direction: we characterize a domain that should contain the maximal bijectivity domain of the

group exponential map.
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As Ezp : g — G is smooth, we can differentiate it at « € g to get the linear map:
DEzxp(x) : § — Trup)G-
We define the function f:

frg—R
x +— det(DExp(z))
we have the following definition:

Definition 2.46. We call the conjugate locus of e the subset C, of G defined as follow:

C.= f(_l)({o})

and we call Q. the connected component of e in f(=1)(]0, +o0f).

Our conjecture is the following;:

Proposition 2.47. Q. C g contains the maximal domain U, for the bijectivity of Exp. Moreover,

it 1s star-shaped at 0 and invariant under the adjoint group.

Proof. Let us prove part of this conjecture. Take x in the open neighbordhood of 0 given by
Theorem 2.45. Let p* be the first positive time t for which f(tx) = 0, i.e. the first point in
direction x where DExp is not full rank. Note that for « € R*, p*(a.z) = L), Hence, Q. is

[e3%

the domain delimited by the points p*(ax).ax = p*(z).x. It is obviously star-shaped at 0.
Prove that Q. is invariant under the adjoint group. Take x € Q., such that f(z) > 0. We show
that f(Ad(g).x) >0, for all g € G. Take g € G,y € g, we have:
d
DExp(Ad(g).x).y = £|t=0E$p(Ad(9)-9U + ty)

by definition of the differential, and recalling :

DExzp(Ad(g).z) : 8 = Trap(ad(g).)9-

Now Ad(g) is an automorphism of g, so we can take y’ the unique antecedent of y by Ad(g),
such that : y=Ad(g).y’. Hence:

DExp(Ad(g).x).y = pn tzoEmp(Ad(g).x +tAd(g).y")

=% OE:Ep(Ad(g).(:v +ty')) (automorphism Ad(g) is linear)
=

= —| gxExplx+ty)*g" (see Theorem 2.44)
t=0

=—| CyoExp(z+ty)
=0
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Now using the differentiate of the composition D(f o g)(a) = Df(g(a)) o Dg(a), we get:

DEap(Ad(g)-2).y = DC,(Eap(x)).DEap(a).y/
= DC,(Exp(z)).DExp(x).Ad(g~ ).y

because Ad(g)~! = Ad(g~"). Let emphasize the nature of the objects on the last line:

e Ad(g) is an automorphism from g to g,
e DExp(x) is an homomorphism from g to Tgap ()9,

e DCy(Exp(x)) is an isomorphism from Tgup)G to To, (Bep(«))9-

Hence, considering:
det(DExp(Ad(g).z)) = det(DC,(Exp(x))). det(DExp(z)). det(Ad(g~ 1))

it is clear that : f(z) > 0= f(Ad(g).x) > 0 and we get the result. O

In order to get an explicit expression of U, for a given Lie group, a first step is to compute Q.
and hence DExp(z).

Theorem 2.48. Let g be the analytic function:

400 m
S P G > ((_1) 2,

|
z o (m+ 1!
where exp is the standard exponential function. We have:

DExp(X).Y = DLpgpx).9(adX).Y

Proof. We prove it in the matrix case, since we are dealing with matrix Lie groups in this thesis.
First translate the (tangent) vector attached at Exzp(X) to e, in order to calculate the Lie Algebra

element:
DLEIP(_X).DExp(X)Y DLgyp—x)-

) oErp(X +1tY)
- DLE'.Lp( X) <

d X+tY)
dt n!

A
IVM &‘Q‘

1"
rl(n+1)!
r>0,n>0,0<k<n
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using the equivalent of Newton polynomial for non-commutative elements.

Changing the summation variables from 7, n, k to m, r, k where m = r 4+ n, we get:

(=" k —r—k
DL _x)-DExp(X).Y = E — L __XTthy xmoT
Eap(=X) ap(X) ri(m —r+1)!
r>0,m>0,r+k<m

= Z (_l)m)!(_l)m—p (m + 1) XPY X™—P

rl(m+1 T
r>0,m>0,r+k<m ( +

Using the following identity:

and the fact that adX = L; — Ry, so that:

(adX)™.Y = i(q)m*p <m> Xky xmk,

p=0 k
we have finally:
S~ _o”
DLpyp-x)-DExp(X).Y = mz_:o m(adX)m Y
=g(adX).Y
which ends the proof of the theorem. O

Finding Q. amounts to solve det(g(ad(x))) = 0 as DLpggp(,) is an isomorphism. Let give some

insights about how we could proceed.

If 2 commutes with all elements of g, then p*(z) = co. Hence, if G is abelian g(ad(x)) = Id for
all z € g and: Q. = g. Moreover, if z is nilpotent, then p*(x) = co. In the case of a general z,
we use the abstract Jordan decomposition [13] on ad(x), writing it as a special sum of a nilpotent

and a semisimple endomorphism:
ad(z) = d(x) + n(x).
Then we find the (unique) Jordan decomposition of g(ad(z)):
g(ad(z)) = D(z) + N(z),

where we have (from the computations):

This enables to find the eventual bijectivity of g(ad(z)): we consider the eigenvalues A(x); of

the semisimple part D(z) as the determinant is the product of these eigenvalues taken with
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multiplicity (by property of the Jordan decomposition). We have :

where A\(x); are the eigenvalues of d(z). Hence, we have to find the zeros z of the function g.
They are given by:
z =0[2iw] with z #0.

Hence we could conclude about the domain ). by an analyze of the adjoint representation.

Now define the group logarithm from U, = Exp(U,) to U,, where we only have an inclusion
Ue C Q. (which can be strict, for example in the case of SE(2)).

Definition 2.49. Group logarithm) For every h € U, we define the group logarithme of h,
Log(h) as the unique = € U, such that Exp(x) = h. We write x = Log(h). The group logarithm

at g € G is defined using the left translation of the one-parameter subgroups as:

Log,(h) = DL,.Log(g~" * h).

Note that we also have a relation of the group logarithm with the adjoint representation [7]. For

h, g in the neighborhoods where the following makes sense, we have:

Log(g+h g~ ') = Ad(g).Log(h).

Baker-Campbell-Hausdorff (BCH) formula The implementation of Lie group exponential
and logarithm is the starting point of any programming on Lie groups. The formula is useful to

speed up computations. By definition, we have:
Exp(z).Exp(y) = Exp(BCH (z,y))

Intuitively, BCH(x,y) shows how Log(Ezp(z).Exp(y)) deviates from = + y because of the non-

commutativity of G.

The expression of the BCH is given by the following theorem.

Theorem 2.50. Take x, y small enough in g.
Then the Log(Exp(z).Exp(y)) is analytic around 0 and we have the following development, called
the BCH-formula:

BCH (z,y) = Log(Exp(z).Exp(y))

=4yt gleyl + o5l 9l + [y [ al)

+ gl el 91+ O((lall + lll)®)

Remark 2.51. The BCH-formula can be rewritten in the form of the Baker-Campbell-Hausdorff-

Dynkin formula:

1
BCH(z,y) =z —|—/ F(Ad,Adyy)ydt (2.1)
0
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for all sufficiently small x, y where Ad, = exp(ad,), and F is the function:

_ tlogt
Ct—1

(1)

which is analytic near ¢ = 1 and thus can be applied to linear operators sufficiently close to the

identity.

A crucial point of Theorem 2.50 is that BCH is not only C* but also analytic around 0. It means
that BCH(x,y) near 0 is the sum of an absolute converging multivariate infinite series, the usual

multiplication being replaced by the Lie Bracket.

In the case of matrices, it is obvious that each term of:

+oo
BCH(tX,tY) = Y t".Z,(X,Y)

n=0

is a homogeneous polynomial map of g x g into g of degree n. But it is not clear why it is
a Lie polynomial map, i.e. built from commutators of x and y. This is the statement of the
BCH formula. Before proving it, we state this corollary of 2.48, which is immediate using the

differential of the composition for: ¢ — Exp(F(t)).

Corollary 2.52. If F is a map R — g then:

%E:vp(F () = Exp(F(t)).g(adF (t))(F'(¢))

Now we show the guidelines for the proof of Theorem 2.50, which is mostly computational.

Proof. (Proof of Theorem 2.50) In order to write the Z,, as Lie polynomials, we show an ordinary
non-linear differential equation which is verified by BCH (tX,tY). The Z, will be computed

inductively.

We write, for u,v € R, X,Y € g:
Exp(uX).Exp(vY) = Exp(Z(u,v, X,Y))

where Z is analytic in u, v near (0,0) for each pair (X,Y). Moreover, Z vanishes at u = v = 0.
Differentiating with respect to v using Corollary 2.52, we find:

Exp(uX).Exp(vY).Y = Exp(Z).g(adZ). (gf)

which is, by definition of the BCH:

s

Inverting g(adZ) will provide the needed differential equation. The last computations are techni-
cal and express a specific recursive relation between the Z,,(X,Y’), proving that they are indeed

Lie polynomials. O
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For the sake of completeness, we give (without proof) the explicit formula on the Lie polynomials
Z,(X,Y), stated in the following theorem.

Theorem 2.53 (Dynkin’s Formula). For BCH(tX,tY) = Y% t".Z,(X,Y), we have:

1

"L (—1)kt XPiya  XPrY
Z( ]i Z[ }

194! 19..!
P b1:q1:...Pk gk

with internal summation on all non-negative exponents p1,qi, ---Pk, qx for which:

p1t+q >0,..,pp+aq >0
nta+..+prtqg=n

and:

[Xplylhn.XPkYQk] —
X, X], X, .., X],Y],..., Y], .., X], .. X],Y],..Y].
—_— — — —_——— ——

p1 q1 Pk dk

A proof can be found in [10].



Chapter 3

Defining the mean on a Lie group

Lie groups are non-linear spaces and hence the usual definition of the mean as a weighted sum or
an integral can not be used anymore. Several alternatives have been proposed in the literature,
defining means in different ways. On manifolds, the most widely used is the Riemannian center of
mass. In this chapter, we propose two extensions of this definition: the Riemannian exponential
barycenter and the group exponential barycenter. In order for the extended definition to be valid,
it has to verify two properties. First of all, if we restrict it to the case where the Riemannian
CoM is also defined, it is obvious that both definitions have to correspond. Secondly, as we
are generalizing to Lie groups, we want the mean to be consistent with the group operations,
composition and inversion. If we transform the data set, we want the mean to transform the
same way. We call a admissible mean a extended definition of the mean verifying these two

properties. This chapter discuss the admissible means.

3.1 Extension of the mean’s definition

Let G be a Lie group, and {x;}, a data set of points in G. In the following, we present different

definition’s extension of the Riemannian CoM of {z;}, on the Lie group G.

In order to define a mean on a Lie group, which is still a locally linear structure, one could
think about unfolding the manifold. We could compute linear statistics on the vector space one
gets., for example perform the usual mean, and then fold the space again to find the mean in

the manifold. This is precisely the idea of the Log-Euclidean mean proposed in [14].

Definition 3.1. (Log-Euclidean Mean) The Log-Euclidean mean Trg of {z;}, is defined as
followed:

T = Exp(z w;Log(x;))
i=1

Despite its intuitive formulation, the Log-Euclidean mean is not admissible: it is not consistent

with the left and right translations when the Lie group is not abelian. Indeed, the BCH formula

26
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means that, in the general case, we have:

Emp(z w;Log(g * x;)) # g * Exp(z w; Log(x;))
i=1 i=1
for the left translation for instance. Hence, we directly reject the Log-Fuclidean mean in this

thesis.

We present two types of mean’s definition: the first type depends on the pseudo-metric we defined
on the Lie group, the second one is algebraic. For example, the Log-Euclidean mean would have

corresponded to the second type.

3.1.1 Relying on the pseudo-Riemannian structure

The computing framework on Riemannian manifold is well developed for finite-dimensional man-
ifolds, for example matrix Lie groups. Hence, it appears convenient to rely on this setting to
define a mean. [15],[16] proposes a definition generalizing the fact that the usual esperance, i.e.

in linear statistics, realizes the global minimum of the usual variance, i.e.:

o2(y) = E[l[x,y[|*]

where ||| is usually the Euclidean norm on the finite dimensional vector space R™. Replacing

the norm on R™ by the geodesic distance of (G, <,>), we define a notion of mean on (G,<,>).

In the non-linear case, we might have different minima of the variance, if we have some. But if one
considers local minima of the variance, [17] and [18] were able to prove, under some conditions,
existence and uniqueness theorems (see last chapter). This is the motivation for the definition

of the Riemannian centers of mass.

Definition 3.2. (Riemannian centers of mass (CoMs)) Let G be a Lie group provided wih a
Riemannian metric <,> which induces a distance dist. The Riemannian centers of mass of

{x;},, if they are some, are the points realizing the local minima of the variance:

argmin o2 (y) = E[dist(x, y)?]
yeG

This is not an admissible definition for all Lie groups. The consistency of the Riemannian CoM
with the group operations depends on the properties of the metric <,> inducing the geodesic
distance used for the variance. In order to have a mean consistent with left and right translations,
we need the metric to be bi-invariant [7]. However, such a metric doesn’t exist in all Lie groups

as we’ll see in the last section of this chapter.

Enlarging the set of admissible means, we could rely on the zeros of the variance’s gradient,
including maxima, minima and saddle points. This is the essence of the definition of pseudo-
Riemannian exponential barycenters proposed by [19]. It is inspired from the affine space implicit
definition of the barycenter : ). GM,; = 0. Note that it is now possible to use a pseudo-

Riemannian metric.
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Definition 3.3. (Pseudo-Riemannian exponential barycenters) The points m which are solutions
of the following pseudo-Riemannian barycenter equation, if there are some, are called pseudo-

Riemannian exponential barycenters of {x;},:

Zwi.logm(xi) =0 or, in the continuous case: / logm (z)du(xz) =0 (3.1)
i g
2

Intuitively, if we unfold the manifold at the Riemannian exponential barycenter along the Rie-
mannian geodesics and compute the (linear) mean of the data set in the vector space, we find
0.

This is illustrated in Figure 3.1.

log,,(zr) € T,G

F1GURE 3.1: Definition of an exponential barycenter, here in the Riemannian case.

The previous barycentric equation corresponds precisely to the nullity of the variance’s gradient
and hence to the maxima, minima and saddle points we wanted, as stated in the following

theorem from [6].

Theorem 3.4. (Gradient of 02) Let G be Lie Group and ju a probability measure on G.
The variance o2(y) = Jg dist(y, 2)2du(z) is differentiable (if it is finite) at the points y where
the cut locus has a null probability measure u(C(y)) = 0. At such a point:

(grade®)(y) = —2 /g logy(z)du(z) ifu(C(y)) =0

Remark 3.5. e Note that the pseudo-Riemannian exponential barycenters are either crit-
ical points of the variance (zeros of the gradient) or points with u(C(y)) > 0 (gradient
is not defined).

e In the case of a Riemannian manifold, Riemannian CoMs form a subset of Riemannian

exponential barycenters.

Once again, this definition is admissible only if <,> is bi-invariant on the Lie group. Take for

example the left-translation by h of the data set x;. Consistency of the mean m is equivalent
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with the following equality for any x; (as we can choose the weights as we want):
10Gm (x;) = logham (h % ;) = v
As log,, and exp,, are inverse from each other, it corresponds to:
exPphsm (V) = h*xx; when: exp,(v) = ;.

This is equivalent with the fact that the left-translation of a Riemannian geodesic has to be
a Riemannian geodesic with same length’s unit, i.e. the left-invariance of the pseudo-metric.
Similarly, consistency with the right translation demands the right-invariance of the pseudo-

metric. As for inversion, it is automatically verified when we have bi-invariance (see later).

Now, we may also use a pseudo-metric, not necessary a metric, in order to define a mean. We
have extended the family of Lie groups we can provide with an admissible mean: those which can
be provided with a bi-invariant pseudo-Riemannian metric. The characterization of Lie groups

with bi-invariant pseudo-metric is the topic of Chapter 4.

3.1.2 Relying on the algebraic structure

However, the previous definition of the Riemannian exponential barycenter still reduces the Lie
groups we can work on. To get free of the pseudo-metric constraint, [7] proposed a definition
relying entirely on the algebraic properties of the Lie group. This mean is called the group expo-
nential barycenter and corresponds formally to the (pseudo-)Riemannian exponential barycenter,

but uses the group exponential map instead of the (pseudo-)Riemannian one.

Definition 3.6. (Group exponential barycenters) The points m which are solutions of the fol-
lowing group barycenter equation, if there are some, are called group exponential barycenters of
the data set x;.

Zwi.Log(m(_l) ;) =0 (3.2)

In contrast to the means depending on the (pseudo-)Riemannian structure, the group exponential

barycenter is naturally consistent with the group structure as stated in the following theorem:

Theorem 3.7. (Bi- and inverse-invariance) The group exponential barycenters are left-, right-
and inverse- invariant: if m is a group exponential barycenter of x; and h an element of G, then
(-1

hsm is a mean of h* x;, m h is a mean of z; * h and m(=Y is a mean of ;

Hence, it is naturally an admissible definition as long as we can prove its existence and uniqueness.
This will be treated in Section 5.2.

Proof. Take m a group exponential barycenter of x; and h an element of G. Then,

Log((h*m)™Y s hx ;) = Log(m ™Y « x;)
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is obviously well-defined for all x; and h % m is a solution of the group barycenter equation:

Zwi.Log((h*m)(_l) xhxx;)=0 (3.3)

which proves that h x m is a group exponential barycenter of h * x;, i.e. the consistency of the

definition with the left translation.

In order to show the consistency with the right translation, we apply Theorem 2.44:

Ad(m). (Z w;.Log(m™" % xl)> = Zwi.Log(xi xm~1)

Since Ad(m) is an automorphism it is invertible, and hence the usual left-invariant barycentric
equation is equivalent to a right-invariant (same arguments as above) barycentric equation. The

definition is also consistent with the right translation.

To prove the consistency with the inversion, we consider:
(—1) x (Z w;.Log(m™" % x1)> = Zwi.Log(xgl * (m~hH™h)
i i

using the fact that Log(x~!) = —Log(z). This shows that A~ is a group exponential barycenter
of ;' O

Hence we have defined the pseudo-Riemannian exponential barycenter and the group exponential
barycenter in order to generalize the notion of Riemannian center of mass for as many Lie groups
as possible. However, such a generalization is pertinent if the definitions give the same results
in the cases where they can be both defined. This was clear for the Riemannian exponential
barycenter. What about the group exponential barycenter? As the definitions rely on the
exponential map (more precisely the logarithm map, its inverse), we investigate the conditions
under those the Riemannian geodesics correspond to the group geodesics. This will be the case

if the Levi-Civita connection associated to the metric is a Cartan-Schouten connection.

3.2 Metric, connection and group geodesics

First precise the definitions of left-invariant connection and metric.

Definition 3.8. (Left-invariant connection) A left-invariant connection is a connection V such
that:
VDLngLgY = DLQ.VXY VX,Y € F(g) and g € G.

As a connection is completely determined by its action on the sub-algebra of left-invariant vector
fields (obvious using the two axioms of an affine connection), we can restrict to this sub-algebra.

Hence a left-invariant connection is only determined by its value at e and we can define a bilinear
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operator a(z,y) as:

VXY:DL.VXY|6 = DL.a(z,y) wherex:f(’e andy:f/‘e

Conversely, any bilinear operator of g uniquely defines a connection at e, thus a left-invariant
connection on all left-invariant vector fields, and thus on all vector fields. Left-invariant connec-
tions are in bijection with bilinear operators on g. Moreover, we can theoretically provide any
Lie group with a left-invariant connection but also computationaly as soon as we compute the
jacobian of the left translation: VX’Y/ = DL.a(z,y).

Definition 3.9. (Left-invariant pseudo-metric) A left-invariant pseudo-metric is a pseudo-
metric <, > such that:

<DLy X,DLp.Y > |peg =< X, Y > |, VXY € T,G,g,h €G.

In other words, a left-invariant pseudo-metric is a pseudo-metric for which all left translations

are isometries.

As for a left-invariant connection, a left-invariant pseudo-metric is only determined by the inner
product at e. Left-invariant pseudo-metrics are hence in bijection with bilinear symmetric definite

operators on g.

Note that we can define right-invariant connections (resp. pseudo-metrics) in the same way, and

bi-invariant connections (resp. pseudo-metrics) are those with both left and right invariance.

Proposition 3.10. (Inversion of a left-invariant metric) Let <,> be a left-invariant pseudo-

metric on G. Then the inverted metric <<,>> defined as:
<< v, w >>g=< DInv|g.v, DInv|g.w >4 Yo, weTyG,g€§
18 right-invariant with <,>.=<<,>>..
Proof. Differentiating the well-known equality (h* g)~! = g=1 * h~! we get:
DInv|peg o DLylg = DRp-1|g-1 0 DInwvlg,
which shows the right-invariance of <<,>> from the left-invariance of <, >.

Then, DInv|, = —Id implies the equality <, >.=<<,>>,. O

3.2.1 Cartan-Schouten connections

Cartan-Schouten connections are precisely defined with the property we need in order to have

consistent definitions for the mean.

Definition 3.11. (Cartan-Schouten connections) Among the left-invariant connection, the Cartan-
Schouten connections are the ones for which geodesics going through identity are one-parameter

subgroups.
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Remark 3.12. Note that we could have defined the group geodesics as the geodesics of the

Cartan-Schouten connections.

Theorem 3.13. (Characterization of Cartan-Schouten connections) Among left-invariant con-

nections, Cartan-Schouten connections are characterized by the condition:

alz,z) =0 Yz € g. (3.4)

Proof. Consider the one-parameter subgroup ~,(t) starting from e with tangent vector z € g.
One-parameter subgroups are integral curves of left-invariant vector fields, so the tangent vector

field is: y(t) = DL, ).x. Now, 7 is a connection geodesic if it is autoparallel, i.e. if:

v’v(t)PY(t) =0
By left-invariance of V, this is equivalent to:
az,z) = 0.

O

Hence, Cartan-Schouten connections are the one defined by skew-symmetric bilinear a-operators
on g.For example, the one-dimensional family of connections generated by a(z,y) = A[z,y]
satisfies the conditions of Theorem 3.13. For these connections, torsion and curvature tensors

(which are themselves left-invariant) are given by:

T(z,y) = 2A = Dz, y]

and:
R(z,y,2) = A(A = 1)[[z, y], 2].

A pseudo-metric has same geodesics that its associated Levi-Civita connection (and all connec-
tions obtained by adding a term of torsion). Consequently, pseudo-Riemannian geodesics are
group geodesics if and only if the associated (symmetric) Levi-Civita connection is a Cartan-

Schouten connection.

Definition 3.14. (The canonical Cartan-Schouten connection) The left-invariant connection
defined by a(z,y) = [z,y] is a symmetric connection, called the canonical Cartan-Schouten

connection.

The curvature tensor of the canonical Cartan-Schouten connection is then:

R(z,,7) = —4lle,0), 2]

If the Levi-Civita connection of the metric is the canonical Cartan-Schouten connection, then the
Riemannian geodesics equal the group geodesics and the two definitions of exponential barycen-

ters correspond.
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3.2.2 Normal elements

We have determined the pseudo-metrics whose geodesics are the group geodesics. However, there
is another way to compare Riemannian geodesics and group geodesics. Given a Lie group G,
among all Riemannian geodesics going through e, which ones are one-parameter subgroups? Can

we characterize them with their initial tangent vector?

Definition 3.15. (Normal elements of g) Let <,> be a left-invariant metric on G and z an
element of g. x is a normal element of g if the one-parameter subgroup generated by x equals

the geodesic starting at e with tangent vector x.

In order to characterize normal elements, we express the given left-invariant metric (more pre-
cisely the associated Levi-Civita connection) in terms of the canonical Cartan-Schouten connec-

tion.
Proposition 3.16. A left-invariant connection is given in terms of the canonical Cartan-

Schouten connection by the following formula:

ot () = gle.y] — g ad(@)*y +ad(y)’ ) Vay € g

Proof. This is derived easily from the Koszul formula. O

Considering ad* as a bilinear operator (depending on the metric), its symmetric part prevents
the two connections of being equal for all z,y € g. This means that an equation of the Lie
algebra enables to read that they don’t share the same set of geodesics. Can we read more? The
answer is yes and we shows in the following development how to characterize geodesics that are

group and metric geodesics.

Definition 3.17. (Left angular tangent vector) The left angular tangent vector of a curve + is
defined as:
a:L(t) = DL,Y(t)—l.’}/(.t) vVt e R

The left angular tangent vector of the Lie algebra enables to characterize group and metric

geodesics. We see that a curve v is a group geodesic if and only if:
zt(t) = constant = x

or equivalently:

z(t)L =0
as it comes directly from the definition of integral curves of a left-invariant vector field.

We also have a characterization of a connection geodesic as stated in the following proposition.

Proposition 3.18. The curve v is a geodesic for the left-invariant metric of Levi-Civita con-

nection o if and only if we have the following dynamical equation:

z(t)F = aF(z()L, z(t)F) WteR
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This quadratic equation is called the Fuler-Poincaré equation.
A derivation of this equation is given in [20]. With these two characterizations of geodesics, we
can give a characterization of the normal elements of g.

Proposition 3.19. The vector x € g is a normal element of g iff ad*(x,z) = 0.

Proof. This is trivial using Euler-Poincarré equation and the fact:
ol (z,x) = —ad*(z,x) V€ g.

O

Remark 3.20. In the case of gl(n), the definition of normal elements correspond to normal

matrices: a normal matriz is a matrix that commute with its transpose.

From the Euler-Poincaré equation, we interpret o (z,z) as an acceleration.

Definition 3.21. (Left angular acceleration vector) For a given left-invariant connection V
(with the corresponding a-operator), the left angular acceleration vector of v is the covariant

acceleration of the curve w.r.t V:

ak(t) = DL,Y(t)fl.VW(-t)v('t) =a(z"(t), 25 (1)) VteR

We also have:
al(t) = o (2L (1), 2% (1)) = —ad*(x(t),z(t)) VtER

Remark 3.22. The previous definition depends on the connection as we took a covariant deriva-
tive. For example, any curve has a’(t) = 0 w.r.t. the (left-invariant) canonical Cartan-Schouten

connection.

Remark 3.23. For one-parameter subgroups, (i.e. group geodesics) the left angular tangent vector
is constant, ¥ (¢) = z, and so is the left-angular acceleration vector a’(t) = a’(z, ). Back to
the manifold, the covariant acceleration is DLW(t).ozL (z, ) and depends on t in the general case.

However, the left-invariance of the pseudo-metric implies:

e the covariant acceleration has constant norm ||a’(x,z)||,

e the covariant acceleration is normal to the curve:

<al(z,2),r >=< —ad*(z).z,x >=< [z,z],2 >= 0.

Despite these two properties, the covariant acceleration is not (covariantly) constant. We give

here a measure of its covariant derivative, read on the Lie algebra, i.e.

af(a (2" (1), 2" (1)), 2" (1))
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For one-parameter subgroup, we get in the matrix case (using ([4, B])T = [BT, AT]):

2.05 (X, (X, X)) = 2.0 (X, - [XT, X])
=2.o5(X,[X, XT])
= [X, [X, X)) - (X [X X)) - [1X X7, X
= 20X, [X, X)) - [XT, [X, XT]]
=[2X - X7 [X, X7

Hence: )
oF (X, o (X, X)) =[X - 5.XT, (X, X7,

which is a measure for the non-constant acceleration.

3.3 The example of SE(3)

3.3.1 SE(3) and se¢(3)

To illustrate this chapter, we consider the group of isometries of R3, SE(3), i.e. the rotations
together with the translations of the 3D real space. SE(3) is defined by its action on R3:

(Rit)x =Rax+t VYeecR3 V(R t)cSE(3)
The group law and the group inversion are:
(Ry,t1) * (Ra,t3) = (R1.Ra, Ry % ta + 1), V(Ri,t1),(Ra,t2) € SE(3)
(R, )Y = (REY, REV (—1), V(R,t) € SE(3)
Hence, SE(3) is more precisely the semi-direct product:
SE(3) = SO(3) x R?

which amounts for the mixure of R and ¢ terms in the translation part of the composition rule.

It will be of core importance, as we shall see later.

Proposition 3.24. The Lie algebra se(3) is constituted by the matrices (A, u) € Skew(3) ® R3
with the following Lie Bracket:

[(Ah ’U,l)7 (AQ, ’LLQ)} = (Al.A2 — AQ.Al, AQ.’LLl — Al.UQ) V(Ah tl), (AQ, tg) S 56(3)

We have: dim(se(3)) = 6.

Note again the mixure of the A and u terms.
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A Lie algebra and its properties are determined by the Lie bracket and the structure constants.
By extracting a basis from se(3) and computing the structure constants, we can free us from the

initial matricial construction.

Proposition 3.25. The Lie algebra se(3) is the 6 dimensional real vector space, with basis
(Pa, J!)a.a=1.3 and the Lie Bracket:

[Pa, P] =0,
[Jz/val;] :Ga/b’c’Jév
[Paw]l;] = eaqpre e

where €qpe 18 totally skew-symmetric in abc with €103 = 1.
The (P,)q are the infinitesimal generators of translations, while the (J,), are the infinitesimal

generators of rotations.

Proof. We take:

Vi€ 1,2,3: P, =(0,¢;), with (e;); the canonical basis of R?
Viel,2,3:J; = (\;,0) with (A;); the following matrices:

0 1 0 0 0 -1 0 0 O

-1 0 0,0 O O [,]0 O 1
0 0 0 1 0 O 0 -1 0
and verify the previous Lie brackets by matricial computations. O

3.3.2 Geodesics of SE(3)

Now, we want to illustrate the differences between the group geodesics on SE(3) and some
Riemannian geodesics. In order to do so, we provide se(3) with the following inner product (i.e.
Frobenius inner product on the rotation part and Euclidean inner product on the translation
part):

< (An ), (As, uz) >= STr(AT As) +uf s ¥(Ar,w), (Ao, o) € se(3)
Translating it through left- or right-translations, we get two different Riemannian metrics on
SE(3): one left-invariant and one right-invariant. Let us compute the corresponding Riemannian

geodesics.

For our implementation, we use the Riemannian exponential chart associated with the left-

invariant metric. More precisely, an element f € SF(3) is represented by its left Riemannian

logarithm. This gives f = :;), where r is the rotation vector associated to the rotation part of

an element of SE(3) and t the translation vector. We note r = #.n, where n is the unit vector

of the (oriented) rotation axis and 6 the rotation angle around this axis. We denote v = (a) a
u

general element of the Lie algebra g. All the code for this implementation is given in Appendix.
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Now, the left Riemannian geodesics vz, in this chart are the straight lines (by definition of the

chart we use):
{ vr(e,v)(t) =tw,
v (f,0)(t) = frynle, Ju(f)THw)(1),

where the second line comes from the left-invariance of the Riemannian geodesics of the left-

invariant metric.

As for the right Riemannian geodesics g in this chart, we compute the left Riemannian geodesics

associated with the inverse metric of the right one, before inverting once again. It gives:

{ vr(e,v)(t) = (t.a,t.exp(t.a).u),
r(f,0)(t) = vr(e, JR())TH.0) * f,

where the second line comes from the right-invariance of the Riemannian geodesics of the right-

invariant metric.

As for the group geodesics ¢, we compute the group exponential of v using a faithful matrix
representation for SE(3) and its Lie algebra se(3). In fact, SE(3) can be faithfully represented

by matrices of GL(4) acting on R* with homogeneous coordinates:

R t
(R,t)—><0 1)

In this same framework, the corresponding representation of the Lie algebra is:

A u
(A7u)—><0 O)

Now the group exponential can be computed easily using the matrice exponential. This gives:

{ Tale,v)(t) = (ta,u+ 52(1— Sine(e))Sa.u + 72 (1 = cos(0)).Sq.u),
va(f0)(t) = fryale, Jo(f) o)1),

where S, is the skew-symmetric matrix generated by the vector a:

0 al —a9
Sa = —ay 0 as
a9 —as 0

and where the second line comes from the fact that group geodesics are in particular left invariant.

Now we can visually compare these three types of geodesics. Figure 3.2 shows a group geodesic

(red), a left Riemannian geodesic (green) and a right Riemannian geodesic (blue) all starting at

0 0 0 1
identity e = 01,10 , with tangent vector v = 01,10 , i.e. the infinitesimal
0 0 /3 0

generator of a rotation of 7/3 around axis z, and a translation of 1 along axis x. We observe

that they differ: we are precisely in the case where we can’t define an admissible mean with
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these Riemannian metrics: they provide means that are different and different with the group
exponential barycenter (as we shall see later). Interestingly, we see that the group geodesic lies
between the two Riemannian ones. We observe the same thing when we plot three geodesics

linking two points in SE(3), as we can see in Figure 3.3.

FIcURE 3.2: Group (red) and riemannian left (green) and right (blue) geodesics starting at e
with tangent vector [0 0 pi/3 1 0 0]

FIGURE 3.3: Group (red) and riemannian left (green) and right (blue) geodesics linking two
points of SE(3)

3.3.3 Normal elements of se(3)

Now, we can confirm experimentally that geodesics for the normal elements of se(3) are the

same. First, we find analytically the normal elements of se(3).
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Proposition 3.26. The normal elements of se(3) are the generators of: pure rotations, pure
translations and screw motions, i.e. isometries whose translation vector is parallel to the rotation

azis.
Proof. We use the characterization ad*(X, X) = 0 of normal elements in the matrix case, using
the matrix representation of se(3). But first, we have to be careful with the following fact.

Let E be a finite dimensional vector space, V C E a subspace of E, and u an endomorphism of
E. Then u admits an adjoint 4* in E and we have:

<u(x),y>|g=<zu*(y)>|g Vzr,yeFE

Now, take xz,y € V, and suppose that u stabilizes V. Then u admits an adjoint in V, for the

restriction of <,> |g on V, i.e. <,> |y: we call it @*.
<u(@),y > |v =<ux,9"(y) > |v
Rewriting the left hand side, we get:

<wu(z),y > |v =<u(x),y >|g (as u stabilizes V)

*

=< z,u"(y) > |g (definition of the adjoint in E)

*

=<z, u"(y)|v > |+ <u*(Y)|vr > |E

*

(y)

=<z, (Ylv+u' @y > (E=Va V' in finite dim for a positive definite product)
(y)
(y)

=<z, u"(y)lv > v +0

using, for the last line, the fact that all elements belong to V for the first term, and the definition

of the orthogonal for the second term.

Hence we have: @* = u*|y, i.e. the orthogonal projection on V of the adjoint in E.

Applied to our case with u = ad, the normal elements of se(3) are characterized by the condition:
X is a normal element of se(3) <= projlses) (X", X]) =0

where the projection is taken regarding Frobenius inner product:

. A u 1.(A-AT)
rrojlaes(| - ))= 0 0

Indeed, we have:
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And:

<<5.<A0AT> Z)’(é'(AwAT) o>> ;TT((G.(AOAT) g)ﬂ (;«Awm o>)

1 (-;.(A_AT).(A+AT) o)
* 0 )

Il

|

N
A

= —%.TT(Az + AT A — A AT — (AT)?)

=0

) Q u\ .
Hence, taking 0 o in se(3), we have:

) Q ulgp (Q u ) QT -Q.0T —uu QT
T0] |se , = Proj|se
proj| (3)([((0 0)) (0 O)D proj| (3)(( SO o )

uT.Q wTu

) —uul QT
= proj|se(s)(

B 0 QTu
0 0

using the facts that the skew-symmetric matrix 2 commutes with its transpose and that w.u”

is symmetric.

Q
So, <0 g is a normal element in se(3) iff QT.u = 0 i.e. iff u € KerQ) (skew-symmetry of ).

This is verified in the 3 following cases:

e y =0, i.e. we have a generator of pure rotation,
e () =0 i.e. we have a generator of pure translation,

e none of the previous subcases: we have a generator of a screw motion.
Hence the result. O

As an example, we plot the three types of geodesics for the screw motion generated by: v =

0 0
0 .10 , run on different simulations. This confirms that they are the same.
/5 1

3.3.4 Three different means on SE(3)

The previous subsection shows that only some elements in SE(3) generate group geodesics that
are also Riemannian geodesics. This means that SE(3) provides an example where the definitions
of the mean do not correspond. Using the same computing framework as previously, we compare

visually in this subsection:
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FIGURE 3.4: Riemannian left (green), right (blue) and group geodesics starting at e with
tangent vector [0 0 pi/5 0 0 1], i.e. a normal element

e the Riemannian center of mass for the left-invariant metric,

e the Riemannian center of mass for the right-invariant metric,

e the group exponential barycenter.
For the computation of the Riemannian centers of mass, we implemented a Gauss-Newton algo-
rithm for the minimization of the variance. It is widely used for non-linear least squares problems
on Riemannian manifolds, because it does not need to implement the affine connection (see [5],

[8] for homogeneous manifolds including SE(3), and [21] for shape spaces). The iteration can be

written as follow:

Algorithm 1 (Barycentric Fixed Point Iteration on Lie groups)

o Initialize myg; for example with mg := x7.

e Update the estimate of the mean by:

N
Mit1 1= €TDm, (Z w;.logm, (xz)>

i=1
o Test convergence: if ||logm, (Mi+1)||m, > €.0(my) go to second step.

The study of convergence of this algorithm is performed in [21],[22] for example.
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As for the computation of the group exponential barycenter, we use the closed form given in
[7]. The result of the means’ computations is shown in Figure 3.5, for a data set of elements of
SE(3).

FIGURE 3.5: Riemannian left (green), right (blue) centers of mass and group exponential
barycenter (red) for a given data set (black)

This confirms that they don’t correspond.

3.4 Admissible definitions: consistence with the Lie group

structure

In the previous section, we studied the first admissibility condition if one wants to extend the
Riemannian CoM as a definition of the mean on Lie groups. Indeed, the extension has to fit
the Riemannian CoM if both are defined at the same time. In this section, we analyze the
second admissibility condition. This one demands that the Riemannian CoM and the definitions
extending it are consistent with the group operations, i.e. that we can define a bi-invariant

metric of pseudo-metric on the Lie group as we saw in the discussion from Section 3.1.

3.4.1 Bi-invariance

Hence, among those left-invariant connections and pseudo-metrics, we focus our attention on

those which are bi-invariants. Let’s start with the connections.

Theorem 3.27. Among left-invariant connections, bi-invariant connections are characterized
by the condition:
o[z, 2], y) + alz,[2,9]) = [z,a(z,y)]  Vo,y,z€9 (3.5)
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which is the infinitesimal version of the Ad-invariance of a:

a(Ad(g).z, Ad(g.y) = Ad(g).a(x,y) Ve,y € g,Vg €G (3.6)

Proof. The left-invariant connection is also right-invariant if:
Vpr,xDRy.Y = DR,.VxY

for any vector fields X, Y or equivalently, for any left-invariant vector fields X,Y. By definition
of Ad, we have: DR, X = Ad(g).x for X = DL,.xz. The right-invariance condition is then:

a(Ad(g).x, Ad(g).y) = Ad(g).a(z,y)

which gives precisely the Ad invariance of a.

Take its infinitesimal version by writing g = Exp(tz) and differentiating at t=0. Since:

% tZOAd(Exp(tz)).x = [z, 7]

we find the equation of the theorem. O

The one-dimensional family of (left-invariant) connections generated by «a(z,y) = Az, y] obvi-
ously satisfies the conditions of Theorem 3.27. Consequently, every Lie group can be provided
with a bi-invariant connection, for instance a(z,y) = 3[z,y]. This is the reason why the group
exponential barycenter is consistent with the group operations. It is the exponential barycenter

of the canonical Cartan-Schouten connection, which is bi-invariant.

However, the Riemannian CoM and the Riemannian exponential barycenter are defined using

(pseudo-)metrics. We give here a characterization for bi-invariant pseudo-metrics.

Theorem 3.28. A left-invariant pseudo-metric <,> is bi-invariant iff one the following condi-
tion is fulfilled:

(i)Vg € G,Ad(g) is an isometry of g for <. > i.e. Vrx,y € g:< Ad(g).x,Ad(g).y >=< z,y >

or, in its infinitesimal version:
(i) Va,y,z € g, < ad(x).y,z > + < y,ad(x).z >= 0.

Moreover, a bi-invariant metric is also invariant w.r.t. inversion.

Proof. (i) We show that (i) < bi-invariance.
<,> is already left-invariant g € G : < a,b >y=< DLy-1.a,DLy-1.b > |..
Hence, we prove: (i) < right-invariance.

Let g € G, x,y € g. Using the left-invariance of <,> we have:

<DRg.x,DRy.y >y =< DL,-1.DRy.x,DL,~1.DRg.y > |
=< Ad(g~").x,Ad(g™ ")y > |c ast Ad(g™") = DC,y1e
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Hence, for all g € G:
< DR,x,DR,.y >,=< 2,y > | &< Ad(g~ ).z, Ad(g7 ")y > | =< z,y > |,

And we have (i) < right-invariance.

(ii) Take its infinitesimal version by writing ¢~ = FExp(tz) and differentiating at t—0. Since:

% tzoAd(Exp(tZ))-ﬂf = [z, 2]

we find the equation of the theorem. O

Moreover, the group geodesics are geodesics of such a pseudo-metric [23]. This means that the
Levi-Civita connection associated to the bi-invariant metric is the canonical Cartan-Schouten

connection.

In contrary of the connection case, we don’t have a general family of bi-invariant pseudo-metrics
on a Lie group. In fact, we’ll show in Chapter 4 that some Lie groups don’t possess a bi-invariant

pseudo-metric.

Let focus on the necessary and sufficient condition (i). If a Lie group can be provided with a
bi-invariant pseudo-metric, then Ad(g) is an isometry of g for this metric. Hence, for all g € G,
Ad(g) can be viewed as an element of the group O(p, q), where (p,q) is the signature of the metric
on g. This remark enables to get an efficient characterization for Lie groups with a bi-invariant

metric (i.e. positive definite).

3.4.2 Special case of a positive definite metric

Let focus on the case of a positive definite metric, where we have the following proposition.

Proposition 3.29. O(n) is a mazimal compact subgroup of GL(n).

Proof. Take H a compact subgroup of GL(n) with O(n) C H. We want to prove H C O(n).
Let h € H, h=0S with O € O(n), and S symmetric positive definite (polar decomposition).
S =0O7'h € H. Any element h’ has proper values of module 1: otherwise we can consider the
divergent series h'™ or h’~™ which contradict the compacity assumption.

S is diagonalisable with real strictly positive proper values, hence S=Id. And h=0. O

A Lie group is said to be relatively compact if it is included is a compact Lie group, or equivalently
if its closure is compact. Hence, Proposition 3.29 and its proof directly imply a characterization

of Lie groups with bi-invariant metric from a topological property:
Theorem 3.30. The Lie group G admits a bi-invariant metric if and only if its adjoint group

is relatively compact.

As Ad is continuous, the image of a compact Lie group by Ad is compact, i.e. also relatively

compact.
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Corollary 3.31. Compact groups Lie groups can be provided with a bi-invariant metric <,>.
Following Theorem 3.30, we conclude about the existence of a bi-invariant metric for some Lie
groups.
Proposition 3.32. SO(n) can be provided with a bi-invariant metric.
But there is no bi-invariant metric on:

o the group of rigid-body transformations SE(n) (for n >1),

e the group of scalings and translation ST(n) (for n >1),

o the Heisenberg group H(n) (n>1).
Proof. SO(n) is a compact group, and the result follows from the corollary of Theorem 3.30.
Now prove that SE(n) does not admit any bi-invariant metric.
We can compute easily the adjoint representation of SE(n), n>1 using the faithful representation

of SE(n) in homogeneous coordinates and the fact that Ad(M).X = M.X.M (1 for matrices.
We get, for all (R,t) € SE(n) and (A4, u) € se(n):

Ad(R,t).(A,u) = (R.A.RT,~R.A.RT t + R.u)

The translation term "t" is unbounded, which prevent Ad(G) to be bounded and hence to

included in a compact. Same computations can be done for ST(n) and H(n) [7]. O
Interestingly, Lie groups provided with a bi-invariant metric agree on a geometric property about
their curvature.

Proposition 3.33. A Lie group provided with a bi-invariant metric has a non-negative section-

nal curvature k. Moreover, k is given by:

K(e,) = sl

Proof. The sectionnal curvature in the 2-plane span(z,y) for z,y € g is defined by:

< R(z,y)y, x>
k(l’,y): 2 2 2
llz]2[lyl]?— < 2,y >

which is left-invariant and can be computed on g. Moreover, k is independent on the norms of
X, y or their inner product.
Hence, taking G a Lie group with a bi-invariant metric, i.e. in conditions of Theorem 3.28, we

compute k with two orthonormal vectors of g:

k(x,y) = _i < [[ﬂc,y],y},x >

using the expression of the Riemann tensor: R(z,y)z = fi[[x,y],z], as the Levi-Civita con-

nection of a bi-invariant metric is the canonical Cartan Schouten connection. Now, Theorem
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3.28 (ii) allows to move one bracket from the left to the right in the inner product. Hence, the
sectionnal curvature reduces to:

Kay) = eI

which is hence non-negative. O

In this chapter we concluded on the first admissiblity condition in order to generalize the def-
inition of mean. We have presented the second admissibility condition, i.e. the consistency of
the mean’s definition with the Lie group’s operations. We got an efficient characterization of the
existence of a bi-invariant metric on a Lie group. The case of a bi-invariant pseudo-metric is

more complicated, and we present it in the next chapter.



Chapter 4

Existence of a bi-invariant

pseudo-metric

In this chapter, G is a finite dimensional Lie group of real Lie algebra g. Through the characteri-
zation of Lie groups that can be provided with a bi-invariant pseudo-metric, we derive conditions
in terms of their Lie algebras. In fact, the Lie functor gives the correspondence between the two

structures (see [10] for details).

4.1 A try with Levi decomposition of Lie algebras

In order to characterize the Lie groups with bi-invariant pseudo-metric, we aim to reduce the
problem to the different classes of the usual Lie group classification. The basic idea of classifica-
tion of elements with a certain mathematical structure is:

(i) to find the elementary bricks of this structure,

(ii) to show how all elements of the given structure can be built from the elementary bricks.

This is what we present in the first section.

4.1.1 Ideals and semi-direct sums of Lie algebras

The first step in this approach is to find convenient substructures to decompose the Lie algebra

g. This is the essence of the ideals of g.
Definition 4.1. (Ideal of g) An ideal h of the Lie algebra g is a Lie sub-algebra with the

"absorbance property":

Vx € b, we have: Vy € g, ad(x).y=[z,y] €Y

If T and I’ are two ideals of g, then INT, [LI'], 18T, g/I are also ideals of g.

Remark 4.2. The associated structure for Lie groups is normal subgroup.

47



Chapter 4. The case of a general non-degenerate metric 48

All the ideals of a given Lie algebra can be computed from its commutation relations, as we see

in the following example.

Example 4.1. Recall that se(3) is defined by the commutation relations:

[Pa7 Pb] = Oa
[Javjb] = 6achca
[Pa7 Jb] = 6abcPc-

We see that the only proper (i.e. not 0 and not g) ideal of se(3) is the 3-dimensionnal sub-algebra
p=Span(Py)q-

Some ideals provide insights about the "algebraic organization" of g, as for example the center
and the derived algebra of g. The center of a Lie algebra Z(g) is the set of elements commuting

with everything.

Z(g) = {z € g/V2' € g,[x,2] = 0}
= Ker ad

As Z(g)= Ker ad, where ad is a representation of the Lie algebra g(i.e. an algebra homomor-
phism), Z(g) is an ideal of g. It governs whether or not the adjoint representation is faithful.

Intuitively, it measures how close the Lie algebra is to be abelian.

The derived Lie algebra of g, which is also an ideal of g is defined as:
Dg = Span[z,y], Vz,y € g

It gives the set of elements of g that can be written in terms of Lie bracket.

The construction of a Lie algebra from these elementary bricks is done through the direct sum

or the semi-direct sum of Lie algebras.

Definition 4.3. (Direct sum of Lie algebras) We say that g is a direct sum of Lie algebras g,
and go, and we write it g = g1 @ go if we have:
(i) g is a direct sum in terms of vector spaces,

(ii) g1 and go are ideals of g.

The second conditions implies that g; and g commute with each other, i.e. [g1,g2]=0. As a
Lie algebra is the adjoint representation of itself, we can see this decomposition as a Lie algebra
representation decomposition. In fact, ideals are sub-representations of the adjoint representation
of g, as their defining property precisely corresponds to the stability of the subspace w.r.t. ad(x),
for all z € g.

Now, from the representation theory, we recall the following definitions. If W has exactly two
sub-representations, namely the trivial subspace 0 and W itself, then the representation is said

to be irreducible; if W has a proper non-trivial sub-representation, the representation is said to
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be reducible. If W can be decomposed as a direct sum of irreducible sub-representations, it is

said to be completely reducible.

For vector spaces, every subspace has a direct complement (even in infinite dimension if we
assume the axiom of choice). If it were the case for Lie algebras, this would mean that the
adjoint representation is always completely reducible. But it is not the case in general: every
ideal does not necessary have a direct complement which is also an ideal. We called g = g1 @ go

a semi-direct sum of Lie algebras if only go is an ideal. More precisely, we define:

Definition 4.4. (Semi-direct sum of Lie algebras) We say that g is a semi-direct sum of Lie
algebras g1 and go w.r.t. 6, and we write it g = g, ®¢ go if we have:
(1) g is a direct sum in terms of vector spaces,

(ii) 0 is a representation of g; such that:
0: g1 — Der(ge),
(iii) the Lie bracket writes:

[T+ 22,51 + y2| = [x1, 1] + [22, y2] + 0(x1).y2 — O(22).Y1-

Under those conditions, only go is an ideal of g in the general case.

Example 4.2. se(3) decomposes as the semi-direct sum: se(3) = s0(3) @ p. The nature of 0 will

be studied later.

4.1.2 Simple and semi-simple Lie algebras

We have introduced the possible decomposition of a Lie algebra: as a direct sum or a semi-direct
sum. However, what are the possible elementary bricks of these decompositions, for example the

irreducible sub-representations? We define:

Definition 4.5. (Minimal ideals of g) An ideal I of g is minimal in g if it doesn’t contain any
ideal of g other than 0 and itself.

This corresponds precisely to the definition of an irreducible sub-representation of the adjoint

representation. Now we can characterize the Lie algebras that are completely reducible.

Definition 4.6. (Simple Lie algebras) A Lie algebra is simple if it doesn’t admit proper ideal

and it is not abelian.

Note that a simple ideal I of g is also a minimal ideal of g, hence an irreducible sub-representation
of the adjoint representation. But a minimal ideal I in g may contain a proper ideal of itself,
that is not an ideal of g. Simplicity is a intrinsic property, whereas minimality depends on the

global Lie algebra g.

Hovewer, the complete reducibility property is linked to the notion of simplicity, or more precisely

of semisimplicity.
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Definition 4.7. (Semisimple Lie algebras) A Lie algebra is semisimple if it doesn’t admit proper
abelian ideal.

Obviously, a simple Lie algebra is semisimple.

Remark 4.8. For a semisimple or simple Lie algebra: Z(g) = {0}. Hence the adjoint representa-

tion is always faithful.

The complete reducibility of semisimple Lie algebras comes from Weyl theorem [24].

Theorem 4.9. (Weyl Theorem) Every finite-dimensional representation of a semisimple Lie
algebra is completely reducible. That is for every invariant subspace of the representation there

is an invariant complement.

Applied to the (finite dimensional) adjoint representation of the (finite dimensional) semisimple

Lie algebra g, this shows that g can be decomposed as a direct sum of minimal ideals.

In addition to this complete reducibility property, let us show that a semisimple Lie algebra can
always be provided with a bi-invariant pseudo-metric. Indeed it is given by the Killing form,

defined as follow.

Definition 4.10. (Killing form of a Lie algebra) The Killing form of the Lie algebra g is the

symmetric bilinear form defined as:

K(x,y) = Tr(ad(z) o ad(y)) Ve, y € g

In order for the Killing for to be a bi-invariant pseudo-metric, it has to be bi-invariant and

non-degenerate. Let us show these two properties and first the bi-invariance.

Proposition 4.11. (Properties of the Killing form)
(i) K is invariant under Aut(g): Vo € Aut(g), K(¢p(z),d(y)) = K(z,vy).

(i) K generates a bi-invariant symmetric bilinear form on G.

Proof. (i). Let ¢ € Aut(g). ¢ respects the Lie bracket, which can be written:

o([z,y]) = [¢(x), d(y)] Vr,y € gie ¢oad(x)=ad(p(z))o¢p Vreg

Hence we have: ad(¢(z)) = ¢ o ad(x) o ¢~ which implies (i) by cyclicity of the trace.

This means that all automorphisms are isometries w.r.t. the Killing form.

(ii) K bilinear by linearity of Tr and ad, and also symmetric because of the cyclicity of Tr. Now
prove its bi-invariance.

We make K left-invariant by propagating it at every g € G through left translations:
Ky(a,b) = K(DLgy-1.a,DL,-1.b).

The right-invariance comes from Theorem 3.28, (i), noting that it does not require the form to
be non-degenerate at this point. For all g € G, Ad(g) is an automorphism of g and hence an

isometry for the Killing form. The Killing form is thus bi-invariant. O
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Now the Killing form has the bi-invariance property which is required. Moreover it is non-

degenerate in the semisimple case, as stated by the Cartan criterion (proof can be found in

[10]).

Theorem 4.12. (Cartan criterion)
g semi-simple <= K non-degenerate.

Example 4.3. (Ezample of Killing forms) Let G = GL,, g = gl, = M,, provided with the
commutator as the Lie bracket.

Then, the corresponding Killing form is:
Kg, (X,)Y) =2nTr(X.Y) - 2Tr(X).Tr(Y), VXY €gl,

For so(n) we have:
Ksa(n) (X, Y) = (n - 2)TT(XY)

Hence, we solved our problem for Lie algebras whose adjoint representation is completely re-
ducible, i.e. semisimple Lie algebras. The Killing form of a semisimple Lie algebra g is non-
degenerate and provides a bi-invariant pseudo-metric on the Lie algebra g. What about Lie
algebras that are not completely reducible? Indeed, if the direct sum of Lie algebras is not

possible, the semi-direct sum always exists: this is the essence of the following theorem [25].

Theorem 4.13. (Levi decomposition) Any Lie algebra g can be written as the semi-direct sum
g = Rad @ s where s is a semisimple Lie sub-algebra of g, called a Levi-subalgebra and Rad is an

ideal called the radical of g. The Levi sub-algebra always exists but may not be unique.

Note how this decomposition differs from those of Cartan, Iwasawa or the root decomposition of
Lie algebras: they only concern semisimple Lie algebras, on which our problem is already solved.

Hence, we don’t delve into those in this thesis and focus on the Levi decomposition.

The Levi decomposition invite us:

e to see if we can define a bi-invariant pseudo-metric on the Radical,
e and to try to recombine (in some way) this metric on the global Lie group g = Rad @ s,

with the Killing form on the semisimple part.

We would have a method to construct a bi-invariant pseudo-metric on any algebra. Hence, let

have a look on the radical of g, which is in fact the maximal solvable ideal of g.

4.1.3 Solvable Lie algebras

In this subsection, we precise the properties of the Radical givenby the Levi decomposition
Theorem. This leads to the definition of new categories of Lie algebras which rely on the

following well-known series.
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Definition 4.14. (The derived series and the central series of g)

The derived series of g is defined as follow:
D'(g) =g and VYn,D""(g) =D(D"(g)) = [D"(g),D"(9)]

Each D™g is an ideal of g.

The central decreasing series of g is defined as follow:

§i(g) =g and Yn,&41(9) = [9,6n(9)]

The central ascending series of g is defined as follow:

£ =0 and Vn, & (g)={zeg/Vyegz,y € (9)}

For both central decreasing series and derived series g becomes more and more abelian through

the iterations. We have also:
Dg = &(g).

Hence, if Dg = g, then both series are constants with all terms equal g.

For the central ascending series, the elements become less and less abelian. We have also:

Hence, if the center is {0} (i.e. no elements that commute with everything), then the central

ascending series is constant equal to {0}.

Example 4.4. In the case of se(3), the center is:
Z(s¢(3)) = (Pa)a

Consequently, the adjoint representation is not faithful. As we have also: £3(g) = (Py)a directly
from the definition, the central ascending serie is constant, for n > 2, and equal to the ideal
(Py)a- Then, the derived Lie algebra is:

D(se(3)) = se(3)

Both derived and central series are constants and equal the whole Lie algebra se(3). Moreover,

any element of se(3) can be written as a commutator.

These series are used to define another category of Lie algebra, with null intersection with the

semisimple one.

Definition 4.15. (Solvable and nilpotent Lie algebras) A Lie algebra g is solvable if there exists
ns.t. D"(g) = {0}. A Lie algebra g is nilpotent. if there exists n s.t. &,(g) = {0} or, equivalently,
if there exists n’ s.t. f"/(g) =g

The following proposition comes directly from the definitions of the central and derived series.



Chapter 4. The case of a general non-degenerate metric 53

Proposition 4.16. An abelian Lie algebra is nilpotent. A nilpotent Lie algebra is solvable.

Moreover, we have:

Proposition 4.17. (Measures of commutativity) Let n,a be some nilpotent and abelian Lie

algebras,

Proof. The first equality is the characterization of a being abelian. The second one is obviously

by taking the smallest integer m verifying the defining condition of n being nilpotent:

Z) = &m-1(n)

and hence, never 0. O

Remark 4.18. For an abelian Lie algebra, the adjoint representation is trivial, for a nilpotent Lie

algebra it is never faithful. For a solvable Lie algebra, it can be faithful or not.

Solvable and semisimple Lie algebras correspond to disjoint categories of Lie algebras. With the
following precision on the Radical from Levi-decomposition, they also enable to characterize any

Lie algebra with the Levi decomposition.

Definition 4.19. (Radical of g) The radical Rad(g) of g is its maximal solvable ideal.

In fact, now we can see the Levi decomposition as a semi-direct product of semisimple and
solvable parts. Now, our problem reduces to the question: can we put a bi-invariant pseudo-
metric on the solvable part? If yes, we could think of an eventual recombinaison of the bi-invariant

pseudo-metrics on the solvable and the semisimple part. But we have (see [10]):

Theorem 4.20. (Killing-Cartan criterion)

g solvable <= K(g,D(g)) =0.

If D(g) # 0, then the Killing form is degenerate. On the other hand, mathcalD(g) = 0 means
that g is abelian, which implies that the adjoint represention is trivial and the Killing form
constantly 0. Hence, the Killing form can’t define a bi-invariant pseudo-metric on a solvable Lie

algebra.

In fact, we can’t find a general way to define a bi-invariant pseudo-metric on solvable Lie algebras.
Some solvable Lie algebra simply don’t admit a bi-invariant pseudo-metric, for example the
Heisenberg group Ha,,,4+1 as shown in the next section. But, even if the solvable sub-algebra of
the Levi decomposition doesn’t admit a bi-invariant pseudo-metric, there still can be a way to
globally define one. For example, the semi-direct product R x Hy,, 41 defines an oscillator group

which posses a bi-invariant pseudo-metric [26]. Thus, it seems that the Levi decomposition with
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the usual Lie algebra classification semisimple/solvable is not the most pertinent decomposition

for our problem.

Hence, we investigate in the next section another type of decomposition, where we still use
the vocabulary of simple, semisimple, abelian, nilpotent and solvable Lie algebras. We present
necessary conditions to be fulfilled when one Lie group admits a bi-invariant pseudo-metric and
hence reject some Lie groups. Then we will characterize all Lie groups admitting a bi-invariant

pseudo-metric following the work of [27],[28].

4.2 A specific decomposition

Assume that the Lie algebra g is provided with a bi-invariant pseudo-metric <,>. Hence, we
have an inner product on the Lie algebra, verifying the conditions of Theorem 3.28. This metric
structure enables new properties for the ideals of g and new types of decomposition of the Lie

algebra.

4.2.1 Ideals of g with a bi-invariant pseudo-metric

Now that we have a pseudo-metric, we could think of decomposing any Lie algebra into irreducible
representations of the adjoint representation, i.e. minimal ideals, by taking the orthogonal of
each minimal ideal we find. However, it is not that simple and we have to make a distinction

between degenerate and non-degenerate ideals.

Lemma 4.21. If I is an ideal of g then its orthogonal I'* w.r.t. the bi-invariant <,> is also an

ideal of g. Moreover, we have [I,I*] =0 i.e. the second axiom for a direct sum of Lie algebras.
Proof. 1t is direct using (ii) of Theorem 3.28. O

However, this lemma doesn’t enable to decompose any Lie algebra with bi-invariant <,> onto a
direct sum of minimal ideals. If <,> is not positive or negative definite, then the sum of an ideal
and its orthogonal is not necessary direct, in the sense of vector spaces. Some vectors have norm
0 without being null: for the Lorentz pseudo-metric for instance, they correspond to momenta
of massless particles. Such vectors are orthogonal to themselves: if they belong to an ideal, they

also belong to its orthogonal.

Definition 4.22. (Degenerate and completely degenerate ideals) An ideal I of g is degenerate
(or dsotropic) if I NI+ #0. It is completely degenerate (or completely isotropic) if I C I*+.

Note that a degenerate ideal of dimension 1 is totally degenerate.we have INI+ # 0 and necessary
INI+ =TI since I has dimension 1. This implies 7 C I+. Note also that a totally degenerate
ideal is abelian. [I, I+]=0.

Following from the previous discussion, we can only write g = I @ I+ in the non-degenerate
case. However, we always have dim I 4+ dim I+ = dimg as I' is the intersection of kernels of

independent linear forms < j, @ >, where j are the basis vectors of I.
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In order to characterize Lie algebras that can be provided with a bi-invariant pseudo-metric,
we investigate first necessary conditions. The following concern the central series of such a Lie
algebra [27], [28].

Proposition 4.23. If g admits a bi-invariant pseudo-metric <, >, we have:

VneN, &' (g)" =¢u(o),
and hence:

dim " (g) + dim &, (g) = dim g.

Proof. We show the equality by induction on n > 1. It is obvious for n = 1 as <,> is non-
degenerate.

Now suppose we have £"(g)+ = &, (g) for some n and prove it for n+1.

We have:

z €& (g) & Va € g,[a, 2] € £"(g) (definition of central increasing series)
& Vac€g,a, 2] €&,(g)"  (induction)

S zE Sn+1(g)L

where the last line is obtained from Theorem 3.28 (ii):
foralla,z € g,x € &(g: < [a,z],x >=< z,[a,z] >

and the non-degeneracy of <,>.

Hence we get the result for all n. The equality on dimensions follows. O

This condition already enables to recognize Lie groups that cannot be provided with bi-invariant

pseudo-metric. For example, applying it with n = 2 gives:

[g,0]" = Z(g)

and:
dim Z(g) + dim D(g) = dim g.

We can conclude that solvable Lie algebras with Z(g) = 0 don’t admit any bi-invariant pseudo-

metric. This is precisely what happens for the Heisenberg algebra [27].
Let us go on with another necessary condition.

Proposition 4.24. If g admits a bi-invariant pseudo-metric <, >, we have:
(i) I is an ideal of dimension 1 = I C Zy4(g), i.e. I is central.

(i) I is a non-degenerate abelian ideal = I C Z4(g), i.e. I is central.

Proof. (i) Take I = Rz an ideal of dimension 1.

If T is non degenerate, we can write: g = I ® [+ with [I, [1]=0. As I is abelian, we also have:
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[I,I] = 0. Hence I commutes with everything, i.e. is central by definition.

If I is degenerate, then it is totally degenerate as it has dimension 1. For all x € g, since I is an
ideal of dimension 1, we have [a, ] = a(z).a where « is a linear form on g. The condition (ii) of
Theorem 3.28 writes:

alz) < a,y > +a(y) <a,z>=0

Suppose «a is not equally 0. Then, z € Kera is necessary orthogonal to I: <a,x>=0. We take z

such that <z,a>=1. Then, a(z) # 0. But the previous identity gives:
2a(z) < a,z>=0

which is a contradiction. Hencewe have to conclude that « is equally 0.
(ii) Take an abelian non-degenerate ideal I. We write: g = I @ I'+. Now, take a € i, x € g, we
have:

la,z] = [a,b] + [a,b'] = 0+ [a, V]

as I is abelian. The second bracket is also 0 because we always have [I, [+] = 0, see Lemma 4.21.

Hence, I is central. [

4.2.2 Minimal ideals of g

Within our attempt of the construction of a bi-invariant pseudo-metric using the Levi decompo-
sition, the only minimal ideals we considered were the simple ideals. Indeed, they are crucial in

the usual decomposition of Lie algebras.

But we saw that the Levi decomposition of a Lie algebra was not pertinent for our problem.
Hence, we create our own decomposition and go back to the most general notion of minimal
ideals to play the role of elementary bricks. We characterize them in the case of g provided with

a bi-invariant pseudo-metric through the following dichotomie.

Lemma 4.25. Take I a minimal ideal of g.
(i) If I is non-degenerate, then I is a simple ideal or of dimension 1,

(ii) If I is degenerate, then it is completely degenerate (and also abelian.)

Note the link between minimal and simple ideals in the non-degenerate case, which justifies our

approach in Section 4.1.

Proof. (i) In this case we can write g = I @ I and any ideal of I is also an ideal of g.Indeed,

take A an ideal of I, and € g. We have:
[x,a] = [vaa] + [xILaa]

using the non-degeneracy of I: the sum I @ I is direct in terms of vector spaces. The second
term is null because [I,I*] = 0 for a direct sum of Lie algebras. As A is an ideal of I, we have
[x1,a] € A and hence [z,a] € A. So any ideal of I is also an ideal of g in the non-degenerate case

and I is simple because it is a minimal ideal of g.
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(ii) In this case, J = I N I+ is also an ideal of g, included in a minimal ideal: I. Hence J = I
and I C I+, As I+ C Zy(I), I is abelian. O

This lemma gives a first insight about the construction of the bi-invariant pseudo-metric. If
g could be decomposed onto its minimal ideals, we could construct the bi-invariant pseudo-
metric it is provided with. According to Lemma 4.25, any minimal ideal is a semisimple or an
abelian ideal, ie two classes on which we know a construction. But do we actually have such a

decomposition? The answer is no: the decomposition is slightly more complicated.

4.2.3 Decomposition of g

In this section, we’ll prove the following theorem [27], which corresponds to the pertinent de-

composition of a Lie algebra with regards to the existence of a bi-invariant pseudo-metric.

Theorem 4.26. If g admits a bi-invariant pseudo-metric, then g can be decomposed into a direct
orthogonal sum of three ideals g1, 92,93 such that:

(1) g1 is the bigest semi-simple ideal of g,

(2) g2 = G}j;[p, direct orthogonal sum of one-dimensional ideals of g,

(3) g5 = EBkLJk, direct orthogonal sum of non-simple ideals of g, with only degenerate proper

ideals.

In order to prove this theorem, we first need the following lemma.

Lemma 4.27. If g admits a bi-invariant pseudo-metric, then semisimple ideals are non-degenerate.

Proof. Take I an ideal of g. Elements of I N I+ are orthogonal to themselves, i.e. I NI+ C
(I N I+)*+. This means that I N I+ is totally degenerate, and hence abelian. If I is semisimple,
then I NI+ is also semisimple and it is 0 as it is abelian. Consequently, a semisimple ideal is

non-degenerate. O

Proof. (Proof of Theorem 4.26) The proof constructs the corresponding ideals using to the pre-
vious lemmas.
Take gy to be the bigest semi-simple ideal of g (can be g or 0).

Following Lemma 4.27 with the semisimple ideal g; we write:

g9=01 99T

Now g7 is obviously non-semisimple. Because we have a direct sum of Lie algebras, ideals of gi-
are ideals of g. Hence, they can’t be simple otherwise they would be in g;. From the dichotomy of
Lemma 4.25, minimal ideals are either non degenerate ideals of dimension 1 or totally degenerate

abelian ideals.

Take I; a non-degenerate minimal ideal of gi- (of dimension 1) and write:

gf':.l‘l@l_lf'.
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Minimal ideals of Ii- are also minimal ideals of gi-, and we repeat the process until there are no

more non-degenerate minimal ideals:
gf‘ = Il EBJ_ 12 @J' Ip @J— ds

where:

e the I, are all non-degenerate ideals of g,

e g3 is the orthogonal of I, in I,,_;, hence an ideal of I,,_; and hence an ideal of g;.

Moreover, any minimal ideal of g3 is degenerate.

Let go to the decomposition of gs. Take J; a minimal non-degenerate ideal of g3 (different from

a non-degenerate minimal ideal of g3) and write:
g3 =J1® L Ji-

Hence we get a decomposition where the Ji are non-simple with all ideals degenerate. O

If we can characterize the non-simple algebra J; with bi-invariant pseudo-metric so that Jj has
only degenerate ideals, then we can characterize the Lie algebras g which admit bi-invariant
pseudo-metric. Indeed, the previous decomposition leads to the construction of the pseudo-
metric on all g, as it is written as a orthogonal sum of parts where we know how to define a

bi-invariant pseudo-metric.

4.3 Construction of the bi-invariant pseudo-metric

4.3.1 Lie groups with bi-invariant pseudo-metric

Now, we finally go to the characterization of non-simple Lie groups which admit a bi-invariant
pseudo-metric for which any proper ideal of the Lie algebra is degenerate and we give a method

to explicitely construct it.

Theorem 4.28. Let G be a simply connected non simple Lie group with Lie algebra g. Then G
can be provided with a bi-invariant pseudo-metric such that any proper ideal of its Lie algebra is
totally degenerate if and only if G is isomorphic to K x B*, where K is simple, non abelian and

simply connected and the semi-direct product is given by the co-adjoint representation n.

Remark 4.29. The structure K x B* corresponds in fact to a very specific construction called

double extensions. More details about these can be found in [28].

For a proof of this theorem, we refer to [27]. Note that it is in fact a generalization of the
statement defining the oscillator groups [26]. However, let us explicit the construction of the

bi-invariant pseudo-metric under the conditions of Theorem 4.28.
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Let G be a Lie group under the condition of Theorem 4.28. Its decomposition is:
g =K B*
where B* is the dual vector space of B, the Lie algebra of K.
The co-adjoint representation of the Lie group K on B* is:
(n(k))(@).b = a(Ad(k.b)

so that the semi-direct product group G = K x B* (where B* is the abelian group for +) has

composition law:

(047 k) * (5’ k/) = (a + (T](k))(ﬂ), k'kl)
according to the theorem.

Then, the left-invariant pseudo-metric <,>:

< (a,0),(B,0) >=a(t)) + B(D)

is bi-invariant on G [27]. We'll verify it in the case of SE(3) in the next subsection, in order to

compute on a more concret example.

Remark 4.30. In terms of Lie algebras, taking the differential at e of 1, the corresponding co-

adjoint representation of the Lie algebra B on B* is:
0(b)) ().t = —alb,V].
Moreover, the corresponding semi-direct sum of Lie algebras is :
g=Ba&B"
where B* is taken as abelian, with Lie bracket:

[(e,0), (8,)] = (6(B)b — O(b)ex, [b, b']).

4.3.2 A bi-invariant pseudo-metric on SE(3)

This result allowed us to build a pseudo-metric bi-invariant on SE(3), as stated in the following
theorem. In fact, the action of SO(3) on R? defining the semidirect product of SE(3) is precisely

the co-adjoint action of Theorem 4.28.

Theorem 4.31. The semi-direct product %, defining the group of SE(3)=SO(3)x.R3 is the
co-adjoint action of the simple group SO(3) on R3, taken as the dual of the Lie algebra of SO(3),
namely s0(3)*.

Proof. We know that the action of SO(3) on R? defining the semi-direct product of SE(3)

is: R+t = R.t. However, t has to be taken as an element ¢ of 50(3)*, i.e. a linear form on
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skew-symmetric matrices. We write:
Rxt. A=< Rt,A> forall A€ so(3)

where <> is the usual Euclidean inner product on R?, when we represent the skew-symmetric

matrix A by a vector a such that A = S,,.
On the other hand, the co-adjoint action of SO(3) is, by definition: n(R) *t.A =< t, RT.A.R >.

Do we have equality for these actions? Rewriting the skew-symmetric matrices in terms of the

associated vectors, and noting that:

RT AR = Sgr,,
we find:
n(R)*t.A=<t,R".a >=< Rt,a>=R*t.A VA
Indeed, the actions correspond and we are in the conditions of Theorem 4.28. O

Now a bi-invariant pseudo-metric on SFE(3) is given by the construction of the previous subsec-

tion. We explicit it and check its bi-invariance.

Theorem 4.32. The following pseudo-metric of signature (3,3) is bi-invariant on SE(3):
< (A,u),(B,v) >=alw+b"u

where a, b are the unique vectors associated to the skew-symmetric matrices A and B.

0 Id
Proof. In the principal chart, where v = (a, u), this pseudo-metric has matrix: Q = (Id 03>
3

0

1d
which is diagonalisable with diagonal: D = 8
0 —Ids

) Hence it is not degenerate and has
signature (3,3).

Now show that this pseudo-metric is bi-invariant using (i) of Theorem 3.28, i.e. proving that
Ad(R,t) is an isometry for all (R,t) € SE(3).
Take (R,t) € SE(3), and recall from Chapter 3, Section 3.4, that:

Ad(R,t).(A,u) = (R.ART —R.A.RT .t + Ru)

For the computations, we denote any skew-symmetric matrix with its associated vector, i.e. for

example: A =S,. As —R.A.RT = S_g. 4, the adjoint action can be rewritten:

Ad(R,t).(a,u) = (R.a,(—R.a) Nt + R.u).
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Compute:

< Ad(R,t).(a,u), Ad(R,t).(b,v) > = (R.a)". ((=R.D) At + Rv) + (R.D)T. ((—R.a) At + Ru)
=a’ v+ bl u+ (Ra)T . (=R At + (RO)T.(~R.a) At

Here we recognize the expression of the determinant in R?: [z,y,2] = 2T7.(y A 2). Its total

skew-symmetry gives finally:
< Ad(R,t).(a,u), Ad(R,t).(b,v) >=a” v+ b"

Hence, Ad(R,t) is an isometry which shows the bi-invariance of <,>. O

Hence, we have characterized in this chapter the Lie groups that admit a bi-invariant pseudo-
metric, i.e. the Lie groups where we have an admissible definition of the mean as a Riemannian
exponential barycenter. The characterization we found is certainly less explicit at first glance
that in the case of (positive definite) bi-invariant metrics. However, it is computationally efficient,

as we illustrated with the example of SE(3).
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Existence and uniqueness of the

means

For now on, we have presented the geometric structures on Lie groups (with their exponen-
tial/logarithm maps) that allow to write the definition of the Riemannian exponential barycen-
ter and the group exponential barycenter. Then, we have investigated conditions in order for
these means to be admissible, also as extensions of the Riemannian center of mass on manifolds.
Now, assuming that we are on the right structure with the right admissiblity conditions for the
mean’s definition, do we have existence and uniqueness of the mean? This is the purpose of
this chapter, where we first investigate the case of the Riemannian CoM as a guideline, before
extending to the two other means. Note that we’ll often write about probability measures with

compact support, which is the case for our data sets of discrete points.

5.1 Riemannian CoMs

In this section, G is a Lie group endowed with a bi-invariant metric, i.e. positive definite. The
Riemannian CoM, as defined in Section 3.1, is an admissible definition for a mean on the Lie
group. We investigate here the existence and uniqueness conditions for this mean. In Section

5.1.1, we prove the following geometric theorem :
Theorem 5.1. The Riemannian CoM of a given data set {xz;} exists and is unique on any

regular geodesic ball of G.

In Section 5.1.2, we characterize the so-called regular geodesic balls for a given Lie group with
a bi-invariant metric, investigating the example of SO(3) in Section 5.1.3. Once again, we deal

with the geometric notions first, adding the Lie group properties in a second time only.

62
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5.1.1 Notions of convexity

In this section we deal with topological notions. Hence define the canonical objects for this kind

of study, the geodesic balls.

Definition 5.2. (Geodesic ball and geodesic sphere) Let B,(0) the ball of radius p in T, M. If
p < injp(M, <, >), we call B,(p) = exp, {B,(0)} the geodesic ball of center p and radius p.

Remark 5.3. According to Hopf-Rinow theorem [10], any geodesic ball is complete.

Now define some notions of convexity. The following definition for an affine manifold should
not be mixed up with a property of complete spaces, where there is an unique minimal geodesic

linking two points. As for convexity, the unique geodesic is not necessary minimizing.

Definition 5.4. (Convexity of an affine manifold) An affine manifold (M, V) is said to be convex
if for every pair of points p,q € M, there exists an unique geodesic, defined using V, joining p

and ¢, and this geodesic depends smoothly on p and gq.

Canonical convex elements of a complete Riemannian manifold are the following geodesic balls.

Definition 5.5. (Regular geodesic ball) Let (M, <,>) be a complete Riemannian manifold,

and B = B,(p) a closed geodesic ball of center p and radius p. B is a regular geodesic ball if:

(i) Vrp < g,

(ii) the cutlocus of the center p does not meet B, ie p < inj,(M, <,>),

where & is the supremum of sectional curvatures of M in B (can be +00), or 0 if the supremum

is negative.

Theorem 5.6. A regular geodesic ball B of a complete affine manifold (M, <,>) is convex.

The proof can be found in [18]. In order to find the regular geodesic balls of a manifold, we
need its injectivity radius injrs. A consequence of Rauch comparison theorem (see [29]) gives a
lower bound on injag in the case of a finite k. Roughly speaking, it links k to the rate at which
geodesics spread apart. For small (or negative) , geodesics tend to spread from each other,
while for large x, geodesics tend to converge. In this last case, two geodesics starting from the
same point x might converge toward each other and meet at a point y. If y is precisely their
first meeting point, the length along them between x and y is the injectivity radius of x. The

following corollary quantifies this discussion:

Corollary 5.7. Let (M, <,>) be a Riemannian manifold, with k a finite supremum of its
sectional curvatures. We have:

(i) If K < 0 then injy = oo,

(i) If K > 0, then injam > T

Hence, for manifolds with bounded sectional curvatures k, a regular geodesic ball is a closed
geodesic ball such that /kp < %7‘(, with the previous notations, i.e. we don’t need the condition
on inj,, anymore. This will be useful for the characterization of regular geodesic balls in Lie

groups.
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The convexity of the manifold should not be mixed up with its eventual convex geometry, deter-

mined by a convex function, called a separating function. We have the following definitions.

Definition 5.8. (Convex function) Let (M, V) an affine manifold. A function ¢ : M — R is
a conver function if:

poy=R+—R

is a convex function for all geodesics . More precisely, if v is a geodesic connecting p to g, we

have:
po(t) <to(z)+(1—-t)o(y)  Vte[0,1]

Lemma 5.9. For a C? function ¢, this is equivalent to %% ov(t) > 0.
Definition 5.10. (Separating function) Let (M, V) be an affine manifold and M x M the
product manifold with product connection. A function ¢ : M x M —— R is a separating

function on M if it is convex and vanishing exactly on the diagonal A of M x M.

Definition 5.11. (Convex geometry) Let (M, <,>) be a complete Riemannian manifold and
B a compact submanifold with same dimension. The domain B is said to have a weak convex

geometry if there is a continuous non-negative convex function:
U:Bx B+ [0,+o00]

vanishing precisely on the diagonal A = {(p,p)/p € B}.

If ¥ can be chosen to be bounded, we say that B has a bounded convex geometry.

Remark 5.12. An affine manifold with weak convex geometry is not necessary convex. For

example, R™ \ {0} is not convex even though the distance function is a separating function.

Intuitively, this means that the geometry of M can be specified by the smooth convex function ¥
instead of the metric distance. For instance, if M has a non-positive sectionnal curvature x < 0,
then suitable candidates are ¥(p,q) = dist(p, q) or ¥(p,q) = dist?(p, q). Hence, manifold with
Kk < 0 have convex geometry. Complete, simply connected, Riemannian manifolds with £ < 0

are called Cartan-Hadamard manifolds.

However, this case doesn’t interess us because of Proposition 3.33: a Lie group provided with a
bi-invariant metric has non-negative sectional curvature x > 0. Hence, it requires more work to
construct a separating function and to show its eventual convex geometry. For such manifolds,
we use the regular geodesic balls as intermediates and prove the uniqueness of the Riemannian
CoM on them.

5.1.2 Existence and uniqueness

Now that we have defined notions convexity, we prove the existence and uniqueness of the
Riemannian CoM. The existence will be straighforward, but the uniqueness requires two more
lemmas. As one could expect, they deal with convexity. The first lemma shows that a regular

geodesic ball is not only convex (see Theorem 5.6), but has also a weak convex geometry.
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Lemma 5.13. Let (M, <,>) be a complete Riemannian manifold, with geodesic distance dist.
Let B be a reqular geodesic ball of radius p and center o, with positive upper curvature bound
k such that \/kp < %ﬂ'. Then B has a bounded convex geometry, provided by the following

separating function:

H 1 — cos(kdist(x,y v+1
v (@, y) = : Uit ) )
v, cos(kdist(x, 0))cos(kdist(y,0)) — h

with conditions v > 1 and 2vh?(h? — h?) > 1, h = cos(kR) and h €]0, h[.

- 1
- 21 = cos(d(o, x))

- y1 = cos(d(o,y))

h = cos(R)
F

FIGURE 5.1: Bounded convex geometry for a regular geodesic ball of S!

Proof. This proof generalizes the proof of [18], where a separating function is given for a small
hemisphere S,’j’ 4. We consider regular geodesic balls with upper curvature bound 1, as the

general case can be obtained by a scaling argument.

First, it is clear that CI)I(;)L is non-negative. We have the non-negativity of the numerator:
1 — cos(dist(z,y)) > 0,

and:
cos(dist(x,0)) > h and cos(dist(y,0)) > h

which implies the non-negativity of the denominator:
cos(dist(z, 0)) cos(dist(y, 0)) — h% > h? — h? > 0.
Composed with the v-power function, v > 1, we get the non-negativity of <I>£ 2

x)

Moreover, <I)I(jﬂ£ is bounded:

K 2 v+1
¢££(x7y) < (h2 _ flz)

and it is clear that @iﬁg is continuous and vanishes only on the diagonal A.We denote ® = <I>(VH;)L

in the following development.
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Let show the convexity of ® by considering its second derivative [®”]y taken along an arbitrary

geodesic in B x B, which is just a coordinate pair of two arbitrary geodesics of 5.

Frst define some notations. We take z,y € B and two arbitrary geodesics A,y passing through
x and y respectively, such that v = (A, ) is a geodesic of B x B going through (z,y). We have:

We also define an intermediate function W as:
p
\Il(xv y) = -
q

where:
p =1 — cos(dist(z,y))
q = cos(dist(z, 0)) cos(dist(y, 0)) — h2.

In the following development, all these functions will be taken as functions of t, the parameter

of the geodesic 7.

We show a lower bound on the intermediate function [¥”]y, before considering [®"]y. Compute
the derivatives of ¥ at t=0:

Pa—q _p' -
Uy = —| W), u(t)) = =
[0 i (A(t), p(t)) 7 7 (%)
Derive once again:
1 d2
Vo= —|  WA®),plt
[¢"]o el B (A1), p(t))
_Pa—pd" pa-pd'd
q? ?  q

" _ g oW’
_r . ¢ _ qq using p' = ¥q' + q¥’ from (x).

At this point, we have to compute the derivatives of p,q w.r.t. the variable t. The derivation of
composition gives:
/

p' = —sin(dist(z, y))[< grad dist(z,y),u > + < grad dist(z,y), v >|

q' = sin(dist(z, 0)). cos(dist(y, 0)). < grad dist(z,0),u >
+ cos(dist(x, 0)). sin(dist(y, 0)). < grad dist(y, 0),v >
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We use the notations:

x1 = cos(dist(z, 0)),
y1 = cos(dist(y, 0)),

up = cos(dist(A(t),0)) = sin(dist(z, 0)). < grad dist(z, 0),u >,

i’
dt li=0
d
vy = %’ cos(dist(u(t), 0)) = sin(dist(y, 0)). < grad dist(y,0),v > .
t=0

Hence, we have: ¢’ = y;.u1 + x1.v1.

We derive one again and use the following inequalities whose computation can be found in [30].

/\2 W] /+q\11l)2
" () _ 2 2\, _ (g _ 2 2\
P2 B (fuf? 4 ol = S (o) v,

¢" < 2uwvr — (|luf* + [0*) (g + 7?)
where we express everything in terms of ¥ and ¢ (no p).

Hence, we can proceed to the lower bound of [¥”]y:

[\I/N] _ piﬁ _ \Ilq// _ Q\D/ql
q q q
(Uq' + qU')? 9 9 Vg vy
>——"t — (|lu]*+ || )T -2
TTE (Jul” + v[7) .

iLQ\I’ Nd
o+ (Juf? + o) ¥+ == (ful? + o) - s

(Vg + q¥’)? Yy vy g

2 2
(1 + o) + =L =
R oy, (T +qV')?
= —(Jul* + [v[*) + T oug
(v (V) o Luavr) W'
2Wg? 20g? q q
where we have added and substracted (;I/\I‘};); on the last line, in order to consider the term under
brackets: ()2 v v
q U1V, 2 2 72 2,2
[ 202 -2 q ] = ﬁ (ylul —2(z1y1 — 2h%)ug vy +$1U1> )

using the previous expression of ¢'.

We recognize a quadratic form in u;,v;, which has discriminant:

LN ~
(ﬁ) [(z1y1 — 2h%)? — 2347

<0 asx1y12h2>0

A=4

The coefficients of u? and v? are positives, so the previous quadratic form is in fact positive-
definite.



Chapter 5. Fxistence and uniqueness of the means 68

This allows us to precise the lower bound on ¥”:

]TLQ\I/ (\I/q’ +q‘11/)2 (‘l/q/)Q \I/'q’
\II// > 2 2 _ _ 2
P2 o o (B +qV)? (Ug)? W
=— - -2
(Jul* + |v]*) + 302 e 7
U ey o (P2 @) + (@9 (V) P
q 2Wg? 2Wg? q
~2\IJ P')2 NG
= B2+ oy + G - 21
h2W q
> T(Iu\2 + [v]?)

This lower bound is not necessary non-negative, so ¥ is not necessary convex. However, recall
that ¥ is only an intermediate function. Now, we have to find a transformation ¢ such that

b(z,y) = ¢(V(x,y)) is convex and of the form given by the theorem.

Compute the derivatives of ® at t = 0:

@ = | @00, 1) = 0'(0) (W
9% = L0010,y = )]0 + ) [V

We take ¢(1) = ¢” for some v > 1. Hence:

¢() ="' >0 and ¢”<w):i¢’>o

if ¢ > 0.
Now, taking into account the lower bound on [¥”]y, we have

14

[(I)//]O _ W[@(W)Q + [\Iﬂ/]o}
and hence: - y
[#0 2 ¢ [55)° + = (ul? + o) - L]
But:
q =y1.us + 107
which implies:
(@) <2(Jul® + [v]?)
and hence:
" Vo2 iLQ"/’ n2 \Ij/q/
[¢]02¢[@(7f’) Tq(q)_ q]
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Now, the expression in brackets is a quadratic form in ¢’, 1)’ with discriminant:

@72 = (E) - iy < (S0 - 27 1)

This discriminant is negative if we impose: 21/iL2(h2 — iL2) > 1. It implies that the quadratic

form is positive-definite, as the coefficients in ¢’,1)’ are positives. Hence:
[®"]p > 0 under the condition ¥ > 0, i.e. everywhere off-diagonal.

But we can extend it to 1) = 0, i.e. A (a strict submanifold) since ® is a C? function on B x B.

Hence, we get the convexity of ® everywhere. O

The second lemma we need for the uniqueness of the Riemannian CoM is the following Jensen’s

type inequality.

Lemma 5.14. Let (M, <,>) a complete Riemannian manifold, B a geodesic ball in M and ¢
a smooth convezr bounded function on M. If p is a probability measure with compact support

contained in the interior of B, and if m is a Riemannian center of mass of u, then:
o(m) < [ ofanldo)
Proof. Let v be a geodesic starting at m. By convexity of the function ¢, we have:

B0(1) 2 60(0) +1. < gradg, T (0) > Ve 20

Take x € B. As B is a complete connected manifold, there is a unique minimizing geodesic -y

connecting m and x. Using this geodesic in the previous equation, we have:
. dy
¢(z) 2 (7(0)) + dist(z, m). < gradg, —-(0) >
Now, as m is a Riemannian CoM, it is a local minimum of the variance:
72(y) = Bldist(x, o)) = [ dist(z,)*u(da)
M

and hence a zero of its gradient. We have:

grado(m) = /dist(m7x)gradldist(m,x),u(dx) =0

where grad; dist is the gradient of dist w.r.t. the first argument. Noting that:

dy

I (0) = grad,dist(m, z)|q,
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we can now integrate our inequation on B over u to get:

/¢ p(dx) /d) p(dx)+ <grad¢>,/ (;Z(O).dist(x,m)u(d;v) >
(m)+ < gradg, grade(m) >
= ¢(m)

The integration on M is equivalent to the integration on B as the support of y is contained in

B and therefore:
m) < [ otz
M

O

We are finally able to prove the theorem stated at the beginning of the section, i.e. existence

and uniqueness for the Riemannian CoM.

Theorem 5.15. (Ezistence and uniqueness for Riemannian CoM) Let (M, <,>) be a complete
Riemannian manifold and B a regular geodesic ball. If p is a probability measure with compact

support in B, then there is one and only one Riemannian CoM m of p within B.

Proof. Ezxistence The gradient of the variance on a point x € 9B is inward pointing: it shows
the variation of the distance of point x to a point belonging to B. Hence, there is at least one
local minimum of the variance in B, i.e. at least one Riemannian CoM.

Uniqueness It follows from Lemma 5.13 and Lemma 5.14. Suppose m and m’ are two Riemannian

CoMs for v in B. Then (m,m’) is a Riemannian CoM of the image of p under the diagonal map:
6:B— BxB.

Let ® be a continuous non-negative bounded convex function vanishing only on the diagonal A

of B x B, whose existence is given by Lemma 5.13. Then, by Lemma 5.14:

ﬂmmﬁé/ﬂnwﬂwmﬂ:/@WMM@ﬁﬂ

by definition of the diagonal map § and the fact that ® vanishes on the diagonal. Hence, m=m’

which proves the uniqueness. O

We have shown that the Riemannian CoM of a data set exists and is unique on any regular
geodesic ball of a complete Riemannian manifold. Now we want to find the maximal domain
on which we have uniqueness. For the specific case of 8", [18] shows that the strict upper
hemisphere ST does not possess convex geometry, whereas any small hemisphere has. Radius
of 8% is given by the limit of acceptable radii for regular geodesic ball. Intuitively, it would
represent the maximal domain where we can get a unique Riemannian CoM. More precisely, this

domain U is the union (even infinite, as the infinite union of open sets is still open) of regular

U=\JB.

geodesic balls interiors:
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The proof of existence and uniqueness on a domain like ¢/ will be done in a more general setting

in the next section.

5.1.3 Application to Lie groups: uniqueness domain
Now take into account the algebraic properties of the Lie group. We compute global domains
where we have existence and uniqueness of the Riemannian CoM.

Given a Lie group G endowed with a bi-invariant metric, we want to characterize its regular
geodesic balls which provide such global domains as stated in Theorem 5.15. Recalling the
definition of a regular geodesic ball, we compute the lowest upper bound on the sectionnal

curvature £ (eventually 4+ co) and the injectivity radius injg.

Start with k. For a Lie group endowed with a bi-invariant metric <, >, the sectional curvature

is bi-invariant and can be computed at e. It is given by:

1 1
k(z,y) = S lllz, yll1* = ~[lad(z).yl]”
4 4
where we take x,y two orthonormal vectors of the Lie algebra.

Now, assume that ad(z) : y — ad(x).y is a continuous linear map. This is true in particulary
for finite dimensional Lie groups, as the matrix groups we consider. Then, ad(z) possess a
subordinate norm |||.||| < oo, relative to the bi-invariant one ||.||. Assume that the linear map
ad : x — ad(x) is also continuous, we define its norm ||||.||||< oo, subordinate to [||.||| and ||.||.

Now, we have:

K(e,y) = {llad(@).o]
< S llad() 21y
= i|||ad(x)|\|2 (as y has norm 1)
< {lladli*{l#][*  (as x has norm 1)

1
= 7/llladlll®

Hence, under the previous continuity assumptions, we reduce to the case of Lie groups with
(positive) bounded sectional curvatures. For now on, we consider this special case. This implies
that the characterization of regular geodesic balls only depends on x (see Corollary 5.7), i.e.

there is no need of injg. From the previous computation:
1
= Zlad|ll|?
k= Zllllad|ll]

is the lowest upper bound of k for a Lie group endowed with bi-invariant metric, by properties

of the subordinate norms.
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A straightforward method to compute « uses the structures constants. Take T;,T; two orthonor-

mal basis vectors of the Lie algebra, we have:

1
k(Ti,T;) = 1||[Tz’,TjH|2

1 . N . :
= —||esjxTk||? using Einstein sumation notation
4 J

1
=7 Z lcije|*  as the (Ty);, form an orthonormal basis
k

Then we get £ = supsup Y, |cijrl?.
]

However, we want to see precisely what happens with computations on subordinate norms. To
this purpose, take <,> the Euclidean norm on g (i.e. Frobenius norm if we have a matrix space).
We have the well-know equaliy: ||ad(z)||2 = p(ad(z)), with p the spectral radius of ad(x), i.e.
the supremum of the norms of its eigenvalues. As we have chosen the half of the usual Frobenius

norm in our setting, we have in fact:
|lad(z)||2 = 2.p(ad(z))

Hence, ||||ad|||| = 2. sup p(ad(z)). With our choice of Frobenius norm, we have the lowest
[e]]2=1

upper bound:
k= sup p(ad(z)).

[lz|l2=1

Example 5.1. We compute it on the example of SO(3). We take the usual orthonormal basis
of s0(3) for the Frobenius inner product: < X,Y >= %TT(XT.Y).‘

0 1 0 0 0 -1 0 0 O
Ji=|-10 0|, J2o=|0 0 0], Js=]0 0 1
0 0 0 1 0 0 0 -1 0

As [Ji, Jj] = €5 M Ik, i.e. (ad(J;))kj = €ijk, we have:

0 0 O 0 0 1 0 -1 0
ad(J1)=0 0 -1, ad()=10 0 0|, ad(J5)=|1 0
01 0 -1 0 0 0

For each element of the orthonormal basis: p(ad(J;)) = 1. However, kK = sup p(ad(X))
[1X[[2=1
is the smallest magjorant of the p(ad(X)), for X € s0(3) of norm 1. Take such a X, and its
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decomposition onto the basis: X = w;J; where /Y, |w;|*> = 1. We have:

1
plad(X))* = 1|||@d(wit]i)”|2
1
= 1|||wzad(JZ)H\2 by linearity of ad
< i|wl|2|||ad(<]z)|||2 using the triangle inequality on //].]]/

1

= 7.4.2 lwi|?  because |||ad(J;)||| = 2 as computed before
14

=1 by assumption on the w;

1 is a majorant of p(ad(X)) which is reached for the J;: it is the smallest majorant. Hence
k =1, which is the well-known result for SO(3).

The regular geodesic balls of SO(3) are those of radius p < 5. Hence, we have eristence and

uniqueness of the Riemannian CoM for any data set included in such a ball. As we shall see, we

also have ezistence and uniqueness for the limit domain U :

U=JBa 15

n>1

which is precisely the strict upper hemisphere of [18] in this case. It is indeed mazimal. If we
take the upper hemisphere, we could have two different means of a data set, for example if we

take only data on the equator.

This setting is computationnally efficient. However, the Riemannian CoM is an admissible
definition of mean for Lie groups endowed with bi-invariant metric. This condition is restrictive
as we saw in Chapter 3. In the next section, we generalize the results above in the case of

(pseudo-)Riemannian and a group exponential barycenters.

5.2 Pseudo-Riemannian, group exponential barycenters

Both pseudo-Riemannian exponential barycenters and group exponential barycenters are defined

by a exponential barycentric equation:
Zwi.logm(xi) =0 (5.1)
i

where log,,, when it is defined (see Chapter 2), is taken to be either the pseudo-Riemannian

logarithm or the group logarithm.

As they are generalizations of the Riemannian CoMs, we can think of a generalization of Theorem
5.15 for them. Note that we don’t have any metric anymore for the group barycenter case.
However, in both cases, we are provided with an affine connection structure: take the Levi-Civita
connection associated to the pseudo-Riemannian metric in one case and the canonical Cartan-
Schouten connection in the other case. In fact, the definitions of convexity, weak convexity

geometry, and geodesic balls still hold for an affine manifold [31].
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5.2.1 Existence and uniqueness

We prove the existence and uniqueness of the exponential barycenters on other domains than the
regular geodesic balls of the previous section. In fact, regular geodesic balls need the definition

of the sectionnal curvature which we don’t have in the case of an affine manifold.

Definition 5.16. An affine manifold (M, V) is said to have a p-convex geometry for some p € 2N

if there is a smooth separating function ¢, such that:
cd? < ¢ <C.dP

for some constants 0 < ¢ < C and some auxiliary Riemannian distance function d.

Example 5.2. For instance, any reqular geodesic ball of the sphere S™ has a p-conver geometry

with p depending on its radius [31].

Definition 5.17. A convex affine manifold (M, V) is said to be CSLCG (convez, with semilocal
convex geometry) if every compact subset K of M has a relatively compact convex neighborhood
Uk which has p-convex geomtry for some p € 2N depening on K.

Equivalently, a convex affine manifold (M, V) is CSLCG if there exists an increasing sequence
(Un)n>1 of relatively compact open convex subsets of M such that:

() M = Uz Un,

(ii) Yn > 1, U, has a p-convex geometry for some p € 2N, depending on n.

Example 5.3. For instance the open hemisphere St is a CSLCG manifold, as we can take

U, = l%pn (p) with p, = (1 — 2)Z, see Figure 5.2.

n — oo Bo

-~ - ——
S - —_

F1GUrE 5.2: The open hemisphere is a CSLCG manifold.

Hence, the notion of CSLCG manifold is precisely the notion of maximal domain we need for the

uniqueness of the exponential barycenter. Indeed, we can’t have more than this as for example the
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upper (non-strict) hemisphere (for example of the Lie group SO(3)) doesn’t represent a domain

on which we have uniqueness. And the following theorem proves that we have uniqueness on a
CSLCG manifold.

Theorem 5.18. Let M be a CSLCG manifold. Then every probability measure p on M with a

compact support has a unique exponential barycenter.

Remark 5.19. The proof of this theorem shows the remark below Theorem 5.15.

First we prove the following proposition, taken from [19]:

Proposition 5.20. Any probability measure on M with a support relatively compact on the form

¢ < 0 when ¢ is a conver C' function has (at least) an exponential barycenter.

FIGurE 5.3: Existence of an exponential barycenter for a relatively compact domain of the
form ¢ <0

Proof. Let <,> be an auxiliary metric, independent of the affine connection V defining the
exponential. We denote K the compact K=¢ < 0. Let € 0K and y € K. We have ¢(z) =0
and ¢(y) < 0. Take v the geodesic linking x and y. ¢ being convex, we have:

o(v(1) < tp(z) + (1 —t)p(y) vt e [0,1]
=0+ (1 -1)o(y)
<0

Hence the geodesic 7 is included in K. Now, differentiating at x, we get:

d

il 60®) =< exp; (y), gradg(z) >< 0

(*)
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because 7 is going into K while ¢ is decreasing from 0K to K.

Now, we have:

| < exp;'(y), grade(x) > | < [|gradg(z)||-||expy ' ()] < e(X)

where ¢(K) is a positive constant (i.e. integrable on the compact K) depending only the compact

K (i.e. independent of x). Moreover, the functions:
r —>< exp, (y), gradp(z) >

and:

y —r<exp; (y), gradg(z) >

are continuous. The previous majoration implies that the function which integrates inequality
(%):
/ < exp; ' (y), grade(z) > p(dy)
yeK

is well-defined and continuous. Moreover, it is negative because of ().
Hence, the vector field:

/ exp; ! (y)u(dy)

Y

is going inward K at any point on K. Hence, it admits a zero in K which defines an exponential
barycenter for ¢ < 0. 0
Now we need an additional lemma before going to the existence/uniqueness theorem.

Lemma 5.21. Let M be a CSLCG manifold. Every compact convex subset K of M has a convex

neighborhood U with a non-negative C* convex function ¢rc such that 3 ({0}) = K.

Proof. Let K be a compact convex subset of M. As M is a CSLCG manifold, there exist
a relatively compact convex neighborhood Uy of K, which has a p-convex geometry for some

p € 2N. Fix Uk and take ¢ the corresponding separating function.

Define, for z € Uk:
¢ () = inf {¢(z,y),y € K}

i.e. the ¢-distance from z to the compact K.

As K is compact, we have: ¢;<1({0}) = K. Moreover, ¢ is obviously non-negative by non-

negativity of ¢.
We want to prove that ¢x has the properties given by the lemma, i.e. convexity and C*.

First, show that ¢k is convex on Ug. Take z, 2’ € Uk, y € K and ~ the unique geodesic linking

z to =’ by convexity of Ux. As ¢ is convex, we have:

() o(v(t),y) < t-p(z,y) + (L —t)(a',y) Vte[0,1]
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7

as (y(t),y(t)) with y(t) = y, V¢ is a geodesic of Ux x Uk.
As y € K, the definition of ¢ gives the following minorant for the left-hand side of (x):

Pr(1(1))

and hence is a minorant of the right-hand side:

or(v(t) <t.d(x,y) + (1 —t)p(2',y) Vvt €0,1].

But:
t.ox(z))+ (1 — t)gb(x’)

is the largest minorant of the right-hand side of (x) by definition of the infimum. Hence:

ox(v(t)) < tdr(x)) + (1 —t)p@’) Vte 0,1

which proves the convexity of ¢ on Ugk.

Next, show that ¢ is C' on Ug. We already know that it is continuous as it is convex on the

open set Uy [32].

We first prove that there exists a neighborhood U C Uy of K, on which there is a unique point
p(z) € K such that ¢x(x) = ¢(z,p(z)) for each x € U as shown in Figure 5.4. This means that

each x € U admits a unique ¢-projection on the compact K. We choose U of the form:

U= {xEUK,¢K(x) <€}

where we impose a condition on €.

o =0

o >0

F1GURE 5.4: Definition of U so that each x has an unique ¢-projection on K.
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Take z € Uk, and suppose there are two ¢-projections for z on K, y1,y2 € K:

oK () = ¢(x,y1) = d(x,92)

Then, by convexity of ¢, the whole geodesic linking y; to ys in K (convex) will also verify:

qS(x,y(t)) = ¢K(x)7 vt € [Oa 1]

Now, by Hadamard lemma, we can write in the global chart:
P
¢(1‘ y *azl H B 71’

+
+bi,. ZHlacyl_[ (y" —x%

where all a;,...;,,b; are smooth functions and p is the index of p-convexity of ¢.

1eelpt1

Consider the function f(t) = ¢(z,y(t)) which is a constant function equal to ¢ (x). We can
differentiate it p times using the expression in the global chart. Taking into account that (y(t))

verifies the geodesic equation in the global chart:
J = T3,
which implies that all its derivatives can be expressed in terms of y?, we have:

P
FPf) = ai, . H (7" + gy (1), 9(t), 2),

where g is a smooth function: the product of b;, . with power functions, composed with the

pt1
smooth geodesic function t — y(t) are smooths.

Now we minore f(®):

f(p)( ) 2 iy, Hi‘/%_|g 2 9(t), )]

But the Hadamard lemma and explicit calculations give:
l9(y, z, 2)| < C'ly — =]]]2]]",

and by property of ¢ we have also:
p .
) [[# > eI
j=1

Inserting this in the minoration of f®), we get:

FOW) = ellg 1 = Clly(t) — ]|l @)][-
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Hence, if we choose x € U with € such that € €]0, %[ we have:

IO 2 (= RNl

As f®)(t) =0 and ¢ — (£ >0, we get (t) =0, Vt and hence y; = yo for z € U.

Now we focus only on the new neighborhood U, which will be the one given by the lemma, and
show that the (well-defined) ¢-projection p is continuous on U. Suppose it is not continuous. Let
(zn)n a convergent sequence with limit « € U such that (p(z,)), doest not converge to p(x).

Since (p(zy))n is a sequence of K compact we can assume:

p(rn) —»y € K\ {p(x)},

choosing a subsequence if necessary.

By continuity of ¢, we have:

K (Tn) = (0, p(Tn)) = d(z,Yy).

On the other hand, ¢f is itself continuous: ¢x(z,) — ¢x(x). By the uniqueness of the ¢-

projection in U, we get y = p(x), which is a contradiction. Hence p is continuous.

Finally we can prove that ¢ is C'. Denote by dy¢r the Gateaux-differential of ¢ and recall
that, for any v € U and v € T, M:

dgodr(z).v = ltifél bk (exp, (t:) o)

and that dy¢x () is convex on T, M, [32]. Take z € U and v € T, M. If t is small enough, we

have:

¢r (exp, tv) — dx (x) = d(exp tv, p(exp, tv)) — d(x, p(x))
< ¢(exp, tv, p(z)) — ¢(z,p(z)).

This implies:
dgdr (x).v < Dy (x).v

where ¢, denotes the map ¢(e,y). Since dy¢x () is convex and D¢, ) () is linear, we have in
fact an equality:
dg(bK(.%‘) = D¢p(z) (3?) on TzM.

Now the differentiability of ¢ comes from:
0 < ¢x(exp, v) — Ok () = ddp(a) ()0 < Gp(a) (€XPy V) — Pp(a) (T) — dp(a) 7).V

and the fact that the right-hand side goes to 0 when v — 0. The C! property finally comes from

the continuity of p as ¢ is smooth.
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Hence we have constructed a open convex neighborhood U of K and a funtion ¢ on it with the

desired properties given by the lemma. O

We are now able to prove Theorem 5.18, using the same kind of arguments as in the proof of
Theorem 5.15.

Proof. (Proof of Theorem 5.18) First show the uniqueness, which is only a slight modification
of the Riemannian CoM’s case. Take m and m’ two exponential barycenters and the compact
K =supp(p) J{m,m'}. Then (m,m’) is also an exponential barycenter of the image of y under
the diagonal map : § : B — B x B. As M is CSLCG, K has a relatively compact convex
neighborhood Uy which has p-convex geometr for some p € 2N. Take ¢ the corresponding

separating function, with d the auxiliary Riemannian distance.

We have:

1
d?(m,m') < =p(m,m’) by p-convex geometry of Uy
c

1
< - o(z, 2" )dp(z,2") using 5.14
Uk
1
= o(z, x)du(z) because du(z,z') =0 if x # 2’
Uk

=0 as ¢ is vanishing on the diagonal

and this gives m = m’ and uniqueness of the exponential barycenter.

Now, show the existence of the exponential barycenter. Take K a convex compact subset of
M. Let ¢x be the C' non-negative convex function given by lemma 5.21. ¢k is defined on a
relatively compact open neighborhood Uy of K, such that (;5;(1({0}) =K.

Let € > 0 satisfy ¢;<1([0,€D C U. We apply 5.20 to the function ¢ — 5. Hence, p has an

exponential barycenter in ¢ ([0, £[), which shows the existence. O
Hence we have found the maximal domain of uniqueness for the exponential barycenters in affine

connection spaces. What remains if we add the algebraic properties of the Lie group?

5.2.2 Application to Lie groups: some insights on the uniqueness do-

main

Now we want to construct the maximal domain where a Lie group is CSLCG. In the Riemannian
case, recall that it corresponded to the union of interiors of its regular geodesic balls, which were
themselves characterized by algebraic properties of the Lie group. Can we find an equivalent
domain for the affine connection case? Our conjecture is yes and we provide some insights about

it in this last subsection.

Hence, consider G as a Lie group with the canonical Cartan-Schouten connection, i.e. as an affine

connection space. Take an auxiliary Riemannian metric <, >,.x. Any regular geodesic ball of
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this auxiliary metric will have p-convex geometry. Then we can consider the union of interiors

of regular geodesic balls as in the Riemannian case as an attempt for the maximal domain.

However, as <, >,ux is only an aeuziliary metric, we need this union to be independent of <, > ...
This might be not trivial as reguler geodesic balls are defined by condition on the sectionnal

curvature and the injectivity radius, both depending on the metric.

But we could think about taking the union of all regular geodesic balls of all possible auziliary
metrics (in a more rigorous sense, to be defined). However, we didn’t go further in that direction

in the context of this thesis and we leave this issue to the reader.

Hence, in this chapter we investigated the existence and uniqueness property of the admissible
mean’s definitions. We conclude about the case of the Riemannian CoM and illustrated it with
the example of SO(3). We gave a generalization of the approach for affine connection spaces,
defining the central notion of CSLCG manifolds. This should enable to conclude about all Lie

groups, following the ideas we gave in the last subsection.



Chapter 6

Conclusion

This thesis focuses on the definition of the mean for curved spaces, in particular for Lie groups.
The Riemannian center of mass was already used in the literatur in order to define the mean
on manifolds. As a Lie group is a special case of manifold, we imported this definition and
defined two extensions of it: the Riemannian exponential barycenter and the group exponential

barycenter.

These three definitions need special geometric structures for the Lie group, which we introduced
in Chapter 2. Then, we investigated the compatibility of all definitions, and more precisely:
if two or three of them are defined on the Lie group, do they give the same result for the
mean? This led us to the comparison of the geodesics of the corresponding geometric structures
and the definition of Cartan-Schouten connections, which we illustrated with the example of
SE(3). Then we turn to the consistency of these means with the Lie group’s algebraic structure,
which is not trivial as we imported a mean’s definition from a manifold structure. It led to
the characterization of the existence of bi-invariant metrics or pseudo-metrics on Lie groups.
Indeed, all Lie groups don’t admit a bi-invariant metric or a bi-invariant pseudo-metric. Lie
groups that can be provided with a bi-invariant metric are exactly the one whose adjoint group
is relatively compact. We gave the example of SO(3) for this case. Lie groups that can be
provided with a bi-invariant pseudo-metric are the one which admit a special decomposition,
which was the topic of Chapter 4. We gave the example of SE(3) for this case. Finally, when
the mean’s definitions are well defined, compatible with each other, and consistent with the Lie
group’s structure, we investigated their existence and uniqueness (Chapter 5). We presented the
well-studied case of the Riemannian CoM as an example and showed that it exists and is unique
on any regular geodesic ball of the manifold. We gave some insights about the regular geodesic
balls of a Lie group provided with a bi-invariant metric and studied SO(3) as an example. Lastly,
we extended the properties of existence and uniqueness in the case of affine connection spaces

for the exponential barycenters and we gave some ideas about how to apply it for Lie groups.

The thesis discussed means on Lie groups, but mainly on finite dimensional Lie groups. However,
the possible applications of this setting in statistics might use infinite dimensional Lie groups, as
for example the general group of diffeomorphisms. We might wonder what will be still valid in

our approach. For example, we don’t have any Inverse Function Theorem anymore nor the Riesz

82
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Theorem i.e. not necessary the existence of adjoint (in the sense of duality) of endomorphisms.
Hence, it is possible that a whole new setting for the mean on infinite dimensional Lie groups

would have to be defined in the infinite dimension case.



Appendix A

Scilab code

This scilab code has provided the figures of Section 3.3.

[/ #E . SE () ettt

//####### Preliminaries

//Computation of the closest rotation matrix R of a given matrix M (avoids
computational errors.)

function [R]=Rot (M)
[u,s,v]=svd();

R=u*v’;

if det(R)<0 then
s(1,1)=1;
s(2,2)=1;
s(3,3)=-1;
R=u*s*v’;

end

endfunction

//Test if a matrix is skewsymmetric
function testskew(A)
Err=A+A’;
err=trace (Err*Err’);
if err>le-12 then
disp("warning: not a skew-symmetric matrix");
end

endfunction

84
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[/ # e E SE(3) ¢ principal chart f=(r,t), vector of R"6 (Junfolding along
the L Riemannian geodesics)

//r= (theta,n) where thetal[pil

// Conversion of the elements f of the principal chart to matrices +

regularization functions.

function [S]=Skew(r)
s=[[0, -r(3), r(2];
[r(3), 0, -r(1)];
[-r(2), r(1), 011;

endfunction

function [u]l=regrot(r)
phi=norm(r);
u=r;
if phi<>0 then
kO=int (phi/ (2*%pi)+1/2);
u=(phi-2+%pi*k0)*r/phi;
end

endfunction

function [ff]l=reg(f)
ff=zeros(6,1);
r=£(1:3,1);
t=f(4:6,1);
r=regrot (r);
ff(1:3)=r;
ff(4:6)=t;

endfunction

function [r]=RotVect(R)
M=R*R’-eye(3,3);
if trace(M)>1e-20 then R=Rot(R); end
c=(trace(R)-1)/2;
if ¢>1 then c=1; end
if ¢<-1 then c=-1; end

theta=acos(c);

if theta<le-5 then
fact=0.5%(1+theta~2/6);
Sr=fact*(R-R’);
r=[Sr(3,2), Sr(1,3), Sr(2,1)]1’;
elseif abs(theta-%pi)<le-5 then
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for i=1:3
sq=1+(R(i,i)-1)/(1-c);
if (sq<0) sq=0; end
if (sg>1) sqg=1; end
r(i)=sqrt(sq);
end
//Normalize rotation vector
Norm_r=norm(r) ;
r=r*theta/Norm_r;
//set signs with off-diagonal terms of n.n"T
if (R(1,2)+R(2,1)<0) r(2)=-r(2); end
if (R(1,3)+R(3,1)<0) r(3)=-r(3); end

//Determine wether r=+/- theta*n
sin_r(1)=(R(3,2)-R(2,3));
sin_r(2)=(R(1,3)-R(3,1));
sin_r(3)=(R(2,1)-R(1,2));
//Determine the most significant term
k=1;
if (abs(sin_r(2))>abs(sin_r(k))) k=2; end
if (abs(sin_r(3))>abs(sin_r(k))) k=3; end
//Choose the sign
if (sin_r(k)*r(k)<0) r=-r;

else
fact=0.5*%theta/sin(theta);
Sr=fact*(R-R?);
r=[Sr(3,2), Sr(1,3), Sr(2,1)]1’;

end

endfunction

function [R]=RotMat(r)

r=regrot (r);

theta=norm(r) ;

//disp("theta=") ;disp(theta);

Sr=Skew (r) ;

if theta<le-5 then
s=1-theta~2/6;
k=1/2-theta~2;

R=eye(3,3) +s*Sr+k*Sr~2;
else
R=eye(3,3)+(sin(theta)/theta)*Sr+(1-cos(theta))/(theta~2)*Sr~2;
end

endfunction
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//Differentials of the left and right translations for SO0(3) in the principal

chart

function [J1]=Jrot_L(xr)
r=regrot(r);
theta=norm(r) ;
if theta<le-5 then
phi=1-(theta~2)/12;
w=1/12+theta"~2/720;
elseif abs((theta-%pi))<le-5 then
phi=theta* ()pi-theta)/4;
w=(1-phi)/theta~2;
else phi=(theta/2)/(tan(theta/2));
w=(1-phi)/theta~2;
end,
J1l=phixeye(3,3)+wkrxr’+Skew(r)/2;

endfunction

function [J1]=Jrot_R(r)
r=regrot (r);
theta=norm(r) ;
if theta<le-5 then
phi=1-(theta~2)/12;
w=1/12+theta~2/720;
elseif abs((theta-%pi))<le-5 then
phi=theta*(/pi-theta)/4;
w=(1-phi)/theta~2;
else phi=(theta/2)/(tan(theta/2));
w=(1-phi)/theta~2;
end,
J1l=phix*eye(3,3)+wxr*r’-Skew(r)/2;

endfunction

//Differential of left and right translations for SE(3) in the

function [J11=J_L(f)
f=reg(f);
J1(1:3,1:3)=Jrot_L(£(1:3));
J1(4:6,4:6)=RotMat (£(1:3));

endfunction

function [Jr]=J_R(f)
Jr(1:3,1:3)=Jrot_R(£f(1:3));

principal chart
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Jr(4:6,1:3)=-Skew(f(4:6));
Jr(4:6,4:6)=eye(3,3);

endfunction

//Differential of inversion for SE(3)

function [J]=Jinv(f)

f=reg(f);

r=f(1:3);

R=RotMat (r);

Sr=Skew(r);

theta=norm(r) ;

if theta<le-5 then
betA=1/2-theta~2/24;
etA=1/6-theta~2/120;

else

betA=(1-cos(theta))/theta~2;

etA=1/theta~2*(1-sin(theta) /theta);

end,

U=etA*Sr~2-betA*Sr+eye(3,3);
J(1:3,1:3)=-eye(3,3);
J(4:6,4:6)=-R’;
J(4:6,1:3)=-Skew(R?>*t)*U;

endfunction

//Group composition for SE(3), new operator: *.
function [u]l=ajout3zeros(v,n)

u=zeros(6,1);

if n==0 then u(4:6,1)=v; end

if n==1 then u(1:3,1)=v; end

endfunction

deff (’x=Y%s_u_s(a,b)’, ’x=ajout3zeros(RotVect (RotMat (a(1:3))*RotMat (b(1:3))),1)+
ajout3zeros(RotMat(a(1:3))*b(4:6)+a(4:6),0)°);

//Group inversion for SE(3)
function [in]=INV(a)
a=reg(a);
r=a(1:3);
theta=norm(r) ;
t=a(4:6);
in=ajout3zeros(-r,1)+ajout3zeros((RotMat (-r))*(-t),0);
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endfunction
//deff (’x=Ys_5(a)’,’x=ajout3zeros (RotVect (RotMat (a(1:3))~(-1)),1)+ajout3dzeros
(-(RotMat(a(1:3))~(-1))*a(4:6),0)°);

//Left- and right- invariant inner product in the principal chart (propagation
of Frobenius inner product)
function [g]=Q_L(a,f)
g0=zeros(6,6) ;
g0(1:3,1:3)=eye(3,3);
g0(4:6,4:6)=a*xeye(3,3);
g=J_L(£) 7~ (~1)*g0*J_L(£)~(-1);

endfunction

function [gl=Q_R(a,f)
g0=zeros(6,6) ;
g0(1:3,1:3)=eye(3,3);
g0(4:6,4:6)=axeye(3,3);
g=J_R(£)’~(-1)*g0*xJ_R(£)~(-1);

endfunction

//Associated left- and right- invariant metrics in the principal chart
function [n]=norma2_L(a,f,v)

v=reg(v);

n=v’*Q_L(a,f)*v;

endfunction

function [n]=norma2_R(a,f,v)
v=reg(v);
n=v’*Q_R(a,f)*v;

endfunction

//Group exponential and logarithm from Id

function [£]=ExpId(v)
v=reg(v);
r=v(1:3);
dt=v(4:6);
theta=norm(r) ;
£f(1:3)=r;
Sr=Skew (1) ;
if theta==0 then

f(4:6)=dt;
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elseif theta<le-5 then f(4:6)=dt+(1/6-theta~3/120)*Sr~2*dt+(1/2-theta~2/24)
*Sr*xdt;
else

f(4:6)=dt+theta~(-2)*(1-sin(theta)/theta)*Sr~2*dt+theta~(-2)* (1-cos(
theta) ) *Sr*dt;
end

endfunction

function [v]=LogId(f)

f=reg(f);

r=f(1:3);

t=f(4:6);

theta=norm(r) ;

v(1:3)=r;

Sr=Skew(r) ;

if theta==0 then v(4:6)=t;

elseif theta<le-5 then v(4:6)=t-1/2%Srxt+(1/2-theta~2/90)*Sr~2x*t;

else
fact=0.5*%theta*sin(theta)/(1-cos(theta));
v(4:6)=t-1/2xSr*xt+(1-fact)/theta~2*Sr~2xt;

end

endfunction

//Group exponential and logarithm from any point f (first for S0(3))

//-> Group geodesics are left- and right- invariant

function [rr]=Exprot_L(r,a)
rr=RotVect (RotMat (r) *RotMat (inv (Jrot_L(r))*a));// R*Exp(DL(R~-1)*a)

endfunction

function [al=Logrot_L(r,rr)
a=Jrot_L(zr)*RotVect ((RotMat (-r)*RotMat(rr)));

endfunction

function [ff]=Exp_L(f,v)
v=reg(v);
f=reg(f);
ff=f*. ExpId(inv(J_L(£))*v);

endfunction

function [v]=Log_L(f,ff)
ff=reg(ff);
f=reg(f);
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v=J_L(f)*LogId (INV(f)*. ff);

endfunction

//Riemannian exponential and logarithm from Id (for left- and right-invariant
metric)
function [f]=Riem_L_ExpId(a,v)
v=reg(v);
f(1:3)=v(1:3);
f(4:6)=axv(4:6);

endfunction

function [f]=Riem_R_ExpId(a,v)
f=INV(Riem_L_ExpId(a,-v));

endfunction

function [v]=Riem_L_LogId(a,f)
v(1:3)=f(1:3);
if a<>0 then v(4:6)=1/axf(4:6);
else disp("impossible: alpha=0");
end

endfunction

function [v]=Riem_R_LogId(a,f)
r=f(1:3);
v(1:3)=r;
v(4:6)=RotMat (-r)*f(4:6);

endfunction

//Riemannian exponential and logarithm from any point fO (for left- and right-
invariant metric)

function [f]=Riem_L_Exp(a,f0,v)
f=f0 *. Riem_L_ExpId(a,inv(J_L(£0))*v);//left-invariance of the left
Riemannian geodesics

endfunction

function [f]=Riem_R_Exp(a,f0,v)
f=Riem_R_ExpId(a,inv(J_R(£f0))*v)*. £0;//right-invariance of the right
Riemannian geodesics

endfunction

function [v]=Riem_L_Log(a,f0,f)
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v=J_L(£f0)*Riem_L_LogId(a,INV(f0)*. £);

endfunction

function [v]=Riem_R_Log(a,f0,f)
v=J_R(£f0)*Riem_R_LogId(a,f*. INV(£0));

endfunction

[/ #iH###H Statistical setting on SE(3) ##t#f###H##i#un#

//Generation of a random element of SE(3)

function [f]= UnifRnd()
M=(rand(3,3)-0.5*%ones(3,3))*2;
t=(rand(3,1)-0.5)*2;
r=regrot (RotVect (RotMat (M))) ;
f(1:3)=r;
f(4:6)=t;

endfunction

//Computations of the variance in the 3 geometric frameworks: Group, L and R

function [s]=sigma2(m,tabr,tabw)
siz=size(tabr(1,:),"*x");
s=0;
if siz <> size(tabw,"*") then disp("longueurs de tableaux incompatibles");
end
for (i=1:siz)
s=s+tabw (i) *norm(Logrot_L(m,tabr(:,i)))"2;
end

endfunction

function [s]=sigma2_L(a,m,tabf,tabw)
siz=size(tabf(1,:),"*");
s=0;
if siz <> size(tabw,"*") then disp("longueurs de tableaux incompatibles");
end
for (i=1:siz)
s=s+tabw(i)*norma2_L(a,m,Riem_L_Log(a,m,tabf(:,1)));
end

endfunction

function [s]=sigma2_R(a,m,tabf,tabw)

siz=size(tabf(1,:),"*");
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s=0;
if siz <> size(tabw,"*") then disp("longueurs de tableaux incompatibles");
end
for (i=1:siz)
s=s+tabw(i)*norma2_R(a,m,Riem_R_Log(a,m,tabf(:,1)));
end

endfunction

//Preliminaries: computation of the mean for rotatiomns

function [m]=RotMean(tabr,tabw)
siz=size(tabr(l,:),"*");
if siz <> size(tabw,"*") then disp("longueurs de tableaux incompatibles");
end
m=tabr(:,1);//mbis=mt et m=m(t+1)
aux=zeros(6,1);
first=0;
while first==0 | (norm(Logrot_L(mbis,m)) 2>le-5xsigma2(mbis,tabr,tabw))
mbis=m;
aux=zeros(3,1);
for (i=1:siz)
aux=aux+tabw(i)*Logrot_L(mbis,tabr(:,i));
end
m=Exprot_L(mbis,aux) ;
first=1;
end

endfunction

//Group exponential barycenter on SE(3):

// - the previous mean for the rotation part,

// - closed form from article of Xavier Pennec "Exponential Barycenters of
.01, (2012)

//Intermediate function
function [M]=MatdeExp(v)
v=regrot (v);
r=v(1:3);
theta=norm(r) ;
Sr=Skew (r) ;
if theta==0 then
M=eye(3,3);
elseif theta<le-5 then M=eye(3,3)+(1/6-theta~3/120)*Sr~2+(1/2-theta~2/24)x*
Sr;
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else M=eye(3,3)+theta~(-2)*(1-sin(theta)/theta)*Sr~2+theta~(-2)*(1-cos(
theta)) *Sr;
end

endfunction

function [m]=expbar (tabf,tabw)
siz=size(tabf(1,:),"*");
if siz <> size(tabw,"*") then disp("longueurs de tableaux incompatibles");
end
for (i=1:siz)
f=tabf(:,1i);
tabr(1:3,1)=£(1:3);
tabt(1:3,1)=f(4:6);
end
rmean=RotMean (tabr,tabw) ;
//Partie translation, p34 de expbar
M=zeros(3,3);
t=zeros(3,1);
for (i=1:siz)
Maux=inv (MatdeExp (RotVect (RotMat (rmean) *RotMat (-tabr(:,i)))));
M=M+tabw (i) *Maux;
t=t+tabw (i) *Maux*RotMat (-tabr(:,i))*tabt(:,1i);
end
m(1:3,1)=rmean;
m(4:6,1)=inv(M) *t;

endfunction

//Riemannian center of mass for the left-invariant metric
function [m]=Frechet_L(a,tabf,tabw)
siz=size(tabf(1,:),"*");
if siz <> size(tabw,"*") then disp("longueurs de tableaux incompatibles");
end
m=tabf(:,1);
aux=zeros(6,1);
first=0;
while first==0 | norma2_L(a,mbis,Riem_L_Log(a,mbis,m))>le-5*xsigma2_L(a,mbis
,tabf,tabw)//convergence test
mbis=m;
disp("mbisL=") ;disp(mbis);
aux=zeros(6,1);
for (i=1:siz)
aux=aux+tabw(i)*Riem_L_Log(a,mbis,tabf(:,1i));
end

m=Riem_L_Exp(a,mbis,aux);
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first=1;
end

endfunction

//Rlemannian center of mass for the right-invariant metric
function [m]=Frechet_R(a,tabf,tabw)
siz=size(tabf(1,:),"*");
if siz <> size(tabw,"*") then disp("longueurs de tableaux incompatibles");
end
m=tabf(:,1);
aux=zeros(6,1);
first=0;
while first==0 | norma2_R(a,mbis,Riem_R_Log(a,mbis,m))>le-5*sigma2_R(a,mbis
,tabf,tabw) ;//convergence test
mbis=m;
disp("mbisR=") ;disp(mbis);
aux=zeros(6,1);
for (i=1:siz)
aux=aux+tabw(i)*Riem_R_Log(a,mbis,tabf(:,1i));
end
m=Riem_R_Exp(a,mbis,aux);
first=1;
end

endfunction

//######### Displays

//Plot a 3d vector between pO and pil
function vectarrow(pO,pl,col)

if max(size(p0))==3

if max(size(p1l))==3

x0 = p0(1);

yO = p0(2);

z0 = p0(3);

x1 = p1(1);

yl = p1(2);

z1l = p1(3);

param3di([x0;x1], [y0;y1],1ist([z0;z1],col)); // Draw a line between

pO and pil
p = pl-p0;

alpha = 0.1; // Size of arrow head relative to the length of the

vector
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bet = 0.1; // Width of the base of the arrow head relative to the
length

hu = [x1-alpha*(p(1)+bet*(p(2)+%eps)); x1; xl-alpha*(p(1l)-bet*(p(2)+
%eps))1;

hv = [yl-alpha*(p(2)-bet*(p(1)+keps)); yl; yl-alpha*(p(2)+bet*(p(1)+
%eps))];
hw = [zl1-alpha*p(3);z1;zl-alpha*p(3)];

set(gca(),"auto_clear","off");//hold on: retains the current graphe
and add something to it
plot3d(hu(:),hv(:),list(hw(:),col)) ; // Plot arrow head
set(gca(),"grid", [1 11);
xlabel(’x?);
ylabel(’y?);
zlabel(’z?);
set(gca(),"auto_clear","on");
else
error(’p0 and pl must have the same dimension’)
end
else
error(’this function only accepts 3D vector’)
end

endfunction

//Plot the trihedron representing f of SE(3)
function plot_trihedron(f,col)
a=f(4:6); //origin of the frame
R=Rot (RotMat (£(1:3)));
el=R*([1 0 0]’);//basis vectors of the frame
e2=R*([0 1 01°);
e3=R*x([0 0 1]°);
vectarrow(a,atel,col);//translation of vector a
set(gca(),"auto_clear","off");
vectarrow(a,a+e2,col);
set(gca() ,"auto_clear","off");
vectarrow(a,a+e3,col);
set(gca(),"auto_clear","on");

endfunction

//Plot group, L and R geodesics starting at f with initial tangent vector v
function plot_comparison(a,f,v,fin,pas)
for s=0:pas:fin

fs1=Exp_L(f,s*v);
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plot_trihedron(fs1,5);//red
set(gca(),"auto_clear","off");
fs2=Riem_L_Exp(a,f,s*v);
plot_trihedron(fs2,3);//green
set(gca() ,"auto_clear","off");
fs3=Riem_R_Exp(a,f,s*v);
plot_trihedron(£fs3,2);//bleu
set(gca() ,"auto_clear","off");
end

endfunction

//Plot group, L and R geodesics linking points f1 and £f2
function plot_linkinggeodesics(a,f1,f2)
u=Log_L(f1,£2);
uL=Riem_L_Log(1,f1,f2);
uR=Riem_R_Log(1,f1,£2);
for s=0:0.1:1
fs=Exp_L(f1,s*u);
plot_trihedron(fs,5);
set(gca() ,"auto_clear","off");
fsL=Riem_L_Exp(1,f1,s*ul);
plot_trihedron(fsL,3);
set(gca(),"auto_clear","off");
fsR=Riem_R_Exp(1,f1,s*uR);
plot_trihedron(fsR,2);
set(gca(),"auto_clear","off");
end

endfunction

//Plot the group exponential barycenter and the L and R Riemannian centers of
mass
function plot_comparison_mean(tabf,tabw)
wsum=sum(tabw) ;
if wsum<>1.0 then
disp("weights dont sum to 1");
end
siz=size(tabf(1l,:),"*");
for i=1:siz
plot_trihedron(tabf(:,i),1);
set(gca() ,"auto_clear","off");
end
ml=expbar (tabf,tabw) ;
plot_trihedron(mil,5);

set(gca() ,"auto_clear","off");
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m2=Frechet_L(1,tabf,tabw);
plot_trihedron(m2,3);
set(gca() ,"auto_clear","off");
m3=Frechet_R(1,tabf,tabw);
plot_trihedron(m3,2);
set(gca(),"auto_clear","off");

endfunction
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